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Abstract. We consider a collection of L-functions of elliptic curves twisted by a
Dirichlet character modulo ¢ (g is a prime number), and prove for this collection a
joint limit theorem for weakly convergent probability measures in the space of analytic
functions as ¢ — co. The limit measure is given explicitly.
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1 Introduction

Let F be an elliptic curve over the field of rational numbers given by the
Weierstrass equation

v =az34ar+0b, abelZ

with discriminant A = —16(4a® + 27b%) # 0. For each prime number p, denote
by E, the reduction modulo p of the curve E which is a curve over the finite
field F,, and define the integer A(p) by the equality

|[E(Fp)| =p+1—Ap),

where |E(F,)| is the number of points of curve E,. The L-function Lg(s),
s = o + it, of the curve F is defined by the Euler product

=TI (1-32) (-0 )

plA ptA

which, in virtue of the estimate

IA(P)l <2V
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is absolutely convergent for o > 3/2. Moreover, the function Lg(s) is analyti-
cally continued to an entire function, see, for example, [12].

Now let x be a Dirichlet character modulo ¢. Then the twist Lg(s,x) of
the function Lg(s) is defined, for o > 3, by the Euler product

Lus ) = ] (1 _ /\(p)X(p)) - I (1 _Awx(p) xi@>_l

S S &
plA p - p p

and can be expanded in the Dirichlet series

m

> A(m)x(m
§= Amix(m).

m=1

In the sequel, we assume that ¢ is a prime number. Then it was observed in [12]
that the function Lg(s,x), as Lg(s), is also entire one.

Limit theorems for Lg (s, x) with increasing ¢ were began to study in [6], [7],
(8], [9], however, only in the half-plane of absolute convergence o > 2. In [12],
a limit theorem in the space of analytic functions H(D), D ={s € C: 0o > 1},
for the function Lg(s,x) has been obtained. For its statement, we need some
notation and definitions. For Q > 2, let

Mo=> Y 1,

<@ x=x(modq)
XFX0

where, as usual, xo denotes the principal character modulo ¢. It is well known

that ) )
a9 (o)
Mg = @ .
Q 2 log Q + log2 Q

Denote by v the unite circle {s € C : |s| = 1}, and define 2 = []~,, where

vp = 7 for all primes p. The infinite-dimensional torus {2 with tphe product
topology and operation of pointwise multiplication is a compact topological
Abelian group. Therefore, on (£2, B(£2)), where B(X) is the Borel o-field of the
space X, the probability Haar measure my exists, and this gives the probability
space (£2, B(£2), my). Denote by w(p) the projection of an element w € (2 to the
coordinate space v,, and, on (12, 8({2), my), define the H(D)-valued random
element Lg(s,w) by the formula

oo = ] (1 - 220 Ty (1 A )

S
plA p ptA

Let Py, be the distribution of Lg(s,w), 1. e.,
Pr.(A)=mpg{we 2: Lg(s,w) € A}, AeB(H(D)).
Then the main result of [12] is the following limit theorem.
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Theorem 1. Suppose that @ — co. Then
1
%#{X(mon)7q SQ,x#xo:Le(s,x) €A}, AeB(H(D))

converges weakly to Pr .

Here #A stands for the cardinality of the set A.

In [8], a joint limit theorem of type of Theorem 1 has been obtained for a
collection of moduli of twists of L-functions of elliptic curves, however, in the
region o > %, only. We note that P. D. T. A. Elliott was the first who began to
study limit theorems with increasing modulus for Dirichlet L-functions [4], [5].

The aim of this paper is a multidimensional analogue of Theorem 1. For
j=1,..,r, let E; be an elliptic curve over the field of rational numbers given
by the equation

y? = a3 +ajx+bj, aj b €Z

with discriminant A; = —16(4(1;-’ + 27b§) # 0. Consider the corresponding
L-function
A Np) 1N
LEJ'(S):H == H ==+ 5 :
p p p
pl4; pta;

Suppose that N; is the conductor of the curve E;. Then, by the Weil-Shimura-
Taniyama conjecture proved in [3], see also Theorem 14.6 of [10], the function
L, (s) coincides with L-function of a new cusp form of weight 2 and level Nj.
This shows that L, (s) is an entire function.

By Theorem 14.20 of [10], the twist Lz, (s, x) of Lg,(s) with a character x
modulo ¢ is again a new cusp form of weight 2 and level N;¢*. Therefore, the
function Lg, (s, x) is also an entire function.

Let, for brevity, E = (Ey, ..., E,), Lp(s,x) = (Lg,(s,X), ..., Le (s, X)) and
Ag = {x(modq) : ¢ < Q, Xx # X0} - Moreover, define

Lg(s,w) = (Lg,(s,w), ..., LEg,(s5,w)),
where, for j =1,...,7,
syw) = _ A\ CAper) | e
LE]‘( ’ ) - pl;{ (1 ps > p])r;[j (1 ps + p25—1> !

Denote by Pp the distribution of the H"(D)-valued random element L (s,w),
i e, N

Py, (A) = my {w €Q: Ly(s,w) e A} ., AeB(H(D)).
Then we have the following statement.
Theorem 2. Suppose that Q — oco. Then
def 1

Poe(A) = %#{X €Aq:Lp(s,x) € A}, AeB(H'(D))

converges weakly to P, .



A Joint Elliott Type Theorem for Twists of L-Functions 755
2 Auxiliary results

We start with a joint limit theorem which is a generalization of Lemma 1
from [12]. We extend the function w(p) to the set N by the formula

w(m) = Z wh(p), meN.

ptim, pt+ifm

Lemma 1. For j =1,...,7, let {an; : m € N} be a sequence of complex num-

bers such that
Z lam;[? =0 (n**), a>0

m<n

Amjw(m)
mS

as n — oo, and, for w € 2 and o > a—i—%, let X;(s,w) = §
Suppose that { A, : m € N} is a sequence of finite subsets of the ?;Ls 2 such
that, for each w € G A, Xj(s,w) has an analytic continuation to the half
plane D, = {s € (Crznc?1> a} satisfying the following conditions:

19 As |t| — oo,

#% Y IXo+itw)P =0 (1), A>0

WEA,

uniformly for m € N and o in compact subsets of the interval (c, 00);

20
Z 1 X (o, w)‘Q = O(#Am)

wWEAm,

as m — oo, uniformly for s on compact subsets of D,,;
Moreover, suppose that

#{ANAn}

#A,

converges weakly to the Haar measure myg. Then
o

#Am

where A € H"(D,,), converges weakly to the distribution of the random element
(X1(s,w), ..., X;-(s,w)) as m — oo.

AeB(f2)

#{we A, (Xi(s,w), ..., X, (s,w)) € A},

Proof. A way of the proof is completely analogical to that in one-dimensional
case presented in [2], Proposition 4.4.1. In our case, the metric in H"(D,)
inducing its topology of uniform convergence on compacta is applied, and the
joint case is reduced to the one-dimensional case. O

The next lemma is devoted to checking the hypotheses of Lemma 1, and

contains an approximate functional equation of L-functions of cusp forms of
weight 2 and level N. Let F(z) be a new form of weight 2 and level N with

Math. Model. Anal., 21(6):752-761, 2016.
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Fourier coefficients ¢(m). Moreover, let I'(s), as usual, denote the gamma-
function, and let I'(s, z) be the incomplete gamma-function,

I'(s,2) = / e it*7ldt, 0>0, zeR.

Lemma 2. [1]. Suppose that L(s,F'), s = o +it, is the L-function associated
to the form F, % <o < %, M > @, r=e{E=01) with 0 < 6(t) < Z. Then

L(s, F) = % s (S, 27Tmr)

where

IR < %O () N5 VaTs 1)

logM+o+1 (oc—1)(logM +2)
g (1 M) 103(0)? )

Let G be a compact Abelian group. Then, on (G, B(G)), the probability
Haar measure p can be defined. We recall that a sequence {z,, : m € N} C G
is said to be uniformly distributed if

1
Jm 23 fan) = | fau
m=1
for any real bounded Borel measurable function f.
The next lemma is a criterion of uniform distribution for sequences in G.

Lemma 3. The sequence {x,, : m € N} C G is uniformly distributed in G if
and only if, for any nontrivial character xa, the equality

Ll
Jim = Xo(om) =0

m=1
holds.

The proof of the lemma can be found in [11], Chapter 4, Corollary 1.2.

3 Proof of Theorem 2

In the notation of Lemma 1, we have that a,; = A;j(m)x(m). Since \;(m)
coincides with Fourier coefficients of a new cusp form, we have, by the estimate

(14.53) from [10], that
Z |amj|2 = O(nQ).

m<n
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Therefore, « = 1 in Lemma 1.
Denote by P the set of all prime numbers. Let y be a Dirichlet character
modulo ¢ € P, and

oy x(p), if peP\{q},
X(p)_{ 1, if p=gq.

Then {x(p) : p € P} is an element of the torus {2. Putting

Aj (@) :

1 - 254 f A

lg;q(s) = )\g(sq)> 1 l a14
’ 1-— ]qs + PEEESE if quAa

we have that
LE]‘ (SaX) = ZEJ',[I(S)LEJ' (Sng)' (31)

Denote by p,, the m th prime number, and define A,,, = {x(modp,,) : x # Xxo}-
Obviously, #A4,, = pn — 2. Define one more set A, = {X:x € An}. On a
certain probability space (fZ, A, P), define the H"(D)-valued random elements
X, (s) and X, (s) by the formulae

—m

. A 1 o
P(X,(5) = Lp(s,0) = ——, R € An,
Pm — 2
By the definition of ig, p,, (s), we see that
lEjvpm, (S) — 1 (3.2)

in the space H(D) as m — co. Hence, X (s) converges in distribution to X,,
as m — oo. Therefore, for the proof that

det 1 .
Qq(A) = m#{X(mOdQ),X #xo: L(s,x) € A}, A€ B(H"(D))
converges weakly to P, as ¢ — oo it suffices to obtain that the random element
Xm converges in distribution to Pr_. Thus, the sequence {Am :m € N}
corresponds the sequence {A,, : m € N} in Lemma 1, and X(s,w) = Lg(s,X)-
Moreover, in virtue of (3.1) and (3.2), Lg(s, x) can be replaced by Lg(s, x).
It remains to check other hypotheses of Lemma 1. Let K be a compact
subset of (1,00). We continue with estimate for
def 1 .
Dy(o,t) = P (Zﬂ | |Lg, (0 + it,x)|?, t>0,
x(modgq

when ¢ runs prime numbers. For this, we apply Lemma 2 with M = ct\/N;
xqlog®q, ¢ >0, and § = t~. We have

Dy(0,t) €k D1 4(0,t) + Dag4(0,t) + D3 q(0,1t), (3.3)

Math. Model. Anal., 21(6):752-761, 2016.
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where

1 1 A(m)x(m . 2mmr
Dl,q(a,t)zg > TP > %F(o—kzt, mq)

2

x(modq) m<M
IA( 2 !
, 2mmr 2
e -
| m<M m ( q x(modq)
[A(m)[|A()] < 2mmr
2 Z Z ono r + t /
| m<M n<M men q
m#n
., 2mnr 1 —
x || o+it, vl > x(m)x(n)|. (3.4)
397117 x(moda)
1 NP2 gt=te A(m)x(m) 2rm \ |2
Dy 4(0,t) = — 1 , F<2—0—it, )
q ! (r%):dq) IF ()" m% mEe Niqr
N2 2 gt [A( 2rm \|*1
J - 2
2 Z e 20 ( —o -1, : )‘ - Z Ix(m)]
o m )0 2
2—20 4—40
;T q [Am)[|[A(n)] ( . 2mm )‘
N s s DO
|T"(s)|? o P m2 n2- /Njqr
m#n
. 27n —
x |I'( 2 — o —it, f x(m)x(n)|, (3.5)
(modq)
1 2
Let d(m) = > 1 be the divisor function. Using the well - known bounds
k|lm

IA(m)| < vV/md(m), Z d*(m) < zlog*

m<x

as well as [1]
|'(o +it, Ar)| < A"e_(%_‘s(t))"‘7

and the properties of the gamma-function, we find that the first term in the
right-hand side of (3.4) is estimated as

<x 72 (log )"t < t™, ¢ >0, A1 >0 (3.7)

uniformly in ¢ € K and g. Moreover, in view of the equalities

S mit= {470 Ensneed gy
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and the bound d(m) < m®, € > 0, we obtain that the second term in the
right-hand side of (3.4) has a bound

Am)[[Am)| (m\” (n)?
<> > mone . \q) \q
m<M n<M
m=n(modq)

1
<0 > > Vmd(m)y/m+ kg d(m + kq)
q k<M /qm<M

< q2—2a+stA2 <K tAQ, Ay >0

uniformly in ¢ € K and g. This together with (3.7) shows that

Dy 4(o,t) <x t?3, A3 >0 (3.9)

uniformly in o € K and gq.
In a similar way, we obtain that

Dyylo,t) < t41, Ay >0 (3.10)

uniformly in ¢ € K and ¢. The definition of R and the choice of M and 4(¢)
imply the estimate

D3 4(0,t) <k eBelos” 19177 /q(log )t < t15, A5 >0
uniformly in ¢ € K and ¢. From this, (3.9), (3.10), and (3.3) we have that
Dy(o,t) <g t*, A>0

uniformly in ¢ € K and ¢. Obviously, then

1 . 2
—5 > I+t <« [t
q x(modgq)

XF#Xo

uniformly in 0 € K and q.
In a similar manner, we obtain that

S L (0] = Og)
x(modq)
X#Xo

as ¢ — oo, uniformly for s on compact subsets of the half-plane D.

Next we will consider the sequence {Am :m € N}, and will prove that it is
uniformly distributed. Let x be a character of the group 2. Then it is well
known that

xow) =[[«*®), wewn,

Math. Model. Anal., 21(6):752-761, 2016.
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where only a finite number of integers k, are distinct from zero. Hence,

Xa(w) = w(mi)w(ms)

with (mq,ms) = 1. Then we have

= 5 Z X(ma)x(ma). (3.11)

x(modpm ), X#Xo

The numbers mi,ms € N are fixed. Therefore, for sufficiently large m,

Pm )f mi, Pm 'f ma, and pp, 'f (ml - m2)-
Thus, taking into account (3.11) and (3.8), we find that

1 1 1
#T xo(w) = T =2 + =2 Z x(ma)x(ms2)
™ wedy, " "7 X(modp)

=—1/(pm —2) — 0

as m — oo. Therefore, by Lemma 3, the sequence {flm : m € N} is uniformly
distributed. Thus, all hypotheses of Lemma 1 are fulfilled, and we have that

1 . r
ﬁ#{x(modmx #xo:L(s,X) € A}, AeB(H"(D))
converges weakly to Pr, as ¢ — 0o, and this is true for @, as well.

From the weak convergence of Qg to P as ¢ — oo, it follows that of Py g

as @ — oo, see [12].
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