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Abstract. In this paper we study the deviation of the error estimation for the
second order Fredholm-Volterra integro-differential equations. We prove that for m
degree piecewise polynomial collocation method, our method provides O(hmﬂ) as
the order of the deviation of the error. Also numerical results in the final section are
included to confirm the theoretical results.
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1 Introduction

In this paper we consider the second order Fredholm-Volterra integro-
differential (SFVID) equations as follows

y"(t) = F(t,y(t),y (t), z[y](t), 2w [y] (1)), te€T:=][ab], (1.1)
y(a) =T, y(b) = T2,

where

| |
5
w
CIJ
@
@
/‘\
Va)
N
Qﬁ\
—~
[Va)
=
S~—
QU
fn

:/ Ky (t,s,y(s),y/(s),y"(s))ds


http://www.tandfonline.com/TMMA
http://dx.doi.org/10.3846/13926292.2016.1214930
mailto:zarebnia@uma.ac.ir
mailto:rparvaz@uma.ac.ir
mailto:saboorbagherzadeh.a@gmail.com

720 R. Parvaz, M. Zarebnia and A. Saboor Bagherzadeh

and a,b, 1,79 € R = (—00,00). W and S are defined as follows

W ={(t,y,v,2¢,2v); t €I and y,y, 2, 2v € R},
S = {(t,s,u,u’,u"); t,s €I and u,u’,u" € R}.

In this paper we shall assume that F' is uniformly continuous in W. Also
we assume that z¢[y](t), zv[y](f) are uniformly continuous in S. We say that
ze[y](t) and zy[y](t) are linear if we can write z¢[y](t) and zy[y](t) as

2 b 9 :
t) = Z/ Arg(t,s)yW(s)ds, zy[y](t) = Z/ Ay (t, s)y® (s)ds,
1=0 "¢ 1=0"4

where A; ;(t,s) (1 =0,1,2&j =f,v) are sufficiently smooth in J := {(¢, 5);
t,s € I}. Also we say that F is linear if we can write it as

F(ty(t),y' (1), 2 [y)(1), 2 = a®y® ) + Y alylt) + as(t).
=1

I=f,v

In the nonlinear case we assume that F(t,y,y’,zf,zv), F; (t,y,y’,zf,zv)
for any I = t,y,y’, z¢, 2y are Lipschitz-continuous. When z¢[y](¢) and 2 [y](¢)
are nonlinear we assume that K;(t,s,u, v, v”) and (K;);(¢,s,u, v/, u") (j =
f,v&l = u,u',u"”) are Lipschitz-continuous. We say SFVID equatlon with
boundary condition (1.2) is linear if we can write (1.1) as follows

y'(t) = a1 (®)y'(t) + a2()y(t) + as(t) + ze[y)(t) + 2o [y](t), t € [a,b] (1.3)

with linear z¢[y](t) and zy[y](t). Also, in the linear case we assume that a,(t),
1 =1,2,3 are sufficiently smooth in I. In this paper we use the defect correc-
tion principle, more details about this can be found in [4,9]. The piecewise
polynomial collocation method for integro-differential equations can be found
in [5,6,7,8]. Also other methods for the integro-differential equations are stud-
ied in [11,12]. The deviation of the error estimation for linear and nonlinear
first and second order boundary value problem is studied in [1,2,3]. The error
estimation based on locally weighted defect that we will use in this manuscript,
has been introduced in [1, 3].

The rest of this paper is organized as follows. In Section 2, the method is
described and we introduce some details about the deviation of the error for
SFVID. In Section 3, the analysis of the deviation of the error is given. Also
the main results of the paper are formulate in Theorems 4-5. In Section 4, we
study the special case of SFVID equation. And we show that in this case for m
degree piecewise polynomial collocation method, our method provides O(h™*2)
as the order of the deviation of the error. In Section 5, we present the numerical
experiments that demonstrate our theoretical results. A summary is given at
the end of the paper in Conclusion section.

2 Description of the method

In this section, we introduce some details about the deviation of the error
estimation, collocation method, finite differences and exact difference schemes.
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2.1 Collocation method

In the first step we consider 7;, p; as follows

a=T<T <...<Tp=0(n>1), 0=py<p1<...<pm<pm+1=1.

DEFINITION 1. In this paper we define

={ti; =T +pjhii=1,...,m}, Z,:={tio:=7;1=0,...,n},
1) .
S§n+1( W) = {peCI); p | [ri,7it1) € Moy ([75, 7i31]) (i = 0,...,n — 1)},
where h; := 7,41 —7; and I, 11 ([, 7i+1]) is space of real polynomial functions

on [, 7i+1] of degree< m + 1. Also we define h (the diameter of gird Z,,) and
B’ as

h:=max{h;;i=0,...,n—1}, K :=min{h;i=0,...,n— 1}

The set X (n) := Uj;(} X is called the set of collocation points.

In the piecewise polynomial collocation method we are looking to find a
pE SSL(Zn) so that (1.1)—(1.2) holds for all ¢; ; € X (n). In the collocation
method, since always we can not determine exact value for z[p](t) (I =f,v),

therefore we use the following quadrature method to determine z[p](t; ;) (( =
f,v).

n—1m+1
2¢[p](ti ;) = Z Z g 2 Kt (Li g thzs P(Er,2), D (Be,2), D7 (tr,2)) =2 Ze[p)(Ei5),
k=0 z=0
(2.1)
i—1 m—+1
Zv[p Z (077 %4 Ky (¢ ]7tk,zap(tk,z),p/(tk,z)apn(tk,z)) + (ti,j - Ti)
k=0 2=0
m+1
X Z BoKy (ti gt P(Tig2), 0 (Fi,2), 0" (Rig2)) =2 Zlpl(tiy),  (2:2)

where ; ;. = 7; + p.(ti; — ;) and

Th+1 1
Ok, ::/ Liremenl(s)ds, B, ::/ L.(s)ds
T 0

k

with
e (@' ¥] p—d
! L' =1L , <d <V <.
H)p] o L TP =L, asa<tis
i#]

According to [10] we have the following theorem.

Math. Model. Anal., 21(6):719-740, 2016.
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Theorem 1. (Interpolation Error Theorem) If the function f has an (n+ 1)st
derivative and P,(x) be a polynomial of degree at most n that interpolates f at
n + 1 distinct points x;(i = 0,...,n), then for every argument T there exists
a number ¢ in the smallest interval Ilxo, ..., T, T] which contains T and all
support abscissas x;, satisfying

w(@) f(C)

)

where w(zx) := (x — xg) ... (T — xy).
For the above method we have the following lemma.

Lemma 1. For sufficiently smooth f, the following estimate holds
|Zl [f](ti,j) - gl[.ﬂ(ti,j” = O(hm+2)7 l=1,v, (23)

where Z¢[|(t; ;) and Z[|(t; ;) are defined in (2.1)-(2.2).

Proof. For nonlinear Z¢[-], we can write

b n—1m+41
ze[f](ti;) — Z¢[f1(tij) = / K (ti g, s, f(s), f'(s), f"(s)) ds — Z Z g,z
a z=0
N k=0
X K (ti stz f(th,2)s [ (th,2)s [ (tr2)) = Z/ I,(s) ds. (2.4)
k=0 7/ Tk

By using Interpolation error theorem, we can get that I; = O(h™*2). Then
we can rewrite (2.4) as follows

(b — a)O(K"2) = O(h"F?).

3“3

2e[f](ti) — Ze[f](ti;) < nh(’)(hm+2)

Also for [ = v, we get

SUCOEERICIEDY / B+ iy =) / Iy(s)ds,
where
Io(s) = Ko (tig, 5, £(5), (), 1"(5))

m+41

- Z L[Tk TkJrl (t 7,7 tk: 2z f(tk z) f (tk,z)7 f/,(tk,z))7
I3(s) == Ky (ti,jati,j,saf( tijis)s [ (igs)s £ (Fijos)

m—41

—ZL tigoEigos f(Fig2)s £ (Figo)s £ (Fiji2),s
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where tui’jws = 7; + s(t;,; — 7). By using Interpolation error theorem, we can
say Ip = O(h™*2) and I3 = O(h™*2). Then we get

= =

ZV[ﬂ(tu) - gv{f](ti,j) < (Ti - O)O(hm+2) + O(hm+2) = O(hm+2),

/

>

which completes the proof. Similarly, we can find (2.3) for linear case. O

For above collocation method we have the following theorem [5].

Theorem 2. Assume that the SEVID problem (1.1)-(1.2) has a unique and
sufficiently smooth solution y(t). Also assume that p(t) is a piecewise polyno-
mial collocation solution of degree < m + 1. Then for sufficiently small h, the

collocation solution p(t) is well-defined and the following uniform estimates at
least hold:

Iy () = pD B = O(W™), j =0,1,2,
Iy () = pD(t) ||l = OR™279), j =3, ... m+1.

Also in the piecewise polynomial collocation method when m is odd and the
nodes p; are symmetrically distributed we have

Hy(J)(t) _p(J)(t)”oo — O(h7n+1)7 ] =0,1.

Lemma 2. For linear and nonlinear z[|(t) (I =f,v) we have

|Z1[p](ti,;) — Z1lyl(ts )| = O(R™), =1, v.

Proof. For linear case by using Lemma 1, Theorem 2 and the Integral mean
value theorem, we get

Zelpl(tiy) — Zelyl(tiy) = 2ele](ti ;) + O(R™2)

2
= Z/ Ay (ti g, )V (s)ds + O(™F?)
=0V
2

=Y (b—a)Aie(ti;, ¢ ;) e (¢ ,) +O(R™F2) = O(h™),
1=0 N——
O(h™)

where (le € [a,b]. Also we can obtain

Zolpl(tiy) — Zvlyl(tiz) = avlel(tiy) + O™ )

<

|
M)

ti‘j
/ N (ti g, 5)eD (s)ds + O(h™+2)
a

—
vl

0

(tig — ) Aiy(tig, G ) eD(CL ) O™ H2) = O(™),
N——

O(h™)

~

=0

Math. Model. Anal., 21(6):719-740, 2016.
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where le ; € [a,b]. Also for nonlinear case by using Lemma 1 and the Lipschitz
condition for K; (I =f,v) we can find

1Zelyl(ti,;) — Zelpl(ti ;)]
< [Zelyl(tij) — 2eyl(tiy) — Ze[pl(tig) + 2¢[pl(ti ;) + 2zelyl(tij) — ze[p](ti5)]

<| / (Ke(tigosu(s). <)y'<s>)fm(mj,s,p<s>,p'<s>,p"<s>))ds|

+O(h™*?) < CZ W (s) — pB(s)|ds + O(R™2) = O(K™),

=077

2 [y)(ti ) = Z v [P](tis)]

< |Zv[yl(ti ) =2yl (ti ) =2 v [l (ti ) 2w [Pl (ti ) Hav [y)(ti ) — 2 [P](ti )]

i
[ (Bltig 55056097 (9) = Ko (t505.00).0/(9).07)) )
2 tij
rommy <y / 5O (s) — pO(s)|ds + O(B™2) = O(h™),
which completes the proof. O

2.2 Finite difference scheme

DEFINITION 2. In this subsection we define

),l 0,. i—l&k’zo,...,m}U{(i,k‘);kZO,...,j—l},
st X( )UZn}7 B:= A_{(Ovo)a(nvo)}v T = A—{(H,O)}

Also we define

(=2}

S PR L B S W I
i,j = Uij+1 — Ui j, 0] = 9 , 0(17] = = 5 i,j T = .
3,7 ,J

S

A general one-step finite difference scheme can be written as follows.
2 1 v .
(LEM)ig = Fltigomgs LM X Wlig X lig), ) €B, (25)
10,0 =71, n,0 = T2,

where

2 ai,'Th','+1 2771, Jrﬂz, Mij—1 1 Nij+1 — MNi,j
(L) o= = L (L)) = R (26)

az,jﬁzg i,j 6i’j
1 2
X nlij = Z 0K (1 i,j,tl,v;nl,v,(L_(A)n)l,v»(L_(A)n)l,v);
(I)eT
v 1 2
X [ml}j = Z 00Ky (ti,j7tl,va77l,v7 (L,(A)n)l,va (LEL\)T])I,U)'

(Lv)ed;,;
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Theorem 3. Let f be a sufficiently smooth function on the interval [a,b]. Then
we have

X' [flij — zlfl(ti )| = O), 1=£f,v. (2.7)
Proof. We can find
|Kf (ti,j7tl,va f(tl,v)v f/(tl,v)a f//(tl,v))

— K (tistion f(t0), (L8 Do (LD Fio) = O(). (2.8)
Also we get
Ke(tig.5. £(s) £/ (5), £7(8)) = Kt (b tron S (t0). £/ (b10), £ (1))
= (5= 1) 28 10, C1 A, £1CE), 57(EE), (2.9)

where (Y € [t;.4,t1.0+1]. Therefore by using (2.8) and (2.9)we get

trut+1
/t Ke(tig, s, £(s), f'(s), f"(s))ds

I

- §l,va (ti,j7 tl,v» f(tl,v)a (Li)f)l,vv (L_(j)f)l,v)

trut+1
- / Ke(ti o, £(s), ['(s), " (5))ds

ti,v

- 5l oKt (tigo tr, f(to), [/ (tw), f7 (to)) + O(R?)

- 852( tign GV F(CEY), (G0, £7(G47)) + O(h?)
2
S5 " 8Kf( ti f(c ) f/(gé,v) f”(c )) —|—O(h2)

=2 9s

then we can obtain

(/tl,erl Kf(ti,j78,f(8),fl(s)7f”(S))dS

(Lw)eT 7t
- 5l,va (ti,jv tl,va ) f(tl,v)v (L_(j)f)l,va (L_(j)f)l,v)>

< Y0 O s S (), £ + O

s
(Lw)eT
h? 0K
< nlm -+ D)5 max "5 (tig, 5, £(),£(5), 1(5) + Oh) (2.10)
b— h 0K
< ( U«)Q(}?Z’/L + 1) hsgl[%,};()] 63f (ti’j, S, f(S), f/(s)v f”(S)) + O(h) = O(h)v

then by using (2.10), we can say that
X iy — z(f](ti5) = O(h).

Similarly, we can find (2.7) for linear case and [ =v. O

Math. Model. Anal., 21(6):719-740, 2016.
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DEFINITION 3. For any function u, we define
R(u) = {u(ti,j); (27]) € A}7
also we define
. 1 1 .
ni={nij; ()€ A, Ln:={Tn)i;:(.5) € A}, 1=1,2.
For the above finite difference scheme we have the following estimate
In=R@) e = Oh),  ILn = RyD)oo = O, 1=1,2,

where n and Lg‘)n is defined in the Definition 3.

2.3 Deviation of the error estimation

We study the deviation of the error estimation for (1.1)—(1.2). We consider the
Dirichlet problem

y'(t)=f(t),a<t<b, yla)=y(b)=0, (2.11)

where f(t) is permitted to have jump discontinuities in the points belonging to
Z,. For the discretization form of (2.11), i.e.,

(LS )iy = f(tiy), (i.5) € B, (2.12)
no,0 =0, 7no =0, (2.13)

according to [1,3], we have the following lemmas.

Lemma 3. The unique solution n of (2.12)-(2.13) is given by
77i,j = Z a,UG(ti,jatl,'U)f(tl,U)7

(lw)eB
where G(t,7) is Green’s function

[ G-t-m-a  asrsish
G(t’T)_{(b—’r)(a—t)/b—a7 aStSTSb

Lemma 4. Forv € CAg[tm-_l, tij,tij+1), where
. L .
Coltij—1,tij,tij+1] == {v € C'[t; j_1,ti j+1] : V" continuous on

[ti,jfl,ti,j) U (ti,j,ti,j+l}> lim v” € R, lim v € R ewist},
t1ti 5 tlti;

we have

,31,.7 ~
(LG, :/ R j(§v" (tij + 0:,5€)dE,

with kernel
1+¢&/ay;, £ € [—a;;,0]
R; (&) = — Iy
3 { 1-¢&/Bij £€[0,8i,]
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As [1,3] we can find “the exact finite difference” for (1.1) as follows

(LD p)ig = Ta(F (g, p(ti )0 (1), 26l (ti ), 20 [p) 1) ).
where
Em‘ R
Za(w(ti;)) ;:/ R; j(§w(ti ; + 6i;€)dE.

—Qi,j

We can say that a solution of problem (1.1)—(1.2) satisfies in the exact finite
difference scheme. Since according to the collocation method, we can say that

P (tig) = F(tig p(ti), 0 (tig), ze[p)(tiz), v [pl(ti;) = 0, (i,5) € X(n),
therefore we define the defect at ¢; ; as follows
Dy =L D)i ~Ta(F (s plti)s0' (4), 260l (ti), 20 [)(E:,)) ) (i) € B.

In order to compute the integral in this expression, we use a quadrature formula.
When ¢; ; € X(n) we have [1,3]

Za(F(,p, 0", zlp], 2v[p) tig) = Qa (F(timP(ti,j),p'(ti,g‘% Ze[pl(ti ), Zv [p](tz‘,j)))
m—+1

= Z Vg F (tie p(tin) 0 (tin) Zelp] (ti0), 2o ) (tir),

where ¥ ' fﬁ‘ J y (&)Li(p;

ZA(F (ti0,p(ti0), 0 (ti0), ze[pl(ti0), 2 [P)(ti0))
~Qa (F(ti,o,pm,o),p (ti0): Zelp] (t50), 2 v P)(010)))

m—+1

= Z Vo F (tiks p(tig), D' (ti k), Ze[p) (tik), Z v [P (Bik))

m-+1
+ 3 A F (ticy i p(tic 1), 2 (k) Zelpl (tim1 i), Z v [p) (tim1.0)).

)df. Also for t; 0 = 7; we have [1,3]

where

Bio 3, 0 5;
= [ RoOL€E 0, Al = [ Rao@Lu+ €5 2y
0 i o

—Qij,0 1—1
For the above quadrature formula we can find the following lemma.

Lemma 5. For sufficiently smooth f the following error holds
Za (fa ti,j) —Qa (f, ti,j) = O(hm+2).

Also when m is odd and the nodes p; are distributed symmetrically, we have
the following relation

Iy (fa ti,]) Q.A(fa 1]) - (hm+3)

Math. Model. Anal., 21(6):719-740, 2016.
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Then we consider defect at ¢; ; as follows

D~ (L p)i j—Qa(F (tig, p(tig)s ' (i) 2 0] (F1.), 20 [P (82.3))), (i, 5) € B.
(2.14)

At this step we define 7 = {m; ;; (i,j) € A} as the solution of the following
finite difference

2 1 v .
(LRm)ig = F(tig,mig, (L), X Mg XY [w)ig) + Dig, (i,5) € B, (2.15)
To,0 =T1, Tno0=T2-
We define D := {D, ;; (i,j) € B}. For small value D, we have
m™—=R(p) #n—R(y).

We define € and e as ¢ := 7 —n = R(p) — R(y) =: e. An estimate for the
error e can be found in Theorem 2. The deviation of the error can be written
in the following form 6 := e — . By using (2.14) and Lemma 5 for linear and
nonlinear case we can easily prove the following lemmas.

Lemma 6. The defined defect in (2.14) has order O(h™).

Lemma 7. The m — n has order O(h™).

3 Analysis of the deviation of the error
Lemma 8. For the linear z[-|(t) (I =f,v) we have
|Xl[6]i7j - Zl[e](ti,j)| = O(hm), l = f,V. (31)

Proof. When | = f by using Lemma 1 we can write

(X' leli; — Zelel(tig)| < |XTleliy — zelel (tig)] + |2elel(tig) — Zelel(ti)

O(hm+2)

)

also by using Theorem 2 and Theorem 3 we can write

2

‘Xf[e]i’j —Zf[e](ti)j)’ - ‘ Z Z (/tl,wl Am7f(ti,j78)e(m)($) ds

(Lw)eT m=0 7t
(b—a)(m+1)h

= B Attt (t10) )|+ O(W™) < ST =2
(32 o Am.g(tij, s)e™
% max (Zmzo ,f( »J 8)6 (8)) |+O(hrn) — O(h’m)-
s€la,b] Os

O(hm=1)

In a similar way to the [ = f, we can prove (3.1) for [ =v. O
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3.1 Linear case

Theorem 4. Consider the SFVID equation (1.3) with boundary conditions
(1.2). Assume that the SFVID problem has a unique and sufficiently smooth
solution. Then the following estimate holds

16l = lle = €l = O(R™ ),

where e is error, € is the error estimate and 0 is the deviation of the error
estimate.

Proof. Since F and z[-](t) (I = f,v) are linear then by using (2.5), (2.14) and
(2.15) we get

(LS0)ij = a1 (ti))(LD0)ij + aa(ti )0i; + D X" [0)i;
k=fv
+Zalare’ + aze, ti;) — (a1 (ti ) (L) e)ij + az(tielti ;)
Iy

+(Qa — Ta)(arp' + azp + as, tij) + Y (IA(Zk le], ti ) — Xk[e]m‘)
k=f,v

I5

Ig

+ 3 Q) — Talklpl. ti) ) (3.2)

k=f,v

Iz
by using Lemma 6.1 in [1] and [3] we can say
) . 1 m
Iy = (9ij — 9ij — §ig) + F((si,j¢i,j+% —8ij-10,5-1) + O(R™2),
,J

where

O ~ o~
Gij = / ( < + D)aq(t;; + £6; )€ (ti,; + &0, 5)dE,

—a,; Qi
§

s ~ R
o= | (5~ Dt + 85!t + 65.1)d6
2,3

.. a1(t;,; 3 N
i ‘= M/ e’(ti,j —|—§5i,j)d§7
Bij 0
3 1
Gijry =0 [ (0 PRy +0iju)du,

[N

H 1
¢i7j_% = 6i,j—1/ (u2 + Z)Q(ti’j_% + 5i,j_1u)du

1
3
with Q(t) = (a2 (t)e(t))/. We can easily prove that

gij = O(hm-&-U, g'i,j = O(hm-‘rl)’ gi,j — O(hm)7 qﬁi,j:l:% _ O(h’m—i-l).

Math. Model. Anal., 21(6):719-740, 2016.
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Also according to Theorem 6.1 in [1] and [3], we can obtain I5 = O(h™*2). Also
since p € Il,,41 and Aji(t,s) (I =0,1,2&k = f,v) are sufficiently smooth
then by using lemma 5 we can say that I; = O(h™*2).

In a similar way to the Iy, we can find Is = Y¢(¢; ;) + Xy (ti ),

Ye(tig) = ) (Qﬁv’v(ti,j) - Q?J’U(ti,j))a
(w,v)eT
Noltij) = ) (93’”(%) - Q@”’”Um‘))

(ww)eA; ;

2 Bi.s tij+E0; 5 ~
+ Z/ / Ay (tij + €0, 8)eW (s)dsde,

1=0 Y —Qij Jti

where
qu;uv(tm) :W;:w(tm) - V;uv(tm)v k=fv,
“leuvv(tl}j) = E;U v(tl,]) _@k1 (tiJ)v k= f7V
with
2 tw,v+1 0 é‘ ~
W (i) =) / / (== 4+ 1) Ay (tij + €0 5, 5)eW(s)dds,
=0 tw,v _ai,j aivj
—w,v 2 b o1 Bl] E <
T (1) = / (S ) Aty + €815, 5)e® (s)deds,
1=0 Y tw,v 0 i,J

0
. 1
Wk ’ (ti,j) ::/ 7610,11 (AO,k(ti,jatw,v)e(tw,v)

—a; 2

2
+ Z Ak (ti g, tw,v)(LEcl\)e)ww) dg,
=1

~w,v Ei,j 1
vy (i) = 7/0 20w (Ao,k(fi,j,tw,v)e(tw,v)

2
+ 37 Akt tun) (L), ) de.

1=1
By using Theorem 2, we obtain
Tk(ti,j) = O(hm), k= f,V.
Therefore we can rewrite (3.2) as follows

2 1
(LR0)i; = ar(ti ) (LY 0)i ;5 + aslts )i+ > X0
k=f,v

. .. 1
+ (91,5 = 9ij = Gig) + —=—Bijbijur —Gij1¢55-1)
ij

+ Yx(ti5) + Vo (ti ) + O(R™2).
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In this step we define
H:={gi; = ¢ij — §i.j; (i,7) € B}, © = {T¢(ti ;) + Vv (ti;); (i,5) € B},
D= {6i,j¢i,j+% - 5i7j71¢i,j7%; (i,5) € B}-
Then by using Lemma 3 we find
_ 1 _ _
05 = ((L%) 1H)m. + P ((L%) 1@)“ + ((L%) 1@)w_.
4,J
Let
§=max|H|=O(h™), ¢=max|®|=0Mh"""), T =max|0] =0K™),
1,7 7,] ,]

therefore we get

10| oo Sh(nul}azx Z G(tw,x7ti,j) wa G(t b,z bij )
" (i,j)eB (i,j)eB
+h(max > G(tw7x,ti7j)f):(’)(hm+l).
" (i,j)eB

0

3.2 Nonlinear case

DEFINITION 4. For nonlinear and linear z[-] (I = f,v) we define

Z 5lv(Fof ,_]7tlv €lv+z ,jvtlv(L_(A) )l,'u)a

(Iw)eT
X "[elij; = Z 5lv(F0v( ivjs tiw)etw + Z (tigstio) (LYe )l,v)7
(L)€ ;
where, for linear case
Lo k(g tie) = Am (i g i), m=0,1,2, k=fv
and for nonlinear case and k = f, v we define
ok (tigtie) =
Jo (B (tigs i o + 700, (L9010, (L 7)10) d, m =0,
Jo (B (bt s (K900 + (LY )0y (L T)0) AT, =1,
Joy (Bi)ur (i, i oy (L0000, (L0100 + 7(LY )10 dr, m=2.
(

DEFINITION 5. For nonlinear and linear z[-](t) (I = f,v) we define

z Z/ € eltis )™ (s)ds,
z Z / < o(tig, 5)et™ (s)ds,
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where, for linear case we define
Fﬁl,k(ti,], s) = Ami(tijs), m=0,1,2 k=£fv
and for nonlinear case and k = f, v we define
I k(i s) i=
Jo (Br)u(ti g 5. 9(s) + 7e(s) '(s))dr,
mmmmwwmu+m (s))dr,
Jo (B (tig, 5.9(5), 9/ (), 9" (s )+T€”(8))dﬂ

Now we can easily find the following lemma.

3 3 3
|
N o~ O

Lemma 9. For linear and nonlinear z[-|(t) (I =f,v), we get

X [ ig = X iy =X el k=1v, (3.3)
z[pl(tiy) — zlyl(tiy) = Zklel(tiy),  k=1f,v. (3-4)

Lemma 10. For linear and nonlinear z[-](t) (I =£,v), we have
X" [elig — Zelel(tig)| = O(™), k=f,v. (3.5)

Proof. In the linear case by using Lemma 7, Theorem 2 and the Integral mean
value theorem we get

X leli; — Zelel(ti;) = x"[eliy — zele] (L))

2
Z 1,0 (Ao,e(ti s tiw)erw + Z Am,f(ti,j,tl,v)(L_(Am)S)l,v)

(Lw)eT m=1
2
—Z/mmmmes
I=0"%
(b—a)(m+1)h B
< —h’ ™) Z lng)&xx Ave(tij,tiw)

+O(h™)(b— a) Z/ll,f(tmw i) =O(h™),

where (fyj € (a,b). In this step we study nonlinear case. According to (3.3)
and (3.4) we obtain
X leligl = X [y — x [0l
S0 (Ke(ti gt Ly LY
lv f( i,59 l,v;’”l,m( A 7T)l,m( A W)l,v)

(Lw)eT

- Kf (ti,j7 tl,vv M,vs, (LS)U)l,v, (Lg)n)l,v)> S Z 5[,1) (C‘ﬂ'l,v - nl,vl
(I)eT

+ UL = (L0l + IR T — (LG )0l

(b— a)(m + 1)k

< CO(h™)hn(m +1) < C -

O(h™) = O(h™)
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also
Zele] (ts,5)| = l2¢[pl(ti,5) — 2¢[y](ti ;)]

/|Kf g 5,0(5), (), 5 ()~ Ke (1.5, 5, (), 4/ (5), /" (5)) s
<co —azw ()] = O™,

therefore by using the triangle inequality we have

Zelel(ti5) — Xeleligl < [Zele]l (i )] + [Xeleli sl = O(R™).

In a similar way we can find (3.5) for k=v. O

DEFINITION 6. We define b;(t; ;) and ¢(t; ;) (I =1,2,f,v) as follows

1
bl(ti,j> ::/0 Fy(ti,j,ni,j+T€i’j,(L_(/i)’fr)i’j,Xf[ﬂ'}i’va[’ﬁ]i,j)dﬂ

1
1 1 v
ba(ti,;) ¢:/ Fy(tiomigs (L) ey + (L €)i g X )i X [)i g)dr,

0
1
be (ti;) ::/0 F.o(tij,mij, (Lfi)n)i,j,xf[ﬁ]i,j + 7%l g, xV iy )dr,
1
bu(tig) = | Faultigsmigs (L0 X ligs XY iy + 7 V[eli )T,
0
1
ci(tig) = / Fy(tig,y(tiz) +7e(ti), ' (tij), ze[p(ti ), zv [p)(ti ) dT,
0
1
ca(ti ;) ::/0 Fy(ti g y(ti), v (tig) + 7€ (ti ), 2e Dl (ti5), 2v [p)(ti 5))dT
1
ce(ti ) == /0 Foo(ti, (i), y' (tij), ze[yl(ti ) + mZele] (4 ), 2 [p](ti,5))dT,
1

(1) 1= [ Pt 0ltig)o8/ b)), 5 0)Cs) + 72l )l
Lemma 11. We have
|bi(ti ;) —alti;)] = O(h), 1=1,2,f v. (3.6)
Proof. By using the Lipschitz condition for Fy, F,., F,, and F, we can find

1
’Fy (ti,j7 Nij T TE€ij, (L&)W)i,p Xf[ﬂ']i,j: X" [ﬂz’,j)

= Byt y(tig) + 7eti). 0 (tig)s 2] (1), 2o ) (1))
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< C(W‘,j - y(ti,j)| + T}€z‘,j - B(ti,j)D + C‘(LS)W)Z'J —p/(ti,j)‘
+ Ol = 26lpl(ti)| + C P Wiy = s lpl(tg)| = 0m),  (37)
‘Fy’ (ti g migs (LW g + 7LD )i g X i g X [l g)
— Fy(tij,y(tig) v/ (i) + 7€ (i), 2e[p] (ti ) 2v [p](ti,j))’
< Clmij —y(tig)| + C(\ Wiy =y (i) +7|(LY <), — el(ti,j)’)
Xf[ﬁ]m' - Zf[P](ti,j)’ + C|xV[rli,; — Zv@](ti,j)‘ =0O(h)
| Fep (ti35 11,5 (L Mig X\l + 7 g X [7ig)
= Fepe(tigoy(tig),y' (i g), 2e[y) (ti ) + TZele] (ti ), Zv[P](ti,j))‘
< Ol = yltig)| + C|LL )iy —y 1A+00[1 [M”n
+7[x [elig _Ef[e](ti,j)D +CxV[nlij — i) =

+C

|sz (tig> Mg (LS)U)i,j, X i, x iy +7xV[eli )
— Fo (tigs y(tig) v (tig)s 22 [yl (ti5), 2 Y] (ti ) + T2y [6}(%))’
< Clmiy — ylt U\+d@?mm—wnm+mfwm—%Mmﬁ
+ C([x iy — 2t )| +7|xVeli; — Zvlel(tij)]) = O(n).
Now we study (3.6). For I = 1, by using (3.7) we can get

1

1 v
|b1(ti,5) — c1(tij)] < ; Y (ti.gomig + 7€ 5, (L0 X i g XV [)i )

— Fy(ti g, y(tig) +7etiy), 0 (tig), ze [Pl (tig), 2v [p) (L s)) ‘dT = O(h).

In a similar way we can find (3.6) for / = 2,f and v. O
When F' is nonlinear we have the following theorem.

Theorem 5. Consider the SFVID equation (1.1) with boundary conditions
(1.2), where F(t,y,v', z¢, 2v), Fi(t, 4,y 28, 2v) (1 =y, Y, 2¢, 2v) are Lipschitz-
continuous. Also for nonlinear z[-|(t) (I = £,v) we let K;(t,s,u,u’,u") and
(Ky)(t, s,u, v/, u") (I =f£,v&j = u,u',u") are Lipschitz-continuous. Assume
that the SFVID problem has a unique and sufficiently smooth solution. Then
the following estimate holds

6llc = lle = €lloe = O(h™ ),

where e is error, € is the error estimate and 0 is the deviation of the error
estimate.
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Proof. We have

(LR0)ig = (LD e)ig — (LX)

= Za( F(tusplti)sp (1), 50p) (1) 20 [P 11,)

Ry
= Pt y(tig) ¥ (4), 26l (ki) 2ol (t:.0) )
R2
— (F(tig,migy (L), X i g X [)ig)
R3
— F(tij,mij, (LS)U)mv xf[nhm XY i) )
Ry

o+ Qu(F (b, p(ti ), (81 Felpl ki), Bl 1)) )

— Za(F (b1, plti). P (ti), 28] (1), 2 ) (Ei)) ) (3.8)

We can get

1
— Ry :ch+1(ti,j Z tij)Zile](ti ),
1=0

I=f,v
RB_R4—b1(2])57,]+b2(2J)( _,i ) Z (lj)yl[g]i»j‘
I=f,v

Therefore we can rewrite (3.8) as follows

(LD0): 5 = bi(ti))0ij + ba(ti ) (L0 + D balti )X 10):.

I=f,v

+Taler(tige(tiz) + ealtiy)e (tig) + D alti)Zilel(tig)

I=f,v

— (ealtig)e(tiy) + ealti YL )iy + Y alti )X [elig)

I=f,v
+ (Cl(ti,j) — bl(ti,j)) 6(%‘,;‘) +(Cg(ti7j) — bg(ti’j)) (L&)e)m-

O(h™) O(h™)
+ Z (ci(tiy) — balts;)) X'[eli; +Qa(F(.p. 0. Z¢[pl, 2+ [p)), ti ;)
I=f v —
o)
7I.A(F(’7pap/aZf[p]azv[p])ati,j)' (39)
Then we rewrite (3.9) as follows
(L(z)e) =bi(t 71)913 + ba(t i,j LA ij T Z bi(t J ,j
I=f,v
+Za(ea(tige(tiy) + calti)e' (i) + D alti;)Zilel(ti;))
I=f v
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— (ea(tig)e(tiy) + ealti ) LY )iy + > calti )X '[e)ig)
I=f,v

+ Q.A(F('vpvp/vzf[p]’2V[p])’tiaj)
*IA(F('apvp/aZf[pLZv[pD?tiJ) + O(herl)'

In a similar way to the Theorem 4, we can complete the proof. O

4 Improvement of the deviation of the error estimate

In particular case of (1.1)—(1.2) with

b t
zf[y](t):/ Kf(t,s,y(s))ds, zv[y}(t)z/ Kv(t,s,y(s))ds (4.1)

we can find second order finite difference scheme. In this case by using the
trapezoidal rule we can find the following finite difference scheme

2 —(1)
(L.(A)n)i,j = F(tij,mi;, (L
No,0 =71, Tno =T2,

where (L(j)n)i,j is defined in (2.6) and

Mg 0 Mijs0¥Mlij)s  (i,7) € B,

(1) Nij+1 — Mij—1
(L.A 77)i,j = JA—J,
61 v
o nliy = Z 2 (Kf(ti,j,tl,mm,v) +Kf(ti,j7tl,v+1a77[,v+1))7
(Iw)eT
01,0
Qv[mi,j = Z lé (Kv (ti,jatl,mnl,v) + Kv(ti,j7tl,v+1anl,v+1))-
(Lw)eA; ;

For above case, in the same way that, as discussed in the Section 3, we can
easily prove the following two theorems.

Theorem 6. Consider the SFVID equation (1.3) with (4.1) and boundary con-
ditions (1.2). Assume that the SFVID problem has a unique and sufficiently
smooth solution. Then the following estimate holds

0l = lle = elloe = O(h™*),

where e is error, € is the error estimate and 0 is the deviation of the error
estimate.

Theorem 7. Consider the SFVID equation (1.1) with (4.1) and boundary con-
ditions (1.2), where F(t,y,y', z¢, 2v) and Fi(t,y,y', ze, 2v) (L =y,y', z¢, 2v) are
Lipschitz-continuous. Also for nonlinear z[/|(t) (I = £,v) we let K;(t,s,u)
and (K;);(t,s,u) (I = f,v&j = u) are Lipschitz-continuous. Assume that the
SEVID problem has a unique and sufficiently smooth solution. Then the fol-
lowing estimate holds

10llsc = lle = elloc = O(A™*?),

where e is error, € is the error estimate and 0 is the deviation of the error
estimate.
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5 Numerical Examples

In this Section we apply the numerical results. The examples 1-2 considered
below are used as test for Theorem 4 and Theorem 5. Also example 3 and
example 4 serve to illustrate Theorem 6 and Theorem 7. The results obtained
by using Mathematica-9 programming. Also in the examples the boundary
conditions are taken from the exact solution.

FEzample 1. We consider the linear case as

t 2
y"(t) =ty (t) + y(t) + as(t / ts Z y W (s)ds + / ts> Z y W (s)ds
0 0 1=0

In this case as(t) chosen so that exact solution is y(t) = exp(2t). In the
Table 1 we choose m = 4 and n collocation subintervals of length 1/n. Also
in the Table 2 we choose m = 2 and assume that {py = 0, p1 = 0.283333, p3 =
0.616667, p3 = 1}.

Table 1. Numerical results for example 1.

n lle]] oo Order 16| 0o Order
4 3.25842e-2 — 3.91123e-6 -

8 2.11365e-6 3.94637 1.41308e-7 4.79071
16 1.32181e-7 3.99914 4.75659e-9 4.89277
32 8.26373e-9 3.99958 1.54231e-10 4.94676

64 5.16669e-10 3.99948 4.92406e-12 4.96910

Table 2. Numerical results for example 1.

n llelloo Order 10|00 Order
4 1.71121e-2 - 2.90399e-3 -
8 4.54653e-3 1.91218 4.43366e-4 2.71146

16 1.15124e-3 1.98158 6.15327e-5 2.84907
32 2.89467e-4 1.99172 8.23059e-6 2.90229
64 7.25721e-5 1.99591 1.09647e-6 2.90814

FEzample 2. We consider the problem
1
y'(t) =ty (t) + v2(t) + as(t —|—/ ts +y()+(//( ))2)d8
0

+/O ts* (y(s)y'( (s))ds,

a3(t) chosen so that exact solution is y(¢) = sin 2¢t. For this example we choose
n collocation subintervals of length 1/n. In the Table 3 we choose m = 4 and
assume that p;(i = 0,...,5) are equidistant points. In the Table 4 we choose
m =3 and {po =0, p1 = 0.21, ps = 0.46, p3 = 0.71, py = 1}.
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Table 3. Numerical results for example 2.
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n llelloo Order [10]] 00 Order

2 5.65455e-7 - 9.43288e-8 -

4 3.21333e-8 4.13727 3.58181e-9 4.71894

8 2.02451e-9 3.98843 1.21604e-10 4.88043

16 1.25615e-10 4.01049 3.94984e-12 4.94425
Table 4. Numerical results for example 2.

n lle]lso Order [10]] oo Order

2 1.20478e-5 - 4.38700e-6 -

4 1.58034e-6 2.93046 2.48796e-7 4.14020

8 2.02665e-7 2.96307 1.45576e-8 4.09512

16 2.57390e-8 2.97707 8.12608e-10 4.16307

Ezample 3. In this example we consider here the following linear problem

¥ (1) = cos(t)y' (1) + y(t) + as(t) + / y(s)ds + / tcos(s)y(s)ds,

a3(t) chosen so that exact solution is y(¢) = tsin(t). For this example we choose
n collocation subintervals of length 1/n. In the Table 5 we choose m = 2 and
assume that p;(i = 0,...,3) are equidistant points. Also in the Table 6, we
consider m = 3 and {pg =0, p1 = 0.2, p2 = 0.55, p3 = 0.72, p4 = 1}

Table 5. Numerical results for example 3.

n llelloo Order 10|00 Order

2 2.26647e-3 - 8.45242¢-6 -

4 5.63358e-4 2.00832 4.92246e-7 4.10191

8 1.40539e-4 2.00308 2.73140e-8 4.17167

16 3.51146e-5 2.00083 1.61489e-9 4.08014
Table 6. Numerical results for example 3.

n llelloo Order 10|00 Order

2 1.25407e-5 - 4.98589e-7 -

4 2.63666¢-6 2.24984 1.47117e-8 5.08282

8 4.24484e-7 2.63493 4.31918e-10 5.09006

16 6.00350e-8 2.82183 7.28798e-12 5.88910

Ezxample 4. As a last study we consider the nonlinear case as

1 t
Y (1) = ¥/ (8) + v2(8) + as(t) + ( / sin(t)y(s)ds) ( / cos(s)y(s)ds),
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as(t) chosen so that exact solution is y(t) = sin(¢). In this example for Table 7
we choose m = 2 and assume that 7; are equidistant point. Also In this table
we choose equidistant points for p;. In the Table 8 we choose m = 3 and
{po=0,p1 = 0.23, py = 0.55, ps = 0.78, p4 = 1}.

Table 7. Numerical results for example 4.

n lle]l oo Order [16]] oo Order
2 3.68252e-4 - 1.38395e-6 -

4 8.78560e-5 2.06748 5.77515e-8 4.58279
8 2.28186e-5 1.94493 2.29570e-9 4.65285
16 5.68809e-6 2.00419 1.00123e-10 4.51909

Table 8. Numerical results for example 4.

n llelloo Order 10|00 Order
2 1.80270e-6 - 9.53181e-8 -

4 2.48418e-7 2.85931 1.52154e-9 5.96915
8 3.46815e-8 2.84053 2.39238e-11 5.99094
16 4.55469e-9 2.92874 7.47957e-13 4.99934

Conclusions

In this paper, we have constructed efficient asymptotically correct a posteriori
error estimates for the numerical approximation of second order Fredholm -
Volterra integro differential equations. Also it is shown that when we use m
degree piecewise polynomial collocation method, the order of the deviation of
the error estimation is O(h™*1). In the previous section, numerical examples
confirming the theoretical results are given.
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