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Abstract. The RFR (reverse flow reactor) has been widely studied for abatement
of lean methane emission from coal mining or natural gas piping system. We show
a global-in-time existence of the solution to a nonlinear system of partial differential
equations modeling RFR.
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1 Introduction

The purpose of the present paper is to study a mathematical model concerning
Reverse Flow Reactor (referred to as RFR) used for catalytic oxidation of lean
methane emission. Here, the main concept of RFR is a flow, whose directions
are periodically changing through the packed bed reactor. It has been widely
studied for the abatement of lean methane emissions from coal mining or na-
tural gas piping systems, see [8]. In fact, such emissions contribute to global
warming potential, which is considerably dangerous for the environment, and
therefore, it is indispensable to treat this emission into a harmless compound.
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The use of the reverse flow principle as a transient operation procedure
for catalytic reactors may be hopeful, under a dynamic interaction between
microscaled catalysts and macroscaled reactor to produce more favorable con-
centration and temperature profiles in the catalytic process, see [4]. Hence,
studies on RFR are proposed actively in chemical engineering process, due to
its importance in applications to destruct pollutants, see [6].

Several mathematical models have been proposed to predict the behavior
of the reverse-flow reaction in terms of temperature and concentration. One
of the simplest model is concerned with a single reaction without changing the
number of moles of reactants, see [3,9,15], that is,

(Egpgcg + Espscs)%—? =
Aer 28 — poc,U(t)28 4 (—=5H)Wi(X,6), in (0,L) x (0,T), (L.1)

eape Gy = ~U)py 5y + Wa(X,0), in (0, L) x (0,7),
where © = O(z,t) and X = X(x,t), 0 <z < L, 0 <t < T, denote the
temperature and the fractional conversion of the catalyst, respectively. It is
thus a model of one-space dimension, with L standing for the bed length. Here,
e, p, and ¢ are physical constants with the subscripts g, s, and o standing for
the states of gas, of solid, and outside the system, respectively. Furthermore,
ey and 6H are chemical quantities, and the nonlinearities W;(X,0), i = 1,2,
are the rates of chemical reaction. See Appendix for more details of these
constants and functions.

The principal flow direction is thus controled by the linear velocity U (t) =
k(t)u defined by

K(t) = (1.2)

+1, at te[2mr*,(2m+1)7T%),
-1, at te[2m+1)7*,(2m+2)7*) form=0,1,...,

where u is a constant and 7* stands for a half of the cycle duration. Then we
provide the initial condition:

@|t:0 = 907 Xlt:[) = XO on [O,L], (13)

for given functions ©y = Oy(x) and Xy = Xo(z), and also the boundary
conditions

1—k(t 00 1+ k(t o

= T()X, Aef g = T()“Cgﬂg(e ~ Oiny) (14)
1+ w(t 00 1 —k(t o

- 50x oG = e 6w 09)

at {0} x (0,T) and {L} x (0,T), respectively, for a given constant ©;,,, where
“X = X7 or “O = O” is regarded as an empty condition. When RFR works,
complex and characteristic phenomena are experimentally-observed, see [14,
15,16] and references therein. They are also observed in numerical simulations
with the aid of mathematical models, see [7,10,11,14,15,16,17] and references
therein. According to numerical simulations by Budhi et al., complicated and
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sensitive asymptotic behavior of solutions can be observed, see [2]. For this
reason, it is important to analyze RFR not only by experiments but also by
using mathematical models. The main result of the present paper is to show
the unique existence of the global-in-time solution to (1.1)—(1.5). Furthermore,
we also study more complicated models which may accompany compartment,
see Section 4 for details.

Normalizing physical constants, we thus take the system of parabolic and
hyperbolic equations

89 0?6 00
— - >
ST D8x2 U(t)&z + F(X,0), >0,
OX L vw?X —ax o), m0.0)x0.7). (1.6)
ot Ox
where €, D > 0 are constants. The initial condition is imposed as
Q(CU,O) = 60(‘%)’ X(xv O) = XO(x) on [Oa L]a (17)
while the boundary conditions take the form
3@ _ 1+k() _1—k(t)
8&6 2 (6 - @mp)7 X = 9 X (1.8)
00 1—k(t) 1+ k(t)
o B u(© — Oinp), 9 (1.9)

on {0} x (0,T) and {L} x (0,T), respectively. Concerning the nonlinearities,
we assume

FeC'Rx[0,00)), GeCHR x[0,00)), (1.10)
|F(X,0)] < M(1+ |X| +672), (1.11)
IG(X,0)| < M(1+|X|+6%), (1.12)
Y1572,73 > 0, 72 <1, 73 < 1, (1.13)

where M > 0 and ~; (i = 1,2,3) are constants. This assumption of the
nonlinearity is satisfied in most of models, see [3,9,15].

The main theorem is stated under the following notations. First, Lip(Qr)
denotes the set of Lipschitz continuous functions on Q7 with respect to (z,t),
where Qr = (0, L) x (0,T). Next, C’lvé(@) is the Holder space, composed of
continuous functions on Q7 together with their all the derivatives of the form
07 0; for 2r 4+ s < | and take the finite norm

lull{g) = (u +Z o
where l € Z=1{0,1,2,...} and

gy = lullig,y =max|ul, (u)d), = D= 070l
2r+s=j

e
(W&, = g, + Wi, @, = Y @iy,
2r+s=[l]
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(L) s 11— 2r S)

<U>t,2QT = Z (0f Oqu), Qr

0<l—2r—s<2

u(x,t) —u(y,t

(), = sup e

(z,t),(y, 1) €EQT, =2y, lr—y|<po Yy

t i

<’U,>§’Y) — sup |U’(x7 ) ’U,(J?,S)|,

(2.0),(2.8)€Qr, ts, |t—s|<po [ =8I

for 0 < v < 1. Finally, VVqQI’l(QT)7 l € Z, q > 1, denotes the Banach space
consisting of the elements of the Lebesgue space L4(Qr) having generalized
derivatives of the form 0; 93 with any r and s satisfying the inequality 2r+s <
2. Tts norm is defined by

21
lellggr = I,
=0

where

1
A T L q
W, = Y 187 ulgan, u|q,QT=(/O / u(sc,wwwdt)

2r+s=j
Let Q = Qoo = (0, L) x (0, +00) and define I3, i = 1,2, 3, by the following:

In={(z,t)eQ|t=kr", k=0,1,...},
I ={(z,t) € Q |t =x/u+2kT™, t € 2k7*,(2k +1)7"],k =0,1,...}
U {(z,t) |t =x/u+2kt" — (L—7"), t € 2k7", (2k + 1)77],
k=0,1,...},
Iy={(z,t) e Q| t=—x/u+2kt", t € [(2k —1)7", (2k)T"], k=1,2,...}
U {(z,t) eQ|t=—a/u+2kr™+(L—1%), t[(2k—1)7", (2k)7"],
k=1,2,..1},

for urt* < L, and

I ={(z,t) eQ|t=kr", —071,. 3

L={(z,t) €Q |t =z/u+2kT", t € 2kT",(2k+1)7"], k=0,1,...},

ng{(x,t)|t:fx/u+L+(2k+1) L te[(2k— 17", (2k)T7],
k=1,2,...},

for ut* > L. Then we put I' = I} U5 U I3, and also

o {(z,t) | t=2a/u—(L—7%),t€[0,7*]}, ifur*<L,
207 0, if ur* > L.

Finally, we define P, by

Pro={(0,t) [£=0,L, t=mr*, m=0,1,...}.

Math. Model. Anal., 21(4):550-568, 2016.
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Theorem 1. Given 6y € C%[0,L] and Xo € CY(0,L] N L>=(0, L) satisfying
€(0,1), ©y > 0, and given F and G satisfying (1.10)-(1.13), there exists a
unique solution (0, X) to (1.6)-(1.9) such that

0 € CPNQ\ D) NWpe(@\ Pre), (1.14)
X eChH((@Q\ D) UT50)NC@Q\ (I UTy)), (1.15)
O(-,t) = Oy locally uniformly in (0, L], (1.16)
t¢(2}>lzr£11)7—* O.1) = tT(Q'}}LIEll)T* o) (1.17)
locally uniformly in
[0, L)\ {(ur*, (2m — 1)7*)}, ifur* <L,
[OaL)a Zf’LLT* > L
and
lim O(,t) = lim O(,t) (1.18)

locally uniformly in

(0, LI\ {(L —ur*,2m7*)}, if ur* <L,
(0, L], if ur* > L,

for any g > 1 and for every m =1,2,....

This paper is organized as follow. We prepare several auxiliary lemmas in
Section 2, and prove Theorem 1 in Section 3. More complicated models of RFR
are studied in Section 4. In Appendix, various variables arising in the systems
in Sections 1 and 4 are explained. Henceforth, C; (i = 1,2,...) denote positive
constants whose subscripts are renewed in each section.

2 Preliminaries

The first aim of this section is to show the local-in-time existence and unique-
ness for the parabolic-hyperbolic system

6@,5 :D@m—u@x—FF(X,@), e ZO, in QT;

X +uX, = G(X,0), in Qp,
DO, —u@ = —uB;p,, X =0, on {0} x (0,7), (2.1)
0, =0, on {L} x (0,7),

Oli—o = B0,  X|;—g = Xo, on [0, L].

For the purpose, we recall the classical results for the linear parabolic equation

up = Lyu+ f(x,1), in Qr,
ug (&) + B )u=g(&,t), in{0,L} x (0,T), (2.2)
ul,_o = uo, in (0,L),
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where L,; denotes the operator defined by

0? 0
Ly = a(m,t)@ + b(xvt)% + C(ZL',t)

and the coefficients and inhomogeneous data satisfy
f,a,b,c € Ca([ov L] X [07 1)), 9(0,),9(L,-),B5(0,-),B(L,-) € C[Ov T), (2.3)
for some « € (0,1).

Lemma 1 [ [5]]. Assume that (2.3) holds and that uo € CJ0,L] satisfies
ul,_q = ug on [0,L]. Then, there exists a unique solution to (2.2) satisfy-
mng

13%1 u(-,t) =ug uniformly on [0, L].

Lemma 2 [ [5]]. Assume that (2.83) holds and that ug € C(0,L). Then, there
exists a unique solution to (2.2) satisfying

ltifg u(-,t) =ug locally uniformly in (0, L).

Note that the difference between Lemmas 1 and 2 is only whether the
condition ul,_, = ug on [0, L] is satisfied or not.
Now we state the result of the local-in-time existence and uniqueness.

Proposition 1. Given 0 < 6y € C[0,L] and Xo € C'(0,L] N C[0,L], and
given F and G satisfying (1.10), there exists T > 0, depending only on F,
G, | Xollz=(0,2): [1€ollz=(0,1), Cinp, €, D and u, such that (2.1) has a unique
solution (6, X) satisfying

0 € C?(Qr)NCH@r\ {t=0HNC@r\{(0,0}), (24
X e CYYQr \ {(z,t) | t = uz, t€[0,T]}),
O(-,t) = Oy locally uniformly in (0,L] ast ] 0. (2.6)

Proof. For simplicity, we assume that e = D = uw = 1. The proof for other
cases is similar to that for the case e = D =u = 1.

First, we shall prove the local-in-time existence. Fix 0 < T <« 1 which is
determined later on. Given @ € Lip(Qr), we can solve

X, +X,=G(X,0), in(0,L)x (0,T),
X =0, on {0} x (0,7), (2.7)
X|,—o = Xo, on [0, L],

Math. Model. Anal., 21(4):550-568, 2016.
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provided that T is so small. Note that 7" is determined only by G, || Xol| (0,1
and ||6||s. In fact, (2.7) is equivalent to the integral equation

X(z.t) = XO( (z,t;0)) —l—fo ( z,t;s),s)ds, for (z,t) € Qr N{t <z},
’ Iy P(y,w(z, t;y))dy, for (z,t) € Qr N{t > x},

(2.8)
where P(z,t) = G(X(x,t),é(x,t)) and z(x,t;s) (resp. w(x,t;y)) denotes the
characteristic line which begins at (x —¢,0) (resp. (0,t —x)) and ends at (z,1)
(resp. (x,t)), see [1]. Note that

d t;

dz(z, t:5) =1, forevery se|0,t],
ds

d t;

w(;ﬁg,/,y) =1, foreveryy € [0,z],

X =X(2,t) € CHQr \ {t = 2}) N L=(Qr).
A direct calculation shows
1X1loo < 1Xoll <0,y + T+ A (I X [loos [6lloc) (2.9)
where
Aq(K,K') = cel il e e |G

For the unique solution X = X (x,t) to (2.7), we consider
Oy =6, — O, + F(X,0), in(0,L)x (0,T),

O — O = —Ojpp, on {0} x (0,7), (2.10)
0, =0, on {L} x (0,7,
Q‘tzo = Oy, on [O,L].

The standard theory for linear parabolic equations guarantees that the problem
(2.10) has a unique solution @ = O(z,t) satisfying @ € W' (Qr) for ¢ € (3,00)
and © € C*1(Qr \ {t = x}), see [12,13]. Set

0 = 8(z,t) = max { |00l 10,1, Oing | + HIF(X,0),
0=0(,t) = —t|F(X,6)|. O.=0-0, 6,-60-6.
Then, it holds that
*)t Z (@ )xw - (@*)aca in (OaL) X (OvT)7
«)z — 6. <0, on {0} x(0,7T),
). =0, on{L} x (0,7),

*
(,

T DT

@l
*
o
=

>0, forxzel0,L]
and that
(Q*)t (7 ) - (Q*)wa in (OaL) X (OvT)7
(@) —©, >0, on{0}x(0,7),

(©,)z =0, on{L} x(0,T),

0,(z,0),<0 forx €0, L],
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which implies

©<Oe<® inl0,L]x[0,T).

Hence we obtain
101lse < max {[|@0ll (0,51, Oinp b + T Ap (IXocs 6]l ), (211)

where

A K7KI == F 7 )
PECED) = el iy F &)

Now we introduce the set
={0 € L=(Qr) | [|O~ < Ko}

and the mapping ~ R
$(O) =06 for O c Sr,

where
Ko =1+ max {{|60]| = (0,L)> Oinyp }

and © = O(x,t) is a unique solution to (2.10) via (2.7). From the inequalities
(2.9) and (2.11), we see that & maps Sy to itself if 0 < T' <« 1 . Note that
T depends only on F, G, || Xo||r~(0,r), [|©0llL<(0,r) and Onp (for the other
cases, besides on ¢, D and u).

We now claim that & is a contraction map on St if 0 < 7' < 1 is small
enough. Given 6,605 € Sy, the function © = O, — Oy = @(él) — @(ég)
satisfies

O; = Opy — O, + (F(X1,0;) — F(X2,65)),  in (0,L) x (0,T),
@—ézo, on {0} x (0,7), (2.12)
6, =0, on {L} x (0,7),

@(a:,O) =0, on [0, L],

where X; (i = 1,2) is a unique solution to (2.7) for @ = 0. Set
Lo=1+ HX0||L°°(O,L)~

Since G = G(&,n) satisfies (1.10) and since O; € Sr, the _inequality (2.9)
implies that || X;||lsc < Lo if T is small enough. Comparing @ = @(x t) with
the function

£t A (Lo, Ko) - (I1X1 = Koo + 161 = G2lloc)
admits the estimate

18l < T - (Lo, Ko) - (151 = Koo + 1161 = B2l ), (213)

where

AR(K,K') = max IVE(&, ).

£€[-K,K], ne[-K',K']

Math. Model. Anal., 21(4):550-568, 2016.
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We have, on the other hand,

2(z,t;5),8) — Po(z(x, t; 5), 5)ds,

o%”

for (z,t) € Qr N {t < z},
Pl (va(l"aty y)) - ﬁg(gj,ﬂ)(l’,t, y))dy7

for (x,t) € Qr N {t > z},

S

Xl(l',t)— Q(LC,t):

Ct—sy

by (2.8), where
Pi(z,t) = G(X;(x,1), Oi(x, 1)), fori=1,2.
Then it holds that
|1 = Kelloo < T+ Ag(Lo, Ko) - (1151 = Kallow + 161 = s )
so that ~ ~ R R
X1 — Xaloc < 2T - Ag (Lo, Ko) - |01 — Oz, (2.14)

if T' is small enough, where

AL(K,K') = max IVG(E, ).

¢€[-K,K], ne[-K’',K']

Consequently, inequalities (2.13) and (2.14) yield
. 1 - .
1Blloc < 51181 = B2llec, (2.15)

for some 0 < 7' < 1 depending only on F,G, || Xo||z=(0,5); |©ollz=(0,r) and
Oinp (for the other cases, besides on ¢, D and u), which implies that ¢ is a
contraction map on Sr.

At this stage, we perform the iteration scheme by setting ©(°) = @, and
EUY = ¢(©OW) (j = 0,1,...). Note that the iteration scheme works well
in this setting. Then we find that the limit function @ = lim;_, O is a
solution to

6 =6,, —0,+ F(X,0), in (0,L) x (0,7,

O — 0 = —Oipyp, on {0} x (0,7),
O, =0, on {L} x (0,7),
O|,_o = 6o, on [0, L]

and that @ = O(z,t) satisfies (2.4) and (2.6) by the parabolic regularities
(see [12,13]) and Lemmas 1-2, where X = lim;_,o X0G) and XU is a unique
solution to (2.7) for ©® = @Y. Note that this X = X (x,t) is well-defined and
a solution to (2.7) for @ = O satisfying (2.5) by (2.8) and (2.14). Hence, the
local-in-time existence is proven.

Next, we shall prove the non-negativities of © = ©(x, t) constructed above.
Let (X, ©) be the solution constructed above. We introduce the function

W =W (g, t) = e MO (x,t), pu>0 (2.16)
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and obtain

oM =eWw _ oW _ (- @™, in (0,L) x (0,T), (2.17)
where ¢ = ¢(z,t) is a bounded function. For p > 1, it holds that 4 — ¢ > 0 in
(0,L) x (0,T). Assume that g > 1 and minQ—T@(“) < 0. Then, minQ—T@(”)
is attained at some point on the parabolic boundary by the maximum princi-
ple and the non-negativity of the initial data @y. However, ming - oW <0
fails because of the boundary condition of (2.1) and Hopf’s lemma, and hence
minQ—T oW > 0, namely minQ—T@ > 0.

Finally, we shall prove the uniqueness. Let (X;,0;) (i = 1,2) be a solution
to (2.1) satisfying (2.4)-(2.6), and put © = ©; — Oy, X = X; — X,. Then, it
holds that

O = Oy — Oy + (F(X1,01) — F(X2,03)), in (0,L) x (0,T),

Xi + X, = G(X1,01) — G(X2,03), in (0,L) x (0,T),

0,-60=0, X=0, on {0}x(0,7), (2.18)

0,=0, on {0}x(0,7),

O(x,0) = X(z,0) =0, forzel0,L].

Multiplying the first equation of (2.18) by @ gives

24 __72 2
2dt/@ O.)7=k — 26 /@da:

+/ O(F(X1,01) — F(X2,0,))dax
0
L
C(F, [ X1lloo, [ Xzloos 1610 \\@2\\00)/0 o(lX|+]e])dx

L
1oy 3~
< C(P Xl [ Xalle €1 [€21]) | (557 + 56%)da

Similarly, multiplying the second equation of (2.18) by the X gives

1d

1. -~ L
X2%dr = ——[ X222k +/ X (G(X1,601) — G(Xa2,6))dz
2dt 2 0

L
SC(G, ”Xl”omHX2||ooaH@1Hoov||92”oo)/0 X([X[+]0])d

L
3
< C(G. X1 oer [ Xz oer 61 ] 162 ]10) / (CX2+ 1 6%)da

Consequently we obtain

d

L
" <X2+@2>dw<c<FG X [ s €1 s [€2) [ (F2462)da

and conclude X = © = 0 on Q7 by using the Gronwall’s inequality and the
initial condition ©(z,0) = X (x,0) = 0 for « € [0, L]. The proof is complete.
O

Math. Model. Anal., 21(4):550-568, 2016.
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Proposition 2. Assume that F' and G satisfy (1.10), and that if ur* < L,
0 <6 € C(0,L)NL>0,L) and Xy € C*((0,L] \ {L — ur*}) N L>(0, L),
otherwise, 0 < Oy € C(0, LYNL>®(0,L) and Xy € C*((0,L])NL>(0,L). Then,
there exists T' > 0, depending only on F, G, || Xol|z~(0,z), |O0ll=(0,1), Oinps
g, D and u, such that (2.1) has a unique solution (0, X) satisfying

0 € C*((0,L) x (0,7)) NC(@Qr \ {t = 0}) N C(Qr \ {(0,0), (L,0)}),

(2.19)
X e CHYQr \ {(z,t) | t = uz, t €[0,T]}), (2.20)
(0, LI\ {L —ur*}, ifur* <L,
1;&18( t) =60y locally uniformly in {(0, 1, ifurt > L.
(2.21)

The proof of Proposition 2 is similar to that of Proposition 1, and so we
omit it here.

The second aim of this section is to provide two elementary results used to
show Theorem 1.

Lemma 3. Assume that ¢ = ¢(t) € Caps[0,T], f = f(t) € C[0,T], v >0 and
¢ <y(+e+f) in(0,T],

for some constant v > 0. Then it holds that

p(t) < =1+ e (/Ot e T f(r)dr + 12“’(0)> , forallte[0,T].

Lemma 3 is shown by solving the standard diffrential inequality, and so it
is omitted here.

Lemma 4. Assume that ¢ = p(t) € Cups[0,T] and

t
O < ki +kop+ k3/ e M7 p(r)dr  in (0,7, (2.22)
0

for some constants k; >0 (i =1,2,3,4). Then, there exists g = g(t) € C[0,T],
determined by ©(0) and k1, ..., ks, such that

o(t) < et (ap(()) + kit + ks /Otg(’l')d7'> , forallt€[0,T). (2.23)

Proof. We put ,
=&(t) = [ e MTp(r)dr.
e=e)= [ eMe(rir
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Then it follows from (2.22) that

(€'(t) + kag (1)) < hne™™ + K (€'(8) + kat (1)), (2:24)
where ' = & and K = max{1, ko, k3 /ks}. We solve (2.24) to find

¢ k
§(t) s et / it FOT T (1 e (T 4 o (0) 4 dr =2 (1), (2.25)
0 k4 + K
which means
¢ < ki + ko + k3g(t).

We solve this differential inequality and conclude (2.23). O

3 Proof of the Theorem 1

First, we note that the problem (1.6)—(1.9) has the symmetry. In fact, for every
m € {0,2,4,...} (resp. m € {1,3,5,...,}), (1.6)-(1.9) on [2m7*, (2m + 1)7%))
(resp. [(2m + 1)7*,(2m + 2)7*)) is reduced to the problem (2.1) replaced
Qr by Q,«, by change of variables (z,t) — (x,t — 2m7*) (resp. (z,t) —
(—x,t — (2m + 1)7*)). By combining this fact with Propositions 1-2 and their
proofs, and by regarding limyp,+(O(-,t), X(-,t)) as the initial data at time
t=mr*, m=1,2,..., we find that Theorem 1 holds if it is shown that for the
solution @ = O(z,t) to (2.1) for T = 7*, there exists C1 > 0 such that

where C} depends on 7* and given data || Xo||z(0,1), [0l (0,), Oinp» M,
Y1, Y2, V3, €, D and u, and is bounded as long as they are bounded Actually, we
see from (3.1) that the solution (0, X) to (1.6)—(1.9), satisfying (1.14)—(1.18),
extends in time, step by step, as T = 7%, T = 277,

In the remainder of this section, we assume that ¢ = D = u = 1 because
the proof for other cases is similar to that for the case e = D = u = 1. To
derive the L*°-bound (3.1), we use the energy method to obtain the following
differential inequality.

Lemma 5. Assume that (©,X) be a solution to (2.1) satisfing the proper-
ties (2.4)—(2.6) or (2.19)-(2.21). Then, there exist positive constants Cy =
Cy(L, M) and C5 = C3(L, M) such that

d 4 4
GO =~ e < O — vl

2(pt72
@+ 00 (IOl + 100 )

p+1

£ moas 14 | X2
+<p+1>cz{ / eyt gr ¢ LI L
0

pF1 '715/03
fort € (0,7*), p>1 and s,s" € (1,00) with 1/s +1/s" =1, where

p+1

Y(x,t) =072 (z,t). (3.3)
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Proof. Multiplying the parabolic equation of (2.1) by ©P, p > 1, and integrat-
ing on [0, L] in x, we have

ertlde =T+ 11,
p+1dt / =i
where

L L
I:I(t)*/ ero,, — PO, dr, II:II(t):/ OPF(0,X)
0 0

The term I is estimated by

_ 1 rE
I=[070,]2=, —p/ erte?dy — —— (@P“)wdx
0 p+1

4p pt1 1
(p T 1)2 /0 (6 2 )id% + {(9”((91@ - 9) + _H@p+1}
e 4p

x=0
e

recall (3.3), where we have used the non-negativity of @ and the boundary
condition. The term (p 4 1) x IT is estimated by

L 2p 2
(p+1) x IT = (p+ 1)/0 67 (7T, X)de

L 2
< (p+1)M/ PPt (1 4 | X[ + ot )da
0

2(pt+v2 ,
< (p+1)Cu(L, M)(1 + I\¢||2<§Ii2> + IIwH‘éti +IXI0:5);

for all s,s" € (1,00) satisfying 1/s + 1/s’ = 1. Consequently, it follows that

d
Sl - -2

4
p+1 p 2

2(p+72) 2ps
1)Cy(L, M)(1 + [|op(t )Hafﬁiﬁw + [lo(t )H’éli +HIX @7,

+ @+

(3.4)
forallt € (0,T), p>1 and s,s’ € (1,00) satisfying 1/s +1/s" = 1.

In turn, we multiply the hyperbolic equation of (2.1) by X971X, ¢ > 1, so
that

1 d
qg+1dt

or

L 1 L L
(X[ de + —— [ (X[ )pde = [ X7 XG(X,0)
1
0 q+1Jg 0

L L
%/ Xz < (q+1)/ X771 XG(X,0)
0 0
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recall that X =0 at {0} x (0, L). The right-hand side is estimated by
L
(q+ 1)/ X7 XG(X,0)dx
0

L
<(q+ 1)M/ IX[9(1 + | X| + 75 )da
0

2v3(g+1)
< (¢ +1)C5(L, M) {1 +/ 1 X|7 de 4+ 9] spiin) }
0

pr1

by the assumption (1.12). Thus we obtain

d
dt

2v3(q+1)
|X|q+1dx<(Q+1)C5(L M){ / X|q+1dx+||wzwfaim}w?»ﬁ)
E

for all t € (0,7) and g > 1. Applying Lemma 3 to (3.5), we get

||X(t)||gi} < =1+ (q+1)Cpela+DCst

' L+ [IX(0)]1341
—(q+1)CoTt g+1
x { e bpalrydr + — ST (36)

forallt € (0,7), p>1 and g > 1, where

2v3(a+1)

¢p7q(5) = Hw(S)HQ"/;EZ}Fl)

p+1

Finally, we organize (3.4) and (3.6) for ¢+ 1 = v, + s/, and conclude the
desired inequality (3.2). O

Proof.  Proof of Theorem 1: As already stated above, we have only to show
(3.1). Weput s = (p+1)/pand s =p+1in (3.2) and see from Lemma 5 and
(1.13) that

4p Cy 1
o < =Ll + {Or + -~ Xl

t
+ (p+1)C6(L, M)p + (p+ 1)Cr(L, M) / e FICT o (TYdr,  (3.7)
0

for t € (0,7*) and p > 1 by the assumption (1.13), where
¢ =o(t) = [@)lI3 = lle)l5:.
Applying Lemma 4 for (3.7) and noting the form of ¢g(¢) defined by (2.25) show
1©@)]lp+1 < Cs
for some Cg = Cs(7*, || Xol| £ (0,1)> [|€0ll L= (0,1)> Oinp> M, 71, V2, V3, €, D, u) > 0

independent of p and for all p > 1. Consequently, taking the limit p — oo
assures the desired estimate (3.1). O
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4 Concluding Remarks

In this section, we discuss more complicated models. The models which we
study are the following (A)—(C).

(A) ODE-Hyperbolic-Hyperbolic system

{5scsps+(1*5)5pcgpg}% = ap (0g — 6,) + (—6H)W1(X, O5),
Ecgpg% = =U(t)cypf 6{% — apo(Og — O5), (4.1)

e, %X = ~U(t)pg % + Wa(X, 0,), in (0,L) x (0,T),

with the initial-boundary conditions

@S|t:0 = @570, @9|t:0 = 9970, X‘t:o = )(07 on [O,L], (42)
1—k(t 1—k(t

o, = g, x- 1Ty at {0} x (0.17),  (43)
1 1-—

o, — %@@g, xo1or0y at {L} x (0,7), (4.4)

for given functions O; g = O o(z), Og,0 = Os 0(z) and Xo = Xo(x), where ()
is as in (1.2) and “Q4 = ©,” or “X = X” is regarded as an empty condition.
Note that there is no boundary condition on Oy = O4(x,t). The model (4.1)-
(4.4) was used for studies of RFOs for exothermic and endothermic processes,
see [7] and [9], respectively.

(B) Parabolic-Hyperbolic-ODE-Hyperbolic system

{escops + (1 N 5)51109[)9}%
= N5t 5E + a0, (04 — O,) + n(—0H)W1 (X5, 6,),
00 00
ecypg it = —U(t)egpy gt — anaw, (O — Os), (4.5)

5p(1 - 5)pg% = Boavpg(Xg - Xs) + TIW2(XS,93),

e — _Ut)ps %2 — Boaupy(X, — X,), i (0,L) x (0,T),

88|t:0 = 65,0, @9|t:0 = 64,0,

Xs|t=0 = Xs,Oa Xg|t:0 = Xg,Oa on [Oa L], (4'6)
00, 1—k(t 1— k(¢
9 0, O4= 5 ( )@g, Xy = 5 ( )Xg7 at {0} x (0,T), (4.7)
00, 14 k(t 1— k(¢
00, 0,= 1 We, x, = 10k, my < 0.1), ()

for given functions O = O, o(z), Og,0 = Os0(x) and Xo = Xo(x), where ()
is as in (1.2) and “Oy = O,” or “X = X” is regarded as an empty condition.
Note that there is no boundary condition on X = X(z,t). The model (4.5)—
(4.8) describes a two-phase model accounting for longitudinal shear dispersion
in a solid phase and mass transfer limitations inside and outside the catalyst
particles under the condition that temperature gradients catalyst are not high,
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and was studied experimentally and numerically in [11].

(C) System with compartment
RFR devices with compartment are often used in applications, see [16] for
details. One of how to formulate them is as follows. Assume that there are
N-rooms in the packed bed whose length is L, for instance, see Figure 1 below
for N =5.

z=0 z=0.31L z=0.59L z=L

:h@ud d
L ;7 : T* : I 7} wout
1 2 HER 4 5
out — T / — in

7=0.41L  7z=0.69L

Figure 1. A simplified picture of RFR with switching time and compartments. 1 and 5
are inlet parts, 2 and 4 are catalyst parts, and 3 is a heat exchanger part. In this case,
Ly =0.31L, Ly =0.41L, L3 = 0.59L and L4 = 0.69L.

For simplicity, we focus on temperature of the gas and the solid. Then, the
equation of the j th room (i = 1,2,...,N — 1, N) can be described by (4.1)
in (Lj_l,Lj) X (O,T) (0 =Lo< L1 <Ly<- - < Ln_1<Ly= L), and
we denote the unknown functions by (ng ), Qflj ), X)), The initial condition is
imposed as follows:

oy . G0, OF o G40, XV o = X0, o [Lj—1, Ly],

t= =0

for j = 1,2,---, N, where Oy = O; (), Og0 = Oy0(x), Xo = Xo(z) are
given C* functions on [0, L]. The boundary condition is imposed as follows:

1 — w(t 1— w(t

6, = T"()@g, 0, = THOX, at {0} x (0,7),
1 1-—

0,= g, o, -1 at {L} x (0,7),

where k(t) is as in (1.2) and “O, = O,” or “O, = O,” is regarded as an
empty condition. Note that any boundary conditions do not imposed on for
X = X(z,t) and for O, and O at {L;} x (0,T) (j=1,...,N —1).

We now give the existence and uniqueness of solutions global in time to the
system stated above in (A)—(C). The proofs are similar to that of Theorem 1
or easier than that of 1. Therefore, we shall only state the results.

Theorem 2. Assume that ©4, X € C*(0,L]NL>(0,L) and O5 € C*[0,T), and

Math. Model. Anal., 21(4):550-568, 2016.
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that Wy and Ws satisfy
Wi, W2 € C(R?),  [Wi(&n)| < K(L+[E|+[nl),  for any (¢,n) € R?,

fori=1,2 and for some K > 0 Then, there exists a unique solution (s, 04, X)
to (4.1)-(4.4) such that

0y, X € CHH((Q\ I UT30)NC@Q\ (12U T3)),
0, € CMH(Q) U Li.(Q).

loc
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Appendix

Variables:
x: space variable (axial coordinate),
t: time variable.
(Unknown) Functions:
O = O(z,t): temperature of the catalyst,
X = X(«,t): fractional conversion of the catalyst,
X = Xs(x,t): fractional conversion on the surface of the catalyst pellet,
Xy = X4(x,t): conversion in the gas phase.
(Given Positive) Constants:
L: bed length,
€4: fraction of gas phase in packed bed,
pg: gas-phase density,
cg: gas-phase heat capacity,
€, fraction of solid phase in packed bed,
ps: solid-phase density,
¢s: solid-phase heat capacity,
Aes: effective heat conductivity,
Aef,s: effective heat conductivity of packed bed solid phase,
Py gas-phase density at normal temperature and pressure,
—d0H': heat of reaction,
Oinp: inlet temperature,
Bo: mass transfer coefficient,
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7: effectiveness factor,
t.: space time,
n: number of switches.
(Given) Functions: U(t) = k(t)u: linear velocity,
u: absolute value of linear velocity

a(t) = +1, at te[2mT.,(2m+1)T,),
-1, at te[2m+1)T., (2m+2)T,),

form=0,1,....

7*: half of the cycle duration,

Wy = Wi (X, 0): rate of chemical reaction,
Wy = Wa(X, ©): rate of chemical reaction.

_ Notations: Qr = (0, L) x (0,T),
Q7 = closure of Qr,
(2 c R?) : open set,

Lip(§2): Space of continuous functions on 2 which is satisfy Lipschitz condi-

tion, i.e. 0 < v <1, u: 2 — R satisfy the estimate
|u(a) —u(y) |[<3C |z —y | (Vo,y € ),

C*(£2): space of continuous functions possessing continuous derivatives up to

order k on {2,

C*(£2): space of all u € C*(£2) such that u and 0%u(| u |< k) extend continu-

ously to the closure (2, where « is a multiindex,

Ck7(£2): Holder spaces,i.e. space of all functions v € C*(£2) and whose k'"

-partial derivatives are Holder continuous with exponent ~.
In other words

Ch (D) = {u € C* @) | lfullgrn ) < oo}
with

”U”ckn(ﬁ) = Z Haau”c(ﬁ) + Z [aau]cow(ﬁ)a

lo| <k la|=k
where

o= _sup  {LHOZU0T

z,y€N,xF#y





