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Abstract. We establish an Ostrowski type inequality for mappings whose second
derivatives are bounded, then some results of this inequality that are related to pre-
vious works are given. Finally, some applications of these inequalities in numerical
integration and for special means are provided.
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1 Introduction

In 1938, Ostrowski established the integral inequality which is one of the fun-
damental inequalities of mathematic as follows (see, [13]).
Let f : [a,b]— R be a differentiable mapping on (a,b) whose derivative

£+ (a,b)— R is bounded on (a,b), i.e., |f'l., = sup |f'(t)|] < co. Then, the
te(a,b)
inequality holds:

b
bia / F(t)dt

for all z € [a,b]. The constant } is the best possible.

Inequality (1.1) has wide applications in numerical analysis and in the the-
ory of some special means; estimating error bounds for some special means,
some mid-point, trapezoid and Simpson rules and quadrature rules, etc. Hence,
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inequality (1.1) has attracted considerable attention and interest from math-
ematicians and researchers. In addition, the current approach of obtaining
the bounds, for a particular quadrature rule, have depended on the use of
Peano kernel. The general approach in the past has involved the assumption
of bounded derivatives.

In [3], the following inequality was proved by Cerone, Dragomir and Roume-
liotis.

Theorem 1. Let f : [a,b]— R be a twice differentiable mapping such that f" :

(a,b)— R is bounded on (a,b), i.e., || f"|| = sup |f"(t)] < co. Then we have
te(a,b)

- (=55 - 2 [ o
[ty imae

for all x € [a,b].

the inequality

(1.2)

1/ 1
1 Mo < = I/l

In [6], Dragomir and Barnett proved the following inequality.
Theorem 2. Let f : [a,b]— R be a twice differentiable mapping such that f" :
(a,b)— R is bounded on (a,b), i.e., || f"|l = sup |f"(t)] < oco. Then we have

te(a,b)
the inequality

‘f(x)_f(bz—f(a) <x_“+b) / s

1 " (b_a)2 "
I < X 7
+ 12} 1o € Z5== 16" e

for all x € [a, b].

In recent years, researchers have studied Qstrowski type inequalities for
various convex functions and mappings whose derivatives are bounded. You
can check (1], [2], [4], [5], [6], [7], [8], [9], [10], [12], [14], [15], [16], [17], [18],
[19], [20], [21]) and the references included there.

In this study, we derive a new inequality that is connected with the cele-
brated Ostrowski type integral inequalities using functions whose second deriva-
tives are bounded. We give Trapezoid and Midpoint inequality for twice differ-
entiable mappings by using this inequality. The results presented here would
provide extensions of those given in earlier works.

2 Main Results

In order to prove our main results we need the following lemma:
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Lemma 1. Let f : I C R — R be a twice differentiable function on I° (I°
is the interior of I), and let a,b € I°with a < b. If f" € Lla,b], then the
following identity holds:

sig | Bensoa="2 (-0 rwesw e
—WW _a/f ) dt = S, (f)

for
f@-06-aom), est<a
et {(bt)(tbmh( ). e<t<b
where mp,(z) = h (x — “E2), h € [0,2] and z € [a,b]

Proof. Integrating by parts twice, we have
b
/ Py (z,t) f" (t)dt
’ T b
= / (a—1t)(t —a—mp(x)) f(t)dt + / (b—1t)(t —b—mp(z)) f'(t)dt

=(a—2z)(x—a—my(x)) f (x) - /CE (=2t 4+ 2a + my(z)) £/ (t) dt
b

Cb—2) (- b— (@) f (z) - / (=2t + 26+ ma(2)) f' (t) dt

xT

=[(a—2)(z—a—mn(2)) = (b—2) (@ —b—mu(2))] f' (z)
b
2(0- ) f () = [ ()~ F @] mala) =2 [ F (0.
From which we get the identity (2.1) which completes the proof. O

Now, we establish our theorem and also give some results related to this
theorem.

Theorem 3. Let f : I CR — R be a twice differentiable function on I° (I° is
the interior of I), and let a,b € I°with a < b. If " : (a,b) = R is bounded on
(a,b), denote || f"|, = sup |f"(t)] < oo, then the followmg inequalities hold:

t€(a,b)
Sz, (f)] (2.2)
1 a1 (1‘ - LH))Z a+b ? [m ()] "
SZ{(ba) 12+(b;)2>h<x > ) *3(2 )}Hf oo
for all a < z < 22 with h € [0,2] and

1 o1 (x— =t a+ 0\ (@)’ |
§2{(ba) (12+(b2)2>h<$ > ) +3(Z )}Hf lloo
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for all “E2 <z < b with h € [0,2], where my,(z) = h (x — “E2).
Proof. From (2.1) and under the assumptions of theorem, we have

b
S (1< 557 [ 1Pl 1F )]

||f"|| £l oo
<5 /|P Oldt = 5= L

where
x b
L:/ \a—t||t—a—mh(x)|dt+/ 1b—t] [t — b — mp ()] dt.
Now, let us consider that
T q r
[ e=slle=dde= [ ¢-p@-na+ [ ¢-pe-ad
p p q

_a-»* -p’ @-p0-p)’
3 3 2

for all r,p, q such that p < ¢ <.
We calculate the integral L for the intervals a < xz < “T“’ and “TH’ <ax<b.
Foragxg‘%rbwehave

/w|a7t||tfafmh(ac)|dt:/w(tfa)(tfafmh(x))dt

v z—a)P®  (z—a)
:/0 (s — () = - S _( . L——
Using the equality (2.4), we get
b 3 )3 )2
/w |b—t||t—b—mh(x)\dt:—[mhéx)] L0 ; S Lo 5 L———

For ‘%rb < z < b using the equality (2.4) again, we obtain

/az|a—t [t —a—my(z)|dt = [mhzgx)] N

(-0 (@-a
3 2

Also, we get

(b—2) , (o)’
3 * 2

b
/\b7t||tfb7mh(x)|dt:

Then, we have

*IS :c—ag a 2 mpl\x 3
O );( ) _h(b_a)<x_ +b) _ [ma(2)] (2.5)
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foragzcg%”’and

L=

(b—2)°+ (x —a)® a+b)?+mwun3 26)

. —h@—@(x— . ;

for <2 < z < b. From (2.5) and (2.6), we obtain desired results. The proof is
thus completed. 0O

Remark 1. If we choose = = %rb in Theorem 3, then we have the mid-point
inequality
a+b 1 b (b—a)?
- — t)ydt| < ——|f"
‘f( )52 [ row < Eg e

which was given by Cerone et al. in [3].

Remark 2. If we choose h = 0 in Theorem 3, then the inequalities (2.2) and
(2.3) reduce to (1.2).

Corollary 1. Let us substitute = a and « = b in Theorem 3. Subsequently,
if we add the obtained results and use the triangle inequality for the modulus,
we get the inequality

2 4

b—a)® 1 h B .,
< _ — — E—

- —Qa a b
Rt e -+ OO L o

Remark 3. If we take h = 0 in Corollary 1, then we obtain

f@+f(b) _b-a /f ot )

1
- 1]

which was given by Cerone et al. in [3].

Remark 4. If we take h = 2 in Corollary 1, then we have the trapezoid inequality

2
‘f( a)+ £ (b _a/ Fia] < L9

"

o> (2.7

2

which was given by Liu in [11].

Corollary 2. Under the same assumptions of Theorem 3 with h = 2, we get the
following inequalities

x)_f(bl)):z:(a)<x a+b> _a/f o

8(33_(17%)3 "
T3 h_a 0"l oo

f

—~
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for all a < z < 2£2 with h € [0,2] and

m)‘f(bg),:i:(a) (x_a;b)_bia/abf(t)dt

1 1 (a2’ atb\’ 8-’
2{@ a)® (12+(I)—a)2> —2 (33— 5 ) +§ﬁ 11l oo

for all ¢ < o < b with h € [0,2].

—~

!

3 Applications to Numerical Integration

We now consider applications of the integral inequalities developed in the previ-
ous section, to obtain estimates of composite quadrature rules which, it turns
out have a markedly smaller error than that which may be obtained by the
classical results.

Let I, :a =20 < 21 < ... < ZTp_1 < T, = b be a division of the interval
[a,b], & € [xs,wip1] (1 =0,...,n —1). Define the quadrature

n—1
SUf, 1,6 1) —Z (a ml”’“) K (€)+ S k()
=0

_h Z (52 i + $z+1) f(fﬂi+1)2— f(mi), (3.1)

where k; = 2,41 — x4, 1 = 0,

e,n—1.

Theorem 4. Let f : I C R — R be a twice differentiable function on I°, the
interior of the interval I, where a,b € I° with a < b. If " : (a,b) — R is
bounded on (a,b), i.e., ||f"] . < oo, then we have the representation

/ J@)de = S(f, .6, 1) + R(f. £, €. 1),

where S(f, ', €, 1) is as defined in (3.1) and the remainder satisfies the esti-
mations:

3 — (@i + 7i41)/2)°
[R(f, [, €, 1) {Zk <12 E ) (3.2)
xz—l—xﬁl 2 o Ti+ Tig1 ° "
_th R e I DI G R T
=0
for x; <& < m with h € [0,2] and
31 — (@i + 7i41)/2)°
[R(f, 1€ 1) {Zk (2 = ) (3.3)
xz—l—xlﬂ 2 o Ti+ T ’ "
_th (6 -2 ) LB (6 - ) Ry,
=0
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Y
for ==L ;’ L <& <wmjyr withhe€][0,2],i=0,..,n—1.

Proof. Applying Theorem 3 on the interval [x;,z;+1], ¢ = 0,
obtain

ey — 1, we

‘h —~ (@- - = *;i“) kif' (&) + ki (&)

~h (@ - = +;i+1> How) o) / T
1 T (& — (2 + $i+1)/2)2 Ti + Tip1 ?
<2{’“5’ <1z+ W )‘h’fi (5 5m)

h3 ZL’i-f—iL'iJrl 3 17
e RN

for z; < & < T2 with h € [0,2] and

‘h ; 2 (fi - +2Ii+1> kif' (&) + kif (&)

h (gi _ o +2xi+1) o) ~fle) / * @)

1 3 (& — ($i+$i+1)/2)2 T + Xipq 2
Q{k (12+ k2 >_hki<fi_ 2 )

hs xX; =+ $i+1 3 "
+§ (fi - 2> £ oo

for L;”“ <& <wxiy1 with h €0,2],7=0,...,n — 1. Summing over i from 0
to n — 1 and using the triangle inequality we obtain the estimations (3.2) and
(3.3). O

It is clear that inequalities (3.2) and (3.3) are much better than the classical
averages of the remainders of the Midpoint and Trapezoidal quadratures.
Remark 5. If we choose & = %
midpoint quadrature formula

in Theorem 4, then we recapture the

b
/ F(@)de = Ani(f, 1) + Ras (f, 1),

where the remainder Ry (f, I,,) satisfies the estimation

Also, if we consider the inequality (2.7), then we recapture the trapezoidal
quadrature formula

b
/ f(@)dz = Ar(f,1,) + Re(f. 1),
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where the remainder Ry (f,I,) satisfies the estimation

|RT(fa < Hf ||oo Z 3

4 Applications to Some Special Means

Let us recall the following means:
(a) The Arithmatic mean:

A= A(a,b) = “T'H’, a,b>0.
(b) The Geometric mean:
G = G(a,b) :=+ab,  a,b>0.

(¢) The Harmonic mean:

H:H(a,b)::ﬁ, a,b>0~
(d) The Logarithmic mean:
a if a=b
L=L(a,b) = _ . , a,b>0.
( ) { lngfilna’ if a # b.
(e) The Identric mean:
a, if a=b
I:L(a,b):: l(i)ﬁ 1fa7éb s a,b>0.
(f) The p—logarithmic mean:
a, if a=0b
L,=Ly(a,b):= bl _grt1]F . , a,b>0,
Geisa) i ath,

where p € R\ {—1,0}.
The following simple relationships are known in literature

H<G<L<I<A.

It is also known that L, is monotonically increasing in p € R with Lo = I and
L_,=1L.

(1) Consider the mapping f : (0,00) = R, f(z) = 2P, p € R\ {—1,0}. Then,

we have, for 0 < a < b,
1 b
t)dt = LP
= | rwa-1

1/l = Ip(p = D] 6p(a,b),  p € R\{-1,0},

and

Math. Model. Anal., 21(4):522-532, 2016.
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where

5,(a,b) = b=t ifpe (1,00)
P Pt i p € (—00,1) \{~1,0}.

Using the inequalities (2.2) and (2.3) we have the results:

‘PW—an_AMw4+wp_%fq;ux—Ay<@ < = DIy )

2

T — 2 ) 3.1‘— 3
x{w—@zﬁz+%hj%>—h@—A)—h;@_g)}%@m

forall a < x < A and

2
T 2 ) 3x7 3
x{@@QQZ+%Fj;>h@A)+i&ij}%@m

forall A <z <b.
If we choose h =0 in (4.1) and (4.2), we have the inequality

-2 .
‘p(h)(x—A)xp_l—l—xp— %ng (x—A)—LP

_ a)Q
4

|xp —p(x—A)zP! 7L5| < |p(pg Ll {(b +3(1:A)2}5p(a,b)

S |p(p - 1)E|i (b B a)zép(a,b),

which was given by Cerone et al. in [3].
(2) Consider the mapping f(z) = 1, 2 € [a,b] C (0,00). Then, we have

I o1 2
= [ roa=1t = 1= &

Using the inequalities (2.2) and (2.3) we have the results:

‘h(a;a—bA)Jri_’";;f(x_A)_H (4.3)

1 o1 (z—A)? 5 h3(z—A)°
foralla <z < A and

h(z—A 1 h-2 1

‘ (2ab )+§_ 22 (x_A)_L‘ (“.4)
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forall A<z <b.
If we take h = 0 in (4.3) and (4.4), we have the inequality

+3(x—A)?| < —~

x 22 L|” 33| 4

1 z-A 1‘ 1 [(ba)Q
Jr =~ 7

which was given by Cerone et al. in [3].
(3) Consider the mapping f(z) =Ilnz, € [a,b] C (0,00). Then, we have

1
b—a

’ 1
[ rwd=mr@y. 11 = .

Using the inequalities (2.2) and (2.3) we have the results:

(h—2)(z— A) h(z— A)
’%HM_QL—M (4.5)
] o1 (z—A)? s W (z—A)
< mﬁ{wa><m+w@2>h@A>3@_@}
forall a <x < A and
‘WHM}L(ZLA)IHI (4.6)

1 1 (z—A)? h3 (z — A)°
< M{(b—a)2<12+(b_a)2>—h(x—A)2+3(ba) }

forall A<z <b.
If we choose h =0 in (4.5) and (4.6), we have the inequality

(b—a)’

S 60,2 ’

6a? 4

mz—(g‘"xA)—an‘ < 1 l(ba)zw(x—A)Q

which was given by Cerone et al. in [3].

References

[1] A. O. Akdemir and M. Tung. Ostrowski type inequalities for s-logaritmically
convex functions in the second sense with applications. Georgian Mathematical
Journal, 22(1):1-7, 2015. http://dx.doi.org/10.1515/gmj-2014-0061.

[2] N. S. Barnett and S. S. Dragomir. An Ostrowski type inequality for double
integrals and applications for cubature formulae. Soochow J. Math., 27(1):109-
114, 2001.

[3] P. Cerone, S. S. Dragomir and J. Roumeliotis. An inequality of Ostrowski type
for mappings whose second derivatives are bounded and applications. RGMIA
Research Report Collection, 1(1):Art.4, 1998.

Math. Model. Anal., 21(4):522-532, 2016.


http://dx.doi.org/10.1515/gmj-2014-0061

532

(4]

[5]

)

9
[10]
[11]

[12]

(13]

[14]

(15]
[16]
(17]

(18]

[19]

[20]

21]

S. Erden, H. Budak and M. Z. Sarikaya

S. S. Dragomir. A functional generalization of Ostrowski inequality via Mont-
gomery identity. Acta Math. Univ. Comenian, 84(1):63-78, 2015.

S. S. Dragomir and R. P. Agarwal. Two inequalities for differentiable map-
pings and applications to special means of real numbers and to trapezoidal for-
mula. Appl. Math. lett., 11(5):91-95, 1998. http://dx.doi.org/10.1016/S0893-
9659(98)00086-X.

S. S. Dragomir and N. S. Barnett. An ostrowski type inequality for mappings
whose second derivatives are bounded and applications. RGMIA Research Report
Collection, 1(2):Art.4, 1998.

S. S. Dragomir, P. Cerone and J. Roumeliotis. A new generalization of Os-
trowski’s integral inequality for mappings whose derivatives are bounded and
applications in numerical integration and for special means. RGMIA Research
Report Collection, 2(2), 1999.

S. S. Dragomir, P. Cerone and A. Sofo. Some remarks on the midpoint rule in
numerical integration. RGMIA Research Report Collection, 1(1):Art. 4, 1998.

S. S. Dragomir and A. Sofo. An integral inequality for twice differentiable map-
pings and applications. Tamk. J. Math., 31(4):257-266, 200.

W. Liu. Ostrowski type fractional integral inequalities for MT-convex functions.
Miskolc Mathematical Notes, 16(1):249-256, 2015.

Z. Liu. Some Ostrowski type inequalities. Mathematical and Computer Mod-
elling, 48(5—6):949-960, 2008. http://dx.doi.org/10.1016/j.mcm.2007.12.004.

M. A. Noor, K. I. Noor and M. U. Awan. Fractional Ostrowski inequalities for
(s, m)-Godunova-Levin functions. Facta Univ. Ser. Math. Inform., 30(4):489—
499, 2015.

A. M. Ostrowski. Uber die absolutabweichung einer differentiebaren funktion
von ihrem integralmitelwert. Comment. Math. Helv., 10:226—-227, 1938.

A. Qayyum. A generalized inequality of Ostrowski type for twice differen-
tiable bounded mappings and applications. Applied Mathematical Sciences,
8(38):1889-1901, 2014.

M. Z. Sarikaya. On the Ostrowski type integral inequality. Acta Math. Univ.
Comenianae, LXXIX(1):129-134, 2010.

M. Z. Sarikaya. On the Ostrowski type integral inequality for double integrals.
Demonstratio Mathematica, XLV (3):533-540, 2012.

M. Z. Sarikaya and H. Yildirim. Some new integral inequalities for twice differ-
entiable convex mappings. Nonlinear Analysis Forum, 17:1-14, 2012.

M. Tung. Ostrowski-type inequalities via h-convex functions with applica-
tions to special means. Journal of Inequalities and Applications, 326, 2013.
http://dx.doi.org/10.1186,/1029-242X-2013-326.

M. Tung. Some Hadamard like inequalities via convex and s-convex functions
and their applications for special means. Mediterr. J. Math., 11(4):1047-1059,
2014. http://dx.doi.org/10.1007/s00009-013-0373-y.

F. Zafar and F. A. Mir. A generalized integral inequality for twice differentiable
mappings. Kragujevac J. Math., 32:81-96, 2009.

B. Zeng and Q. Feng. Generalized n dimensional Ostrowski type and Griiss type
inequalities on time scales. J. Appl. Math., ID 434958(11p), 2014.


http://dx.doi.org/10.1016/S0893-9659(98)00086-X
http://dx.doi.org/10.1016/S0893-9659(98)00086-X
http://dx.doi.org/10.1016/j.mcm.2007.12.004
http://dx.doi.org/10.1186/1029-242X-2013-326
http://dx.doi.org/10.1007/s00009-013-0373-y



