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Abstract. We consider averaging methods for solving the 3-D boundary-value prob-
lem of second order in multilayer domain.
The special hyperbolic and exponential type splines, with middle integral values of
piece-wise smooth function interpolation are considered. With the help of these
splines the problems of mathematical physics in 3-D with piece-wise coefficients are
reduced with respect to one coordinate to 2-D problems. This procedure also allows
to reduce the 2-D problems to 1-D problems and the solution of the approximated
problemsa can be obtained analytically. In the case of constant piece-wise coefficients
we obtain the exact discrete approximation of a steady-state 1-D boundary-value
problem.

The solution of corresponding averaged 3-D initial-boundary value problem is
also obtained numerically, using the discretization in space with the central difer-
ences. The approximation of the 3-D nonstationary problem is based on the implicit
finite-difference and alternating direction (ADI) methods. The numerical solution is
compared with the analytical solution.

Keywords: special splines, averaging method, 3D problem, ADI method, analytical solu-

tion.

AMS Subject Classification: 65N06; 65N20; 65N40; 65N25; 34C55; 65N35.

1 Introduction

The task of sufficient accuracy numerical simulation of quick solution 3-D prob-
lems for mathematical physics in multi-layered media is important in the known
areas of the applied sciences. With regard to the numerical analysis several nu-
merical methods are known for solving 3-D problems: FEM, BEM, spectral
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methods, multigrids and others methods. An example, in [6] a new template
for stability analysis of numerical schemes for parabolic and pseudoparabolic
problems with nonlocal conditions is given, in [10] efficient parallel algorithms
of the OpenFOAM-based Parallel Solver for simulation of Electrical Power
Cables are analysed. For simple engineering calculations two methods are ap-
plied [1], [2]: special finite difference scheme and conservative averaging method
(CAM) by using special integral hyperbolic type splines with two parameters
in every layer. We chose the CAM for engineering calculation and the solution
of 3-D problem can be obtained analytically.
CAM by using integral parabolic type splines was developed by A. Buikis in
his Doctoral Thesis [3] (in the Russian language) and in several papers [4], [11]
etc. as a unified analytical (or analytically-numerical) approach to PDE with
discontinuous coefficients. These methods were applied to create the mathe-
matical simulation of the mass transfer 3-D initial-boundary-value problems
for parabolic type partial differential equations of second order with piece-wise
coefficients in multi-layered underground systems. Domains of a similar com-
position are examined using other mathematical methods in [5], [8].

In this Paper the special spline with two different functions, which inter-
polate middle integral values of piece-wise smooth function, is defined. These
functions contain the independent solutions of corresponding homogeneous lin-
ear ODEs with parameters – characteristic values. Special hyperbolic and
exponential type splines are developed. With the help of these splines the
problems of mathematical physics in 3-D with piece-wise coefficients with re-
spect to one coordinate are reduced to problems for system of PDEs in 2-D.
The solutions of corresponding 3-D initial-boundary value problem in one layer
are obtained numerically, using the implicit alternating method by Duglas and
Rackford (ADI) [7]. The 3-D problem in multi-layered domain is reduced to
2-D and 1-D problems, using special integral exponential - type splines. Every
layer of these splines contain parameters, which can be selected in order to
decrease the error of the solution. In the unlikely event if the parameters for
the hyperbolic type spline tend to zero, we get the integral parabolic spline,
obtained from A.Buikis.

2 Formulation of Problem

The process of diffusion and convection is considered in a 3-D parallelepiped

Ω = {(x, y, z) : 0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly, 0 ≤ z ≤ Lz}.

The domain Ω consist of multilayer medium.
We will consider the nonstationary 3-D problem for multi-layered piece-wise

homogenous materials of N layers in the domain

Ωi = {(x, y, z) : x ∈ (0, Lx), y ∈ (0, Ly), z ∈ (zi−1, zi)}, i = 1, N,

where Hi = zi − zi−1 is the height of layer Ωi, z0 = 0, zN = Lz.
We will find the distribution of mass transfer ci = ci(x, y, z, t) in every layer

Ωi at the point (x, y, z) ∈ Ωi and at the time t by solving the following 3-
D initial-boundary value problem for partial differential equation of parabolic
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type (PDE) [8]:

∂ci
∂t = ∂

∂x (Dix
∂ci
∂x ) + rix

∂ci
∂x + ∂

∂y (Diy
∂ci
∂y ) + riy

∂ci
∂y

+ ∂
∂z (Diz

∂ci
∂z ) + riz

∂ci
∂z − a

2
i0ci + fi,

x ∈ (0, Lx), y ∈ (0, Ly), z ∈ (zi−1, zi), t ∈ (0, tf ), i = 1, N,
∂ci(0,y,z,t)

∂x = ∂ci(x,0,z,t)
∂y = 0,

D1z
∂c1(x,y,0,t)

∂z − βz(c1(x, y, 0, t)− coz(x, y)) = 0,

Dix
∂ci(Lx,y,z,t)

∂x + αix(ci(Lx, y, z, t)− ciax(y, z)) = 0, i = 1, N,

Diy
∂ci(x,Ly,z,t)

∂y + αiy(ci(x, Ly, z, t)− ciay(x, z)) = 0, i = 1, N,

DNz
∂cN (x,y,Lz,t)

∂z + αz(cN (x, y, Lz, t)− caz(x, y)) = 0,

ci(x, y, zi, t) = ci+1(x, y, zi, t),

Diz
∂ci(x,y,zi,t)

∂z = Di+1,z
∂ci+1(x,y,z1,t)

∂z , i = 1, N − 1

ci(x, y, z, 0) = ci0(x, y, z), i = 1, N,

(2.1)

where ci = ci(x, y, z, t) are the solutions in every layer, fi = fi(x, y, z, t) are the
fixed sours functions, Dix, Diy, Diz, rix, riy, riz, ai0 are the constant coefficients,
αix, αiy, αz, βz, i = 1, N are the constant mass transfer coefficients in the third
kind boundary conditions, caz, ciay, ciax, coz are the given concentration on the
boundary, tf is the final time, ci0(x, y, z) are the given initial concentration.

3 The averaging method in z-direction using the special
integral spline with two fixed functions

By using the averaging method with respect to z with two fixed parametrical
functions fiz1, fiz2, i = 1, N we construct a spline

ci(x, y, z, t) = ciz(x, y, t) +miz(x, y, t)fiz1(z − zi) + eizGizfiz2(z − zi),

where ciz(x, y, t) = 1
Hi

∫ zi
zi−1

ci(x, y, z, t)dz, Giz = Hi/Diz,∫ zi

zi−1

fiz1 dz =

∫ zi

zi−1

fiz2 dz = 0, zi = (zi−1 + zi)/2, z ∈ [zi−1, zi], i = 1, N.

For example, using the exponential functions fiz1 and fiz2 can be defined in
the following way:

fiz1 = exp(aiz1(z − zi))−
2

aiz1Hi
sinh(0.5aiz1Hi),

fiz2 = exp(aiz2(z − zi))−
2

aiz2Hi
sinh(0.5aiz2Hi),

where aiz1 = − riz
2Diz

−
√

r2iz
4D2

iz
+

a2i0
Diz

, aiz2 = − riz
2Diz

+
√

r2iz
4D2

iz
+

a2i0
Diz

.
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We can determine the unknown functions miz(x, y, t), eiz(x, y, t) from boun-
dary conditions (2.1) in z-direction:

1) m1za
m
11 +G1ze1za

m
12 = βz(c1z − c0z), for z = 0,

2) DNz(mNzf
ap
Nz1 +GNzeNzf

ap
Nz2) + αz(cNz − caz

+mNzf
p
Nz1 + eNzGNzf

p
Nz2) = 0, for z = Lz,

3) ciz +mizf
p
iz1 + eizGizf

p
iz2 = ci+1,z +mi+1,zf

m
i+1,z1 + ei+1,zGi+1,zf

m
i+1,z2,

Diz(mizf
ap
iz1 + eizGizf

ap
iz2) = Di+1,z(mi+1,zf

am
i+1,z1 + ei+1,zGi+1,zf

am
i+1,z2),

for z = zi, i = 1, N − 1,

where fmizk = fizk(−0.5Hi), f
p
izk = fizk(0.5Hi), f

am
izk = ∂fizk

∂z (−0.5Hi), f
ap
izk =

∂fizk
∂z (0.5Hi), k = 1; 2, am11 = D1zf

am
1z1 − βzfm1z1, am12 = D1zf

am
1z2 − βzfm1z2.

For determination of eiz, from conditions on the contact lines z = zi, i =
1, N − 1, z = zi−1, i = 2, N by excluding mi+1,z, mi−1,z and miz we obtain
the following system of N − 2 algebraic equations

ai,ieiz + ai,i+1ei+1,z + ai,i−1ei−1,z = bi,iciz + bi,i+1ci+1,z

+ bi,i−1ci−1,z, i = 2, N − 1,

where bi,i+1 = −cmi1, bi,i−1 = −cpi1, bi,i = −(bi,i+1+bi,i−1), ai,i = Giz(bi,i+1c
p
i2+

bi,i−1c
m
i2), ai,i+1 = Gi+1,zbi,i+1c

p
i3, ai,i−1 = Gi−1,zc

p
i1c

m
i3, cpi1 = fpiz1−κiz1fmi+1,z1,

cpi2 = fpiz2−κiz2fmi+1,z1, cpi3 = δmi+1,zf
m
i+1,z1−fmi+1,z2, κiz1 =

Dizf
ap
iz1

Di+1,zfam
i+1,z1

, κiz3 =

Dizf
am
iz2

Di−1,zf
ap
i−1,z1

, κiz2 =
Dizf

ap
iz2

Di+1,zfam
i+1,z1

, δmi+1,z =
fam
i+1,z2

fam
i+1,z1

, cmi1 = κ−1i−1,z1f
p
i−1,z1 − fmiz1,

cmi2 = fmiz2 − κi,z3f
p
i−1,z1, cmi3 = fpi−1,z2 − δ

p
i−1,zf

p
i−1,z1, δpi−1,z = fapi−1,z2/f

ap
i−1,z1.

From the boundary conditions at z = 0, z = Lz and previous expressions
for i = 1 and i = N by excluding m1z,mNz we get:

a1,1e1z + a1,2e2z = b1,1c1z + b1,2c2z + b10c0z,

aN,NeNz + aN,N−1eN−1,z = bN,NcNz + bN,N−1cN−1,z + bN,0caz,

where a1,1 = G1z(c
p
12a

m
11−c

p
11a

m
12), a1,2 = G2,zc

p
13a

m
11, b1,1 = −am11−βzc

p
11, b1,2 =

am11, b10 = βzc
p
11, aN,N = −GNz(cmN1a

p
12 + cmN2a

p
11), aN,N−1 = GN−1,zc

m
N3a

p
11,

bN,N = αzc
m
N1+ap11, bN,N−1 = −ap11, bN,0 = −αzcmN1, ap11 = DNzf

ap
Nz1+αzf

p
Nz1,

ap12 = DNzf
ap
Nz2 + αzf

p
Nz2.

Using the obtained values ai,j , bi,j , i, j = 1, N we can determine the 3-
diagonal N -order matrices Aez, B

e
z with these elements, the N -order diagonal

matrix B0 with the elements [b10, 0, 0, ...0, bN,0], the N -order vectors-column
ez, cz with the elements eiz, ciz and the N -order vector-column c0 with the
elements [c0z, 0, 0, ...0, caz]. Then we have the system of N algebraic equations
in the following vector form

Aezez(x, y, t) = Bezcz(x, y, t) +B0c0(x, y). (3.1)

The matrix Aez is a diagonal dominant and we can write the unique solution in
the form ez(x, y, t) = Be1zcz(x, y, t)+B

e
2zc0(x, y), whereBe1z = (Aez)

−1Bez , B
e
2z =

Math. Model. Anal., 21(4):450–465, 2016.
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(Aez)
−1B0. Similarly we obtain mz(x, y, t) = Bm1zcz(x, y, t) +Bm2zc0(x, y), where

Bm1z = Bmz B
e
1z + Cmz , Bm2z = Bmz B

e
2z + Cm0 . Here Bmz , C

m
z are the 2-diagonal

N-order matrices with the elements bm1,1 = −G1za
m
12

am11
, bmi,i−1 = −Gi−1,zc

m
i3

cmi1
, bmi,i =

Gi,zc
m
i2

cmi1
, cm1,1 = βz

am11
, cmi,i = 1/cmi1, c

m
i,i−1 = −1/cmi1, Cm0 is the N-order diagonal

matrix with the elements [−βz/am11, 0, 0, ...0, 0].

We can determine the diagonal N-order matrices Dx, Dy, rx, ry, αx, αy, He
z ,

Hm
z , a20 with the corresponding elements Dix, Diy, rix, riy, αix, αiy, heiz, h

m
iz ,

a2i0 and the N-order vectors-columns fz(x, y, t), c
v
ay(x), cvax(y), cz,0, cz with

the elements fiz(x, y, t), c
v
iay(x), cviax(y), ciz,0(x, y), ciz(x, y, t), where heiz =

Giz

Hi
(Diz(f

ap
iz2 − famiz2 ) + riz(f

p
iz2 − fmiz2)), hmiz = 1

Hi
(Diz(f

ap
iz1 − famiz1 ) + riz(f

p
iz1 −

fmiz1)), fiz(x, y, t) = 1
Hi

∫ zi
zi−1

fi(x, y, z, t)dz, c
v
iax(y) = 1

Hi

∫ zi
zi−1

ciax(y, z)dz,

cviay(x) = 1
Hi

∫ zi
zi−1

ciay(x, z)dz, ciz,0(x, y) = 1
Hi

∫ zi
zi−1

ci0(x, y, z)dz.

Then we have the new initial-boundary value 2D problem in following vector
form:

∂cz(x,y,t)
∂t = ∂

∂x (Dx
∂cz(x,y,t)

∂x ) + rx
∂cz(x,y,t)

∂x + ∂
∂y (Dy

∂cz(x,y,t)
∂y )

+ry
∂cz(x,y,t)

∂y − a20cz(x, y, t) + (DhezB
e
1z +Dhmz B

m
1z)cz(x, y, t)

+(DhezB
e
2z +Dhmz B

m
2z)c0(x, y) + fz(x, y, t),

∂cz(0,y,t)
∂x = ∂cz(x,0,t)

∂y = 0,

Dx
∂cz(Lx,y,t)

∂x + αx(cz(Lx, y, t)− cvax(y)) = 0,

Dy
∂cz(x,Ly,t)

∂y + αy(cz(x, Ly, t)− cvay(x)) = 0,

cz(x, y, 0) = cz,0(x, y), x ∈ (0, Lx), y ∈ (0, Ly), t ∈ (0, tf ).

(3.2)

4 The averaging method in y-direction

Using the averaging method with respect to y with two fixed parametrical
functions fiy1, fiy2, i = 1, N :

ciz(x, y, t) = ciy(x, t) +miy(x, t)fiy1(y − 0.5Ly) + eiy(x, t)Giyfiy2(y − 0.5Ly),

where ciy(x, t) = 1
Ly

∫ Ly

0
ciz(x, y, t)dy, Giy =

Ly

Diy
,
∫ Ly

0
fiy1dy =

∫ Ly

0
fiy2dy =

0, i = 1, N . For example, fiy1 = exp(aiy1(y− 0.5Ly))− 2
aiy1Ly

sinh(0.5aiy1Ly),

fiy2 = exp(aiy2(y − 0.5Ly)) − 2
aiy2Ly

sinh(0.5aiy2Ly), where aiy1 = − riy
2Diy

−√
r2iy
4D2

iy
+

k2iy0

Diy
, aiy2 = − riy

2Diy
+

√
r2iy
4D2

iy
+

k2iy0

Diy
, k2iy0 = a2i0 − aiy, aiy ≤ 0 is the

coefficient on ciz in equations (3.2).

We can determine the unknown functions miy(x, t), eiy(x, t), from boundary
conditions (3.2) in the following form:

Diy(miyf
ap
iy1+eiyGiyf

ap
iy2) + αiy(miyf

p
iy1+eiyGiyf

p
iy2 + ciy(x, t)− cviay(x))=0,

miyf
am
iy1 +eiyGiyf

am
iy2 = 0 or eiy = −biy(ciy(x, t)− cviay(x)), miy = −Giyκmiyeiy,
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where biy = αiy/(αiyGiy(fpiy2−κmiyf
p
iy1)+Ly(fapiy2−κmiyf

ap
iy1)), κmiy =

fam
iy2

fam
iy1

, fmiyk =

fiyk(−0.5Ly), fpiyk = fiyk(0.5Ly) , famiyk =
∂fiyk

∂y (−0.5Ly), fapiyk =
∂fiyk

∂y (0.5Ly),
k = 1, 2.

Then the initial-boundary value problem (3.2) can be written in the follow-
ing form

∂cy(x,t)
∂t = ∂

∂x (Dx
∂cy(x,t)
∂x ) + rx

∂cy(x,t)
∂x − a20cy(x, t)

+(Hm
y B

m
y −He

yB
e
y)(cy(x, t)−cvay(x)) + (He

zB
e
1z +Hm

z B
m
1z)cy(x, t)

+(He
zB

e
2z +Hm

z B
m
2z)c

v
0(x) + fy(x, t),

∂cy(0,t)
∂x = 0, Dx

∂cy(Lx,t)
∂x + αx(cy(Lx, t)− cvvax) = 0,

cy(x, 0) = cy,0(x), x ∈ (0, Lx), t ∈ (0, tf ),

(4.1)

where He
y , H

m
y , B

e
y, B

m
y are the N -order diagonal matrices with the elements

heiy =
Giy

Ly
(Diy(fapiy2 − famiy2 ) + riy(fpiy2 − fmiy2)), hmiy = 1

Ly
(Diy(fapiy1 − famiy1 ) +

riy(fpiy1 − fmiy1)), beiy = biy, b
m
iy = Giyκ

m
iybiy, cy, fy are the N -order vectors-

columns with the elements ciy, fiy, cv0(x) is the N -order vector-column with

two nonzero elements cvoz(x), cvaz(x), fy(x, t) = 1
Ly

∫ Ly

0
fz(x, y, t)dy, cvaz(x) =

1
Ly

∫ Ly

0
caz(x, y)dy, cvoz(x) = 1

Ly

∫ Ly

0
coz(x, y)dy, cvvax = 1

Ly

∫ Ly

0
cvax(y)dy,

cy,0(x) = 1
Ly

∫ Ly

0
cz,0(x, y)dy.

5 The averaging method in x-direction

It is also possible to do the averaging with respect to x coordinate:

cix(t) =
1

Lx

∫ Lx

0

ciy(x, t)dx, ciy(x, t) = cix(t) +mix(t)fix1(x− 0.5Lx)

+ eix(t)Gixfix2(x− 0.5Lx),

∫ Lx

0

fix1dy =

∫ Lx

0

fix2dy = 0,

with the unknown functions mix(t), eix(t). For example,

fix1 = exp(aix1(x− 0.5Lx))− 2

aix1Lx
sinh(0.5aix1Lx),

fix2 = exp(aix2(x− 0.5Lx))− 2

aix2Lx
sinh(0.5aix2Lx),

where aix1 = − rix
2Dix

−
√

r2ix
4D2

ix
+

k2ix0

Dix
, aix2 = − rix

2Dix
+
√

r2ix
4D2

ix
+

k2ix0

Dix
, k2ix0 =

a2i0 − aix, aix ≤ 0 is the coefficient depending on ciy in (4.1).
We can determine these functions from boundary conditions (4.1) in the

following form:

Dix(mixf
ap
ix1 + eixGixf

ap
ix2) + αx(mixf

p
ix1 + eixGixf

p
ix2 + cix(t)− cvviax) = 0,

mixf
am
ix1 + eixGixf

am
ix2 = 0 or eix = −bix(cix(t)− cvviax), mix = −Gixκmixeix,

Math. Model. Anal., 21(4):450–465, 2016.
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where bix = αix/(αixGix(fpix2 − κmixf
p
ix1) + Lx(fapix2 − κmixf

ap
ix1)), κmix =

fam
ix2

fam
ix1

,

Gix = Lx

Dix
, fmixk = fixk(−0.5Lx), fpixk = fixk(0.5Lx), famixk = ∂fixk

∂x (−0.5Lx),

fapixk = ∂fixk

∂x (0.5Lx), k = 1, 2.

Then the initial-boundary value problem (4.1) can be written in the follow-
ing form:

∂cx(t)
∂t =(Hm

y B
m
y −He

yB
e
y)(cx(t)−cvvay)+(He

zB
e
1z+H

m
z B

m
1z)cx(t)−a20cx(t)

+(He
zB

e
2z +Hm

z B
m
2z)c

vv
0 + (Hm

x B
m
x −He

xB
e
x)(cx(t)− cvvax) + fx(t),

cx(0) = cx,0, t ∈ (0, tf ),

(5.1)
where He

x, H
m
x , B

e
x, B

m
x are the N -order diagonal matrices with the elements

heix = Gix

Lx
(Dix(fapix2 − famix2 ) + rix(fpix2 − fmix2)), hmix = 1

Lx
(Dix(fapix1 − famix1 ) +

rix(fpix1 − fmix1)), beix = bix, b
m
ix = Gixκ

m
ixbix, cx, fx are the N -order vectors-

columns with elements cix, fix, cvv0 , are the N -order vector-column with two
nonzero elements cvvoz , cvvaz ,

fx(t) =
1

Lx

∫ Lx

0

fy(x, t) dx, cx,0 =
1

Lx

∫ Lx

0

cy,0(x) dx,

cvvaz =
1

Lx

∫ Lx

0

cvaz(x) dx, cvv0z =
1

Lx

∫ Lx

0

cv0z(x) dx.

Therefore from (5.1) we have the initial value problem for the system of N
ODEs of the first order. The solutions for this system can be obtained with
classical methods.

For the averaged stationary solution (fx is a constant vector) we also get
the analytical solution in the form

cx = (Hx,y,z)
−1(−fx + g),

where Hx,y,z = He
zB

e
1z + Hm

z B
m
1z + Hm

y B
m
y − He

yB
e
y + Hm

x B
m
x − He

xB
e
x − a20,

is the N -order matrix and g = (Hm
x B

m
x −He

xB
e
x)cvvax + (Hm

y B
m
y −He

yB
e
y)cvvay −

(He
zB

e
2z +Hm

z B
m
2z)c

vv
0 is the N -order vector-column.

6 CAM for solving 1-D multi-layer diffusion problem with
the hyperbolic type integral spline

For solving (2.1) without convection rix = riy = riz = 0 we consider hyperbolic
functions in the z-direction with parameters aiz1, aiz2, i = 1, N :

fiz1 =
0.5Hi sinh(aiz1(z − zi))

sinh(0.5aiz1Hi)
, fiz2 = (0.25

sinh2(aiz2(z − zi))
sinh2(0.5aiz2Hi

−Ai0z),

where Ai0z = 0.25 (sinh(aiz2Hi))/(aiz2Hi)−1
cosh(aiz2Hi)−1 ∈ [0, 1/12]. We see that the param-

eters aiz1, aiz2 tend to zero when the limit is the integral parabolic spline [4],

because Ai0z → 1
12 as fiz1 = (z − zi), fiz2 = (z−zi)2

H2
i
− 1

12 . We also see
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that fmiz1 = −0.5Hi, f
p
iz1 = 0.5Hi, f

m
iz2 = fpiz2 = Ai1z, f

am
iz1 = fapiz1 = diz1,

famiz2 = −diz2, fapiz2 = diz2, where Ai1z = 0.25 − Ai0z ∈ [1/6, 1/4], Ai1z → 1
6 ,

diz1 = 0.5Hiaiz1 coth(0.5aiz1Hi)→ 1, diz2 = 0.5Hiaiz2 coth(0.5aiz2Hi)→ 1, if
aiz1, aiz2 → 0.

It is possible to show that this spline for aiz1 =
√
a2i0/Diz, aiz2 = 0.5aiz1

integrate exactly the following 1D boundary-value problem:
∂
∂z (Diz

∂ci(z)
∂z )− a2i0ci(z) + Fi = 0, z ∈ (zi−1, zi), i = 1, N,

D1z
∂c1(0)
∂z − βz(c1(0)− C0) = 0,

DNz
∂cN (Lz)

∂z + αz(cN (Lz)− Ca) = 0,

ci(zi) = ci+1(zi), Diz
∂ci(zi)
∂z = Di+1,z

∂ci+1(z1)
∂z , i = 1, N − 1,

(6.1)

where Fi, C0, Ca are constant parameter.

Table 1. The maximal error δ and averaged values cvan-exact, c
v
ap - approx)

αz βz a1 a2 δ cvap cvan

2 1 0 0 0.092 0.769 0.792
- - 0.5 0.5 0.084 0.802 -
- - 1.0 1.0 0.062 0.785 -
- - 1.4 1.4 0.050 0.791 -
- - 1.5 1.5 0.050 0.802 -
- - b b/2 0.0 0.792 0.792
2 0 0 0 0.339 0.672 0.808
- - 1.3 1.3 0.243 0.727 -
- - 2.0 2.0 0.134 0.791 -
- - 2.5 2.5 0.088 0.843 -
- - 2.3 2.3 0.081 0.822 -
- - b b/2 0.0 0.808 0.808
20 0 0 0 0.339 0.672 0.809
- - 2.3 2.3 0.081 0.823 -
- - b b/2 0.0 0.809 0.809

Example 1. We consider the 1-D problem (6.1) with one layer (N=1) in the
following form:{

∂
∂z (∂c(z)∂z )− b2c(z) + f0 = 0, z ∈ (0, Lz),

Dz
∂c(0)
∂z − βz(c(0)− C0) = 0, Dz

∂c(Lz)
∂z + αz(c(Lz)− Ca) = 0,

where b2 = a20/Dz, f0 = F/Dz. Therefore the exact solution is

c(z) = P1 sinh(bz) + P2 cosh(bz) + f0/b
2,

where the constants

P1 = βz
(
P2 + f0/b

2/Dzb− C0

)
, P2 = αz

(
Ca − f0/b2

)
+ β

(
C0 − f0/b2

)
×
(

cosh(bLz) + αz sinh(bLz)/(bDz)
)
/
(

cosh(bLz)(αz + βz)

+ sinh(bLz)(bDz + αzβz/(bDz))
)
.

Math. Model. Anal., 21(4):450–465, 2016.
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The averaged values are cv = L−1z
∫ Lz

0
c(z)dz = 1

Lzb
(P1(cosh(bLz) − 1) +

P2 sinh(bLz)) + f0/b
2.

This form of solution was also applied to discreate approximation c(zj), zj =
jh, h = Lz

N , j = 0, N by using the exact finite difference scheme (FDS) from N.
Bahvalov [1]. For comparison we use the averaged method with respect to z
for hyperbolic type integral spline.

The Table 1 shows the numerical results for F = 0, Lz = 1, Lx = 1, Ly =
1, C0 = 0.3, Ca = 2.0, Dz = 10−3, Dx = Dy = 3 · 10−4, b = 2.4335. The
maximal error δ and averaged values are presented, the dependence on a1 = az1,
a2 = az2, αz, βz (a1 = a2 = 0 for parabolic spline) is investigated.

Figures 1, 2 represent the solutions c(z) for N = 20, αz = 20, βz = 0,
a1 = a2 = 2.3 and for a1 = b, a2 = b/2, respectively. Note that for a1 = a2
and FDS we get δ = 0.0222, and for a1 = b, a2 = b/2 we get δ = 0. For
Lz = 3, F = 0.1, b = 2.4335 follows: cvap = 23.14, cvan = 16.87, δ = 6.27 (for
parabolic spline), cvap = 16.87, cvan = 16.87, δ = 0 (for hyperbolic type spline
with a1 = b, a2 = b/2).
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Figure 1. One layer solution c(z) for
Lz = 1, αz = 20, βz = 0, a1 = a2 = 2.3
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Figure 2. One layer solution c(z) for Lz =
3, D1z = 10e− 03, D2z = 10e− 04, a2 = a1/2

Figures 3, 4 represent the functions f1z, f2z for the hyperbolic spline depend-
ing on parameters a1 = a2 ∈ [0, 25], and for the parabolic spline a1 = a2 = 0.
For the spline with 2 parameters a1 = b, a2 = b/2 we have the exact solution
for all values of parameters Lz, F, b,Dz, C0, Ca, α, β.

7 CAM for solving 1-D multi-layer mass transfer problem
with the exponential type integral spline

It is possible to show that the integral spline integrates the exact following 1D
boundary-value problem in N layers:

∂
∂z (Diz

∂ci(z)
∂z ) + riz

∂ci(z)
∂z −a

2
i0ci(z)+Fi = 0, z ∈ (zi−1, zi), i = 1, N,

D1z
∂c1(0)
∂z − βz(c1(0)− C0) = 0,

DNz
∂cN (Lz)

∂z + αz(cN (Lz)− Ca) = 0,

ci(zi) = ci+1(zi), Diz
∂ci(zi)
∂z = Di+1,z

∂ci+1(z1)
∂z , i = 1, N − 1,

(7.1)
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Figure 3. Values of functions f1z for
hyperbolic spline with a1 = a2 ∈ [0, 25]
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Figure 4. Values of functions f2z for
hyperbolic spline with a1 = a2 ∈ [0, 25]

where Fi, C0, Ca are constant parameters (see Section 10 (N = 5 and N = 10)).

Using the averaging in z-direction (3.1,3.2) we have the averaged value cvz
for the solution ci(z) of boundary-value problem (7.1) in the following matrix
form:

cvz = (a02 −He
zB

e
1z −Hm

z B
m
1z)
−1((He

zB
e
2z +Hm

z B
m
2z)c0 + F

)
,

where the elements on the diagonal of N -order matrices He
z , Hm

z are heiz =
2Gz

Hi
(Dizaiz2 +riz) sinh(0.5aiz2Hi) and hmiz = 2

Hi
(Dizaiz1 +riz) sinh(0.5aiz1Hi).

The spline-solution is defined as:

c(z) = cvz + Fz1mz +GzFz2ez

with N -order diagonal matrices Fz1, Fz2, Gz. Similarly the exact analytical
solution of (7.1) can be obtained.

For two layers (N=2) by Lz = 3, H1 = 1.8, H2 = 1.2, D1 = 10−3, D2 =
10−4, α1 = 106, β1 = 103, C0 = 0.3, Ca = 3.0, r1 = −0.01, r2 = 0.01, F1 =
0.001, F2 = 0.001, we have the following numerical results (see Figure 5): the
maximal error – 2 · 10−7 (exponential spline), 0.6045 (parabolic spline), the
averaged values cv1 = 0.3332, cv2 = 0.8391 (exact and exponential splines),
cv1 = 0.3662, cv2 = 0.8055 (parabolic spline). Figure 6 represents how function
f1z1 for exponential spline is depending on the parameter a11z ∈ [−5, 5].

8 CAM for solving 3-D diffusion problem in one layer
with the exponential type integral spline

For averaging (2.1) in one layer (z1 = Lz/2) we consider exponential functions
following in the z-direction. From boundary conditions the system of two
algebraic equations follows{

b11mz + b12ez = βz(cz − c0z),
b21mz + b22ez = −αz(cz − caz),

Math. Model. Anal., 21(4):450–465, 2016.
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exponential spline, a11z ∈ [−5(1)5]

where b11 = Dzf
am
z1 − βzfmz1, b21 = Dzf

ap
z1 + αzf

p
z1, b12 = Lzf

am
z2 − Gzβzfmz2,

b22 = Lzf
ap
z2 +Gzαzf

p
z2. The solution is given in the form

mz = amcz − bmcaz − cmc0z, ez = −aecz − becaz + cec0z,

where am = (βzb22 + αzb12)/d, bm = αzb12/d, cm = βzb22/d, ae = (αzb11 +
βzb21)/d, be = αzb11/d, ce = βzb21/d, d = b11b22 − b12b21.

The new 2D initial-boundary value problem is in the form

∂cz(x,y,t)
∂t = ∂

∂x (Dx
∂cz(x,y,t)

∂x ) + rx
∂cz(x,y,t)

∂x

+ ∂
∂y (Dy

∂cz(x,y,t)
∂y ) + ry

∂cz(x,y,t)
∂y + (gz − a20)ciz(x, y, t)

+azcaz + bzc0z + fz(x, y, t),
∂cz(0,y,t)

∂x = ∂cz(x,0,t)
∂y = 0,

Dx
∂cz(Lx,y,t)

∂x + αx(cz(Lx, y, t)− cvax(y)) = 0,

Dy
∂cz(x,Ly,t)

∂y + αy(cz(x, Ly, t)− cvay(x)) = 0,

cz(x, y, 0) = cz,0(x, y), x ∈ (0, Lx), y ∈ (0, Ly), t ∈ (0, tf ),

where gz = b1am − b2Gzae ≤ 0, az = −b1bm + b1Gzbe, bz = −b1cm + b2Gzce,
b1 = 2

Lz
sinh(az1Lz/2)(Dzaz1 + rz), b2 = 2

Lz
sinh(az2Lz/2)(Dzaz2 + rz).

For averaging in the y-direction we use the following parameters:

ay1 = − ry
2Dy

−

√
r2y

4D2
y

+
(a20 − gz)

Dy
, ay2 = − ry

2Dy
+

√
r2y

4D2
y

+
(a20 − gz)

Dy
.

We see that fpyk = dkpy, famyk = ayk exp(−0.5aykLy), fapyk = ayk exp(0.5aykLy),

fpyk = exp(0.5aykLy)− 2
aykLy

sinh(0.5aykLy), k = 1, 2.

It follows from boundary conditions that

my = −eyGyκy, ey = −by(cy − cvay),

where κy = famy2 /f
am
y1 , by = αy/

(
Ly(fapy2 − κyf

ap
y1 ) + αyGy(fpy2 − κyf

p
y1)
)
.
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The new 1D initial-boundary value problem is in the form

∂cy(x,t)
∂t = ∂

∂x (Dx
∂cy(x,t)
∂x ) + rx

∂cz(x,t)
∂x

+(gz−a20−bygy)cy(x, t) + azc
v
az + bzc

v
0z + bygyc

v
ay + fy(x, t),

∂cy(0,t)
∂x = 0, Dx

∂cy(Lx,t)
∂x + αx(cy(Lx, t)− cvvax) = 0,

cy(x, 0) = cy,0(x), x ∈ (0, Lx), t ∈ (0, tf ),

where gy = fapy2 − κyf
ap
y1 +

2ry
Dy

(−κy sinh(ay1Ly/2) + sinh(ay2Ly/2)) ≥ 0.

For averaging in the x-direction we use ax1 = − rx
2Dx
−
√

r2x
4D2

x
+

(a20−gz+bygy)
Dx

,

ax2 = − rx
2Dx

+
√

r2x
4D2

x
+

(a20−gz+bygy)
Dx

. Then we get fpxk = exp(0.5akxLx) −
2

akxLx
sinh(0.5akxLx), famxk = akx exp(−0.5akxLx), fapxk = akx exp(0.5akxLx),

k = 1, 2.
From boundary conditions it follows that

mx = −exGxκx, ex = −bx(cx − cvvax),

where κx = famx2 /f
am
x1 , bx = αx/(Lx(fapx2 − κxf

ap
x1 ) + αxGx(fpx2 − κxf

p
x1)).

We have the following initial value problem for ODEs of the first order:
∂cx(t)
∂t = (gz − a20 − bygy − bxgx)cx(t)

+azc
vv
az + bzc

vv
0z + bygyc

vv
ay + bxgxc

vv
ax + fx(t),

cx(0) = cx,0, t ∈ (0, tf ),

where gx = fapx2 − κxf
ap
x1 + 2rx

Dx
(−κx sinh(ax1Lx/2) + sinh(ax2Lx/2)) ≥ 0.

For the stationary solution we get

cx =
azc

vv
az + bzc

vv
0z + bygyc

vv
ay + bxgxc

vv
ax + fx

−gz + a20 + bygy + bxgx
.

Then we have the stationary 3D solution in following analytical form:
cy(x) = cx+mxfx1+exGxfx2, ey(x) = −by(cy(x)−cvay), my(x) = −ey(x)Gyκy,
cz(x, y) = cy(x) +my(x)fy1(y) + ey(x)Gyfy2(y),
ez(x, y) = −aecz(x, y)− becaz + cec0z, mz(x, y) = amcz(x, y)− bmcaz − cmc0z,
c(x, y, z) = cz(x, y) +mz(x, y)fz1(z) + ez(x, y)Gzfz2(z).

9 The numerical approximations with ADI method for
the 3-D problem in one layer

We use a uniform space grid (K + 1)× (Ñ + 1)× (M + 1):{
(zk, yi, xj), zk = (k − 1)hz, yi = (i− 1)hy, xj = (j − 1)hx, i = 1, Ñ + 1,

j = 1,M + 1, k = 1,K + 1, K hz = Lz, Ñ , hy = Ly, M hx = Lx
}
.

For the time t we use the discrete grid tn = nτ, n = 0, 1, . . .. Subscripts
(k, i, j, n) refer to z, y, x, t indices with the grid spacing, and for the approxi-
mation of function c(z, y, x, t) we get a grid function Unk,i,j ≈ c(zk, yi, xj , tn).

Math. Model. Anal., 21(4):450–465, 2016.
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For solving 3D problem (2.1) we use the discrete approximation

(Un+1
k,i,j − U

n
k,i,j)/τ = (Λz + Λy + Λx)Un+1

k,i,j + fnk,i,j , n ≥ 0,

k = 1,K + 1, i = 1, Ñ + 1, j = 1,M + 1 and ADI method by Douglas and
Rachford [7, 9]:

(U
n+1/3
k,i,j − Unk,i,j)/τ = ΛzU

n+1/3
k,i,j + ΛyU

n
k,i,j + ΛxU

n
i,j + fni,j ,

k = 2,K, i = 2, Ñ , j = 2,M,

(U
n+2/3
k,i,j − Un+1/3

k,i,j )/τ = Λy(U
n+2/3
k,i,j − Unk,i,j),

k = 1,K + 1, i = 2, Ñ , j = 1,M + 1,

(Un+1
k,i,j − U

n+2/3
k,i,j )/τ = Λx(Un+1

k,i,j − Unk,i,j),

k = 1,K + 1, i = 1, Ñ + 1, j = 2,M.

(9.1)

After elimating the unknowns at fractional time moments tn+1/3, tn+2/3 we
obtain the previous discrete problem with approximation error O(τ2). Here
Λx, Λy, Λz are the difference operators, approximated the differential operators

∂

∂x

(
Dx

∂c(z, y, x, t)

∂x

)
+rx

∂c(z, y, x, t)

∂x
,

∂

∂y

(
Dy

∂c(z, y, x, t)

∂y

)
+ry

∂c(z, y, x, t)

∂y
,

∂

∂z

(
Dz

∂c(z, y, x, t)

∂z

)
+ rz

∂c(z, y, x, t)

∂z
− a20c(z, y, x, t)

and boundary conditions with central differences, fnk,i,j = fz(zk, yi, xj , tn). The

approximation is monotonous if hx ≤ 2Dx

|rx| , hy ≤
2Dy

|ry| , hz ≤
2Dz

|rz| . For solving

Un+1/3, Un+2/3 and Un+1 we use Thomas algorithm in z, y and x directions
respectively.
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10 Numerical results

The numerical results are obtained for K = 19, Ñ = M = 21, Lz = 3, Lx =
Ly = 1, αz = 20, βz = 10, αx = αy = 2, caz = 4, c0z = 1.3, cax = cay = 2.5,
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Dx = Dy = 3 · 10−3, Dz = 10−2, rz = 0.01, rx = 0.001, ry = −0.001, f =
0.1, a0 = 0.1. We have following numerical values: gz = −0.069, bygy =
0.0129, bxgx = 0.0281, a1z = −10.1, a2z = 0.1, a1y = −3.73, a2y = 7.06, a1x =
−7.45, a2x = 3.73.

For using the ADI method for the initial condition the stationary averaged
solution cz(x, y, z) is selected. We have the stationary solution with τ = 1,
tf = 300, then the maximal error is 10−8, the maximal value of c(x, y, z) is
5.29 for averaged method, 5.16 for ADI method (see Figures 7–10).
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Depending on the number of grid points (K, Ñ,M) we have the following
maximal values of the solution for ADI method: 5.1616 ( K = 19, M = Ñ =
21), 5.1587 ( K = 29, M = Ñ = 31).

Figure 11 shows the graphics of functions ci(z) (7.1) in 5 uniform layers
(N = 5, Hi = 0.6, Lz = 3, βz = αz = 10, C0 = 0.3, Ca = 2) for Diz =
[0.01; 2; 0.03; 4; 0.05], riz=[0.1; 0.2; 0.3; 0.4; 0.5], Fi=[0.04; 0.08; 0.12; 0.16; 0.20],
a2i0 = [0.1; 0.2; 0.3; 0.4; 0.5]. In Figure 12 the parameters remain the same, only
the source term Fi has the opposite sign.
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Figure 11. Function c(z) for a positive
source F(N=5)
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Figure 12. Function c(z) for a negative
source F(N=5)

Figure 13 shows the graphics of functions ci(z) (7.1) in 10 uniform layers

Math. Model. Anal., 21(4):450–465, 2016.



464 A.Buikis, H. Kalis and I.Kangro

(N = 10, Hi = 0.6, Lz = 6, βz = αz = 10, C0 = 0.3, Ca = 2) for

Diz = [0.01; 2; 0.03; 4; 0.05; 0.01; 2; 0.03; 4; 0.05],

riz = [0.1; 0.2; 0.3; 0.4; 0.5; 0.1; 0.2; 0.3; 0.4; 0.5],

Fi = [0.04; 0.08; 0.12; 0.16; 0.20; 0.04; 0.08; 0.12; 0.16; 0.20],

a2i0 = [0.1; 0.2; 0.3; 0.4; 0.5; 0.1; 0.2; 0.3; 0.4; 0.5].

In Figure 14 the parameters remain the same as in Figure 13, but the source
term Fi has an opposite sign.
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Figure 13. Function c(z) for a positive
source F(N=10)
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Figure 14. Function c(z) for a negative
source F(N=10)

11 Conclusions

The 3-D mass transfer problem in multi-layered domain is reduced to 2-D and
1-D problems using the special integral parabolic , hyperbolic and exponential
type splines. These splines are obtained from the general spline with two fixed
functions. The parameters of these functions are the characteristic values for
the corresponding homogeneous ODEs of second order in fixed direction. These
parameters are the best parameters for minimal error.

The 1-D differential and discrete problems are solved analytically. For hy-
perbolic spline the best parameter for minimal error is calculated.

The solutions for the corresponding averaged non-stationary 3-D initial-
boundary value problem are obtained numerically using alternating-direction
implicit (ADI) method proposed by Douglas and Rachford.

The stationary numerical solution is compared with the analytical solution.
The max absolute value of difference between corresponding numerical and
averaged data was 1–2 percent.
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[6] R. Čiegis and N. Tumanova. Stability analysis of finite differ-
ence schemes for pseudoparabolic problems with nonlocal boundary con-
ditions. Mathematical Modelling and Analysis, 19(2):285–297, 2014.
http://dx.doi.org/10.3846/13926292.2014.910562.

[7] J. Douglas and H. H. Rachford. On the numerical solution of heat conduc-
tion problems in two and three space variables. Transactions of the American
Mathematical Society, 82:421–439, 1956. http://dx.doi.org/10.1090/S0002-9947-
1956-0084194-4.

[8] F.P. Incropera, D.P. DeWitt, Th.L. Bergman and A.S. Lavine. Fundamentals of
heat and mass transfer, 6-th edition. John Wiley & Sons, Hoboken(NJ), 2006.
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