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Abstract. This paper studies a fourth-order parabolic equation ut + (4™ Ugze ) —
O|tzz| " uzz = 0 with the boundary conditions uzz = 0,u = [ and the initial condition
u(x,0) = uo(x). The existence of solutions is obtained from the semidiscretization
method. When the initial function is close to a constant steady state solution, the
uniqueness of the bounded solutions is obtained. Finally, by the iteration technique
from its semi-discrete problem, the solution exponentially converges to a constant
steady state solution as the time tends to infinity.
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1 Introduction

In recent years, the research of nonlinear fourth-order parabolic equations has
become a hot topic. Specially, the typical models include the Cahn-Hilliard
equation and the thin film equation, which can be used to describe the evolution
of a conserved concentration field during phase separation and analyze the
motion of a very thin layer of viscous incompressible fluids along an inclined
plane, respectively.

The Cahn-Hilliard equation(see [9]) has the form u; + V - (kV(e2Au +
A’(u))) = 0 where the constants k, A, €2 denote the atomic mobility, the free
energy, the parameter proportional to the interface energy respectively and
—(e2Au + A’(u)) is a kind of chemical potential. Elliott, Zheng and Garcke
in the paper [11,12] have studied this equation with a linear and a degenerate
mobility respectively. Xu, Zhou in [18,19] and Liang, Zheng in [14] applied the
semi-discrete method to get the existence and stability results to this kind of
model with a gradient mobility.

* Supported by the NSF of China under grants (No.11201045).


http://www.tandfonline.com/TMMA
http://dx.doi.org/10.3846/13926292.2016.1127860
mailto:cnliangbo@163.com

2 B. Liang, X. Peng and H. Shen

For the thin film equation, it can be described by a class of fourth order
degenerate parabolic equations(see [15]):

with the function m(u) = 0 when u = 0. Appropriate forms have been applied
in modeling fluid flows such as draining of foams and the movement of contact
lenses. For example, the surface tension driven thin film flows can be modeled
by using the following fourth order degenerate parabolic equation:

3
% + % (%(Chmx — 0Bhg cosa + Bsina) + A% + ]\2409511?) =0.

The first result in mathematics was given by Bernis and Friedman [3] to the
equation u; + (U™ gy ) = 0 and they proved the existence and nonnegativity
of weak solutions. The existence in the distributional sense and the long time
decay were studied by Bertozzi and Pugh [5] for the thin film equation with a
second-order diffusion term in the one-dimensional space. Boutat, Hilout, J.
E. Rakotoson and J. M. Rakotoson [8] studied a generalized thin-film equation
with period boundary in multidimensional space. Moreover, the paper [13]
investigated the existence of the weak solutions and strong solutions with the
initial function near a positive constant steady state solution. For other results,
the readers may refer to the papers [1,2,4,7,16].

For the semi-discretization method, the paper [10] has developed a unifying
method to prove the existence and uniqueness of weak solutions for a non-
uniformly parabolic equation. The reader may also see [13], [14] and [6] to
know about the applications of semi-discretization method in the fourth order
parabolic equations and the p-Laplacian equations. For this paper, we can
obtain some accurate estimates by applying the semi-discretization method
and we will show the effect of the second order nonlinear diffusion term for the
fourth order parabolic equation.

In this paper, we mainly concern the following thin film model with a
second-order diffusion term:

Uy + (U Uprg)x — OlUsge| " Uze =0 in Qp, (1.1

[\
— —

Ugy = 0,u =1 on I
u(x,0) = up(x) on £,

where 2 = (0,1), Qr = 2 x (0,T), ' =92 x (0,T), n, €, 0, | are all positive
constants and m is a nonnegative constant. If letting V = —ug,, the equation
(1.1) can be considered as a second-order elliptic-parabolic system. The form
is as the following

w —e(u*Vy)e +6[V|™V =0 in Qr, (1.4)
—Uge =V in Qr, (1.5)
V=0u=1 onl (1.6)
u(z,0) = up(z) on 2. (1.7)
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Our elementary idea is to use the system (1.4)—(1.5) as a transition to get the
existence and regularity for the equation (1.1). From the condition (1.6), we
know that the solution u is positive near the boundary 9f2. Thus, we want to
show that the positivity of the solution can be preserved if the initial function
up is close to the constant boundary [. In order to get the existence of the
system (1.4)—(1.7), we will introduce a semi-discrete problem and construct a
class of approximating solutions.
The weak solutions are shown as follow:

Theorem 1. (Existence) Let v be a positive constant such that |[uo —1| 71 ()
~v < 1. Then there exists a positive weak solution of (1.4)-(1.7) satisfying
(1) 2% € L7 (0, T; H(82)), u € L=(0,T; H'(12)) 0 C([0,T); L*(12)), u
l—v>0,VeL?0,T; H}(2)), V€ L™2(Qr);

(2) For each ¢ € C§°(Qr),

T <6u
—,gb dt +¢ uw"Vydpdxdt + 6 V|V ¢dxdt = 0,
0 T Qr
/ / UgppPdrdt = / / Vpdadt,
Qr Qr

0) = ug(x) a.e. in £2,

IN

\%

where < -,- > denotes the inner product between H~' and H}.

Remark 1. By the condition [jug — || g1 (o) <7 < and the embedding [[uo —
Ulre(o) < lluo — Ul mp (@), we have ug > I —~ > 0. It means that the method
in Theorem 1 can not be applied in multidimensional space directly.

Substituting the relation V' = —ug, into (1.4) in the sense of distribution,
we can get the existence for the original equation (1.1).

Corollary 1. Suppose that the conditions of Theorem 1 hold and the estimate
luo — Ul a2y < v <l isvalid. Then there exists a weak solution of (1.1)-(1.3)
satisfying

(1) 9 € L5 (0, T3 H1(R2)), u € L=(0, T3 H'(2)) N C((0, T]; L*(42)),
u>1l—v>0, ug € L2(0,T; HE(2)) N L™T2(Qr);

(2) For each ¢ € C5°(Qr),

T
/ <@,¢>dt—g// u”uzm%dxdt—é// |t | ™ g ddadt = 0,
o \Ot Qr Qr

u(0) = up(x) a.e. in 2.

If v (see Theorem 1) is proper small, we can get the uniqueness as following.

Theorem 2. (Uniqueness) The solution of (1.1)-(1.3) satisfying |[u—1|| g1 (2) <
v is unique for small ~y.

In the following theorem, we will apply the entropy functional method to
show that the solutions of (1.1)-(1.3) decay exponentially to the constant steady
state [ in H'-norm as t — oo.

Math. Model. Anal., 21(1):1-15, 2016.
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Theorem 3. (Exponential decay) Suppose that the conditions of Theorem 1
hold. Then ||u — || g1 (o) < poe=C*, where py = [, (ug —1)2dz.

The paper is arranged as follows. We will prove the existence of solutions
in Section 2. The uniqueness will be established in Section 3. Finally, the
asymptotic limit for ¢ — oo will be proved in Section 4.

2 Existence of solutions

To prove the Theorem 1, it is necessary to solve the following semi-discrete
problem

1 .

E(uk —up—1) — e(|ur—11"Via)s + 0|Vi|" Vi =0 in £2, (2.1)
—Ukgrr = Vk n Q, (22)

up =1, Vp=0 on 92, (2.3)

where uy = u(z, kh), Vi = V(z,kh), h= % and k = 1,2,...,N.

We prove the existence of (2.1)—(2.3) at first.
Lemma 1. For given ux—1 € H%(12), there exists a unique weak solution
(uk, Vi) € H2(£2) x H?(2)N HL(2) of (2.1)-(2.3).

Proof. Firstly, we need to prove the existence of uy and Vj, for the problem
(2.1)—(2.3) for given ujp_1. It is convenient to consider the following problem:

1
E(u —w) —e(|w|" Vi) +6|VI™V =0 in £,
—Uze =V in {2,

u=10,V =0 ondf2,

where w is a known function and ||w — || z1() < 7. The weak solution is
defined as following. For any test function ¢ € C§°(£2),

% /Q(u —w)pdx + €/Q |w|"Vyppdx + 5/9 [V|™Veédz =0, (2.4)

—/Qumqbd:t:/QVqux. (2.5)

In order to apply the fixed point theorem, we consider the following system:

1
Uﬁ(u —w) —e(|w]"Vz)z + 60|V =0 in £, (2.6)
—Uze =0V in §2, (2.7)
u=I[ V=0 onodf, (2.8)

where o € [0,1]. For v € H}(£2), there exists a unique strong solution u €
H?(£2) by the equation (2.7). Next we will show that there exists a unique
solution V' € H?(2) for (2.6) and thus we introduce a bilinear functional

a(V,¢p) = 5/ |w|”Vm¢mdz+5/ [o|"V ¢d,
(9] (%}
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and a linear functional
F(o) = —O’l/ (u — w)pdex.
hJo

By applying Holder inequality and the boundedness of w, it is easy to show
that

a(V,¢)|§5’/Qw|"Vx¢)de‘+5‘/ﬂv|mV¢da§

<C|Vall 2@ ll#ellac) + 81V Ilz2() I9ll2co)
<CIV Izl a2

which means a(V, ¢) is bounded. Furthermore, it is coercive in that

Vi)l = [ o WalPde +5 [ [o"[VPde = CIV I3y 0

On the basis of Lax-Milgram theorem, there exists a unique weak solution
V € H}(R2) for (2.6) such that

F(¢) = a(V, ).
Thus we can define the fixed point operator

T:[0,1] x H}(2) — H(£2),
(o,v) — V.

For all v € H{(£2) satisfying T'(v,0) = v, we want to prove that ||v| g2y < C
here C' > 0 is independent of v and o. Using (2.7), we get |[u g1 () < ||v][z2(0)-
Furthermore, by (2.6), we have the elliptic estimate

1 m
lollr2() < U+l (1= w) + 8ol ™ol 2 )
< O+ ol + 055t )

On the other hand, by taking —(u — 1), as a test function, we get

1 1
— [ (u— l)idm—i—s/ |w|”|vz|2dm+6/ |o|"P2de < — [ (w—1)2dz. (2.9)
2h Jq Q Q 2h Jo

Thus, one has |[v]|L2¢0) + [|v] ’L”;{,}LH)(Q) < C by the embedding H'(2) —

L (§2) and then we have ||[v|| 2oy < C. With the help of the compact embed-
ding H?(2) — H(£2), T is continuous and compact. Leray-Schauder’s fixed
point theorem ensures the existence of (2.6)-(2.8).

Furthermore, according to (2.9), we have

v =2y <,

and so by the Sobolev imbedding theorem H'(£2) < C*(£2) for some « € (0, 1),
it follows that
u>1—v>0.

Math. Model. Anal., 21(1):1-15, 2016.
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Now for given up—1 € H*(£2) and |Jup—1 — | (o) < 7, the semi-discrete
problem (2.1)-(2.3) admits a solution

(ug, Vi) € H*(2) x (H*(22) N H (02)).

Besides, we can conclude that ug_1,us and Vj also satisfy the weak form (2.4)-
(2.5), i. e.

1
7/(u;€—uk,1)gbdm+s/ |uk,1|”ka¢wdx+6/ [Vi|" Viddz =0, (2.10)
h Jq 0 0
—/ ukwgC(bdw:/ Vioddx (2.11)
Q Q

for any test function ¢ € C3°(£2).

Finally, we prove the uniqueness. Let (ug, Vi) and (u},, V}) be two different
solutions of (2.1)—(2.3). Taking (ur — u},)ze = —(Vk — V}) as a test function in
the difference of the corresponding equations, we get

1
7 / |(ur, — up)a|da + e / w1 |"|(Vie = Vi) |*da
h Jo o
6 / (V™ Vi — V2™V (Vi — Vi) = 0.
(9]

By the inequality (|z|™x — |y|™y)(x —y) > 0 with any real numbers z,y, we
have the uniqueness. 0O

In order to obtain the existence of solutions, we need to define some ap-
proximate solutions:

N N
wN (@, 1) = xi(®ur(z), @™ (@,t) = xn()up-1(2),
k=1 k=1

N

u™N(z,t) = ZXk(t)P\k(t)Uk(fC) + (1 = Ae()ug—1(z)],
v

VIV (2, 4) = xe(t)Vi(),
k=1

where y(t) is a characteristic function on the time interval ((k — 1)h, kh]
t/h—(k—-1), ifte ((k—1)h,kh],
k=1,... d A\ (t) =
( b---om) and Ax(t) { 0, otherwise.
In the following, we establish some uniform estimates for those approxima-
tion solutions.

Lemma 2. The following uniform estimates hold for w™), VIN) and u(N):

ouv)
Hw(N)HLOO(O,T;Hl(Q)) + HV(N)HLz(o,T;Hg(Q)) + HT‘

m+42
Lm+1(0,T;H-1(82))

+ Ju™]] + V| prz gy < C.

(0,T;H*(£2))
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Furthermore, there exists a subsequence(not relabeled) and two functions u and
& such that the following limits can be performed:

w™) 2y weakly* in L>(0,T; H'(£2)),
v VvV in LQ(O,T; H&(Q)) N Lm+2(QT)7
[V my () e ip L%(QT),
ouV)

ot ot
u™N) 2w weakly* in L(0,T; H(£2)),
W™ strongly in C([O,T];L2(~Q))7 uN) 5w ae. in Qr.

weakly in Lot (0, T; H(2)),

Proof. By (2.10)-(2.11), we get

Xk () (ug, — ug—1)pdadt + & /
hz/ 1)h/ Z “Dh

/Xk()|uk 1" ka¢xdxdt+52/ : /Xk MWV " Vigpdadt = 0.
—1)h

Taking ¢ = Vi, = —ugy, yields
N
- Z/ (up — Ug—1)UkzpdT + E// | [V Pdadt
k=1" Qr

+ 5// [V M2 00dt = 0,
Qr

/|(uN—l) | dm+6// | M) VN2 dadt
—1—5// |V(N)|m+2dxdt</ |(ug — 1)z [*mda.

On the other hand, for any (z,t), we get

and then

o™ (a ZXk Jup—1(x) =1 -,

and then
HV(N)||L2(0,T;H3(Q)) < C V™| pmszgp < C.

For any t € (0,T), there exists some k € {1,...,n} such that, for t € ((k —
1)h, kh], one has

I (@ Oy = like(@) 2oy < C:

Math. Model. Anal., 21(1):1-15, 2016.
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It implies

Hw(N)HLW(O,T;Hl(_Q)) <C.

By the definition of u(N)(x, 1), it is easy to get

3u(N)

1
ZXk U — Uk—1)

and then

(e o= [ wa e = 1), ) |dt
§C/OT";Xk(t)/Q|uk_1|”Vkm¢>mdx’dt+C/o ’;Xk(t)[2|vkmvk¢dx dt

T T
gc/ (/ |V9§N)¢z|dx)dt+0/ ‘/ |v<N>|mv<N>¢dm)dtgc,
0 (9] 0 (9]

where ¢ is any test function in the space L™+2(0,T; H}(§2)). It follows that
’ ouv)

ot
On the basis of the definition of ©), we have

<C.

m+2
LmF1(0,T;H=1(£2))

gy < [ ([ )

Z k(O Qe () + (1= A (8))t(k—1)2 ()]

2

NS

dr | dt

_cqz / (khl)h ( / o (I—Ak(t))u(kl)z(x)]]2dx) dt

<22 Y n( [ ()P + @) ) < 2icic)
(%}

with C' > 0 independent of ¢ > 1, where we have applied the fact A (¢) € [0, 1]
and the estimate (2.9). Thus we have

[SIS)

H“ W ||L°°(OTH1(Q)) qlinc}o Hu HLQ(O,T;H(}(Q)) s ¢

By the preceding energy estimates, there exists a subsequence of w™) such
that

w™) Aoy weakly* in LOO(O,T§ Hl(Q))’
V) v in L2(0,T; HY(2))
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as N — oo. By Aubin’s lemma [17] and the embedding
HY(92) ot LR (2) — H~Y(£2), we can infer the existence of a subse-
quence of u(N) such that, as N — oo,

ou) dp

—\

ot ot
u™) X weakly* in L°(0,T; H'(92)),
u™ = p strongly in ([0, T); L*(£2)),
W™ Sp e inQr, VY™ e LER Q).

weakly in L+t (0,T; H(R2)),

Finally, we need to show p = u. For any ¢ € C§°(Qr), we have

T
‘/ /(w(N)fu(N))gadxdt‘

N ‘/ /Q ZX’“ (= Aw () (ur — qu)npdmdt‘

k=1

SI;/O Xk(t)h(‘/0|uk_1|”ka¢zdx’+‘/Q|Vk|mvk¢dx‘)dt

=er(ff,,

as N — oco. It has p=w a.e. in Qp. O

ASRR

dz +/ |V(N)|m\V(N)¢\dx>dt <Ch—0
2

Lemma 3. It follows that

// Ny N g, d:cdt—>// u"Vypdadt

= |V|™V a.e. in Qr

and
for any test function ¢.
Proof. Taking Vi, — Vi—1 = —(up — uk—1)zz as a test function, we get

1

E/ |(uk — uk,1)1|2dﬂc =+ E/ \uk,1|”Vkm(Vk - Vk,1)1d1'

0 o}
+ 5/ |Vk|ka(Vk — kal)dx =0,
o}

which implies

Z/|uk—uk 1)|dx<0hz

k=1

/|Uk 1" Via(Vie = Vie—1) 2 da
Q

< CT.

|ka Vk — Vk 1)d$

Math. Model. Anal., 21(1):1-15, 2016.
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Therefore, we get
// —u(N)|2dxdt<hZ/ lup — up_1|2de
T

< ChZ/ |(ug — up—1)z|?dz < Ch.
k=171

Letting NV — oo, we have
w™) = u strongly in L*(Qr).

On the other hand, we will prove that w™) — w strongly in the sense of
L3(Qr). A direct calculation shows that

N 2

Z Xk () (ug — ug—1)| dzdt

- |
T Qr ' k=1

< hZ/ lug — up—1|?de < CTh.
k=179

Hence, by the mean value theorem, we obtain

‘ / / ((mN))”—u”)V;N)@dxdt‘:‘ / / a9 Y (@™ — ) VMg, drdt
Qr T

< O™ —ull 2o IV dall 2 (@1

where ¥ is between v and @) and it is bounded from the boundedness of
@™ and u. Here @) is bounded since, for any ¢ > 1,
1
dxdt)

(f rs)’ - (1, i

k 1

Z/ |uk_1\qdmdt S T3 (/ |uk_1|qu) ! < C’T%,
“1)h Q

and then by letting ¢ — oo, we have @) € L>(Qr).
Now we can perform the limit N — oo to get

‘ / / (@) — u")Vx(N)gbwdxdt‘ 0.
Thus we obtain

’//T((mN))"V;N) —u"Vm)%dxdt‘

- ‘ / / (@M VM) — yny ) oy () u”V,;)qbwdxdt’
T

< ‘// ((z}j(N))an(N) _ u”VT(N))z;Smdxth’ // WV V)b drdt
—0
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Now for each ¢ € C3°(Qr), we can perform the limit N — oo in the form

T u™)
/ <au ¢ dt+e// 0"V g dadt
0 T

+5// [V my (N gdgdt = 0, (2.12)

—// ug;’)qbdxdtz// VN pdadt (2.13)
to get

T

/ <@,¢>dt+e// un x%dxdt—s—d/ £odrdt = 0, (2.14)
0 ot T QT

— Uzy =V ae. in Qrp. (2.15)

By taking ¢ = V) = —uY) in (2.12), we have

/ o™ (2, 7)| dx—f/ o, | dx+e// G| V) 2dadt
+46 / / (VN |m+2dzdt = 0. (2.16)

Besides, from the fact

S v - - o) v - eopv e - (v - co)dede > 0

T

we have

) / / [V M+ 2dzdt — § / / [V my NV — e¢)dadt

T Qr
—5// \V—g¢|m(V—g¢)V<N>dxdt+5/ |V —eg|™ 2dxdt > 0. (2.17)
Qr

Substituting (2.16) into (2.17) and taking N — oo, we get

/ lug (z, T)2dx — = / [tz | d:v+€// u"|Vy|?dxdt
+(5/ &V —eg)dxdt +(5// [V —ep|™(V — ep)Vdadt
Qr
- 5// |V — eg|™ 2 dxdt < 0. (2.18)
T
Taking ¢ =V = —uy, in (2.14) and applying (2.18), we have
J[ v =cormv - o) - godsar <o
T
By letting € — 0 and the arbitrariness of ¢, one has £ = |V|™V a.e. in Qp. O

From Lemma 1-Lemma 3, we can prove the results of Theorem 1 and Corol-
lary 1.

Math. Model. Anal., 21(1):1-15, 2016.
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3 Uniqueness

In this section, we prove the uniqueness and then gives the proof of Theorem 3.
It follows from the conditions of Theorem 2, any solutions u of (1.1) have
the lower bound (I — ) > 0. Using u,, as a test function in (1.1), we get

1 1
*/Ui(ﬂ?,T)d.’E—l—E // U U | ddt+0 // [t |2 ddt = —/ugmdac,
2 2 T Qr 2 2

and then
2
// |uxzx|2d$dt < 407’7 s (3.1)
r el —~)"

where the constant C' is independent of ~.

Assume that v is another solution which also satisfying (3.1) and let w =
u — v. Taking w;, as a test function in the differential equations for u,v, we
obtain, for any 0 <t < T,

1/ (x t)dx + €(l // mzdmdt + 6// U =" ) Ugpq Wegodardt
2Ja T T

+ 5// (|ttge| ™ Uz — Vx| Vag ) (Uga — Vae )dzdt = 0.

In view of the mean value theorem, we have for n > 1

- U")vmwwmmdxdt‘ < Ce // |u — V|| Vzga || Wina |dxdt
T QT

< el—o)" // w?, drdt + _Ce // |u — V]2 |Vpee|*dzdt,
2 . (=" JJor
and for 0 <n <1
‘s// (u"—v")vzmwzmdwdt‘ < Ce(l—y)t // |t — V|| Vpga || Wege|dadt
T T
l . n
<A ] st 5 [ = oo s
2 T I =~ Qr
Hence, for all n > 0 and 0 < ¢t < T, we have
1 =)
f/ w?(z,t)dx + =" // w2, drdt
2 /g 2 i
L // | — V]2 |Vppe|*drdt,
sup / w?da // |Vpee|*drdt,
9 0<t<T

\ A

I /\
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where we have used the embedding H'(§2) — C°(£2) and the function

n > .
O(s) = { i ’ g; 71L’< 1 Since the solution v satisfies (3.1), we have
sup /wi(x,t)dx < sup /w da:// |Vgas |2 dadt,
0<t<T J ) o<t<T
Cy? / 2
< ——————— sup wi(x,t)dz.
(I =m0 =) o<i<T )2 w(@1)

We can conclude that w, = 0 for small . This yields the uniqueness.

4 Exponential decay

In this section, we prove the long time behavior under the conditions of Theo-
rem 2. Taking Vi, = —(up — )42 as a test function in (2.10)—(2.11), we get

1

2h <uk _l) d$+5/ |uk 1| ‘ukzmw|2dl‘+5/ |U}wm|m+2dq;

< — 1 —1)2dx.
<3 Q(uk 1—1)zde

Apply ug—1 > 11—y > 0 to have

1

o (u;C —1)%dx < C’/ |Ukzan|*de + —

2h (’uk,1 — l)idl‘,

where C is independent of k. Poincaré inequality yields

1 1
< — —1)3dx.
o ( dx C'/ d:c+2h/(uk_1 )zdx
Letting
pk:/(uk—l)idx, k=0,---,N,
Q

we can establish an iteration

< _
Pk=117onlt
and then for any ¢t € ((k — 1)h, kh],
pr < po(1+Ch)™* < po(1+Ch)H"  k=0,---,N.

The definition of w™®) implies

N

/Q(w(N) —Z)idx:/Q(ZXk(t)uk—l)idm

k=1

- / (up, — 1)2dz = pi < po(1+ Ch)~H/",
o

Math. Model. Anal., 21(1):1-15, 2016.
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Applying the results of Section 3 and the weak lower semi-continuity for the
space H', we obtain the exponential decay

/ (u—1)2dz < poe !
2

as h — 0 (i.e. N — 00).
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