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Abstract. In this paper, we establish the blow-up theorems of Fujita type for a
class of exterior problems of nonlinear diffusion equations subject to inhomogeneous
Neumann boundary conditions. The critical Fujita exponents are determined and
it is shown that the critical curve belongs to the blow-up case under any nontrivial
initial data.
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1 Introduction

In this paper, we consider the critical curve of the following coupled diffusion
system with inhomogeneous Neumann boundary conditions

up = Au™ + 0P, v = Av" +uf, (z,t) € D¢ x (0, +00),
W” (2,t) = fi(z), 92-(z,t) = fo(z), (2,t) € 0D x (0,4+00),  (L.1)
U(I7O):u0($)7 ’U(I,O) :UO(‘T)7 IEDC7

where m,n > 0, p > max{1,n}, ¢ > max{1,m}, D is a bounded open domain
in RY with smooth boundary, D¢ = R¥ \ D, v is the inward unit normal to
OD. ug(z),vo(x) are nonnegative continuous functions in D¢, fi(z), fo(x) are
nontrivial nonnegative continuous functions on 9D, and ug(x) = f1(x),vo(x) =
f2(x) on OD.
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Study on critical exponents began from 1966 by Fujita in the work [6]. He
considered the Cauchy problem

w=Au+uP, xRN t>0,
(1.2)

u(z,0) = ug(z), = €RY,

where ug > 0. It was shown that the problem has no non-trivial global solutions
if 1 <p<p.=1+4+2/N, whereas if p > p., there exist both global (with small
initial data) and non-global (with large initial data) solutions. We call p. the
critical Fujita exponent. Later, it was proved by Hayakawa [7] and Weissler [10]
that p = p. belongs to the blow-up case. From then on, there have been a lot
of works on the critical exponents of Fujita type for various nonlinear evolution
equations and systems [1-18]. Among these, Zeng [12] investigated the blow-up
theorems of Fujita type for the following inhomogeneous problems

{ut—Aueruerf(x), zeRN, t>0,

u(z,0) = up(x), z € RN,

where m > 0,p > max{1l,m}, f(z) and ug(x) are nonnegative continuous
functions in RY with f(z) # 0, and

up = Au™ 4+ u” (z,t) € D x (0,400),

%(w,t) = f(x), (x,t) € 9D x (0,+0),

U(QL',O) :’LLQ(I'), IEDC7
where m > 0,p > max{1,m}, f(z) is a nontrivial nonnegative continuous
function on 9D, ug(z) is a nonnegative continuous function in D°. The author
proved that p. = m+2m/(IN—2) is the critical exponent of both the problems.

As for coupled systems, Escobedo and Herrero [5] studied the Cauchy prob-

lem
{ut:Au—i—vp, vy = Av + ul, zeRN, t>0,

u(z,0) = uo(z), v(x,0) =vo(x), =€RN.

They proved that the critical Fujita curve is (pg). = 1 + & max{p+ 1,¢ + 1},
namely, every solution blows up in finite time if 1 < pg < (pq).., and there exist
both global and non-global solutions if pg > (pq)..

Furthermore, Yang et al. [11] studied the fast diffusion system

up = Au™ + 0P + fi(x), v = A" +ul + fo(x), xRN t>0,
u(z,0) = up(x), v(z,0)=vo(x), z € RN,

where 0 <m,n <1, p,q > 1, pg > 1, and determined the critical curve

(pq)e = mn + ( max{mp + mn ,nqg +mn}.

N-2);

The aim of this paper is to determine the critical curve to the coupled
diffusion system (1.1). In the present paper, we prove the critical Fujita curve
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for the system (1.1) is also

(rq)e = mn + max{mp + mn ,nqg + mn}.

(N—=2)4+
Namely, every solution blows up in finite time if pg < (pq)., and there exist
both global and non-global solutions if pg > (pg).. Further, we prove that the
case pqg = (pq). belongs to the blow-up case. The method we used is similar
0 [1,2,3,9,11,12)].

2 Main results and their proofs

First, we give the definition of the solution to the problem (1.1).

Definition 1. A pair of functions (u,v) is said to be a weak solution of the
problem (1.1), if ueC(0,T; L}, (D)) N C(0,T; L} (D)), veC(0,T; L}, .(D?))

loc

NC(0,T; LY (D)), Vu™, Vo™ € L*(0,T; LlOC(DC)) and satisfy
/ / 8w1 — VUV + P )dadt + / Frtby dSdt
o o Jap

:/Cu’(/q(x,T)—/Cuo(x)¢1(x’0)d$
[ [ 0% v swiasais [ [ pavsasa
. o Jop

N / cva(x’T) _/CUO(ff)?ﬁZ(x,O)dx

for any 7€[0,T) and any compactly supported 1 ,p2€C%(D x [0, T]) NC (D¢ x
[0,77).

The standard theory of parabolic equations ensures the well-posedness of the
problem (1.1). Furthermore, we introduce the comparison principle ( [4,8,13])
and the monotonicity property( [12]) of the system (1.1) and omit the proof.

Lemma 1. Let uy,us € C(0,T; L}, (D) NC(0,T; L} (D)), vi,v2 € C(0,T;
L}, (D) NC(0,T; LY (D)), Vu,Vuy', Vo, Voy € L*(0,T; L2 .(D°)) and

satisfy

(ul)t - Aul - vl < (u2)f - AU’Q - Ug7 (:E,t) € D x (0,+OO),
(v1)s — Av] — ud < (v9)y — Avl —ud, (z,t) € D° x (0,400),
ou® ouy’ ovt ovy
< 8
5 (z,t) < £y (z,t), ey (x,t) < £y —Z(2,t), (x,t) € 3D x (0,4+0c0),
u1(z,0) < ug(x,0), wv1(z,0) < wvy(x,0), x € D,
then

ui(x,t) <wsg(ax,t), wvi(z,t) <wva(z,t), (x,t) € D x (0,400).
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Lemma 2. The nonnegative solutions of (1.1) with zero initial data must be
monotone increasing to t for both components u and v.

Now, we prove that the Fujita critical curve is

(pq) 72 { }
=mn + max{mp +mn,nqg +mn;.

pPq)c (N —2) P » g

The main results are as follows.

Theorem 1. If pq < (pq)., then the system (1.1) has no nontrivial nonnegative
global solution.

Proof. Without loss of generality, assume mp > nq. Let Ry > 1 be a fixed
constant such that D C Bpg,/2(0). For R > Ry,T > 1, choose two smooth
functions ¥ (z) and nr(t) satisfying:

Yr(z) =1, WﬂﬂéRﬂ;wﬂ@=odﬂ>R,0S¢M@S1Jﬂ>@

(“)¢R G c o |

’8% ‘ R’ Bz;0z, x) < i,j=1,2,---,N;

nrt) =1, 0<t<T/2 np(t) =0, t>T, 0<np(t) <1, t>0;
¢ c

@< 7> e < -

Here and in the sequels, we use C' to represent positive constants independent
of R and T. Suppose by contradiction that (u,v) is a nontrivial global solution
of (1.1). Define

I, = / /B o OV @)

Jg = / / ul(zx, t)w%(x)an(t)dxdt,
0 JBgr(0O\D

where [ > max{p/(p—1), ¢/(¢—1)}. Noting the direction of v and np(T") = 0,
we have

= [ [ ulet) - 2 ) v tduds
0 JRN\D

= [ [, e N R
- / : / N\Bu%,t)Awg(x))an(t)dxdt - / [ hph o
/BR i D)o dxf/ /RN (2, ) () (e (1)) decdlt

/ [ ) ARk () dade - / F1 () () .
RN\D o Jop
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Since for any i =1,2,--- | N,

0%t ) 0 0? 0
o = o O = i S o B
it holds
N (92
APl (z) > Wy () ; (w
Then,

T
43—/' wumﬂmw+CT*/ / (e, gy (@)t () drd
Br(0)\D T/2 JBR(0O)\D

T T
4 CR™ / / 0, ) (@ () dard — / o) nle() dadt.
0 JBRr(0)\Bgr/2(0) 0 JoD
(2.1)

Using Holder’s inequality and noting ! > max{p/(p — 1),¢/(¢ — 1)}, we have

1-1/q
I, < —/ uo(x) Yk (2)dz + CT™ 1J1/q / d:cdt)
BR(O)\ﬁ T/2 JBr(0)\D

1-m/q T
+CR™ 2J’"/q / d;vdt) - / f1(2)nk(t)dzdt.
T/2 JBr(0)\Bgr/2(0) o Job
(2.2)

Denote

0 = min { fi(z) dz, fa(x) dx}.

oD oD

Then

T T/2 5
/ fi(z)nb(t)dadt > / fi(z)dzdt > =T, i=1,2. (2.3)
o Joap o Jop 2
Together with (2.2), we have
)
I, + / ug(2)Ph(z)de + T < CT~HaRNe=D/a jl/a
(0D 2
1-m N(g—m)/q—2 tm
4+ oTl-m/agN(a—m)/q Jr /q. (2.4)

Similarly,

1)
%+/ wo(@)th(@)de + 0T <
Br(O\D 2

CTfl/pRN(pfl)/pI;/p + CTlfn/pRN(p*n)/p%];/p. (2.5)
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Consequently, we can obtain
1)
I, + / uo(x)h (x)de + =T < CT~V/aRN@=1/q
Br(O\D 2

X (CTfl/pRN(pfl)/p];/p + OTlfn/pRN(p*n)/p*QIg/p) Y +oTi-m/a

« RN(g—m)/q=2 (CT—l/pRN(p—l)/p[;/p + CTl—n/pRN(p—n)/p—2I;l/p> mla

< CT—(P+1)/(pq)RN(pq—l)/(pq)];/(m) + CT—"/(PQ)RN(P‘I—n)/(Pq)—2/4117)1/(17‘1)
+ CT(pq—mp—m)/(pq)RN(pq—m)/(pq)—2[;n/(pq)
+ CT(qumn)/(pQ)RN(pq*mn)/(pQ)*2m/q*2[;m/(pq).

As p > max{1,n}, ¢ > max{l, m}, by Young’s inequality, we have
! 0 1 —(p+1)/(pa-) pN 1
I, + uo(z)Yp(z)de + =T < I, + CT~PTI/PI=IRY 4 T,
Br(O\D 2 8 8

+ o7~/ (pa—n) pN—2p/(pg—n) | %]p + cTWPa—mp—m)/(pg—m) pN—2pa/(pg—m)

1

oy + CTRN2mwra)/wazmm), (2.6)

+
Hence,
g <oT Pt/ (pa-1)-1pN | cp—n/(pa—n)—1 pN—2p/(pg—n)
+ cT7—™»/(pa—m) pN—=2pq/(pa—m) 4 & pN—2(mp+pqg)/(pg—mn) (2.7)

2p(g+m)

If pg < (pq)e, then N — 227 < 0 Let R be such that CRY ™ anr < §/4.
For the fixed R, we can choose T such that

or~ )/ (pa=1)-1pN | op—n/(pg—n)—1 pN—=2p/(pg—n)
+ oT~mp/(pg—m) pN—2pq/(pg—m) ; (2.8)

leading to a contradiction.

If pg = (pq)., then N — % = 0. From Lemma 1, it suffices to prove
the blow-up of (u,v) with ug = vo = 0. By Lemma 2, us,v; > 0. Choose T > 0
large such that the sum of first three terms in right hand side of (2.7) is smaller

than 1. It follows from (2.6) that for fixed R > Ry,

T
/2 / vP(z,t)dzdt < CT
I JBg)2

4

and consequently,

inf / P (x, t)dxdt < C.
Bry/2

te($.%)
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Due to v; > 0 and the arbitrary of T', we have fBR/2 vP(z,t)dx < C for t > 0
and hence
IF := lim vP(z,t)dx < C.

t—o0 Br
2
Since I is increasing with R, limp_,o I3 exists. So, for any € > 0, there
exists Ry, such that for R > Ry,

/ vP(z,t)dr <e, t>0. (2.9)
Br(0)\Br/2(0)

Similar to (2.1), we get

Jy < - /B TR+ CT /m /B R

T
+CR™ / /BR(O S oz, )l (a )an(t)d:cdt*/o anz(g;)né,(t)dxdt_

By Hoélder inequality, (2.3) and (2.9), we have

B
Jg + / vo(2)V(2)de + T < CT~H/PRNW=1/p[l/p
Br(O\D 2

T n/p
L oTin/p RN(p—m/pf?( / / vaé{(w)n%(t)dxdt)
Br(0)\Bgr,2(0)
S CTil/pRN(pil)/pI;/p + CTRN(p*n)/p*Q&:’ﬂ/p' (210)

From (2.4), (2.5), (2.10) and pq = (pq)., we obtain
)
[ w57
Br(O\D 2
< o7~ YaRN(a—1)/q (CT*l/pRN(p*1)/p[;/p+CT1*n/pRN(p*n)/p*ZI;l/p) 1/

+ oTt-m/agN(a—m)/q—2 (CTfl/pRN(pfl)/p[;/p + CTRN(p*n)/pﬂgn/p) m/e
< CT—(p+1)/(m)RN(pq—l)/(m)I;/(m)+CT—n/(m)RN(pq—n)/(m)—2/11];/(17@
+ CT(qump*m)/(pq)RN(qum)/(pq)%];n/(pq) + CTemn/ (Pa),
By Young inequality, we have
1 1
I, + 6T < élp 4+ or+t1)/(pa-1) pN gjp + g7/ (wa—n) pN—2p/(pg—n)
1
+ glp + T Wwa—mp=m)/(pg—m) pN=2pa/(pa—m) | cpgmn/(pa)
which implies
é <oT~@tV/(pa-V)—1pN | op—n/(pa—n)—1 pN=2p/(pg—n)
2

+ c7—m™p/(pa—m) pN—=2pa/(pa—m) 4 crzmn/(pq)
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Take ¢ < (%)pq/(m"), there exists Rp, such that for a fixed R > R, (2.9) is
valid. Then choose T large enough such that (2.8) holds, a contradiction. O

Theorem 2. If pq > (pq)., then there exist solutions of the system (1.1) blow
up in finite time.

Proof. Suppose by contradiction that every solution (u,v) of the system (1.1)
is a global solution. Similar to the proof of Theorem 1, we assume mp > ngq.
Then, for any fixed R > Rg, T > 1, we have (2.6). Thus,

/ uo(z)dx
Br2(0)\Br /2(0)

<oT WPt/ (pa-Y) pN | op—n/(pa—n) pN=2p/(pa—n)
+ ¢wa=mp=m)/(pa=m) pN=2pa/(pa=m) 4 P RN=2(mptpa)/(pa=mn) (9 11)

Let k be large enough such that

KJ/ ldzx
Bry2(0)\Bg, /2(0)

soT Pt/ (pa=1) pN | op—n/(pa—n) pN—2p/(pg—n)
+ ¢TPa—mp—m)/(pg—m) pN—2pq/(pq—m) | o RN —2(mp+pq)/(pg—mn)

Then for ug(xz) > kr(z), we have

uo(z)dz > K/ 1dz
Br2(0)\Brg/2(0)

SoT— Pt/ (pa-1) pN | op—n/(pa—n) RN—2p/(pg—n)

/BR/2 (0)\Brq/2(0)

+ o1 Pa—mp—m)/(pg—m) pN—=2pq/(pa—m) 4 cp pN—2(mp+pg)/(pg—mn)

which contradicts (2.11). O
Theorem 3. If pqg > (pq)., then there exist global solutions of the system (1.1).
Proof. Note pq > (pq). implies N — max{a;m + 2, agn + 2} > 0. Define

M, = (qu(N —aym — 2))n/(pq_mn) (azn(N —agn — 2))p/(pq_mn)7

M = (a1m(N —aym — 2))q/(pqimn) (azn(N — Qan — 2))M/(pqimn)

Let
Uz) = My(1+[z[>)~/2, V(z) = Ma(1 + |2]*) /2, 2z € D",
where
_2(p+n) _20g+m)
pq —mn’ pqg—mn’

Math. Model. Anal., 21(2):260-269, 2016.



268

R. Du and M. Guo

Then (U, V) satisfy

—AU™ — VP = M{"aqgm(agm + 2)(1 + |z|?)"™*1/272 2 € D¢,
— AV — U1 = MPagn(agn + 2)(1 + |z|?)e2/272, r € D°.

Now for fi(x), fa(x), ug(x),vo(x) small enough such that

and

oum™ ovn
fil@) € 75—, fol@) < -~ w€dD,

ug(z) < U(x), vo(z) <V(z), weD",

(U(x),V(x)) is a global supersolution of (1.1) by Lemma 1. O
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