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Abstract. We consider the generalized Korteweg-de Vries equation, which contains
nonlinear dispersive effects. We prove that as the diffusion parameter tends to zero,
the solutions of the dispersive equation converge to discontinuous weak solutions of
the scalar conservation law. The proof relies on deriving suitable a priori estimates
together with an application of the compensated compactness method in the LP
setting.
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1 Introduction
The evolution equation
Opu+ ady(u™) +afdd,u=0, «a,ac{-1,1}, necN\{0} (1.1)

is known as the generalized Korteweg-de Vries equation (see [1,9]).
Whenn=2,a=1,a=1, (1.1) reads

Opu + 0y (u?) + Bagmu =0, (1.2)

which is Korteweg-de Vries equation (see [12]). (1.2) is a mathematical model
of waves on shallow water surfaces. Existence and regularity of solutions to
(1.2) has been studied in [8].
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Observe that if 8 =0, (1.2) reads
Opu + 0y (u?) = 0, (1.3)

which is the Burgers equation.

Therefore, an interesting problem is to prove that the solution of (1.2) con-
verges to the solution of (1.3). This result is proven in [21] using a compensated
compactness argument based on L? and L* estimates. In other to do this, the
author chose the following approximation of (1.2)

Opu + 0, (u?) + B3, u = €d? u. (1.4)
Under the assumption,
u(0,) =ug € L* (R)NLYR), B=0(e?), (1.5)

she proved that the solution of (1.2) converges to the distributional solution of
(1.3). This result holds also when o« = —1. From the mathematical point of
view, to prove L*— estimate, an L>°— estimate is needed (see [21, pages 986
- 988]). If (1.5) does not hold we may have the convergence to nonclassical
solutions [16].

The convergence of the solutions of (1.4) to the entropy solutions of (1.3)
is proven in [17], under the assumption

up € L*(R)NLY(R), B=o0(?).

[3, Appendixes A and B] show that it is possible to obtain the same convergence
result, under the following assumptions

ug € L*(R), —oo</u0(x)dx<oo, 5:0(53),
R

or

ug € L*(R), B=o (54) .
Assuming a = -1, n=2p+ 1, a =1, (1.1) reads
Opu — O (u*PT) 4 302 u = 0. (1.6)
If 8 =0, we have the following scalar conservation law
Opu — Oy (u?Pt) = 0. (1.7)
Using the following approximation
Opu — 0, (u?PT) + BO3, u = €02 u, (1.8)

in [21], the convergence of the solution of (1.6) to the distributional solution of
(1.7) is proven, under the assumption

up € L*(R) N L**3(R), B=0(?).
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From the mathematical point of view, to obtain the convergence, the author
used the following conserved quantity

w22 B(0,u)?
t— / (271 3 5 ) dz.

The convergence of the solution of (1.6) to the unique entropy solution of (1.7)
is proven in [17], under the assumption

up € L*(R) N L***(R), B=o0/(?)

and using the approximation (1.8).
In this paper we consider (1.1). If we send 5 — 0, we pass in (1.1), to the
scalar conservation law

Opu + ady (u™) = 0. (1.9)

Our goal is to prove the convergence of the solution of (1.1) to (1.9). In other
to do this, we use the following approximation

O+ ad, (u™) + aBo?,u = €02 u — Bed?t .t (1.10)

Hence, we use a fourth order approximation for a third order equation. This
idea is motivated by [4,7], where the authors used a fourth order approxima-
tion for the Camassa-Holm equation, which is a third order one. The main
differences between (1.10) and the one considered in [4,7] are in the flux (the
one in [4,7] corresponds to n = 2) and the third order terms (the ones in [4,7]
are nonlinear).

Observe that a =a =1, n =2, ¢ =1, (1.10) reads

which is the Kuramoto-Sinelshchikov equation.

(1.11) was derived independently by Kuramoto [13,14,15] as a model for
phase turbulence in reaction-diffusion systems and by Sivashinsky [22] as a
model for plane flame propagation, describing the combined influence of dif-
fusion and thermal conduction of the gas on stability of a plane flame front.
The well-posedness and dynamical properties of (1.11) have been investigated
n [11,13,19,20]. Moreover, in [3], the convergence of the solution of (1.4) to
the unique entropy solution of (1.3) is proven.

Observe that from the mathematical point of view, using the approximation
(1.10) for (1.1), the sign of the flow can be both positive and negative and the
power of the flow can be both even and odd. To prove the LP— estimate,
the L°°— estimate is not needed. Moreover, if § = O (52), we prove that
the solution of (1.10) converges to the distributional solution of (1.9) and,
following [10], we also prove the dissipation of energy.

Definition 1. Let u : [0,00) x R — R be a function. We say that u is a
distributional solution of (1.9) if for every test function ¢ € C°°(R?) with
compact support we have that

/ /(uatgo + au"0yp)dtdx + / uo(x)p(0, z)dx = 0.
0 JR R

Math. Model. Anal., 21(2):239-259, 2016.
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We say that u is an entropy solution of (1.9) if for every nonnegative test
function ¢ € C“(Rz) with compact support and every convexr entropy n €
C?(R) with fluz g € C*(R) satisfying ¢'(u) = anu™ 11’ (u) we have that

/°°/ (n(w)0sp + q(u)0p)dtdr + / n(uo(x))p(0, z)dx > 0.
0 JR R

The main result of this paper is the following theorem.
Theorem 1. Let o, a € {—1, 1}, uo : R = R andn € {4,5,6}, m, u € N\ {0}.
m and p are the smallest integers such that 2 (n — 1) < 4m, 2(n—1) < 4p. If
B=0(?), wuoe€ L*R)NL™R), (1.12)

then, there exist two sequences {ek}ren, {Bk ren, with ek, By — 0 and a limit
function u € L>=((0,00); L?(R) N L*™(R)), such that

i) Uey, B, — u strongly in LY ((0,00) X R), for each 1 < p < 4m,
i1) u is a distributional solution of (1.9).

In particular, we have

1) dissipation of energy, that is

2 n+1

Moreover, if

2
o, (u) 2 5, (u™t') <0, in weak sense on (0,00) x R.

B=o0(e?), wupe L*R)NL™R), (1.13)
then,
iv) u € L*>®((0,00); L2(R) N L*(R)),
V) Ug, B, — u strongly in L ((0,00) x R), for each 1 < p < 4pu,
vi) u is the unique entropy solution of (1.9).

The main technical tool of our argument is the following lemma [18].

Lemma 1. Let 2 be a bounded open subset of R?. Suppose that the sequence
{L,}nen of distributions is bounded in W=1°°(£2). Suppose also that

['n = »Cl,n + »C2,na

where {L1.n}nen lies in a compact subset of H;,2(2) and {L2,}nen lies in a
bounded subset of Mioc(£2). Then {Ly}nen lies in a compact subset of H,, ! (£2).

Instead of (1.12), or (1.13), we assume directly
2
B < % (1.14)

As in [3], (1.14) dot not depend on the initial datum. We dot not have a similar
condition in [5,6].
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Observe that m < p. For example, if n = 4, then m = p = 2. Instead, if
n=>5,6, then m =2 and p = 3.

In this paper paper, we analyze the cases n = 4 (see Section 2), n = 6 (see
Section 3) and n =5 (see Section 4). We consider the case n = 6 before the to
n = 5 one, because, in the case n = 5, we use the same estimates for the case
n = 6. We believe that similar arguments can be applied for every n.

The paper is organized in four sections. In Sections 2, 3, 4, we prove
Theorem 1, when n =4, n = 6 and n = 5, respectively.

2 The Korteweg-de Vries equation with flux u*.

In this section, we prove Theorem 1, when n = 4. In this case, (1.1) reads
Opu + ady(u*) + aBo2, u =0, (2.1)

while (1.9) reads
dyu + ady(u) = 0. (2.2)

We augment (2.1) with the initial condition
u(0, ) = up(x),
on which we assume that
ug € L*(R) N L8(R). (2.3)

We study the dispersion-diffusion limit for (2.1). Therefore, we fix two small
numbers e, § and consider the following fourth order approximation

{@ueﬁ + oa?Iugﬁ + aBO3, ue g = D2 uc. g — Bedt e s, t>0, T €R,

e 5(0,7) = ue g o(2), r € R,
(2.4)
where u. g is a C* approximation of ug such that
ue,p.0 = o in Ly, (R), 1 <p <8 ase f—0, 25)
2.5

8 2 2
||u87ﬂ,0||L8(]R) + HUE,B,OHLz(R) +8 Halu&,B,OHL?(R) < Co, &f8>0,

and C is a constant independent on € and f.
With (2.5), we are able to prove i), ii), i) of Theorem 1. To prove iv), v),
vi), we need the following assumption

& Oauc,poll7a@ < Cor &8> 0. (2.6)

Let us prove some a priori estimates on u. g, denoting with Cy the constants
which depend only on the initial data.

Lemma 2. For each t > 0,

t
2 2
et Mgy + 22 | Nowttes ) ey
0 (2.7)

t
+255/0 102, (5. )22 e s < Co

Math. Model. Anal., 21(2):239-259, 2016.
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Proof. Multiplying (2.4) by 2u. g, an integration on R gives
e ey =2 [ s e
=— 804/Ru§756$u5,5dx - 2a6/ Ue g 02, e pdT
+ Zs/RuE,Baiqu,g — 265/ Ue 5Oty pntle 5AT

= — 26 [|9utte (¢, ) Facx) — 28%€ [|02eue (8, )| fogey

that is
IIUs,,B( M2 @y + 22 190t 5 (8 )72 m) +28¢ |07 4ue, 5 (¢ HLz =0. (2.8)

Integrating (2.8) on (0,t), from (2.5), we have (2.7). O

Lemma 3. Assume (1.14). For each t > 0,

4 3 [* 2
lote st Mgy + / lote (5, )Otte (5, ) 2y s

55 (2.9)
€
/ Hus Bg\s )azzus A ||L2(]R) ds < Cp.
Proof. Multiplying (2.4) by ug’ 5 an integration on R gives
1d
e 1 L T2 PRI o (TAPICAR T RGO
+365HU55 )a:cacufﬁ ||L2 (R) (2.10)

:3aﬁ/ug’ﬁ@gug,g@iwusﬁdx—i—256/(8$u573)4dx.
R R

Due to (1.1), (1.14) and the Young inequality,

3 8
3|a\6/ u§)5|8xu5,5 |8§zu5”3|da: = 6/ uaﬂ Ue.B gzuE 302 wugﬁﬂ‘ dx
9
< oC H“e B( ) Ot ,8( )||L2(1R) + HUE,B )8xa:u€ s(t HLZ(]R)
ﬁ
< § l[te,5(t, ) Ozue (2, )HLZ(JR) + 5 Hu&ﬂ )6 Ue,B t")HLz(R)
Therefore, from (2.10), we get
1d
1 lues(t M sy ||usﬁ( )0ztte 5t ) 72wy
(2.11)

+ o Jue s (t, )02, ue st |}L2(R) < 265/(81;%5)4(596.
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To estimate the second term of (2.11), we use the following inequality (see [7,

Lemma 4.2])

[ et < e lueis gy 200 e

for some constant ¢; > 0. Due to (2.8) and (2.12), we have

55/(8 U p) de <Pecy |uep(t, ||L2 H 2Ue,p(t ||L2(]R)
<Cope Hagwufﬁ(tv '>HL2(R)
It follows from (2.11) and (2.11) that
1d
o et My + o e (1, et 1, M
+ 20 e >amue,ﬂ Mgy < CoBe 02,1e 50t )72

(2.5), (2.7) and an integration on (0,t) gives (2.9). O

Lemma 4. For each t > 0,

35
,||u55( )”LS(R) 5/ |12 5(s, ) Opuc p(s HL2 ds

7
BE/HuEﬁ 9021125(5.) |2y 45 < Co.

(2.12)

(2.13)

The proof of the previous lemma is based on the regularity of the functions

ue,g and the following result.

Lemma 5 [Connected Inequality]. We have that

2
/Ruﬁ’ﬁ(axug,g)‘ldx §c—1/uﬁ’ﬁdx/uz’ﬁdx/(agmug,g)zdx

Proof. Consider the auxiliary function
L o

JUes
0720 = (Outic,p)” + e p07,ue

v = 02V = Ue g0z Uc g,

It follows from (2.12) that

/(8zv)4dx < cl/v2dx/(82
R R R

Therefore, from (2.15) and (2.16),

c 2
/Rug’ﬁ(@mug’ﬁ)‘ldxg Zl/Ruéﬁdx/R [(amu€,5)2+ug,g8§zu5ﬁ] dx.

Math. Model. Anal., 21(2):239-259, 2016.
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Due to the Young inequality,

(Dt p)? + e 502 ,ue 5] < 2(Dpucp)* + 2uZ 5(02,ue 8)°.
Thus,

2
/[(azueﬁ)z—’_uaﬁagxu&ﬁ] dx
R

2/(81%,;;)4 +2/ u2 5(0% ue 5) da.
R R
(2.17) and (2.18) give

c
/Ruﬁ,ﬁ(&ug,/g)‘ldx S—l/uﬁ,ﬁdx/(awua,g)‘ldx
/ U, Bd.’]:/ U, ﬁ (9 2 Ue,B d

(2.14) follows from (2.12) and (2.19). O

(2.18)

(2.19)

Proof.  [Proof of Lemma 4] Multiplying (2.4) by u;ﬁ, an integration on R gives

1
7 e (8 )y + 7 [Ju2 s (£ ) Daic (¢ Mo w)

+ 78 |[ug (¢, )%, ue 5(t ||L2(]R (2.20)
:7a6/ ugﬂawu&ﬂ@ixua)gdx + 5665/ ugﬁ(axug,gyldx.
R R

Due to (1.1), (1.14), and the Young inequality

Oy
Tlal3 | 8 sl0ruc 102, ue pldo = 75 | HEo0ees ) | 402, o
73 765 2
S H 2(t,)Oaue p(t HLZ(R) [[ud 5(t, )0z pue t")HLz(R)
755
S iy H“aﬁ )Ozuc p(t HL2(R) [ u (¢, )07 ue (¢ HLZ(R)

Due to (2.7)7 (2.9) and (2.14),
56 / 2 4 (Opte ) e <BCo 02, e 58|22 ey
R

2
—l—CoBEHuEﬁ 02 ue t,-)HLZ(R).
Hence, from (2.20), we gain

1d 35
g i s () sy + =5 2 58 )00 [

765
Huaﬁ )(9 Ue,B t,- HLQ(R)

<ﬂ€Co [0 ste,3 (8 )y + CoBe [lue,pts V0B te (8 )| oy -
(2.13) follows from (2.5), (2.7), (2.9) and an integration on (0,¢). O
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Lemma 6. Assume (2.5). For each t > 0,

38e [*
810st (8 ey + 2y [ 1005,y ds
0 (2.21)

t
2 3 2
+ 25 E/(; Hazza:u&ﬁ(s’ .)HL2(R) ds < Co.
Proof. Multiplying (2.4) by —2802, u. g, integrating on R, we have that
||6 ue p(t, )”Lz )+255H e, p(t HLQ(R
2 (2.22)
+ 2525 Hagmus,ﬁ(ta ')HL2(R) = 80‘5/ ug,ﬂamueﬁazwufﬁdx'
R

Due to (1.1), (1.14), and the Young inequality,

8|Oé|5/ |u§,ﬁarus,ﬁ||agxus,ﬁ|d$:ﬂ/ ‘W laﬁxus,ﬁ’dﬂﬂ
< B2 a1, Pt 0 Wy + 5 1058 ey
< 222 1t 0, My + 5 (02t ey
Then, from (2.22), we obtain that
O Outne 1 ey + 20 020 50 ) e
4287 (|08 gy < o [ (0 I0rtte (1) ey

(2.5), (2.13) and an integration on (0,%) give (2.21). O

Lemma 7. Assume (2.6). For each t >0,

t
. 2
52 ||62?U6,5(t7 ')”12(1&) + 53 /0 ||33mus,a($, ')HL?(R) ds

t (2.23)
2868 /0 10 tte (5, |2y s < Con
Proof. Multiplying (2.4) by —2¢202 u. s, integrating on R, we have
D0t (0, ) aqay + 227 02,100 ) [y + 268 [0 te (1) 2
= 8ae? /Rug’ﬁ&ue)gagwugﬁdx. (2.24)

Due to (1.1) and the Young inequality,

1
8|a|€2/ |u§’ﬁ8mu€,g\|8§mu€,5|dx:2/ ‘452u§’”38xu5,g‘

< 16e HUE B )a US,B HL2 + 53 H ale 5 ||L2(]R)

392
€2 amusﬁ‘ dx

Math. Model. Anal., 21(2):239-259, 2016.
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Therefore, from (2.24) we gain

||a e gt ) 3o ey + € 0201650t )32 g
+26% (|07 4 ue p (¢ HL2(R) < 16¢ [|u? 5(t, )0pue p(t HL2 (R)
(2.5), (2.13) and an integration on (0,t) gives (2.23). O

We begin by proving the following result.

Lemma 8. Assume that (1.12), (2.3) and (2.5) hold. Then for any com-
pactly supported entropy-entropy flux pair (n, q), there exist two sequences
{ek}ren, {Bktren, with ek, B — 0 and a limit function ue L>((0, 00); L2(R) N
LE(R)), such that

((0,00) X R), for each 1 < p < 8, (2.25)

u 1S a distributional solution of .

p
Uey, Br —u in Ll()('

Moreover,

u? 4o 5 )
Oy > + ?&C (u”) <0, in weak sense on (0,00) x R. (2.26)

Proof. Let us consider a compactly supported entropy—entropy flux pair (7, q).
Multiplying (2.4) by 7’ (ue ), we have
Oy (ue,p) + a02q(ue,p)
=€ (UE ﬂ)amxu€ B — 6677 (uE 5)ammxzu€ B a’ﬁn (UE ﬁ)azmmuﬁ B
=lhe,ptl2e8+I3e,p+ a8+ 1568+ Lo,c,
where
Lie,p = 0u(en (ue,p)Outic p), In,c,p = *677//(’&5,;3)(395“5,5)2,
Iy, p = —0u(Ben (ue,5)0agie,6), Lu,e, 5 = Ben (ue,p)Outtc, 505 0ptie, 5, (2:27)
I5,E,ﬁ = - x(aﬂn (Us,ﬁ)azzus,ﬂ)» IG,E,B = aﬁnn(us,ﬁ)amus,ﬂagggus,ﬁ~

Fix T > 0. Arguing as in [2, Lemma 3.2], we have that I; . 3 — 0 in
H7Y(0,T) x R) and {I2 < g}ec g>0 is bounded in L'((0,T) x R). We claim
that

I3cs—0 in H'((0,T) xR), T >0, as ¢ — 0.

By (1.1) and Lemma 6,
aBen (e )0 atte s a0y
< B2 0l ey 1025 | 2 0.y my < ol ey € = 0.
We have that
{I4,c g}ep>o0 is bounded in L'((0,T) x R), T > 0.
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By Lemmas 2, 6 and the Holder inequality,

"5577”(ua,ﬁ)aquﬁagmuaﬁHLI((O,T)xR)

T

< B iy | ] 100t ol 02 e

< fe Hn”HLOO(R) Haﬂ@uEﬁHLZ((O,T)x]R) HagﬂwufaﬁHL?((O,T)x]R) < Co ””HHL“’(R) :
We have that

Is.c.5 —0 in H'((0,T) xR), T >0, as ¢ — 0.

By (1.1), (1.12) and Lemma 6,

2 2
Haﬁn/(ua,ﬁ)azxus,ﬁHL2((07T)><R) < 52 ||77/HL°°(]R) ||a§mu€,ﬁHL2((o7T)x]R)

_ P

2
- ”n/”LOO(]R) ||a§xu5a/3“L2((0,T)><R)

< D0 10w < Coll iy = = O
We show that
{Is,c. g}ep>o0 is bounded in L'((0,T) x R), T > 0.
By (1.1), (1.12), Lemmas 2, 6 and the Holder inequality,
}|aﬂn”(us,ﬁ)&cusﬁaﬁzueﬁHLl((o,T)XR)

T
< B0 oy / / Ostte 51102,z 5|t

Be 2
< = ||77”||Loo(JR) ||azusﬁHLz((0,T)xR) ||afﬂru515HL2((0,T)><]R)
B3
< ?Co 17| oo ) < Co 17" oo () -
Therefore, (2.25) follows from Lemmas 2, 4, 1 and the LP compensated com-
pactness of [21].

We begin by proving that w is a distributional solution of (2.2). Let ¢ €
C?(R?) be a test function with compact support. We have to prove that

/OOO/]R (w0 + au*d, ) dx + /RUO(xW(O,x)dw —0. (2.28)

We define uy, := uc,, g,, then we have

/OO/ (urd + auy0,¢) dtdx + / ug, k()p(0, x)dx
o Jr R

= —¢k / / ur 02, pdtdr+Prey / / Up Oty Ddtdz— By, / / up0,, ddtda.
0 JR 0 JR 0 JR

Math. Model. Anal., 21(2):239-259, 2016.
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Therefore, (2.28) follows from (2.3) and (2.25).
We conclude by proving (2.26). Multiplying (2.4) by u. g, we have

8 UE,B 4aa 5 _ 82
t 9 + ? w(ua,,@> = €U, B0z Ue,B

- ﬁeug’gc‘?ﬁzmug,g — aﬂus,gﬁgmuswg. (2.29)

Let ¢ € C°((0,00) x R) be a non-negative test function. Fix T > 0. Multi-
plying (2.29) by ¢, we get

[ (%)

B + —8 (u sﬁ)] pdtdxr = 5/ /ue 502 ue podtdr

o
—65/ /uS,BG;lmmuE,ggbdtda:—aﬁ/ /ug,gaimugﬁqﬁdtdx

= —6/ / Oz e 8) qutdm—s/ /ua 80z Ue g0y Pdtdx
— 55/ / 2Ue,B) 2pdtdx — 55/ /5‘ Ug 5amus 30z pdtdx

+ﬂ€/ /usﬁaimusﬂaxqﬁdtdm—&—aﬂ/ /ueﬁﬁﬁwusﬂamd)dtdx
0o Jr o Jr

+a6/ /aiug,gaimuaﬁqbdtdx.
0o JR

Observe that

aﬂ/ /(%ueﬁaixusﬂgbdtdzf 77/ / (Opuc 5)? 0 pdtda. (2.31)
0 JR

It follows from (1.1), (2.30), (2.31) that

o u? 4o
e, i 5
/O/R[at( =0) 4 200, (2 )| ot
<[ [ | [ 0:uepli02 e slo. s
0 JR 0 JR

(&9} (o9}
w82 [ [ luesllobueslooldtds + 5 [ [ fuesl|02uesli0s0ldrdo
0 JR 0 JR

> 2
+B/0 /R(axus,ﬁ) |0, ¢|dtdx

< €029l o ((0,00) xR U8l L2 0,7y xr) 02 8ll L2 (0.7 xR)

(2.30)

2
+ Be 1029l Loo ((0,00)xR) 19,81l L2 (0,7 <) Hamusﬁ||L2((o,T)xR)

3
+ Be 1029l oo ((0,00) xR) H“aﬁ”m((o,T)xR) ||am¢$u575||L2((O,T)><R)
+ Bl102@ll Lo (0,00) xRy IIte.8

| L2((0,7)xR) HaiwufaﬁHLz((o,T)xR)

2
+ B0 @l Loo ((0,00) xr) 10tie,8ll72((0.7) k) -
(2.32)
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We prove that

€ ||81¢HL<>C((0,00)><]R) ”u&ﬁ”L?((QT)XR) ”arus,ﬁ |L2((O,T)><R) — 0.

Due to Lemma 2,

|L2((O,T)><]R) ||8I“E,B||L2((0,T)xﬂ{)
1
< Co\/fHax¢||Loo((o,oo)xR) ez = 0.

€ 1020l oo ((0,00) xRy IIte,8

We have that
Be 19l Loo ((0,00) xR) Ha:rue,6||L2((o,T)xR) Hagmufﬁum((om)xm) —0.
Due to Lemmas 2 and 6,
pe ||aw¢||L°°((0,oo)><]R) ||693u6,5||L2((0,T)><JR) Hagwu&ﬂHL’z((o’T)XR)
1
< Co ||8z¢||Loo((o,oo)xR) gz = 0.
We get
pe ||3ac¢||Loo((o,oo)xR) Hueﬁ”m((o,T)xR) HagxwuvaHLz((O,T)xR) — 0.
Again by Lemmas 2.7 and 6,
3
e ||am¢||Loo((o,oo)xR) ||u5w3||L2((O,T)><R) Hamm“EﬁHL?((o,T)xR)
1
< Co 1029l o< ((0,00) xr) €2 = O-
We show that
0.

2
BlIO0 Nl oo ((0,00) xr) 18]l L2 0,7y xR) HaIIuE»BHL2((O,T)><R) -

By (1.12) and Lemmas 2, 6,

2
B0zl 120 ((0,00) xR) HUE’BHLQ((QT)XR) Ham”aBHLz((o,T)xR)

1

B2
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(2.33)

(2.34)

(2.35)

(2.36)

< CoVT (1028l e ((0,00)x) —1 < COVT 102l e (0,00 ) €2 = O-

1
£2

We have that

B9l Lo (0,00) xR 105tte,81 72 (0,7 xRy = O-

From (1.14) and Lemma 2

2
B Ham¢||L°°((0,oo)><R) Hazu&ﬂ”[,?((o,T)XR) < C052 ||81¢HL°O((0,00)><R)

X H&xug,gﬂiz((oj)x]}g) < Co Haﬁr(b“L‘X’((Opo)XR) e—0.

(2.37)

It follows from (2.25), (2.32), (2.33), (2.34), (2.35), (2.36) and (2.37) that

/OOO/]R [& <u22) + %aax (uf’)} <0,

Following [17], we prove the following result.

that is (2.26). O

Math. Model. Anal., 21(2):239-259, 2016.



252 G.M. Coclite and L. di Ruvo

Lemma 9. Assume (1.13), (2.3), (2.5) and (2.6) hold. Then for any com-
pactly supported entropy-entropy flux pair (n, q), there exist two sequences
{ek}ken, {Bk tren, with ek, Br — 0 and a limit function

u € L=((0,00); L*(R) N L¥(R)),
such that (2.25) holds and u is the unique entropy solution of (2.2).

Proof. Let us consider a compactly supported entropy-entropy flux pair (), q).
Multiplying (2.4) by 1’ (ue ), we have
O (ue,p) + adzq(uz,p)
:577/(%,6)33:3:“6,5 - 5577/(%,13)3;1“35“675 - aﬂn/(usﬁ)aimmuﬁﬁ
=l p+ 10,8+ 13,8 1a,c,6+ 15,6, + Lo,c, 5

where I1 ¢, 8, I2,c. 8, I3, . 8, Ia,e, 8, I5,c. 8, L6, g arve defined in (2.27).

Fix T > 0. Arguing as Lemma 8, we have that I; . 5 — 0in H~((0,7)xR)
and {Is c g}ep>0 is bounded in L*((0,T) x R), I3 .. s — 0 in H~((0,7) x R)
and I5 . 3 — 0in H *((0,T) x R). We claim

Iic.s—0 in LY(0,7) x R), T >0, as ¢ — 0.
By (1.13), Lemmas 2, 7 and the Holder inequality,

[Ben” (e, 5)0tc 507 e 5 HLl((o,T)xJR)

B3 r
< ||77//||L00(R) |8Ius,5||§2mu5,g|dtdm
€2 0 JR

ﬁf?% 3
-1 ”nHHL‘X’(R) ||azu€»5”L2((0,T)><R) ||amac“6ﬁ”L2((o,T)xR)

<

1

< Collmqey 2y < Co ey % =0
We have that
Is.c.5 — 0 in L'((0,T) x R), T >0, as ¢ — 0.
From (1.1), (1.13), Lemmas 2, 7 and the Holder inequality,

Haﬁn”(ugﬁ)azu&g@iwug,g ||L1((0,T)><]R)

T
< B e / / 1O t1e 102, e pdi

Be
< = HU"HLOO(R) [0z e 5 |L2((0,T)xR) ||a§3?u575||L2((0,T)><R)

1

52
< ?CO HUHHLoc(R) — 0.

Therefore, (2.25) follows from Lemmas 2, 4, 1 and the LP compensated com-
pactness of [21].
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We conclude by proving that u is the unique entropy solution. Let us con-

sider a compactly supported entropy-entropy flux pair (1, ) and ¢€C?((0,

R) a non-negative function. Fix T > 0. We have to prove,

/ °°/ (Om(u) + Bpg(u))bdtda < 0.
0 R

Due to (1.1), we have

/ Oo/ (Oen(ur) + Ozq(ur)) pdtdx

—€k/ /8 (ug)Ozur) (i)dtdfc—ek/ / (ug) (O uk) odtdx

00) X

(2.38)

*ﬂ]@?k/ /8 uk wm )(f)dtdl‘Jrﬂk&k/ / uk (9 ukﬁmxukgbdtdx

—aﬂk/ /8 (ug)02, up, ¢>dtdx+aﬁk/ /n"(uk)al.ukaizukdtdm
—€k/ / (ug)Optus Oy qbdtdx—i—ﬁkgk/ / (ug)02, up0yppdtdz
s [ v mdtde — iy [ [ of )0, w00z

+ afy AwAn”(uk)amukagmukdtdx

< €k ”’r/HLOC((O,oo)x]R) ||aﬂ?uk||L2((0,T)><R) ||3m¢||L2((o,T)><]R)

+ Bk 11"l Lo (0,00 xR) Hagmu’fHLz((o,T)XR) 1020l L2 0,7y xm)

+ Brek Hn”HLoo((o,oo)xR) 181l 120 ((0,00) xR) ||a$ukagﬂm’uk||L1((O,T)><]R)
+ B 10| L= ((0,00)xR) ||aﬂ%ruk||L2((O,T)><]R) 10211 2 (0, xRy

+ B ||77H||L°°((0,oo)><R) 1l oo ((0,00) xR) HaxukaiﬂﬂukHLl((O,T)xR) :

(2.38) follows from (1.13), (2.25) and Lemmas 2 and 7. O

Proof.  [Proof of Theorem 1.] Theorem 1 follows from Lemmas 8 and 9.

3 The Korteweg-de Vries equation with flux .
In this section, we Theorem 1 when n = 6. In this case, (1.1) reads
Opu + ady (ub) + aB u =0,

while (1.9) reads
Ou 4+ ady (ub) = 0.

We augment (3.1) with the initial condition
u(0, ) = uo(z),

Math. Model. Anal., 21(2):239-259, 2016.
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on which we assume (2.3), or
ug € L*(R) N L'*(R). (3.3)

We study the dispersion-diffusion limit for (3.1). Therefore, we fix two small
numbers ¢, § and consider the following fourth order approximation

Oy, p+0dy (ul 5)+af03, ue p=e02 uc p— Py, puie s, t>0, T ER,
ue,3(0,2) = ue,p0(), r €R,

(3.4)
where u. g is a C°° approximation of ug, on which we assume (2.5), or
(R),1<p<12,ase 8 —0,

Tom &2 10ue s

Ue, 8,0 — Up in Lloc

(3.5)

2‘(R)§CO7 5a5>07

12
||Ua,ﬁ,0||L12(R)
and Cj is a constant independent on € and (.

Remark 1. Since

6/ ugﬁamus_ﬂdx = 6/ ufﬁaxus’ﬁd:c = 6/ u;i@@musﬁdaz =0,
R R R

for (3.1), L?—, L*—, L®— norms are conserved.

Lemma 10. Assume (2.5). For each t >0, (2.21) holds.
Proof. We multiply (3.4) by —2392 u. s and argue as in Lemma 6. O

Lemma 11. Assume (3.5). For each t > 0,

55¢ [* 2
H eB( )||L12(]R 7/ Hug,ﬂ(sa')awue,ﬁ(sa')HLz(R) ds

11
ﬂs/ u? , )02, ue p(s HL2 < .

The proof of the previous lemma is based on the regularity of the functions
ue g and the following result.

(3.6)

Lemma 12 [Connected Inequality]. We have that

/ 5(Onuc p) dac<—/ Eﬁdac/ Eﬁdac/ Eﬂdac/@ Ue,3
4
~a / Eﬁdaz/ Eﬁdaz/ Bmusﬁ )2dzx
80% 6 2 2 2
+— ueﬁd:v ueﬁdm (Qwug,g) dx

201
’U’S,ﬂdm/ é,ﬂ aar:cuaﬁ d

(3.7)
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Proof. Consider the auxiliary function

1
v = 3 25, 0,0 = ugﬁaxuag, aizv = 2us75(8xu5,5)2 + uﬁﬁaizueﬁ. (3.8)
It follows from (2.12) that

/R(ﬁwv)‘ldm < cl/Rv2dx/R(8§zv)2da:. (3.9)

Therefore, from (3.8) and (3.9),

/}Ruf,ﬁ(azue,ﬁ)4d$§%/Rug,ﬁdﬂﬁ/R (205 (Duic 5) 2402 502,uc 5] da. (3.10)
Due the Young inequality,

2
[2u575(8zu575)2 + Uz,ﬁaixue,ﬂ] < 8“25(@%,5)4 + 2“3,5(83xue,/3)2~
Again by the Young inequality,

/R[Que,g(&ug,g) +u€56 Ue, ] dx
< S/Ruiﬁ(@wusﬁ)‘ldx+2/Ru§7ﬁ(8§wusﬁ)2dx (3.11)
<8 /R ul 5(Opuc ) de +8 /R (Optic ) da + 2 /]R ul 5(02 uc p) da

(3.10) and (3.11) give
/Ruf,ﬁ(awua,g)‘ldx < 89£ ugﬁdm/ ug’@(&;ugﬁ)‘ldx

861 a,@d‘x/aué‘ﬁ dl‘—i—i/ Eﬂdx/ 8,@8 Ue,p d

(2.12), (2.14) and (3.12) give (3.7). O

(3.12)

Proof. [Proof of Lemma 11] Multiplying (2.4) by ulls, integrating on R, we
have that
1d

12dt | e 6( ) ”le + 11e ||ue B ;) Or e B ||L2(]R)
2
+115e [[u 4(t, )0, ue t")HL2(R) (3.13)
:11aﬁ/u;?ﬂﬁxug,gaizueygdx+33055/ufﬁ(azus,g)‘de.
R R

Thanks to (1.1), (1.14) and the Young inequality,

Oy
11|a|ﬁ/ 658 Ug 55‘mus pdr = llﬁ/ M 5%u§7683mu575’d:c
11 11
e T RS ﬁu 21021 50 [
11 11
= 76 [u2 5(t, ) Dauc 5t HL2(R) + i [u2 5(t, ) 0%, ue 5 (1, ')HL2(R)-
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Observe that, from (2.9), (2.13) and the Young inequality,

/R 8 5z < 1 o s saqay + 5 e st ) ey < o (3.14)

Hence, due to (2.7), (2.9), (12) and (3.14),
/]R (8 Uge 5) dx <Cyfe ||8m,ug 5 HLZ(]R
2
+COBEHU&:B )6 Ue,p t’.)HLz(R)
+Coﬁs/u§)5(8§wusﬁ)2dx.
R

Therefore, the Young inequality, an integration on (0,t), (2.7), (2.9), (2.13),
and (3.13) give (3.6). O

Lemma 13. Assume (3.5). For each t > 0, (2.23) holds

Proof. From (1.1), the Young inequality and (3.6), arguing as in Lemma 7,
we have (2.23). O

We begin by proving the following result.

Lemma 14. Assume that (1.12), (2.3) and (2.5) hold. Then for any com-
pactly supported entropy-entropy flux pair (n, q), there exist two sequences
{ek}ren, {Brtren, with ek, B — 0 and a limit function ue L>((0, 00); L2(R) N
L3(R)), such that (2.25) holds and u is a distributional solution of (3.2). More-
over,

u? 6a 7 .
Oy - )t 7&6 (u") <0, in weak sense on (0,00) x R. (3.15)

Proof. We consider a compactly supported entropy-entropy flux pair (n,q),
multiply (3.4) by 1’ (ue ), argue as in Lemma 8 and have (2.25), u is a distri-
butional solution and (3.15). O

Lemma 15. Assume (1.13), (3.3) and (3.5) hold. Then for any compactly
supported entropy-entropy fluz pair (n, q), there exist two sequences {ek }ren,
{Br}ren, with e, B — 0 and a limit function

u € L*((0,00); L*(R) N L**(R)),
such that

p
Uey,, B, 7 U in Lloc

0,00) X R), for each 1 < p < 12,
((0,00)

u is the unique entropy solution of (3.2).

(3.16)
(3.17)

Proof. We consider a compactly supported entropy-entropy flux pair (7, q),
multiplying (3.4) by 7'(ue ), argue as in Lemma 9 and get (3.16) and (3.17).
O

Proof.  [Proof of Theorem 1.] Theorem 1 follows from Lemmas 14 and 15. O
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4 The Korteweg-de Vries equation with flux u’.

In this section, we Theorem 1 when n = 5. In this case, (1.1) reads
opu + ady(u®) + aBo2 . u =0, (4.1)

while (1.9) reads
Osu + ady(u®) = 0. (4.2)

We augment (4.1) with the initial condition
u(0, ) = uo(x),

on which we assume (2.3), or (3.3).
We study the dispersion-diffusion limit for (4.1). Therefore, we fix two small
numbers €, § and consider the following fourth order approximation

3tu573+a8w(u;:_’_ﬂ)—|—aﬂ8£mu575:£8§wu875—6€6§zmu5,5, t>0, z €R,
Ugﬁ((),l‘) = ut‘,ﬁ,o(x)a zeR,
(4.3)
where u. g0 is a C* approximation of ug, on which we assume (2.5), or (3.5).

Remark 2. Since
5/ ug’vﬁaxue,gdm = 5/ ugﬁaxugﬁdx = 5/ ui}ﬁ&cuawgdaj =0,
R R R

for (4.1), the L?, L*, L® norms are conserved. Moreover, assuming (3.5), since

5/ u;%@musﬂdx =0,

R

for (4.1), the L'? norm is also conserved.

Lemma 16. Assume (2.5). For eacht >0, (2.21) holds.

Proof. We multiply (4.3) by —2392 u. 3 and argue as in Lemma 6. O
Lemma 17. Assume (3.5). For eacht >0, (2.23) holds.

Proof. From (1.1), the Young inequality, (2.13), (3.6), arguing as in Lemma 7,
we have (2.23). O

We begin by proving the following result.

Lemma 18. Assume that (1.12), (2.3) and (2.5) hold. Then for any com-
pactly supported entropy-entropy flux pair (n, q), there exist two sequences
{ek}ren, {Brtren, with ek, B — 0 and a limit function ue L>((0, 00); L2(R) N
L8(R)), such that (2.25) holds and u is a distributional solution of (4.2). More-
over,

8,5(&) + %O‘aw (uﬁ) <0, in weak sense on (0,00) x R. (4.4)

Math. Model. Anal., 21(2):239-259, 2016.
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Proof. Let us consider a compactly supported entropy-entropy flux pair (7, q).
Multiplying (3.4) by 7’ (ue ), we have

9 (ue,p) + a0zq(ue,p)
:57]’(1457,3)812.3:145,5 - ﬂsn/(ufﬁ)aia:xwu&ﬁ - a’ﬁnl(u&ﬁ)agqu&ﬂ
=l eptloeptiseptlscptIsestlecs

where I . g, I2.¢,8, I e, 85 1a,¢,8, I5 e, 8; L6, p ave defined in (2.27). Arguing
as in Lemma 8, we get the proof. 0O

Lemma 19. Assume (1.13), (3.3) and (3.5) hold. Then for any compactly
supported entropy-entropy flux pair (n, q), there exist two sequences {ex }ren,
{Bk }ren, with ek, Br — 0 and a limit function u € L>=((0,00); L*(R)NL*2(R)),
such that (3.16) holds and w is the unique entropy solution of (4.2).

Proof. Let us consider a compactly supported entropy-entropy flux pair (n, q).
Multiplying (3.4) by 7’ (ue ), we have

In(ue,p) + a0zq(ue,p)
:5U/(U6,B)a§xusﬁ - ﬂgn/(uaﬁ)airxzuaﬁ - aﬂn/(u&ﬁ)agmrueﬁ
=l eptloeptiseptlseptIsestlecs

where It ¢ g, Io.c g, I3, ¢, 8, 14,2, 8, I5 e, 8, L6, e, p are defined in (2.27). Arguing
as in Lemma 9, we get the proof. O

Proof. of Theorem 1. Theorem 1 follows from Lemmas 18 and 19. O

References

[1] F. M. Christ and M. I. Weinstein. Dispersion of small amplitude solutions of
the generalized Korteweg—de Vries equation. Journal of Functional Analysis,
100(1):87-109, 1991. http://dx.doi.org/10.1016/0022-1236(91)90103-C.

[2] G. M. Coclite and L. di Ruvo. Convergence of the Ostrovsky equation to the
Ostrovsky—Hunter one. Journal of Differential Equations, 256(9):3245-3277,
2014. http://dx.doi.org/10.1016/j.jde.2014.02.001.

[3] G. M. Coclite and L. di Ruvo. Convergence of the Kuramoto-Sinelshchikov
equation to the Burges one. Acta Appl. Math., 2016.

[4] G. M. Coclite and L. di Ruvo. A note on the convergence of the solutions
of the Camassa—Holm equation to the entropy ones of a scalar conservation
law.  Discrete and Continuous Dynamical Systems, 36(6):2981-2990, 2016.
http://dx.doi.org/10.3934/dcds.2016.36.2981.

[6] G. M. Coclite and L. di Ruvo. Singular limit problem for conservation laws
related to the Kawahara equation. Bull. Sci. Math., 2016.

[6] G. M. Coclite and L. di Ruvo. Singular limit problem for conservation laws
related to the Kawahara Korteweg—de Vries equation. Netw. Heterog. Media.,
2016.


http://dx.doi.org/10.1016/0022-1236(91)90103-C
http://dx.doi.org/10.1016/j.jde.2014.02.001
http://dx.doi.org/10.3934/dcds.2016.36.2981

Convergence of Solution for Korteweg-de Vries Type 259

[7] GM. Coclite and K.H. Karlsen. A singular limit problem for con-
servation laws related to the Camassa—Holm shallow water equation.
Communications in Partial Differential FEquations, 31(8):1253-1272, 2006.
http://dx.doi.org/10.1080/03605300600781600.

[8] A. Cohen. Existence and regularity for solutions of the Korteweg—de Vries
equation. Archive for Rational Mechanics and Analysis, 71(2):143-175, 1979.
http://dx.doi.org/10.1007 /BF00248725.

[9] R. Cote. Large data wave operator for the generalized Korteweg—de Vries equa-
tions. Differential Integral Equations, 19(2):163-188, 2006.

[10] C. de Lellis, F. Otto and M. Westdickenberg. Minimal entropy conditions for
Burgers equation. Quarterly Applied Mathematics, 62(4):687-700, 2004.

[11] C. Foias, B. Nicolaenko, G.R. Sell and R. Temam. Inertial manifolds for the
Kuramoto—Sivashinsky equation and an estimate of their lowest dimension. Jour-
nal de Mathematiques Pures et Appliquees, 67(3):197—-226, 1988.

[12] D. J. Korteweg and G. de Vries. XLI. on the change of form of long
waves advancing in a rectangular canal, and on a new type of long sta-
tionary waves.  Philosophical Magazine Series 5, 39(240):422-443, 1895.
http://dx.doi.org/10.1080,/14786449508620739.

[13] Y. Kuramoto. Diffusion-induced chaos in reaction systems.
Progress  of  Theoretical — Physics  Supplement, 64:346-367, 1978.
http://dx.doi.org/10.1143/PTPS.64.346.

[14] Y. Kuramoto and T. Tsuzuki. On the formation of dissipative structures in
reaction—diffusion systems: Reductive perturbation approach. Progress of The-
oretical Physics, 54(3):687-699, 1975. http://dx.doi.org/10.1143/PTP.54.687.

[15] Y. Kuramoto and T. Tsuzuki. Persistent propagation of concentration waves in
dissipative media far from thermal equilibrium. Progress of Theoretical Physics,
55(2):356-369, 1976. http://dx.doi.org/10.1143/PTP.55.356.

[16] P. Lax and C.D. Levermore. The zero dispersion limit for the Korteweg de Vries
KdV equation. Proceedings of the National Academy of Sciences, 76(8):3602—
3606, 1979.

[17] P. G. LeFloch and R. Natalini. Conservation laws with vanishing nonlinear
diffusion and dispersion. Nonlinear Analysis: Theory, Methods € Applications,
36(2):213-230, 1999. http://dx.doi.org/10.1016,/S0362-546X(98)00012-1.

[18] F. Murat. L’injection du cone positif de H~! dans W19 est compacte pour
tout ¢ < 2. J. Math. Pures Appl. (9), 60(3):309-322, 1981.

[19] B. Nicolaenko and B. Scheurer. Remarks on the Kuramoto—Sivashinsky
equation. Physica D: Nonlinear Phenomena, 12(1):391-395, 1984.
http://dx.doi.org/10.1016/0167-2789(84)90543-8.

[20] B. Nicolaenko, B. Scheurer and R. Temam. Some global dynami-
cal properties of the Kuramoto—Sivashinsky equations: nonlinear stability
and attractors.  Physica D: Nonlinear Phenomena, 16(2):155-183, 1985.
http://dx.doi.org/10.1016/0167-2789(85)90056-9.

[21] M.E. Schonbek. Convergence of solutions to mnonlinear dispersive equa-
tions. Communications in Partial Differential Equations, 7(8):959-1000, 1982.
http://dx.doi.org/10.1080,/03605308208820242.

[22] G.I. Sivashinsky. Nonlinear analysis of hydrodynamic instability in laminar

flames — i. derivation of basic equations. Acta Astronautica, 4(11):1177-1206,
1977. http://dx.doi.org/10.1016,/0094-5765(77)90096-0.

Math. Model. Anal., 21(2):239-259, 2016.


http://dx.doi.org/10.1080/03605300600781600
http://dx.doi.org/10.1007/BF00248725
http://dx.doi.org/10.1080/14786449508620739
http://dx.doi.org/10.1143/PTPS.64.346
http://dx.doi.org/10.1143/PTP.54.687
http://dx.doi.org/10.1143/PTP.55.356
http://dx.doi.org/10.1016/S0362-546X(98)00012-1
http://dx.doi.org/10.1016/0167-2789(84)90543-8
http://dx.doi.org/10.1016/0167-2789(85)90056-9
http://dx.doi.org/10.1080/03605308208820242
http://dx.doi.org/10.1016/0094-5765(77)90096-0

	Introduction
	The Korteweg-de Vries equation with flux u4.
	The Korteweg-de Vries equation with flux u6.
	The Korteweg-de Vries equation with flux u5. 
	References

