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Abstract. In this paper, we propose a mixed generalized Laguerre-Legendre pseu-
dospectral method for non-isotropic heat transfer with inhomogeneous boundary con-
ditions on an infinite strip. Some properties about the mixed generalized Laguerre-
Legendre approximation are established. By reformulating the equation with suitable
functional transform defined on an infinite strip, a mixed Laguerre-Legendre pseu-
dospectral scheme is constructed. Its convergence is proved. Numerical results are
presented to demonstrate the efficiency of this new approach and to validate our
theoretical analysis.
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1 Introduction

Spectral methods have been successfully used for numerical simulations of var-
ious problems in science and engineering, see [1,2,3,7,20]. Typically, Fourier
spectral methods are used for periodic problems, and the Legendre and Cheby-
shev spectral methods are used for problems defined on bounded domains. For
problems on unbounded domains, some authors also studied Hermite and La-
guerre approximations, see [4,5,6,8,9,12,13, 14,17, 18,19, 21, 23, 26, 27, 28].
Recently, Guo and Zhang [16], Wang [25] considered the spectral method for
differential equations of degenerate type, by using the following scaled gener-
alized Laguerre functions
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which are mutually orthogonal with the weight function x®. By adjusting
the parameter « properly, we can derive simple alternative Galerkin varia-
tional formulations, which could be approximated directly and implemented
easily. Moreover, the adjustable parameter [ offers great flexibility to match
the asymptotic behaviors of exact solutions at infinity. It is noted that Shen [19]
used such system with @ = 0 and 8 = 1 for solving one-dimensional differential
equations.

In this paper, we consider the non-isotropic heat transfer in an infinite strip.
A straightforward approach is to truncate the infinite strip into a sufficiently
large subdomain and impose certain artificial boundary conditions. However,
generally it is difficult to find an accurate and effective boundary condition. By
using the fact that Laguerre functions are defined over infinite long intervals,
the authors proposed a mixed generalized Laguerre-Legendre spectral method
for solving this problem, see [25]. In practical computation, pseudospectral
methods are more preferable since we only need to evaluate unknown functions
at the interpolation nodes. In particular, it is much easier to deal with nonlinear
heat transfer process.

The aim of this paper is to develop the mixed generalized Laguerre-Legendre
pseudospectral method for non-isotropic heat transfer in an infinite strip, by
using the Legendre interpolation in the direction of finite length, and the gen-
eralized Laguerre function interpolation in the infinite long direction. Rigorous
error estimates on the Jacobi interpolation and generalized Laguerre interpo-
lation were well established, see [15,24]. It is well known that the solutions of
heat transfer process decay very fast as x — oco. Thus it is more appropriate
to take the Laguerre functions e%ﬁmﬁl(a’ﬁ )(x) as the basis functions for this
type of problems so that the asymptotic behavior of the solutions can be bet-
ter fitted. Moreover, the use of scaled generalized Laguerre functions lead to
much simplified analysis, more precise error estimates. Wang [21] studied the
generalized Laguerre spectral method for Fisher’s equation on a semi-infinite
interval, Wang [22] also investigated a mixed spectral method for heat trans-
fer with Neumann boundary condition in an infinite strip by reformulating the
equation with suitable functional transform. Follow a similar idea as in [21,22],
we shall reformulate heat transfer with inhomogeneous Dirichlet boundary con-
ditions to some alternative forms with homogeneous boundary conditions im-
posed on some parts of the boundary with suitable functional transform defined
on an infinite strip. At the same time, the auxiliary function may also simulate
the asymptotic behaviors of the solution of heat transfer. Then, we construct a
mixed Laguerre-Legendre pseudospectral scheme for non-isotropic heat transfer
in an infinite strip. We establish some basic results on this mixed Laguerre-
Legendre approximation, from which the convergence of proposed scheme fol-
lows. We also design an efficient algorithm for implementation and present
some numerical results to validate the efficiency of this approach.

This paper is organized as follows. In Section 2, we recall some basic for-
mulas for Laguerre approximation, Legendre approximation and the mixed
Laguerre-Legendre interpolation approximation. Then we construct the mixed
Laguerre-Legendre pseudospectral scheme for non-isotropic heat transfer, in-
vestigate two useful mixed orthogonal projections, which play important roles
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in the numerical analysis of spectral methods for various differential equations
in an infinite strip. The convergence of proposed schemes are proved in Sec-
tion 3. We present a numerical example to demonstrate the high accuracy
of proposed algorithm in Section 4. The final section is for some concluding
remarks.

2 Mixed Laguerre-Legendre Interpolation

In this section, we recall the basic results on the mixed Laguerre-Legendre
interpolation.
2.1 Laguerre Interpolation

We first consider the one-dimensional Laguerre-Gauss-Radau interpolation.
Let A = {z |0 < 2 < oo} and x(z) be a certain weight function. For in-
teger r > 0,

H(A) ={ u|uis measurable on A and [[ul[, 4 < 00},

equipped with the following inner product, semi-norm and norm
wo)ena= ¥ [ Su@oko@n(as
0<k<r

1
|7‘>X7 (U U’)r XA

iy /A (@ru(@)Px(@)dr, |

In particular, H(A) = L2(A), with the inner product (u,v)y 4 and the norm
[|u||y,a. We omit the subscript x in the notations whenever x(z) = 1.

Let wa p(7) = 2% % a > —1,3 > 0. Especially, ws(r) = wp g(z) = e 2.
The scaled Laguerre polynomial of degree [ is defined by

ll ﬁT@l( l —ﬁT)

To design proper pseudospectral method for heat transfer, we use the Laguerre
functions as

L (z) = e L0) (), 1=0,1,2,

The set of [:l(ﬁ)(x) is a complete L?(A)-orthogonal system (cf. [16]).
For any positive integer N Pn(A) stands for the set of all polynomials

of degree at most N. Let fRNA ., 0 < j < N, be the zeros of polynomial

x@xﬁggil(:ﬂ), which are arranged in ascending order. Denote by w%gg\, A0 0
j < N, the corresponding Christoffel numbers such that

N
/¢ z)wp(z Z¢ %33\/'/1] w%a)NA]v Vo € Pan(A). (2.1)

Jj=0
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- ®
Furthermore, let fgg\,’/w = 51(53\,,/1,]- and @553\,7/17]» = Prinag wgg\,,/‘,j. We also

introduce the following discrete inner product and norm,
N ~ ~ 1
(w0)n g0 =D ulin a0 Eina BN age ullvpa = (),
§=0
Next, we set Qn g(A) = { e~ 277 | 1 € Py(A)}. Let A = AU {x = 0}. For

any u € C(A), the Laguerre-Gauss-Radau interpolation Zg n g au € Qn (A)
is determined by

fR,N,ﬁ,Au@@v,A,j) =u(€ N a;). 0<j<N. (2.2)

In the forthcoming discussions, we denote by ¢ a generic positive constant which
does not depend on M, N, 8 and any function.

In order to obtain precise error estimates of pseudospectral method for the
first boundary values problems, we introduce the following orthogonal projec-
tion. For this purpose, let

oH'(A) = {u | u € H'(A) and u(0) = 0}, 09N 3(A) = oHY(A)N On g(A).

The orthogonal projection: OP]{,”B’A toHY(A) = ¢0Qn 5(A) is given by

(am(OPI{I,B,Au - u)v az¢)/l =0, Voge OQN,B(A)-

Following the same line as in the proof of Lemma 2.2 of [13], we have that,
if ue oH'(A), 8 (e2P%u) € L2 (A), integer r > 1 and » < N + 1, then

Wr—1,8

103 (0 Py g, 4t — u) |4 < BT (BN)

1—

052570 |, 4 pny 5 =0,1. (2.3)

2.2 Legendre-Gauss-Lobatto interpolation

We now turn to the Legendre-Gauss-Lobatto interpolation on the interval I =
{y ||yl <1}. For integer r > 0, we define the space H"(I) and its norm ||u||, s
as usual. In particular, L?(I) = H°(I) with the inner product (u,w); and the
norm ||ull; = |[ulo,z-

The Legendre polynomial of degree [ is defined by

1\
) = Sl -y

The set of Legendre polynomials is a complete L?(I)-orthogonal system.

Now, let M be any positive integer. Pps(I) stands for the set of all poly-
nomials of degree at most M. Let (1 a1 be the roots of polynomial (1 —
y*)9y L (y),0 < k < M, which are arranged in ascending order. The corre-
sponding Christoffel numbers are denoted by pr a1%,0 < k < M. We also
introduce the discrete inner product and norm as

M

1
(w, v, = ) uCoona, 1)V 1 k) PL ks |ullaer = (u, )3,
k=0
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Let I = TU{y = £1}. For any u € C(I), the Legendre-Gauss-Lobatto
interpolation Zr, s ru € Par(I) is determined by

Zr o, ru(Cooan k) = w(Cronr k), 0<k<M. (2.4)
Let Hi(I) = { v e H(I) and u(x1) =0 } and P, (1) = H{(I) N Pu(1).
The orthogonal projection PM)I : HY(I) — PY (1) is defined by

((%(P]tl’?lu —u),0y0)1 =0, V¢ e P ().

According to Theorem 3.4 of [10], we know that if u € H(I), (1 fy2)q%18‘gu €
L?(I) and integer ¢ > 1 and ¢ < M + 1, then

—1
105 (Pyou — w)|lr < eM*~|(1—y*) "7 dull;, s=0,1.  (2.5)

2.3 Mixed Laguerre-Legendre Interpolation

We now consider the mixed Laguerre-Legendre interpolation approximation on
the domain 2 = A x I. Let x(z,y) be a certain weight function. We define the
weighted space Li((l) in the usual way, with the following inner product and
norm,

1
mauﬂ:/LMameM@wmw, lull = (,w)} .

We omit the subscript x in the notations whenever x(z,y) = 1.

Let Var,n,5(£2) = Par(l) ® Qn,s(A). The meanings of &gy x4 1, @5 Nt s
Cr,m,1,k and pr arrr are the same as before. The discrete inner product and
norm are given by

M N
(u, U)M,N,B,Q:Z ZU(CL,M,I,ku ggzﬂ,}v,A,j)v(CL,M,I,b fz(ggv,A,j)PL,M,I,k@@V,A,j,
k=0 j=0
1
lullar,n,8,02 = (U’U)IZ\)/[,N,,B,Q'

We have (cf. [24])

(0, V) mN.g.0 = (D, )0, Vo, € Vi ng(2), (2.6)
I9lle <lléllmnp e <V2+1/Mdlo, V¢ € Vunp(£2). (2.7)

Let 2y np = {(g;:f%vyij,CL,M,l,k),O <k < M,0 <j < N} The mixed
Laguerre-Legendre interpolation Ins,n g,0u € Var,n,s(f2) is determined by

I, v, ou(z,y) = u(z,y), (z,y) € QmNp- (2.8)
Then (cf. [24])

1 as,n.6,0u = ullfy < (M%7 + (BN)' " In N)Cy 5 o(u), (2.9)
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where
Clf .0(w) = / B205(e2 P w)|, |, 4+ (L+B7H05(e2 )2, 4)dy
+M- / B2|05(e2 M 0u)|2, 4+ 1+ BHI00(e2 0 )12, 4)dy
/|| (1—y =N aguHIdx

with integers r,q > 1. Moreover, we have that for any ¢ € Vi n g(£2) and
integers g, > 1(cf. [24]),

|(u,d) 2 — (u, ) arnpel < c(M1+ (BN) = (ILN)F)(CY 5 o(w) 2 [|6] 0
(2.10)

Wr—1,8,

3 Mixed Laguerre-Legendre Pseudospectral Schemes

In this section, we consider the mixed Laguerre-Legendre pseudospectral me-
thod for non-isotropic heat transfer in an infinite strip.

3.1 Semi-discrete scheme

Let I' = {(z,y) | 0 < z < o0, ly| = 1} U{(z,y) |z =0, |y <1} be
the boundary of the domain §2 and 2 = 2 U I'. Denote by W(x,y,t) the
temperature. The positive constants v and p are the conductivities in the
directions x and y, respectively. The parameters a and b are some convective
constants. Moreover, F(x,y,t) and Wy(x,y) describe the heat source and the

initial state, respectively. For simplicity, let 0, W = 55 etc. Then the non-
z

isotropic heat transfer in an infinite strip is governed by

oW (z,y,t) + a0, W(zx,y,t) + b0, W (z,y,t)
VW (2,y,t) — pdyW(w,y,t) = F(z,y,t), (v,y) €2, 0<t<T,

W(x,y,t)zwl(x,y,t), (J?,y) onl, 0<t<T,
W(z,y,t) =0, z—o00, 0<t<T,
W(m,y,()) = WO(xvy)7 (:r,y) € (.

(3.1)

Let
Wl(xa]-at) :gl(x7t)7 Wl(oayat) :92(yat)7 Wl(xvf]-at) :93(xat)'
We assume that

g1(0,t) ZQQ(Iat)v 92(_17t) :g3(07t).

In fact, the above conditions implies that W (x,y,t) is continuous at the two
corners of boundary I'. Next, set

1 1 1
Wpa(x,y,t) = §gl(x,t)(1 +y) + §gs(w,t)(1 —y)+e gy, t)

1 14, 1 _14,
= 5e (1= y)ga(0,1) = 5eT 27 (1 +9)g1 (0, 1).
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It can be checked that Wg(z,y,t) = W(z,y,t) on I', and that Wg(z,y,t) — 0
when 2 — co. Now, we make a change of the variables W(z,y,t) = U(x,y,t) +
WB ($7 Y, t) and

f(x7y7t) = F(xvyat) - atWB($7y7t) - aaxWB(xay7t)
— b0, Wg(z,y,t) + vO2Wg(z,y,t) + u@jWB(x, Y, t).

Then, (3.1) can be rewritten as

U (z,y,t) + adxU(z,y,t) + b0, U (x,y, t)
—V@%U(m,y,t) - N(?;U(xayvt) = f(.’E,y,t), (l',y) € “Qa 0<t< Tv

U(z,y,t) =0, (r,y)on I, 0<t<T,
U(mvyat)_)07 x—>00,70<tST,
U(‘T7y70) = UO(I7y)7 ('I,y) € “Qa

(3.2)

where Uy (z,y) = Wo(x,y) — Wg(z,y,0). We can follow the same idea as in [12]
to prove the existence, uniqueness and regularity of (3.2).

Let VJ\%N,B(Q) = H}(2) NV np(2). A weak formulation of (3.2) is to
seek solution U € L°°(0,T; L*(£2)) N L%(0,T; H}(£2)), such that

(0:U(t),v) 0 + a(0:U(t),v) o + b(O,U(t),v) o + v(0:U(t), 0,v) 0
+p(0,U (1), 0yv) 0 = (f(t),v)0, YveHI(2), 0<t<T, (3.3)
U(0) = Up.

The mixed pseudo-spectral scheme for (3.3) is to find uas n € Vi) y 5(£2), such
that

(Opunrs, N (t), @) mi N p,0+a(Oxun, N (1), @) v, N, 5,0+b(Oyuns N (E), ®) N, 5,02
+1(0punt, N (t), 020) N ,8,02 + 1(Oyuns, N (t), 0yd) v N, .02
=(ft).O)mnp  VOEVY Ns(R2), 0<t<T,
up,n(0) = Iy N, g,0Uo.
(3.4)
Thanks to (2.6), (3.4) is equivalent to

(Ovunt N (1), d)mv, .02 + a(Oxunt N (1), @) mn, 5.2 + b(Oyuni N (), §) 2
+(Opunt, N (t), 020) M N,8,02 + 11(Oyurt, N (t), Oyd) 2 = (f(t), d) N .8,2:
VoeVyng(2), 0<t<T,
ur,N(0) = I, N,5,0Uo.
(3.5)
The numerical solution of problem (3.1) is given by

wM,N(t) = uM’N(t) + WB(JJ, y,t). (36)

In order to analyze the numerical errors, we need to study the mixed
Laguerre-Legendre approximation. We define the weighted space as follow

Hy,(92) = {v | v € Hy, (2),0(0,y) = v(w, £1) = 0}.

wpa

Math. Model. Anal., 21(2):199-219, 2016.
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Lemma 1. For any v € Hé’wﬁ(ﬂ),

IV]|ws, - (3.7)

2
Vlwg,2 & —F———
” ||[3 \/m

Proof. For any v € H&yw ,(£2), following the same line as in the derivation of
Lemma 2.4 of [27], we can prove the following results,

Bllvllws.2 < 2100llws2, 0llws2 < V200y0]w;.0,
the combination of the above two formulas leads to (3.7). O
Lemma 2. For any u € H}(92),
lulle < V2| Vullo. (3.8)

Proof. For any u € Hi(£2),

/uz(x,y)dy — 0, as x — oo.
I

By (3.7) and integration by parts,

4
wg, .Q — /32 +2
~ i3 +2 / / (9 (7)) + (9, (eFP7)) ) dady
7&;((562&%4—62&3 u)? +eﬁx(8yu)2)dzdy
// —u + Budyu + (Oyu)? + (Oyu)?)dzdy

// —u + (02u)? + (9yu)?)dady,

1
lulle, = ||€2‘“UH IV (e2Pou)

wﬁ,

52+2

ﬁ2+2

R
which implies the desired result. O

The orthogonal projection P&’?N)Q D Hy(92) = Viy v 5(£2) is defined by

(V(Pajiy,ou =), Vo) =0, ¥ ¢ € Viy n5(02).
We shall use the follow notations with integers ¢q,r > 1,

Bilo(u) =(1+87%)

X / (195(ex?u) |2 o+ (1 -y Y0, <e%ﬁmaQu>||iB,A>dy

||W7‘ 1,8

+5~ /||(~)r eQﬁxa w2, 16,Ady+Z/ 11 -¢?)"= akaqu”%dx.
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Theorem 1. For any u € H}(£2) and integers 1 <r < N+ 1 and 1 < g <
M+1,

IV*(P, MNﬁ ot —w)|f < e(MP72 4+ (BN)')BE,(u), s=0,1,

provided that BE',(u) is finite.
Proof. Clear, OP}v,ﬁ,A(lev}?ju) € V&N’B(Q). By projection theorem,

\V4 u— 2 = inf V(o — u)||?
IV Pl pan =l = ot IV =l
< V(0PN g 4(Pyiu) — w)|[f < Fi(u) + Fa(u) + Fs(u),

where

Fi(u) = 2[|0z(o }%,@ At = u)l|G + 2010y (0 Py 5 4t — w)l[B,
Fy(u) = 2[|0:(Py; M.T (OP]{I,&AU) - OPI{T,B,AU)HQQa
Fy(u) = 2(10y (P 1 (0P g a1) — 0Py g 4wl

Thanks to (2.3) with s = 0,1,

Fi() < (BN [0 0, ady
+eg (BN [ 100 0,0, ady
Next, by using (2.5) with s = 0 and (2.3) with s = 1,7 = 1, we obtain that
Fo(u) < cM- Qq/ (1 = 4?) T 0,09 (0P yu)| 3
<cM~% A (1 —y?) = 8z8§u||%dx
oM =20 [ (1= 0, (A 0, ad
Using (2.5) with s = 1 and (2.3) with s =0, r = 1 again, we deduce that
Fafu) < M2 [ /(1= 42)5 93(0Php yu)l s
< M2 A\I(l—y) = ol [}da
+oB 202720 [ (10 A0, ady

Finally, the desired results comes from a combination of previous statements
and (3.8). O

Remark 1. For the domain decomposition spectral method of exterior prob-
lems, we refer to the Theorem 2.3 of work [13], which is the quasi-orthogonal

approximation.

Math. Model. Anal., 21(2):199-219, 2016.
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In order to analyze the numerical errors of non-isotropic heat transfer in an
infinite strip, we need the next following orthogonal projection. To this end,
we introduce the bilinear form aq (u,v) as

Aoy (1, 0) = (0, Opv) o + ¥ (Oyu, Oyv) o,  a,y >0, Yu,v € Hy(£2).

The projection PM N2 P Ho(92) = Vir n 5(£2) is defined by

)Y, 82

tan(PAin gt — 0o =0, V6 € Vi n5(92). (3.9)

By (3.8) and Theorem 1, we can prove the following results.

Theorem 2. For any u € H&(Q), and integers 1 <r < N+1and1l < ¢q <
M +1,

|02 (P 5oyt — WIIE + 710y (Paiy g.am.ctt — W[
< c(a+7)(M?720 4+ (BN) ) B (), (3.10)

1PN 5.0t — ul%y < cla+ ) (M?720 + (BN) =)BY (u).

We now deal with the convergence of scheme (3.5). Let Uy, n = lev}?N,ﬁ,u,#,QU
By using (2.6) and (3.9), we derive from (3.3) that

(OUMN (&), d) MmN g0 + a0 Uni N (t), &) a N, 8,02
+b(0yUnr,n (1), )2 + v(0:Unr N (1), 0:0) na,N 8,2 + 1(OyUns N (1), 0yd) 2
6

= 2 Gi(t:0) + (f(). Amwp.0r VoeVhys(2), 0<t<T,
=

UM,N(O) P]%/[ONﬂZ,MQUOa (
3.11)
where

Gi(t,¢) = (O Unm,N(t), ®)ar,n .0 — (O:U(t), d) 2,
Ga(t,¢) = a(0:Un n(t), ®) N0 — a(0:U(1), 9) a2,
G3(t, ) = b(0y(Un,n(t) — U(t)), d) s
Ga(t,¢) = u(@ Un,n(t),0:0)m,n,8,0 — v(0:U(t), 0:0) 0
Gs(t,¢) = p(9y(Un,n (1) = U(t)), 0y9) 2,

Go(t,0) = (f.d)o — (. 9)m,N,p,0-
Taking ﬁMyN = up,nv — Unm,n and subtracting (3.11) from (3.5), we obtain
that

(@ﬁM,N(t)’ O)m.N,B.0+ a(aacﬁl\/I,N(t)v é)Mm,N,B,2 + b(ayﬁM,N(t)a )0
~ ~ 6
+v(0:Unm N (1), 0x9) M N.p.2 + (O Unm N (1), 0y0) 0 = — > Gj(t, ¢),
=
VoeViung(R2), 0<t<T,

Unin(0) = Ing,v p,0Uo — MNBVH_QUO
(3.12)
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Take ¢ = 2UM’N in (3.12). We deduce that for 0 < ¢ < T

OUm N 3rn g2 + 20110:Une v (0|13 v .02

~ 7 3.13
220,000 OIff = =2 2 Gy (1.0, (313
]:
where G7(t,¢) = a(amﬁM’N, ﬁM’N)MyN’g’Q. Therefore, it suffices to estimate
the terms 2|G;(t,Un,n)|- Firstly, we use the Cauchy inequality, (2.6), (2.7)
and (3.10) to verify that for integers r,q > 1,

2|G1(t, Un,n (1))
= 2O, N (1) = Pa® 3w g 00U (8), Untn (D) 11,02
+(P]]\-470—17N,ﬁ,l/”u.,08tU(t) - 8,U(t), 8|
<2(V3|0:(U(t) — Unt—1,n (1)) 2 )
+[0:U(t) — PJ%/}O_LN,ﬂ,uwnatU(t”|Q)||UM,N(t)||!3
< v+ p)(MP720+ (BN)')BE'G(8U (1) + |[Un,n (1) -

(3.14)

Similarly,

2|G2(t71T7Ml,N(t)) + Gs(t, Unr,n () + Galt, Unin (8) + Gs (£, Unrn (1))
< C(;+;+1) (V) (MP=20 4 (BN)' ") (BE (U (1) + BE o (9:U(t)))

1 ~ ~ -
+ 5110005 (Dl + 110y Ure. v (D17 + (@ + 09| Oarn (1)

(3.15)
Obviously,
2|Go(t, Unt,n)| < e(M?729 + (BN)' ™" In N)CS, 575 (£(8)) + | Unan (8)] -
(3.16)
Next, by (2.7) and Cauchy inequality,
2/ G (t, Unr,v)| < 6lal[|0.Une,n ()| l[Tn, v (8)]| 2
1 - ,  18a%, - ,
< 10O D1 + S Gar w01 (317)

Furthermore, we use (2.9) and (3.10) to derive that

10N O3 < 2/[Inn,5.02U0 — Uol% + 2l1Uo — Pai'y 5., ,.0U0ll%
< c(v+ p)(M?*720 + (BN)' " In N)(BE,(Uo) + C% " (Uo)).

For simplicity of statements, let

t
Ent N s(u(t) = [[u®)|3s v 5.0 +/O WI10u(©)Iar n, 5,0 + 1|0y u(§)][)dé.

By pup(ult)) = ()] +/O W10:w(©)% + pllOyu(©)]]%)de.
By inserting (3.14)-(3.17) into (3.13), we find that

3tEM,N,u,;L,5(~('7M,N(t)) (3.18)
< d*E,,(Unn (1) + ¢ (M?727 4 (BN)' =" In N)DE', (1), '
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where
* l l * E 2 2
c —c(y—&—ﬂ—i—l)(u—i—u), d* = (1+ V)a + b + 2,
DE(1) = BEL(0:U (1)) + BE L (U(1) + BE(0:U (1) + Chp 57 (f(1).
Due to (2.7), we have that

By (Un,n(1) < BarNgs(Unn (1) < cBypp(Unn(t).  (3.19)
Then (3.18) reads

O Ert,Nowgn,p (Ut (£)e ™) _ (3.20)
<ecctemTHMPT2 4 (BN) T In N)DE, (8). '

Integrating (3.20) with respect to t and using (3.19), we obtain that

By, (Unn(®) < Entvps, (Onn (b)) (3.21)
< C(M272q + (ﬂN)lir)RQ(Uv UOa q,7,V, L, 6, t)a

where
Ra(U,Us, g, v, 1, 5,1)
= ei(er [ e DY €+ v+ ) (BYaU) + O HoU).
A combination of (3.10) and (3.21) leads to that
ByuU(t) = urgx (6) < e(M?20 4 (3N)' " n N)
(Ro(U,Uo,q,r,v, 1, B, 1) + (v + u)(/o BE o (UE)ds + BE o (U(1)))).
This, together with (3.6), implies that for 0 <¢ < T,
Eyy(W(t) —wun,n (1)) _
< c(MP2 + (BN)'""In N)(Ro(W, Wo, Wp, q,7,v, 11, 5,1)
o) BV + B (Wa(e)de
+BE (W (1) + BE o (Wa(t ))))
where
R (W, Wo, Wlta’,qm v, 1, B, t)
=et!(c" /O e EDE(E)dE + (v + ) (B (W) + Ciy 5o (Wo)
+B5(Wa (- 0)) + Clp 50 (Wa(--,0)))
with
DY (1) = BELOW (1) + BEL(W (1)) + BE (0. W (1)) + Cf 1 50 (F (1)
B (W (1) + B (W (1) +BS (0. Ws (1) +Cly 5, (0 Wa(1))

a

+@?V;§§z<aaxwg< )) + Cy 500, WE(t) + CYy 5 (vD2 Wi (t))
+CY o (2 Ws(1)).

Remark 2. The result (3.10) improve the result (3.5) of [25]. In fact, the right
term of (3.5) of [25] includes the factor (o + v+ 1).
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3.2 Full-discrete scheme

We consider the full-discrete scheme of (3.2). Denote by [T] the integer part of
any fixed positive constant T'. Let 7 be the mesh size of the variable ¢ and

RT(T) = { t =kt | k=1,2,--- 7[T/T}}a RT(T> = RT(T) U {0}

Let

Drult) = ~(u(t+7) ~ult), ile) = 5 (ult +7) +u(t)).

In the numerical analysis of the full-discrete scheme of (3.2), we need the
following approximation results.

Lemma 3. We have (c¢f. Lemma 4.6 of [7])

N 3
a(t) —u(t +7/2)|r < T2 ||ull g2 (047522 (R))

3
[1Dru(t) — Ou(t +7/2)|r < 72 |[ullgs (t,6402(R))
provided that the related norms exist.

The full-discrete scheme of (3.2) is to seek uns n(t) € Vyy v 3(42), such that

(Drun,n(t), ) ama,n,5,2 + alOating, N (1), @) a0 + b(Oyiiar,n (1), ) 2
+V(83;11M7N(t), (%A}S)M,N,ﬁ,() + ,Uz(ay'&M,N(t)v 8y¢)9 = (f(?), ¢)M,N75797
Ve Vinsg(2), te R(T—7),
UM,N(.I, Y, O) = IM7N7B7QUO.
(3.22)
We now consider the convergence of scheme (3.22). Let Uy, n = Pj/}?N’B’V’#’QU.
We derive from (3.3) that

(DrUnm,N (1), @) v .02 + a(amUM,N(t); O N2 + 00U (1), d)a
+v(0:Un, N (t), 0x0) v, g0 + 1(OyUns,n (t), 0y9) 2
6 _ A
=2 Gi(t,0) + (f(t), D)mnpo, VoE Ving(2), teR(T—1),
J=J

1,0
Unm,n(2,y,0) = PM’N7B7,4H’_QUO(I7 Y),

(3.23)

where

Gi(t, ¢) = (DrUnn (1) Q) mv g0 — (QU(t +7/2), d)a,

Go(t,¢) = a(B:Un,n (1), O)m,n 5,0 — al@:U(E+7/2), 6) e,

Gs(t,¢) = b(0y(Un,n(t) = U(t+17/2)),0)e,

Ga(t, ) = v(0:Un,N(t), 020 m,N,5,0 — V(0:U (L +7/2),0:0) 0,

G5(t,¢) = w0y (Unn () = U(t +7/2)),0y¢) 0,

Go(t,¢) = (f(t+7/2),0)e — (f(1), D)m,n.p.0-

Taking ﬁM,N = up,n — Up,y and subtracting (3.23) from (3.22), we obtain

Math. Model. Anal., 21(2):199-219, 2016.
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that

(D-Un N (1) )i n, g, + al0:U i n (1), ¢)m.N802 + b(0yUni N (1), 8
+v (0. U, N (1), 0:0)m,nv, 8,0 + 1(OyUni,n (1), Oyd) 0
6 _
=— »21 Gi(t,¢), YV oEVynp(R2), t€RA(T~1),
=

(AjM,N(xvya O) = IM,N,ﬁ,QUO(x,y) - ij’?N,ﬂ,y,H,QUO(xvy)'

(3.24)
Taking ¢ = 2[7M7N(t) in (3.24), we obtain that
D ||ﬁMN( )”%\/[N,B.Q 2v(|0y ﬁMN()”MNﬁ,Q ( )
3.25
20, U nr n ()12 = —2 Z Gj(t, 9),
where . N
Gr(t,¢) = a(@:Unm,n (1), Uni,n (1) N 5,2
Gs(t,¢) = b0 Un,n (1), Un,n (1)) -
Clearly,

G (s, UM N(s )2\ (D-U(t), (:]M,N(S))Q - (?tU(t+ 5):Unm,n(8))al
HDU®), Uny (s)avp.2 = (DU (), Unty (s)) el
(D UM,N (1), Untn () mav, 8,2 — (DU (), Unin (5)) v .2l

We use the Cauchy-Schwarz, Young’s inequality, Lemma 3, (3.10), (2.8) and
(2.10) to verify that for integers ¢ > 1,7 > 1 and s € R.(t — 7),

27| G4 (s, UM,N(S))| < 7'2||17M7N(3)H%2 + CT4HU||%13(S,S+T;L2(Q))
e+ p) (>0 4 (BN) " )BY, (DU (5)) (3.26)
+e(M~2 4 (BN) " I N)Cy 5 (DU (s)).

Similarly,

G (5, Unin ()] < e(vtu) (M2 (BN) ) BE (U(s))

p_qm

<.
||
N

+ T2HﬁM,N<s>||%z + (M2 4 (BN) "I N)CL 5 o(0(s)),  (3.27)

271G (s, Unt,n ()| < er 1 F 12 (s 5mi22(2) + TNOMN ()1
+ (M2 4+ (BN) T I N)CYf 5 o(f(8) + 7 [Unn (3)IIS, (3.28)

Gj(s, Unin ()] < vrl|0:Unt, v (3)I12 + 17110y Unt, v (5)15

Moo

7

T(@2/v + B/ 1) | Oas v ()| (3.29)
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Furthermore, we use (2.9) and (3.10) to derive that

1Ta, 5 ()7 < e+ p) (M2 4 (BN)' ") B, (Us)
+ (M7 + (BN)' " In N)Ci7 5 (Uo(s)). (3.30)

We sum up the (3.25) for s € R,(t — 1), and use the (3.26)-(3.30) to obtain
that

(1= 7T + 14 /v + 0 /) [Far.n () .

1 Y (W0 Unm () RN .0 + 10U n(5)I7)
SER, (t—T) _

<t Y BT+1+a v+ 0/ u)lUnn(9)I3r N0

SER,(t—T) (331)
“‘07'4(“[]”%13(07:/“@2(9)) + ||f‘|%{2(07T;L2(Q)))
+e(v +p)(M?727 + (BN)'""In N)
XY (BYL(U(s)+BE (DU (s)+BE, (Uo) + Clhy 50 (U(s))
SER, (t—T)
+C1 570 (D-U(s)) + Ci 570 (Uo) + Chy 5o (f(5))-

Let
Eyvnp0(v,t)
= lo®lirnsetT Y, @00y p.0 + uldy(0s)I7),
SER, (t—T)
pt)=(w+p) D (BELU(s) +BEH(DU(s) + B, (Uo)
SER,(t—7)

+C1 50(U(s) + Chy 50 (D-U(s)) + Cly 570 (Uo) + Cly 5o (£(s)))
+HU”%{3(0,T;L2(Q)) + ”f”%I?(O,T;LZ(.Q))'

Finally, using Lemma 2 of [7] for (3.31), we can derive that, if
T<@BT+1+a®/v+b*/p)",
then for all t € R, (T)

EvngoUmn —umn,t)

a2 2
< cp(t)e(3T+1+7+b7)t(T4 + M?720 4 (BN)'""lu ).

4 Numerical Results

In this section, we describe the implementations for pseudospectral schemes
(3.5), and present some numerical results confirming the theoretical analysis.
We use the Crank-Nicolson discretization in time ¢, with the mesh size 7.

For simplicity of statements, we use the notation

am,N,0(2,0) = a(0:2,0)m,n 5,0 +b(0yz,0)0
+ v(0z2,0:0) M N80 + 1(Oyz, 0yd) 0.
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Then the fully discrete scheme of (3.22) reads,

1 1
;(UM, (t+7)—un N (t), ®)m v g2+ zam, N2 (U, v (E+T)Fun N (E), @)

N 2
1
:i(f(t+T)+f(t)’¢))M7N,5797 t=0,7,27,--- T —1,

uar,n(0) = Pu,n g,2Uo.
(4.1)
Let

1
Annn(zu) = §TCLM,N,Q(27U) + (z,u) 0,

Guno(z,u)= *ETQM7N7Q(Z,U) + (z,u)0-
Then, at each time step, we need to solve the equation

Apn (), 9) = Gunolup Nt —T7),¢)

PO+ =700, Vo€ Viina(2). (42)

For notational convenience, let

(@)= L7 (@) — L) (x), 0<I<N-1.

Ge(y) = Li(y) — Lr2(y), 0<k<M-2.
In actual computation, we expand the numerical solution as
N—1M—2

un,N (2, y,t) Zzakl (B) x)Cr(y)-

1=0 k=0
Let

For = (F@) 0 (@) W) anp, 0<K <M—2 0<I'<N-1,

and define the vectors

X(t) = (ao0(t), ar,0(t), -+, am—20(t), ao1(t), a1,1(t), -+, am—2,1(t),
saon (), a1, N (), -+ s am—2n-1()T,
= (foo(t), fro(t), -, far—20(t), for(t), fii(t), -~ fau—2.1(t),

)
< fon @), fin®), ooy fu—an—1()T

Taking ¢ = 771/ (w)(k/ (y)in (4.2) for 0<k <M —2and 0<IU<N-1, we
find that (4.2) is equivalent to the following system of

CuX(t) = CuX(t — 1)+ 57(Fi(t) + Falt — 7)),
where
Ci1 = A1 ® By + %T(G(Am ® Bi2) + b(A13 ® Bis)
v(A14 ® Bua) + p(Ais ® Bis)),
Chi= A5 ® By — %T(G(Am ® Bi2) + b(A13 ® Bis)
v(A14 ® Bia) + p(A1s @ Bis)),
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where the matrices
Ay = (ay?) and By, = (b0?), 1<q<5,
with the entries
1,1 1,3 1,5 1,2
al(,l ) = al(,l ) = al( ) — /A (6)(:10) (8 )( )dx, al(,l ) — Anf,ﬁ)(x)axnl(m(x)d%

alyt = /a 1P (2)0anP (x)dz,0 < V,1 < N 1,

and
’ kl — k — M . 2
b(l 1) _ b(1 2) _ b(l 4) _ (Ck aCk)M,I, ,
o o w Ck’( )Ck(y)dy, otherwise,

k’k‘ —/Ck’ ka dy, k’k‘ —/a Ck;/ )8 Ck( )dy,O < k] k?/ < M 2.

We now calculate the entries of Aq, and By,, 1 < ¢ < 5. First, by (2.5) and
(2.6) of [11], we obtain that for 0 <',1 < N,

_1/67 l/:l_la _1/27 ll:l_la
a(l D = Q/ﬂ’ l/ = l? a(172) _ 0) l/ - l7
r 71/57 l/:l+la r 1/27 l/:l+1a
0, otherwise, 0, otherwise,
B4, U'=1-1,
L0 ) B2 U=
1l 5/4, =1+ 1,
0, otherwise.

Next, we use (2.1) and (2.2) of [24] to obtain that for 0 < &',k < M — 2,

(Ck'7gk)M,Ia kl:k:M_27
- kK =k-—2,
- 22k+1 5 0 2, K =k-1,
b =8 ———+-——, K =k, b =1 =2, K =k+1,
2k +21 2k+5 Mg 0, otherwise,
W1 —Ers
0, otherwise,
p(L5) _ 4k +6, K =k,
k'k 0, otherwise.

Now, we take the test function
W(z, z,t) = sin(z +y)/Vt + 1 e

Let a=1,b=1,v=1and pr =1 in (4.1). The numerical errors are measured
by the discrete norm

Eyxn(t) = [W(t) —wn n ()l a,n 6.0

Math. Model. Anal., 21(2):199-219, 2016.
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Figure 1. log,q Ear (1) vs M of scheme (3.5) for (3.2) with different 7.

In Figure 1, we plot the errors log,, Ear,n () with N =5M,¢t =1and 8 = 3.
Clearly, the errors decay fast when M and N increase and 7 decreases. It is seen
that for the fixed time step size 7 = 0.01 and the small mode M < 10, the total
numerical errors are dominated by the approximation errors in the space, and
so they decay fast as M increases. But for M > 10, the total numerical errors
are dominated by the approximation errors in time ¢. Thus, the numerical
solutions keep the same accuracy, even if M and N are further increased.
A similar situation happens for 7 = 0.001. On the other hand, for small
7 < 0.0001, the total numerical errors are dominated by the approximation
errors in the space, and so they decay very fast as M and N increase. The
above observations agree very well with theoretical analysis in Section 3.3. In
particular, they show the spectral accuracy in the space of scheme (3.5).
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. .4
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-10 : :
6 8 10 12 14 16 18
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Figure 2. log,y Ear,n(1) vs M of scheme (3.5) for (3.2) with different 3.

In Figure 2, we plot log,q Ea,n(t) at t = 1, with N = 5M, 7 = 0.001 and
different values of parameter 3. It seems that the errors with suitably bigger
[ are smaller than those with smaller 5. However, how to choose the best
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parameter 3 is still an open problem. Roughly speaking, if the exact solution
decays faster as x increases, then it is better to take suitably bigger 3.

1093 a0
‘
:

Figure 3. log,y Ear n(t) vs t of scheme (3.5) for (3.2).

In Figure 3, we plot the numerical errors log;, Ear,n(t) with f =3, M =
25, N =3M,7 = 0.001. They indicate the stability of scheme (3.5).

5 Conclusions

In this paper, we studied numerical simulation of non-isotropic heat trans-
fer with Dirichlet boundary condition in an infinite strip. Since its solution
decays exponentially as x — oo, it is better to use the Laguerre functions
e_%ﬁzﬁl(ﬂ )(x) as the basis functions. Thus, we construct a mixed pseudospec-
tral schemes which is the most appropriate for numerical simulation and save
a lot of work. Moreover, the adjustable parameter S offers great flexibility to
match the asymptotic behaviors of exact solutions at infinity. The use of scaled
generalized Laguerre functions leads to much simplified analysis, more precise
error estimates. The numerical results indicate the spectral accuracy of the
proposed scheme and coincide with theoretical analysis well.

In this paper, we treat the inhomogeneous Dirichlet data by means of a
lifting so that the inhomogeneous boundary condition is satisfied exactly. In
particular, the lifting in this paper is expressed explicitly and may also simulate
the asymptotic behaviors of the solution of heat transfer. Moreover, we could
combine the idea of [22] and this paper to design and analyze spectral methods
for various mixed inhomogeneous boundary value problems defined on infinite
strip. We shall report the related results in the future.
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