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Abstract. In this paper, we investigate and analyze a proximal point algorithm via
viscosity approximation method with error. This algorithm is introduced for finding
a common zero point for a countable family of inverse strongly accretive operators
and a countable family of nonexpansive mappings in Banach spaces. Our result can
be extended to some well known results from a Hilbert space to a uniformly convex
and 2—uniformly smooth Banach space. Finally, we establish the strong convergence
theorems for the proximal point algorithm. Also, some illustrative numerical examples
are presented.
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1 Introduction

The problems of finding a zero point for monotone operators play an important
role in modern optimization and analysis. It can be related to many kinds of
important problems, such as convex minimization problems, equilibrium prob-
lems, variational inequality problems and others. In order to approximate the
solution to these problems, many authors have intensively studied the conver-
gence of such problems in several setting spaces. Martinet [15] first introduced
the proximal point algorithm(PPA) in a Hilbert space H; for starting zo € H,
a sequence {z,} is generated by

Tpy1 = J;‘:L(:En)7 Vn € N,

where J# = (I+r,A)~" is the resolvent operator of A with I being the identity
mapping and {r,} C (0,00) is a regularization sequence.

Later, Rockafellar [18] has studied the proximal point algorithm which gen-
erates a sequence {z, } according to the following algorithm:

Tpt1 = Jéxn +en, Vn €N,

where {e,} is a sequence of errors and {r,} C (0,00) is a sequence of regular-
ization parameters. Rockafellar proved that if A=1(0) # (), then the sequence
{zn} converges weakly to a solution of a zero point of A.

In 2000, Moudafi [16] introduced the viscosity approximation method for
finding fixed point of a nonexpansive mapping S in a Hilbert space; for given
xo € C, the sequence is defined by the following algorithm:

Tni1 = an f(2n) + (1 — an)Szy,, Vn >0,

where f : C' — C is a contraction mapping and {a,} C (0,1) satisfies some
condition. This sequence converges strongly to a fixed point of S.

After that, Xu [20] developed the viscosity approximation method in both
Hilbert and Banach spaces. Strong convergence theorems for zero points of
monotone operators were established in a Banach space. Moreover, many au-
thors constructed some approximation algorithms for some nonlinear varia-
tional inclusions in Hilbert spaces or Banach spaces by using the resolvent
operator technique. In [6,13,14], the PP A was extended to the case of sum of
two monotone operators.

In 2014, Eslamian [8] proposed Rockafellar’s proximal point algorithm for
finding a zero point of a finite family of monotone operators via viscosity
method in a Hilbert space. Eslamian [8] proposed the following algorithm:

T T T,
Tpy1 = Unof(Tn) + annd; ' Tn 4 Gn 2 200 + oo F Gpn S T + ey

foralln > 1 where >\ j an,; = 1 and for each i = 1,2, ..., m, T}, are a finite fam-
ily of monotone operators of H. If {a,;},{e,} and {r,} are positive sequences
and satisfy some conditions, then the sequence {z,} converges strongly.
Nowadays, several iterative methods have been proposed and analyzed to
find a common solution of two different fixed point problems, such as a fixed
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point problem of nonexpansive mapping, fixed point problem of variational
(inclusions) inequalities and other. However, there are a few iterative methods
for finding a common solution of two different infinite countable family of the
fixed point problems.

In this paper, motivated by [8,16], we are interested in the problem for
finding a common solution of two different fixed point problems which are a
common element of a zero point for an infinite countable family of S-inverse
strongly accretive operators and a common fixed point of an infinite count-
able nonexpansive mappings in uniformly convex and 2—uniformly smooth Ba-
nach space. Our main result study these problems in uniformly convex and
2—uniformly smooth Banach space such as the spaces Ly, [, or Sobolev space
W2 (where p > 2), which is more general than Hilbert space. In addition,
our main theorem solves the problems for finding a common element of an
infinite family of accretive operators, which is more general than the prob-
lem of finding a common element of a finite family of monotone operators.
Consequently, the strong convergence theorem is obtained. Finally, we have
studied the convergence analysis of the proximal point algorithm. Also, some
illustrative numerical examples (using Matlab software) are presented.

2 Preliminaries

Let E be a real Banach space and E* be the dual space of E*. Let (-,-) be the
pairing between F and E*. For all x € E and «* € E*, let the value of z* at x
be denoted by (z,z*). The normalized duality mapping J : E — 2F" is defined
by

J(z) = {a* € E*: {z,a") = ||lz|* [|z]| = [|2*[|}, Vz € E.

A single-value normalized duality mapping is denoted by j, which means that a
mapping j : E — E* such that, for all u € E, j(u) € E* satisfies the following:

(), w) = 3@ Hull, (5@ = flul-

If E = H is a Hilbert space, then J = I, where I is identity mapping. If
is a smooth Banach space, then J is single-valued.

A Banach space FE is said to satisfy Opial’s condition if for each sequence
{xn}52, in E such that {x,} converges weakly to some x in F, the inequality

limsup ||z, — 2| < limsup ||z, — y||
n—oo n—oo

holds for all y € E with y # z. In fact, a Banach space with a weakly sequen-
tially continuous duality mapping has the Opial’s condition; see [9]. We known
that if £ admits a weakly sequentially continuous duality mapping, then FE is
smooth. It is well known that all Hilbert spaces and I,, (p > 1) satisfy Opial’s
condition, while L, does not satisfy this condition except p = 2.

A Banach space E is called a strictly convex if it satisfies the following
condition

lzll =1yl =111 =Nz +Ny||, Ve,y e Fand 0 < A <1 = z=y.

Math. Model. Anal., 21(1):95-118, 2016.
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Let S(E) = {x € E : ||z|| = 1} be the unit sphere of E. E is said to be
uniformly convez if for each € € (0, 2] there exists a constant § = d(e) > 0 such

that for all z,y € S(E), if ||z — y|| > € then Hx;y <1-4. It is well known

that uniformly convex is strictly convex.
A Banach space F is said to be smooth if the limit

ety — e

t—0 t (2.1)

exists for all z,y € S(E). In this case, the norm || - || of E is said to be Gateauz
differentiable norm.

The norm of E is said to be uniformly Gateaux differentiable norm if for
each y € S(F), the limit (2.1) is attained uniformly for all x € S(FE) and
it is said to be Freéchet differentiable if for each x € S(E), the limit (2.1)
is attained uniformly for all y € S(E). Moreover, it is said to be uniformly
smooth if the limit (2.1) is attained uniformly for all (x,y) € S(E) x S(E). It
is well known that if the norm of E is smooth, then the duality mapping J is
single-valued and norm to weak* continuous on a bounded subset of E.

The modulus of smoothness of E is the function p : [0, 00) — [0, 00) defined
by p(t) = sup{L (| +yll + |z —yl) — 1: 2,y € B, |al| = 1, |yll = t}. A Banach
space F is an uniformly smooth if and only if lim;_q @ =0.

A Banach space F is said to be g-uniformly smooth if for 1 < g < 2 be a
fixed real number, there exists a constant ¢ > 0 such that p(t) < ct? for all
t > 0. In the case ¢ = 2, E is said to be 2-uniformly smooth if there exists a
constant ¢ > 0 such that p(t) < ct? for all t > 0. Typical examples of both
uniformly convex and 2-uniformly smooth Banach space are l,, L,, (p > 2),
the Sobolev space WP (p > 2) and all Hilbert space.

Recall that every uniformly smooth space is smooth [5]. If E is a g-uniformly
smooth, then E is uniformly smooth. Hence 2 - uniformly smooth of Banach
space is a uniformly smooth and it is uniformly Gateaux differentiable norms.
If E is uniformly Gateaux differentiable norms, then the duality mapping J :
E — 27" is a single-valued and .J is norm to weak* uniformly continuous on a
bounded subset of E.

Let C be a nonempty closed convex subset of a Banach space £ and D C C,
then a mapping @ : C — D is said to be sunny if Q(z + t(z — Q(z))) = Q(z)
whenever Qz + t(z — Q(z)) € C for all x € C and ¢ > 0.

A mapping Q : C — C is called a retraction if Q?> = @Q. Note that if a
mapping @ is a retraction, then Qz = z for all z € R(Q) where R(Q) is the
range of ). A subset D of @ is called a sunny nonexpansive retract of C if
there exists a sunny nonexpansive retraction from C' onto D.

Lemma 1. [17] Let E be a smooth Banach space and let C' be a nonempty
subset of E. Let Q : E — C be a retraction and let J be the normalized duality
mapping on E. Then, the following statements are equivalent:

(i) Q is sunny and nonexpansive;

(“) HQx - Qy||2 < <$ - Y J(QZ - Qy»avx’y € E;

fiii) (@ — y) — (Qz — Qu)I> < llz — ylI* — | Qz — Qul1%; (iv) (z — Qu, Iy —
Qx)) <0,Vx e E,yeC.
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Lemma 2. [11] Let C be a nonempty closed convexr subset of a uniformly
convex and uniformly smooth Banach space E and let S be a nonexpansive
mapping of C into itself with Fiz(S) # 0. Then, the set Fiz(S) is a sunny
nonezrpansive retract of C.

In 2004, Xu [20] studied the following continuous scheme:
Tt = tf(l‘t) + (1 - t)SJ?t,

where f is a k-contraction and S is nonexpansive mapping. On a uniformly
smooth Banach space, Xu [20] proved that the sequence {z;} converges strongly
to a fixed point of S. If we defines mapping @ : I1. — Fixz(S), where II. denote
the set of k-contraction, by Q(f) := lim;_, . x¢, then Q(f) solves the following
variational inequality:

(I = NHR),3(Q(f) —p)) <0, Vp € Fix(S).

It well known that if £ = H is a Hilbert space, then a sunny nonexpansive
retraction Q¢ is coincident with the metric projection from E onto C, that is
Qc = Pc. Let C be a nonempty closed convex subset of a smooth Banach
space E and let x € E and let g € C. Then we have from Lemma 1 that
xg = Qcx if and only if (z — xo, J(y — x0)) < 0 for all y € C, where Q¢ is a
sunny nonexpansive retraction from E onto C.

Let C be a nonempty closed convex subset of E. Recall the following defi-
nitions:

1. Let f: C — E be an operator. Then, T is called k-contraction if there
exists a coefficient k (0 < k < 1) such that

Ifz = fyl < kllz —yll, Va,yeC.

2. Let S:C — E be an operator. Then, S is called nonexpansive if

Sz = Syl| < llz —yll, Vo,yecC.

3. Let A:C — FE be an operator. Then, A is called accretive if there exists
j(x —y) € J(x —y) such that

(Az — Ay, j(x—y)) 20, Va,yeC.

4. Let A : C — E be an operator. Then, A is called §-inverse-strongly
accretive if there exists a constant 5 > 0 and j(z —y) € J(x —y) such that

(Az — Ay, j(z —y)) > Bl|lAz — Ay|]*>, Vz,y € C.

An accretive operator A is said to be maximal accretive if there is no proper
accretive extension of A. If A is an m-accretive operator then A is said to be
maximal accretive [7]. In a real Hilbert space, an accretive operator is called
monotone. Moreover, A is called mazimal monotone if R(I +rA) = H. In this
paper, we use A~1(0) to denote the set of zeros of A. For an accretive operator
A, we can define a nonexpansive single-valued mapping J4 : R(I+7A) — D(A)
by JA = (I +rA)~! for each r > 0, which is called the resolvent of A. It is
known that 0 € A(x) < = € Fiz(J2).

In the sequel to give our main results, we need the following lemmas.

Math. Model. Anal., 21(1):95-118, 2016.
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Lemma 3. [}] Let C be a closed convex subset of a strictly convex Banach
space E. Let T; : C — C' be nonexpansive mappings for each i > 1 such that
Moz, Fiz(T;) is nonempty. Let {o;} be a real number sequence in (0,1) such
that 3"~ a; = 1. Then, the mapping S on C deﬁned by Sz = Yo, Ty for
all z € C is well defined. Moreover, the mapping S is nonexpansive mapping
and Fiz(S) = Niey Fiz(T;).

Remark 1. For each n > 1, if we set T; = SnJ;‘}j then T; is nonexpansive
mappings for all ¢ > 1. Indeed, since S,, and J,f}f are nonexpansive mappings,

then we obtain that
|5z — Tyl ||SnJ;‘}fx — S, Jiy|, Vn €N

|7Aw — Tyl Vi €N < fl |

IN

Thus, T; = SnJ,f:j is a nonexpansive mapping for each n > 1.

Lemma 4. [19] Let g € (1,00), A € [0,1] and W, (A) := A1 —X) + A(1—N)2.
Let E be a real g-uniformly smooth Banach space. Then, there exist constants
cq > 0 such that for all x,y € E, the following inequality holds:

1Az + (1 = Ayl < Azl + (1 = N[yl|* = Wa(Aegllz =yl

Lemma 5. Let E be a 2-uniformly smooth of a real Banach space. Then, for
each z; € E, a; € [0,1], i € N with Y ;- a; = 1, we have

oo oo
1Y il < el (2.2)
i=1 =1

Proof. We will prove this lemma by the mathematical induction.
(1) If kK = 2, by using Lemma 4, we have

larzy + aoza|® < axflz]]? + (1 — aq) ||z

Hence, the conclusion holds.
(2) Suppose that the inequality (2.2) holds for k =n — 1, i.e.,

n—1 n—1
1Y aixll* <Y il
1=1 =1

We want to show that the inequality holds for k = n. Let a,, # 1 be chosen
in such a way that Z _, o = 1. It follows from the induction hypotheses that

n
1 o |2
i=1

n—1

H Z 0T + ananQ
i=1

Z;:ll ;4
(1- an)

i ity
(I —an)| ==~ 0 —an) |
n—1

n
Yo aillal® +anlenl* < Y aillaill®.
i=1

i=1

+O‘n33n”2

IN

+aonnH2

IN
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This completes the proof. O

Lemma 6. [19] Let E be a 2-uniformly smooth Banach space. Then, for any
x,y, € E, the following inequality holds

lz + gl < 2] + 2(y, (@) + 2| Ky?, j(x) € J(2),
where K is the 2-uniformly smooth constant of E.

Lemma 7. [10] Let E be an real Banach space and J the normalized duality
map on E. Then, for any x,y, € E, the following inequality holds;

4+ yl* < llzl* + 2(y, j(z +y)), Vi(z +y) € J(z + ).

Lemma 8. Let C' be a nonempty closed convex subset of a 2-uniformly smooth
Banach space E with the 2-uniformly smooth constant K. Let A be an B-inverse
strongly accretive operator of C into E with a constant 8 > 0. Then, we have

[T = Tyl? < e —yl® ~ 2(§ = K)|l(z = Jitz) — (y = Jhy)l1?.

In particular, if r € (0, %), then J2 is a nonexpansive.

Proof. Let xz,y € C. By using Lemma 6, we obtain that

[Tz = TrylP = iz —y) — (@ —y) + Ttz — Tyl
= iz —y) - (¢ = Jiz) = (y = TPy
[(z —y) — r(Az — Ay)||®
& =yl — 2r(Az — Ay, j(z — y)) + 2K?r?|| Az — Ay|]?
llz —yl|* — 2rB|| Az — Ay||* + 2K?r?|| Az — Ay|)?
l = yl* = 2r(8 — K*r)|| Az — Ay||*.

IAINCIA

Moreover, if r € (0, %), we obtain that

1 1
17 — Jhyl? < IISG*yIIz*QT(OHKQT)II;(%*Jf‘f'f)*;(y*JK‘y)II2
1
<z =yl = 2r(8 - K*r) 5 ll(z = J2) — (y = Jy)|1?

,,«2
B
< =yl =205 - K2)(= - Jia) = (y = Tyl
< e -yl

Thus, if r € (0, %), then J is a nonexpansive mapping. [

Lemma 9. [2] (The Resolvent Identity) For allT >0, s >0 and x € E, then

JBy = JB (Sx +(1- S)fo).
r r

Math. Model. Anal., 21(1):95-118, 2016.
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Lemma 10. /3] (Demiclosed principle) Let C be a nonempty closed convex
subset of a uniformly convex Banach space F and S : C' — C be a nonexpansive
mapping. Then I — S is demiclosed at zero, i.e., , — x and x, — Sz, — 0
imply x = Sz.

Lemma 11. [1] Let C be a nonempty closed convex subset of a Banach space
E and let {Sp, S1,S52,...} be a sequence of mappings of C into itself. Suppose
that 307 sup{||Snt12 — Spz|| : @ € C} < oco. Then, for each y € C,{S,y}
strongly converges to some point of C. Moreover, if S is a mapping of C' into
itself defined by Sy = lim, 00 Sny, Yy € C. Then, limsup,,_, {||Sz — Spz| :
zeC}=0.

Lemma 12. [12] Assume that {a,} is a sequence of nonnegative real numbers
satisfying the condition

An41 < (1 - tn)an + tnbn + Cnavn > 07

where {t,} is a sequence in (0,1) such that lim, oo t,, =0 and > ", t, = o0,
{bn} is a sequence such that limsup,,_, o b, <0 and {c,} is a positive number

sequence such that Znﬁoo cp < 0o. Then, lim,_, a, = 0.

3 Main Result

Theorem 1. Let E be a uniformly convexr and 2-uniformly smooth of real Ba-
nach space and let C' be a nonempty closed convex subset of E which has a
weakly continuous duality mapping J from E to E*. For anyi € N, let {4;}32,
be an infinite sequence of B;-inverse strongly accretive operators in E such that
B :=inf;>1{B;} >0 and ;= D(A;) C C C N2y RI+rA;) for allr > 0. Let
{8,152, be an infinite sequence of nonempansive mapping from C into itself
such that F = (N2, Fiz(S,)) NN, A;1(0)) # 0. Let f : C — C be a
contraction mapping wzth the constant k € (0,1) and Ji¥ = (I +r,A;)7" be
a resolvent of A; for each 1, > 0. For given x1 € (.2, D( i), let {z,} be a
sequence defined by the following:

Tn+1 = Oln,Of(xn) + Z an,iSnJ:i:xn + én, Vn > 1, (31)
=1

where Y oo ani = 1, {an} € (0,1) for all i > 0, {r,} C (0 ’KQ) where K
is the 2-uniformly smooth constant and {e,} C (0,00). Suppose that these
sequences satisfy the following conditions:

(a) imy, o0 Ano =0, Y07 ano =00 and Yoo |api1,0 — Q0| < 00;
(b) for each i > 1, lim, oy = o € (0,1);

() 307 1 | rng1 — T |[< 00 and limy, o0 7 = 17 > 0;

I For example, we set Spx =

because 0 € (22, Fiz(Sy) and 0 € 52, A;71(0).

z1 for all n > 1 and A;z = iz for all i > 1. Note the F # 0
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(d) 351 en < 0.

Assume that >, sup{||Sp412 — Spz| : € B} < 0o for any bounded subset
B of C. Let S be a mapping of C into itself defined by Sx = limy, o Spx
for all x € C such that Fiz(S) = (., Fiz(S,). Then, the sequence {z,}
strongly converges to a point p € F, where p = Qrf(p) and Qrf is a sunny
nonexpansive retraction from E onto F'.

Proof.  Step 1. We want to show that {z,} is bounded. Let p € F. Then
we have p € Fiz(S,) for all n > 1 and p € A; *(0) for all 4 > 1. Since each
resolvent J;‘:Li is a nonexpansive mapping for all ¢ > 1 and n > 1, we obtain
that

oo
||xn+1 7p|| = ||Oén,0f($n> + Zan,iSnJé’ixn +en 7p||
i=1

00
> Han,Of(mn) + Zan,i‘gn']éixn _pH +en

i=1

an,O”f(xn) —pll + Zan’ills J:,‘L Ty — Spp| + en

A

IN

IN

an,o (If(zn) = F()II + [ f(p) — pIl) +Zan1||Jﬂixn_JA

IN

an,o ([If(zn) = F)I+ 117 (p) = pl) Zamllzn pll +en

IN

an,ok||zy —pll+ (- an,O)Hxn -pll+ an,O”f(p) —pll +en
= [an,0k + (1 — ano)]llzn — pll + anoll f(p) —pll +en
= [1 = ano(l = K)]l|zn —p|l + anoll f(p) — 2l +en

() = pll]

=[1 = Aa]llzn — pll + M T1-k)

+6n7

where A\, := ay0(1 — k). Then, it follows that

f P
[Znt1 —pl < max{”;pn ll, I ( ) — — H}+€n
= max{”xnf -l Hf( )_kp” } +eéen_1+en
< o < max { Hf pll}
- = p”a — Zen

This implies that the sequence {x,} is bounded. Also, we obtain that {f(z,)},
{SnJ;iixn}, and {J;‘:Li:cn} are bounded for all 7 > 1 because SnJ;if and J;ii are
nonexpansive mappings for all 7 > 1 and f is a contraction mapping.

Math. Model. Anal., 21(1):95-118, 2016.
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Step 2. We will show that lim,, ,« ||Zn+1 — @ || = 0. This observes that

oo

LTp4+2—Tnp+1|| = An4+1,0/ (Tn41 Qp41,i0n4+1 lanrl En+1
| = 1I( f(@ns1)+ Spar i, +en+t1)
i=1

*(an,of(xn) + Z Oén,iSnJéixn + en)”
i=1
< lant1,0f(@nt1) — anof(@n) — angro0f(zn) + 04n+1 of (zn)]|

oo
+lent1 —en| + || E nt1,iSni1 i e Tl — E pt1,iSn T i
i=1 i=1

oo oo
+ Z an—&-l,isnt];iixn - Z O‘n,iSnJ:}lian
i=1 i=1
= i1, 0||f($n+1) — f@n)ll+ [ ant1,0 = dngr0 | [[f (@) + €ns1 + €n

+Zan+1 illSny1d, rn+1xn+1 - Snt]::;xn”
i=1

[e'S) [e's)
+H Zan-ﬁ—l,iSnJéixn - Zan,zSnJ::;mnH

=1 =1
= Qn41, Ok”mn-&-l — T + |O‘n+1,0 - O‘n+1,0|||f(xn)” +ent1t+en

+ Z O471-‘,—1 1||Sn+1 7"+1xn+1 - SnJ;ilxn”
1=1

+|| Z Oén+1’iSnJ£f.'L'n — Z an,iSanfan. (3.2)

i=1 i=1
For each ¢ > 1, by using Lemma 9, we have the following estimate

|Sns1, m,+133n+1 - Snjéixn”

A; A; A;
[|Snt1, r,L+1xn+1 - Sn-i-l‘]r,;'xn + Sn-l-lJr,,fxn - Sn']r,,fxnll

< | r,,+1xn+1 - Almn” + HSn—&-lJ;é,,ixn - Snjéixn”
A; A, A; A;
< || rn+1x’ﬂ+1 Jrnﬂrlxn+Jrn+1 Jr,t'r’ﬂH + ||S7l+1Jrn Tn — S J Th .’L’n”
T )
< ane = @all + 1T (o — (1= )T ) = TAa|
Tn+1 Tn+1
—i—HS’nHJ,iiscn - S, JA'i:vnH

T ) )

< | Tppr—xn|[+ | ol ‘ I rn+1xn_xn|| + HSnJrljréfxn_SnJélxn”'

Substituting it into the inequality (3.2), we obtain that

(@n)l|+ent1ten

[Znr2—Tny1|l < any1,0kl|Tnia

0o 0o 00
§ : A, § : A, §

+ || anJrl,iSnJrann - an,iSnJrann” + an+1,i
i=1 i=1 i=1
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r
{lzns1—znll+ | e = | || g1 an"‘HSnJrlJA Ty —Sn JA zn |}

n—+

= an+1,0k||$n+1 - an + |an+1,0 - an+1,0|||f(xn)” +ent1 +en

[e'S) [eS) 9]
+ || Zan-l-l,isnt]éjxn - Zan,zsnt]ré;xnu + Zan+l,i”$n+1 - xn”

Tn+1 T
+Za’n+1z | u | H ’I”n+1 .’L'n”
i—1 Tn+1

oo
+ > il Sngr S, — Sn i
i=1
= (I—ant1,0(1=k)) lent1—an [ +oms1,0 = ansrollLf(@n)] + entr + en

[e'S)
] Tn+1 —
+ || E anJrl,iSnJé:xn - E an,i (En” + § an+11| nt |
i=1 =1

T
i=1 n+1

oo
x|\, ronn —xp | + Zan+l,i||sn+ljéfxn - Sn*];:ixn”

i=1

=(1- ant1,0(1 — ENNTnt1 — znll + cn, (3.3)
where
Cn = |O‘n+1,0 - an+1,0|||f(xn)|| +ent1t+en
oo
r
+ | Zan+1 iSn Jrn Tn = Zan,i nd, CCn” + ZanJrl i L |
i - i—1 Tn—‘—l

x ||, Tn+1‘T’ﬂ T | +Zan+1 z”SnJrlJf}fxn —Sanifan.
=1

Since {z,}, {Jitz,} and {S,J/}z,} are bounded sequences for all i > 1,
then we can find the positive real numbers L; and M; such that

1SnT73 wnll < Li < max{L} o= L, |[J5 o0 — anl < M; < max{M;} := M

Since lim,, oo 7, = 7 > 0, thus lim,, o, % exists and so there is a positive
real number 7’ such that |-

—-| <7’ for all n € N. Then, we obtain that

o0 o0 o0
2 U encraSud o = 3 aniSud ol
n=1 =1 i

Z ||Zan+11 ZanZHHS Snl)
n=1
S Z |Zan+lz Zanl”

Mg

oo
=LY |(1=ant10) = (I—ano)| =L |ant10—anol <oo  (3.4)

1 n=1

n
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and
!
Z Zan+1 il o |l rnJrlffn_mn”)S Z(Z p1,i7 Mrng1—ryl)
n=1 i=1 n=1 i=1

=M Z |7ne1 — rn|(z Qnt1,) < 00. (3.5)
n=1 i=1

By the boundness of {J;‘}lxn} and our assumptions, we observe that

Z ZanJrl 1||Sn+1J:§L Tn —Sp Jé Tyll)

Zan+17i sup{||Sn+12 — Spz| : 2 € {J iz, }})

[N\
g1 M8

— Z sup{[|Sn112 — Snzll 1 2 € (T2 2,1} ang1i) < oo, (3.6)

n=1 i=1

Since D07 | |an41,0 — anol < 00, Yoo e, < oo and {f(z,)} is bounded, by
(3.4), (3.5) and (3.6), then we see that the series Y > ¢, < oo. By using
Lemma 12 and (3.3), we conclude that

nh_{réo [Zn+1 — @nl| = 0.

Step 3. We will show that lim,, . |2, — JAix,|| = 0 for each i > 1 and
r > 0 where r = lim,,_,, 7,. By using Lemma 5 and Lemma 8, we obtain that

o0
|2ns1 = Pl = llonof (@) + Y o iSnditizn + e — pl>
=1

= H(O‘n,Of(xn) =+ Zan Sn Jrn Tn — ) + enHQ

i=1

o0
= |lan,of (2n) + Zan,isnjréfmn _pH2
i=1

o0
+ 2ep||an.of (zn) + Z anyiSnJé’"xn —pll +e
i=1

o0
= llomof(zn) + Y _ o iSndiwn — pl* + gn
=1

= llan,o(f(2n +ZamSJ g — Zanzpll + 9n

i=1

< an,ollf(#n) p||2+zanz
i=1

Tn YTy — JA pH2 + gn
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oo
< anollf (@) = ol + ) anifllzn —pl?
i=1

B v _
=20 = K| — Twa) = (0= TP} + 9
= ol f(a) = pI? + (1 = o) an = Il
=3 200, — K)o — i) | + g, (3.7)
i=1 "

where g, = 2ep||an,0f(2n) + Doy an’iSnJ;‘}jxn —pl|| + 2. Since {f(z,)} and
{Sanjxn} are bounded sequences, > .o a,; < 1 and lim,_,. e, = 0, we
have lim,_, o0 g, = 0. From (3.7), we get that

> 200i(= = K2)(@a — Jiwn)|?
i=1 n

anoll f(zn) = plI* + (1 = ano)lzn = pI* = lzns1 = pl* + gn
(1 = ano)llzn = pl* = lznsr = plI* + anoll f(za) = plI* + gn
|lzn = Ensalllzn =D+ 2ntr = pll + anoll f(@n) = pI* + g (3.8)

VANVARRVAN

Let us fix i € N. Since ay, ; C (0,1) for all i € N and 2(£ — K?) > 0. Then,
by (3.8), we get that

p = B
2001 = K2l — Thvan? < 20042
n

n i=1

- KQ)H(xn - J:,‘jxn)HQ

<lzn = tnaallllen = p + 2ns1 = pll + anoll fl@n) =21 + 9o (3.9)

Since {z,} and {f(z,)} are bounded sequences, lim,_, o g, = 0, lim,,—, oo @y 0,
lim,, 00 vy ;i = @; for each ¢ > 1 and by (3.9), we conclude that

2n — Jiz, | = 0. (3.10)

lim
n—r oo
By using Lemma 9 we note that

lzn — J7A1xn|| < len = J:}an” + HJ;:I% - JrAlxn”

n

) ) r r ) )
=l Tl 12 (1= ), ) ]
n

< ow— T + (x - T)Jéixn) 2l
T T

n n

) r )
= Hxn_J;‘;xn”"' |1— |H J:}fxn_an
Tn

IN

|20 — T wn || + 1T 2, — 2| = 2|20 — Tz, || (3.11)
Hence, by (3.10), we observe that

lim ||z, — J2,| = 0. (3.12)

n— oo
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Step 4. We will show that there exists a unique point p € F' such that

limsup(f(p) — p,j(vn —p)) <0, p=Qrf(p).

n— oo

Since {z,} is bounded, there exists a subsequence {z,,, } of {r,} which
converges weakly to Z. To prove this, we divide to 4 steps.

Step 4.1. We will show that # € ();°, A;'(0) # (). Note that

[n,, = & < N, = T, ||+ 1T, — T
< zn, = Iz, + 2n,, — 2
This implies that
limsup ||z,,, — Jiz| < limsup ||z, — Z|. (3.13)
m—r o0 m—r 00

Since a smooth Banach space with a weakly sequential continuous duality
mapping j has the Opial’s property. Then, by using (3.13), we obtain that
JAiz = 7 for all i € N. This is complete the proof because

JYiz =z VieN, < zcFiz(JY), VieN
< T€A'(0), VieN
= zec()470)
i=1
Step 4.2. Next, we will show that z € Fiz(S) = (,—, Fiz(S,). Note that
HSnJ::,ixn - J;,i’an < ”SnJéixn = Tng1 | + [Znt1 — @l + lzn — J;,i’an
We observe that
i1 = Sndiian] = om0 f(zn) + Y o iSnditiazn + e — Sn iz, ||
i=1

o0
< Han,Of(xn) + Z O‘n,iSnJ:::xn - SnJ:}jiEn” +eéen
=1

= ||an,0f(xn) + Z an,iSnJrIé;'xn - (Z ami) SnJr;A,len” +en
i=1 i=0

oo o0
= ”O‘n,of(xn) + Zan,isnj;:ixn - (an,O + Zan,z)SnJ:ifan +en
=1 i=1

< anollf(@n) = Sudiyiwall + en.

Since {f(zn)} and {S,Jiz,} are bounded sequences, by condition (a) and
(d), we obtain that

lim [|S,J2 2, — 2, = 0. (3.14)

n— oo
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Note that

1Sz — 20| < ||S2p — SJ;‘}Lian + ||SJ;1"xn — Spdi ||+ |Snditia, — x|
< Nwn = Jiw, || + |STA w, — Spditiwa|| + ||Sn iz, — 2]

By using Lemma 11, (3.12) and (3.14), we obtain that
lim ||Sz, — 2, =0.
n—oo

Since z,,,, — Z, by Lemma 10, we have T € Fiz(S) =\, —, Fiz(S,).

Step 4.3. We will show that there exists a unique point p € F' and p =
Qr f(p). Indeed, since F := (N7, Fiz(S,)) N(Ni; 4; ' (0)) # 0 is closed and
convex. By using Lemma 2, we obtain that the set F' is a sunny nonexpansive
retract from E onto F, i.e., Qp is well defined. We see that Qr f is contraction

of C into itself. In fact, since Qg is a nonexpansive mapping,

1Qr(f)(@) = Qe(f)WI < [If(x) = fFW) < Kl —yll,

where k € (0,1). By Banach contraction principle, there exists a unique element
p € F such that p = Qrf(p). That isZ=p=Qrf(p) € F.
Step 4.4. We will show that limsup,, , . {(f(p) — p,j(xn, —p)) <O0.
Choose a subsequence {x, } of {z,} such that

limsup(f(p) = p,j(en —p)) = lim (f(p) = p,j(2n, —P))

n—oo n—r oo
Since {z,} is bounded, there exists a subsequence {a:n]} of {z,,, } which
T, — T Without loss of generality, we can assume that x,,, — Z. It follows
that

limsup(f(p) — p,j(xn —p)) = lim (f(p) —p,j(@n,, —p))

n—oo m— o0

(f(p) —p,j(z —p)) <0.

Step 5. Finally, we will show that z,, — p.
By using Lemma 7 and Lemma 5, we have

o0
|2nr1 = plI* = lomof (@n) + > aniSnitiz, + en — p?
=1

o o
< ” Z an,iSnJ;iixn - Z Qp P+ enH2 + 2@n,0<f(1'n) - paj(xn-i-l - p)>
=1 =1

<D niSadiwn =D il + 200, 0(f () = P, (@41 — p))

i=1 i=1

oo oo
4260 Y o iSn i, = > anapll + €l
=1 i=1
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< D ani(Saditiwn = p)|* + hn + 2000(f (22) = P, j(@nt1 — p))

< (1- an’O)qun - p”2 + hy 4 200,0(f(2n) — f(P), j(Tnt1 — )
+2an,0(f(p) — P, j(Tn41 — p))

< (1= anolln — ol + o + 20l (n) — F@)|nss — ol
+2an,0(f(p) — P, j(Tns1 — p))

< (1= an0)?lzn = plI* + hn + 200,020 = plll[2a41 — 2
+2an,0(f(p) — P, j(Tns1 — p))

< (L= ano)?lzn = pl? + ho + anok{llzn = plI* + [lz0sr — [}

+200,0(f(p) = P, 3 (@ns1 = D)),

where h,, = 2e,|| Zfil Oén,iSnJ{iiZ'n — Z _ 1, amipll + e2. This implies that

(1 — an’0)2 + Ozn’()k

_pl?2 < 012
o =l < E ettt ntys,
Qan’o . n
+ m(f(?) P j(Tns1 —p)) + T~ anok)
11— 2040 + anok 2, 9o 2
e e |
2047,’0 . hn
+ mq(p) P Jj(Tnt1 — p)) + (= anok)
2(1 — k)an)o 2(1 — k)an’o Oén)oM
< (- )en - pl? — (57—
1 an,Ok 1 an,Ok 2(1 k’)
b )~ P — ) + s
TR =i =P + s

< (1 - tn)”xn _pH2 +tnby + C;m

where M = sup{||z, —p||> : n > 0}, t,, (11 530:]207 b, = a(’i’oj,\v/[) + = (f(p) —

p,j(xnt1—p), and ¢, = (1 ha ok By assumptions, we see that lim,, o t, = 0,
Sty =o00and Y07, ¢, < oo. By step 4.4, so we have limsup,,_, . b, <O0.

n=1 n=1"n
Therefore, by using Lemma 12, we obtain that the sequence {z,} strongly

converges to p = Qg f(p). This completes the proof. O

Remark 2. We given some examples concerning of the sequence {0} and
{an,i} that satisfy the control condition of Theorem 1 as follows:

_ 1 1y 1
(1) if a0 := - and o, ; 1= (1 - *)57 n =1
It easy to see that

(o]
1
lim o, = hmf: E anofE — =00,
n—o0 n—oo n

rLl



Proximal Point Algorithm for a Common of Countable Families 111

1
Z’Oém—lo*ano‘ Z‘n—l—lii’ _1ﬁ<00

n=1

For each ¢ > 1, we have

1\ 1 1
nlgm Qpi = lggo (1—;)5256(0,1).
. oo 1
Since )7, 5= 1, then
= = 1 1y 1
Zan,i = an,0+zan,i:ﬁ+2(lfﬁ>§
1=0 =1 =1
1 1\ o= 1
- 1—7) S
+( n ;21
. 1 1 1
(2)1fan70::n+1andanl (1_71—1—1)?’”*1
. 1 1.1
(3) lf ()[7L70 ::ﬁ and Oénﬂ; = (1 —ﬁ)i’ n > 1, 7 > 1
4) if = 1 d : 1 1,1 >1,1>1 <1
()104”70.—5311 anﬂ.—(—ﬁ)g,n_,z_,p_.

By setting S, = I for all n € N in Theorem 1, we obtain the following
Corollary:

Corollary 1. Let E be a uniformly convex and 2-uniformly smooth of real Ba-
nach space and let C' be a nonempty closed convex subset of E which has
a weakly continuous duality mapping J from E to E*. For any i € N, let
{4;}2, be an infinite sequence of §;-inverse strongly accretive operators in F
such that 8 :=inf;>1{8;} > 0 and ;2, D(4;) C C C N2, R(I 4+ rA4;) for all
r>0. Let f:C —> C be a contraction mapping with a constant k € (0,1) and
Jit = (I+7,A;)7" be a resolvent of A; for r, > 0. For given x1 € C, let {z,,}
be a sequence defined by the following:

oo
Tnt1 = Anof(Tn) + Z an,iJéi-Tn +en, VneN,
i=1

where Y ° ;s =1, {a;} € (0,1) for all i > 0, {r,} C (0, KQ) where K is the
2-uniformly smooth constant, and {e,} C (0,00). Suppose that the following
conditions hold:

(a) limy o0 n 0 = 0, Z —1 Qn,0 = 00 and Zn 1long1,0 = ano| < oo;
(b) for each ¢ > 1, lim,, 00 tp s = o € (0,1);
)
)

(€) >0 | rns1 — 7 |< 00 and limy, oo 7y = 17 > 0;

Math. Model. Anal., 21(1):95-118, 2016.
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Then, the sequence {z,} strongly converges to a point p € F, where p =

Qrf(z).

If we put J;‘:Li =] foralli € N, n € Nin Theorem 1, we obtain the following
Corollary:

Corollary 2. Let E be a uniformly convex and 2-uniformly smooth of real Ba-
nach space and let C be a nonempty closed convex subset of E which has
a weakly continuous duality mapping j from F to E*. For any n € N, let
{5,152, be an infinite sequence of nonexpansive mapping from C onto itself
such that F := (2, Fiz(S,) # 0. Let f : C — C be a contraction mapping
with a constant k& € (0,1). For given z1 € C, let {z,} be a sequence defined
by the following;:

Tnt1 = Qnf(xn) + (1 — ap)Spay + en, VR > 1
If sequence {a, } C (0,1) and {e,,} C (0, 00) are satisfy the following conditions:
(a) limy, oo, =0, >0y =00 and Y07 g1 — ay| < 00;

(b) 22021 en < 0o

Assume that Y07 | sup{||Snt1z — Spz|| : © € B} < oo for any bounded
subset B of C. Let S be a mapping of C into itself defined by Sz = lim,,_,, S,z
for all z € C and suppose that Fiz(S) = (,—; Fiz(S,). Then, the sequence
{z,} converges strongly to a point p € F, where p = Qpf(x) and Qpf(z) is
sunny nonexpansive retraction from E onto F.

It is well known that in a Hilbert space, the 2-uniformly smooth constant
K =1. If we set E = H in Theorem 1, we obtain the following Corollary:

Corollary 3. Let C' be a nonempty close convex subset of a Hilbert space H.
For any i € N, let {A;}$2, be an infinite sequence of f;-inverse strongly ac-
cretive operators in H such that 8 := inf;>1{8;} > 0 and (2, D(4;) C C C
Mooy R(I+1A;) for all r > 0. Let {S,,}22; be an infinite sequence of nonexpan-
sive mapping from C onto itself such that F' := °7, Fiz(S,) N Nic, 4; 1(0) #
. Let f : C — C be a contraction mapping with a constant k£ € (0,1) and
Ji = (I+r,A;)~! be aresolvent of A; for r, > 0. For given z; € 2, D(4;),

let {z,} be a sequence defined by the following:

Tn+1 = an,Of(xn) + Zan,zsnjfnzxn + én, vn > 17

i=1

where 7 o, = 1 and sequence {a,;} C (0,1) for i > 0. If sequence
{rn} € (0,8), and {e,,} C (0,00) are satisfy the following conditions:

(a) limy,—y00 @no = 0, D no =00 and > |ant1,0 — Aol < 00;
(b) for each ¢ > 1, lim,,_, o v = ; € (0,1);

(€) S0 1 | rng1 — 7 | < 00 and limy, oo 7y, = 7 > 0;
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(d) >0 en < 0.

Assume that Y07 | sup{||Snt12 — Spz|| : © € B} < oo for any bounded
subset B of C. Let S be a mapping of C into itself defined by Sz = lim,_,, S,z
for all z € C and suppose that Fiz(S) = (,—; Fiz(S,). Then, the sequence
{zn} strongly converges to a point p € F and p = Ppf(z) and Pof(z) is a
metric projection from H onto F'.

Remark 3. We note that Theorem 1 improves and extends in the following
aspects:

(a) Our result can be extend [8, Theorem 3.1] from a Hilbert space to a uni-
formly convex and 2-uniformly smooth Banach space.

(b) Our result can be extend from solving the problems of finding a common
element of a finite sequence of monotone operators [8, Theorem 3.1] to
solving the problems of finding a common element of an infinite family of
inverse-strongly accretive operators.

(c) The iterative scheme (3.1) in Theorem 1 is different from Theorem 3.1 in [§]

because the J;ii is replace by the composite mapping SnJ;‘}j.

4 Numerical examples

Let us show numerical example to demonstrate the performance and conver-
gence of our main result as follows.

Ezample 1. Let E = R and C = [-1,000, 1,000]. Define an infinite sequence
of mappings S5, : C — C and operators 4; : R — R by

Sn(x):x_lJrl for all n € N
n+1
and ]
Ai(z) = ! (x—1) forallieN.

i+1
It is not hard to see that S,, are nonexpansive mappings for all n € N such
that

> sup{||Sni17 — Spz|| s 7 € B} < o0
n=1

for any bounded subset B of C' and A; are f;-inverse strongly accretive opera-
1

tors where 8; =1+ — for all i € N. So 8 :=inf;>1{8;} =1 > 0. Moreover, we

i
see that the resolvent of each A; is

1+ nl
JA () = (T +rA) " (x) = % for 1, > 0.

Note that the resolvent J;‘}f are nonexpansive mappings for fixed i € N.

Math. Model. Anal., 21(1):95-118, 2016.
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By the definition of S,, and A;, we observe that 1 € F. The Theorem 1
certifies that the sequence x,, in Algorithm 1 converses to the point in F. That
is x, — 1.

Suppose that a contraction mapping f : C' — C' is defined by

r+1

f(z) = 5 for all z € C

and two sequences are defined by

1

1> Z:O, 1
Qn i = n+1 1 1 {Tn}:{n+ }> n=u,
(1f )f,, i>1, 2n
n+1/2

It is easy to see that these sequences satisfy all of conditions in Theorem 1.
Now, the following algorithm is presented for finding a proximal point z € F
as in Theorem 1.

Algorithm 1 Proximal point algorithm via viscosity approximation method

Step 1. Choose xg € C arbitrarily and let n = 0.
Step 2. Compute the series value given by

0o
§ A
Yn = an,iSnJrn Tn-

i=1

Step 3. Update Zy+1 = nof(2n) + Yn-
Step 4. Put n :=n + 1 and return to Step 1.

In this experiment, we first test the effect of initial points on solution by
choosing three initial points x¢ = 50, 10, —20. The behavior of z,, for Algorithm
1 is indicated in Figure 1.

50

% =50
401 0 B
¥,= 10

30+ o %=-20 | |

201 q

X -Values
'

_20 L L L L L L
14 16 18 20

8 10 12
Number of Iterations (n)

Figure 1. Behavior of z, for the different initial point zog = 50, 10, —20.

This shows that for different initial points, each sequence x,, converges to
the same solution, i.e., 1 € F' as solution of the example.
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Next, we would examine the effect of a, ; to rate of convergence and solution
by setting three different sequences as follows;

1
— i=0
- n+1
" -1 )L i1’
nyil2i "=
1
, — i=0
o~ ¥l
" (1—— )2 i1’
n+1’3" b=
L 0
1" a1’ t=
an,i: (31TL+11 )1 S
ny1/200 "=

with the same initial point o = 30 and f(x) = (x + 1)/2. By Algorithm 1, ,,
converges to 1 and the behavior of z,, is showed in Figure 2.

a = 120-100), o, = 1/(n+1)

e
251 a =23(1-1/n+1)), o

0

o= n+1)

a, = 12(1-1/@n+1)), o = 1/@n+1)
20 B

x -Values
&
T
I

L L L L I T

L4
L4
L4

4 5
Number of lterations (n)

. . . ’ 17
Figure 2. Behavior of z,, for the different sequences Qp iy Qs and Q, ;-

Moreover, Figure 3 shows that by using Algorithm 1, the sequence x,, also
converges to 1 for the different contraction functions f(x) = 0.2(z+1),0.5(x+1)
and 0.8(z + 1) with the same initial point x = —10, a,o = g and ag; =
(1-— n%rl)% The presented results show that f(z) = 0.5(x + 1) has the fastest
rate of convergence.

The figures 1-3 show that the sequence x,, converge to the same value for
the differences of initial points, sequences a, ; and contraction functions. The
values of the sequence x,, on the test of the figures 1-3 are shown on Table 1.
We note that the differences of initial points and parameter sequences o, ; do
not significant indicate the rates of convergence. However, the constants of
contraction functions have likely effect on the rates of convergence.
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X -Values
!
IS
T
L

6 R
—e— (x) = 0.2(x+1)
—— (x) = 0.5(x+1)

-8 —— f(x) = 0.8(x+1) )

L L L L L
5 10 25 30

15
Number of Iterations (n)

Figure 3. Behavior of z,, for the different contraction functions
f(x) =0.2(x 4+ 1),0.5(x + 1) and 0.8(z + 1).

Table 1. The values of the sequence z,, on the test.

fl@)=(z+1)/2 fl@) = (z+1)/2 ano=1/(n+1)
1
n On,0 = 537 xzo = 30 oznyz-:(l—n%%1 2%
;= (1— %—H)Q% 9 = —10
different xg different o different f(z)
! " 2 1 5 1 8 1
50 10 -20 A (e1) 5(ztl)  S(z+1)
1 2852 6.055 -10.79 17.29 17.54 18.18 -3.828 -5.178  -6.528
2 11.89 3.001 -3.668 7.447 7.633 7.289 -0.628 -1.445 -2.533
3 4301 1.606 -0.415 2.953 3.035 2.658 0.479 0259  -0.185
4 1809 1.149 0.653 1.479  1.505 1.341 0.784  0.819  0.759
5 1.166 1.031 0.929 1.098 1.105 1.058 0.866  0.963  1.039
6 1.029 1.005 0.987 1.017 1.019 1.008 0.896  0.993  1.094
7 1.005 1.001 0.998 1.003 1.003 1.001 0913  0.999  1.093
8 1.001 1.00 1.000 1.000 1.000 1.000 0.924  1.000  1.083
9 1.000 1.000 1.000 1.000  1.000 1.000 0.933  1.000  1.073
10 1.000 1.000 1.000 1.000 1.000 1.000 0.940  1.000  1.065
11 1.000 1.000 1.000 1.000  1.000 1.000 0.945  1.000  1.058
12 1.000 1.000 1.000 1.000 1.000 1.000 0.950  1.000  1.053
47 1.000 1.000  1.000 1.000 1.000 1.000 0.999  1.000  1.012
48 1.000 1.000 1.000 1.000  1.000 1.000 1.000  1.000  1.000
49 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000  1.003
50 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000  1.000
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