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1 Introduction

In this paper, we mainly study the following system of fractional elliptic equa-
tions:

u |u|9~2u 1 Fu(u,v)
—A)u — =\f(x + , in {2,
A A T A GIEE
v [0 1 Fy(u,v) . (1.1)
(_A)SU -7 = Hg(z) + * ) m Qz
||> lzl*  25(8)  |=ff
u=v=0, in RN\,

where s € (0,1), 2 C RY (N > 2s) is a smooth bounded domain with 0 € (2,
2%(B) :==2(N — B)/(N — 2s) is the fractional Sobolev-Hardy critical exponent,
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2 J. Zhang and T.-S. Hsu

and the parameters in (1.1) satisfy the following assumptions:
(Ho) N>250<s8<1,0<a,8<25, \,u>0,0<y<yy,1<qg<2

The operator (—A)® is the fractional Laplacian which is defined by

(-4 u(@) = P.V. | Wcﬂy
ulz) = uly) dy, VxRN,

= lim o = g[N2s

e—0+ RN\ B, (z)
Notice that the typical feature of the fractional Laplacian operator is non-
locality, that is, the value (—A)%u(x) at any point = € {2 depends not only on
the value of u on the {2, but also on the value of u on the whole R, which makes
some discussions and calculations difficult. Moreover, the Dirichlet condition
in (1.1) is given in RY\§2 and not simply on 92, which consistently with
the nonlocal character of the operator (—A)*®, see [1,3,16,17,19,21] and the
references therein for further details on the fractional Laplacian.

The starting point on the study of the system (1.1) is its scalar version:

u lu|9=2u |2 P2y )
= Af(x , in {2,
A T R P (12)

u=0, in RNM\£2.

(=A)°u—~y

Concerning the nonlocal problems with critical Sobolev-Hardy exponents, there
has been little research up to now, see [18,20] and the references therein. In
particular, Zhang and Hsu [20] concerned the following fractional elliptic system

u [ul”2u | 20 |u"Pulv)’ .
A)? = 02
( ) u ’Yl |28 |!L'|a n +0 |$|6 B m I
v |v]9=2v 20 |u\"|v\0*2v . (1.3)
—A)Sy — = 2
( ) v ’Y|x|2s M |Jf|a 77+ 0 |$|ﬁ 5 mn )
u=uv=0, in RV\ 2,

where 1 < ¢ < 2,7, 0 > 1satisfying n+60 = 2%(3). Using the variational method
and Nehari manifold method, they found that the problem (1.3) has at least
two positive solutions if the parameters A, p > 0 satisfied a certain condition.
Problems (1.2) and (1.3) aroused the interesting results due to the lack of
compactness for involving the critical exponent; hence, the associated energy
functionals do not satisfy the Palais-Smale condition in general. Moreover, the
explicit formula of the ground states of limiting problem (2.9) is not clear, the
standard variational argument is not applicable directly, which is the difficulty
for the fractional Laplacian problem with Hardy potential and critical growth.

Motivated by [20], in this paper we focus on the general case f, g possibly
change sign in {2 and F positively 2*(/5)-homogeneous, we shall complement
the results of [18,20] and extend the results of [11,12,13,14] to the fractional
Laplacian operator. Our main tool is the Nehari manifold methods which is
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similar to the fibering method of Drabek and Pohozaev [5]. We show that the
system (1.1) has at least two positive solutions when the parameters A, u and
weight functions f, g satisfied some certain conditions. It should be mentioned
that in [8,9,10,15,22], some problems involving fractional Laplacian operator
were investigated by the Nehari manifold and fibering method.

We look for solutions of (1.1) in the Sobolev space

X5(2)={uc H*RY): u=0 ae. in RN\02}

with the norm

O gray)
S - dady)”.
lilsgcor = ([ [, gy

From (2.2), we employ the following equivalent norm in X§(2):

o= ([, 5 - [ )
ully = xdy — x) .
! RN Ix— IN”S |z

Denote by W the product space W = X§(£2) x X§(£2) endowed with the
norm ||(u, v)|[3 = [[ull2 + [[v]|2. The corresponding energy functional of prob-
lem (1.1) is defined on W by

F(u 1
Do) = 30l = 5 [ 5 de = 2@,

Qxp(u,v) = /f ||qd + u / (|)|a|dm

By standard arguments we can verify Iy , € CL(W,R). It is well-known that
the weak solutions of (1.1) are the critical points of functional Iy ,.

For all v < v, by (Ho), the following best Sobolev-type constants are well
defined and crucial for the study of (1.1):

where

u(z)—u u)?
. f]RN fRN %dl‘d?j — 'an %daﬁ
A(s, B) :== inf .
weX§(£2)\{0} Ju|?3 (ﬁ) 2% (B)
(4o )

I

9

Sp(s, ) := V)|I3/ / Flu 2* G (1.4)

u€W\{(O O)}

In order to given the relation between A(s,8) and Sg(s, 3), the following
assumptions on F' are needed in this paper:

(Fo) F € CY(R%,R*) and F(tu,tv) = t*P) F(u,v), Vt >0, (u,v) € R?;
(Fl) F(U,O) :F(O,U) :FU(U,O) = FD(O,”U) =0, Vu, v € R;
(F2) Fu(u,v), F,(u,v) are strictly increasing functions for all (u,v) € R

Then, we have the following result.

Math. Model. Anal., 25(1):1-20, 2020.
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Theorem 1. Suppose (Ho) and (Fy)—(Fz) hold. Then, Sk(s,3) = My A(s, B)
and Srp(s,B) has the minimizers (01Uc(x), 02U (x)), where U (x) are defined
as in (2.8), 01, 02 are constants given in (2.4), and Mp is defined by

Mp = max{F(|ul, |0 TP : (u,0) €R? and [u]® + 2 =1}.  (L5)

The other main result of this paper is the following existence and multiple
results. To the best of our knowledge, the results are new for the critical
fractional Laplacian problem with Hardy potential and homogeneous term.

Set

2 2
2—gq )2*(@2 25(8) (2*(5)_2)24; e
N=|—— Sp(s,f)E@—2 [ S As,a)2=q.
=z re D g )
(1.6)
We assume that f, g : {2 — R satisfy

(H1) f, g€ LP(2,|z|~%dx), f* = max{£f,0} # 0 and g= = max{+g,0} # 0,
where p := 2*(a)/(2%(a) — q).

(Hz2) For some ag, 19 > 0 such that f(x), g(z) > ao for z € B, (0) C £2.
Theorem 2. Suppose (Ho), (H1)(Hz) and (Fy)—~(F>) hold. Then,
(i) If A, p > 0 satisfy

e 2
0 < Alfllze(a,jz-)) 27 + (Wl fllze(2,je)-2))Z7 < Ao,
then system (1.1) has at least one positive solution in W.

(i1) There exists 0 < A* < Ag such that for A, > 0 and

2 e .
0 < (Alfllzr@.foi-=)) 77 + (Ul flLr(@,jol-=) 77 < A%,
then problem (1.1) has at least two positive solutions in W.

Remark 1. There are many homogeneous functions of class C*, for example:

258 . .
F(t) = (Zle [t;|P) "7 with p > 1. If we taking F(u) = ﬁ|u1\’7|u2|e with n,
0 > 1, n+ 60 =2%(53), then Theorems 1.1 and 1.2 in [20] are the special case of
our Theorems 1 and 2.

This paper is organized as follows. In Section 2, we introduce the variational
setting of the problem and present some norm estimates about the ground states
of limiting problem. In Section 3, we investigate the Palais-Smale condition for
the energy functional and given the proof of Theorem 1. Some properties
about the fibering maps and Nehari manifold are established in Section 4, and
Theorem 2 is proved in Sections 5.

Throughout this paper, we will denote by L4(§2, |z|*dx) the usual weighted
L%(£2) space with the weight |z|* which norm give by || - ||La(2,z|o); O(e")
denotes logﬁ < C and o(e?) means lo(aﬂ —0ase — 0 fort > 0; 0,(1)
means o, (1) — 0 as n — oo; The dual space of W will be denoted by W~1; C,
C; will denote various positive constants which may vary from line to line.
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2 Preliminaries

First, we give some useful results of fractional Sobolev-Hardy inequality. As-
sume that 0 < ¢t < 2s. Then, there exists positive constant C(s, ¢, N) depending

on s, t and N, such that
2*(t) )|2
> /]RN /RN \m = |N+2& —— " duxdy, (2.1)

C(s,t,N) </
RN
where 2}(t) = S If we set t = 2s in (2.1), we have

2(N— t)

u(y)|?
——————dxd v X502 2.2
05 o fo g W@, 2

F2( Nt2s )
r2(55%)

The following properties about homogeneous function are important and
well known:

where vg := 22° is the best fractional Hardy constant.

Lemma 1. Let 0 > 1 and H be a differentiable o-homogeneous function, then
(i) for all (u,v) € R?, uH,(u,v) + vH,(u,v) = o H(u,v);

(i) there exists My > 0 such that |H (u,v)| < Mg (Ju|” +|v|?) for all (u,v) €
R2, where

My = max{H (u,v) : (u,v) € R?, |ul” + |v|” = 1};
(iii) the mazimum My is attained for some (ug,vo) € R?, i.e., [ug|”+|vol” =1
and |H (ug,vo)| = My;
(i) H,(u,v), Hy(u,v) are (6 — 1) homogenous.

By (Fp) and Lemma 1, we have

*

uFy(u, v)+0Fy (u, 0) =2 (B) F (u,v), F(u,v) < (Mp(|uf*+v]? ))#7 (2.3)

where M is given in (1.5). Moreover, from Lemma 1 (iii), there exists (61,62) €
R? such that )
07 403 =1 and Mp = F(61,0,)%P . (2.4)

Now, we will study Sr(s,3) and prove Theorem 1.

Proof of Theorem 1. Let {w,} C X{({2) be a minimizing sequence for
A(s, ) and (01, 02) be defined as in (2.4). Choosing (uy,,v,) = (01w, Ow,) in
(1.4), from (Fp) we have

(6% + 63) loalel e F grdy — [, 1l de)
2) Upw Jov gt — (f)ﬂ || > Sp(s,B).  (2.5)
* Wy 2 25
F(01,05) %0 (fo | |JL-\ dx)

Math. Model. Anal., 25(1):1-20, 2020.
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Taking n — oo in (2.5), we have
SF(SaB) < Mgl A(&ﬁ) (26)

On the other hand, let {(uy,v,)} € W\{(0,0)} be a minimizing sequence
for Sr(s, ), from Proposition 1 in [4], we have

F
(1tn;:51)d17:: J/ }7( uv; 7 Uné )(ix
o |7 7 | FTH || TFH

v
<Pl s | o)
2*(13) L2583 |$ 3 (8) L2253
Set
2 2 1/2
U v
AZI/(H - ’ 2(8) H 2 2*<B>) '
|| ZE® L% T L7
‘We have
e W e
B * B * -
||z 1225 g ey (12752
Then,

U (T)—Un 2 v (T)—vn Un |2+ |0y |
R A CoE D I S O MR g

F s 3% (3)
(Jop 2 dr) 7200

‘2*( )

Uy |°s . U 2%5(8) 2
_ A6 AUo Ll ) T 4 A(s, B) ([, el da) T

2
2% (8)
u
F(H - ’ 2*(ﬁ))
|z 25 (B) L=s

Un
* ) B ‘
L2518 H || 7% )

2 2
Un _A'_H Un
A(s, B) oz 12250 e e
= S, 2
BEG)
IwI% 258’ III% L25(8)
2 2
Au, H Av,, ‘
_B * _B 5
A(s, B) || 25 (P) L% ® ERE L%=®
= S, p)
(P
F(‘ Aun H Avn )
B * ) B *
|75 L2 2z ey (1225

> M A(s, B).
Passing to the limit in the above inequality, we have
Sr(s,B) > My A(s, B). (2.7)

Hence, (2.6) and (2.7) given the proof of Theorem 1. [J
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For the best constant A(s, 8), from [6,7], we know that, for all 0 < s < 1
and 0 < v < 7y, the best constant A(s, ) is achieved by the form

N—2s

Uc(z)=¢""72 U(z/e), Ve > 0, (2.8)

where U € C*(RM\{0}) is a positive, radially symmetric, radially decreasing
ground state solution of the limit problem:

2:(p)-1
(—A)SU—'Y u7:7u N in RN,

P

u>0, u#0, in RN,

(2.9)

Moreover, at zero and infinity, the solution U satisfies

lim [2]*PU(z) =X >0 and lim |2/’PU(z) = Ase > 0,

|z|—0 |z|— 00

where a(7y) and b(y) are solutions of the equation

T N-—p T 2s+
g’N,s(ﬁ) — 225 (Nzgs),g( 2 5) — = 0
I(=—3=)I'(5)
and satisfy 0 < a(y) < % < b(y) £ N —2s. By a direct computation, we
get
U.(z) — U.(y)|? U / U 21(®)
———dxdy — =A (A2
_// [z —y[N+es T | |2€ |x|5 (s,8)
RN RN

Take p € (0,79) small enough such that B,(0) C §2, B,(0) = {z € RV :
|z| < p}, where 9 be given in (H3). Choose the radial cut-off function ¢ €
C5°(£2) such that 0 < ¢(z) < 1if B,(0), ¢(z) =1 in Bs(0) and ¢(z) = 0 if
B,(0)¢. Set

ue(x) = p(x)Ue(z), Ve >0. (2.10)

Proposition 1. (See [20], Proposition 2.3)Assume that 0 < s < 1, 0 <y <
Y, 0 <, B <2s and 1 < q < 2%(«). Then, the following estimates hold as
g — 0t

lucl|? = A(s, B)3=7 + O ()+2-N); (2.11)
2;(B)
5 |ua|:|c|ﬁdl‘ = A(s, B) 25=F +0(e 2;(8) (’Y)-‘rﬁ—N); (2.12)
N o AN =26) )
CeN a5 i 4> (N - a)/b(n),
|’U,5|qd _ N 4N=25) ) 213
0 |$‘O‘ T = Ce 2 ‘ln€|7 qu:(Nfa)/b(PY)a ( : )

et~ if ¢ < (N —a)/b().

Math. Model. Anal., 25(1):1-20, 2020.
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3 The Palais-Smale condition

In this section, we show that the functional I , satisfies (PS). conditions.

DEFINITION 1. Let ¢ € R, W be a Banach space and I, , € C'(W,R). Then
{(un,vn)} is a (PS). sequence in W for I, if I ,(un,vn) = ¢+ 0,(1) and
I (un,vy) = 0, (1) strongly in W1 as n — co. We say that I, , satisfies the
(PS). condition if any (PS). sequence {(uy,v,)} for I , admits a convergent
subsequence.

By the Hélder and Sobolev-Hardy inequalities, for all u € X§(2), we get

q q
L, [ S,
|| o |z|E@* |z E®

/ | 2*<Z> z ‘TLT( |u\22ia>dx)% (3.1)
|z o lz|
_4a
= Ifll 2z A(s, )72 [ul|2.
L1 (0, -=)
Then,
Qxu(u,v) T2 f e 2,fal o lulld + wllgllLe 2,z l014)

=
»
= R

= (E( 2 q 2 i
(CG-55)G-zm) | A0 i)
+ (E(% B 2;@) G B 2:1@)1} ‘Iote) (32)
(G- )G ) T s )
<(3- ﬁ) (j] - 215)) I, )
+ c*((A||f\|me,|xra>)ﬁ + (MHQHLF(Q,IM*Q))ﬁ)’

_2-q(2(B) —q\ 7 e
C* = T(W) A(S,Oé) > 0.

Lemma 2. If {(un,vy,)} is a (PS). sequence for Iy, with (un,v,) — (u,v)
weakly in W. Then, If\yﬂ(u,v) = 0 and there exists a positive constant Cy
depending on q, s, o, B and N such that

2 2
Lu(t,0) = =Co (A lpo(a o) 77 + (allgllzogo o) 7).

Proof.  Since {(un,vy)} is a (PS). sequence for Iy , with (up,v,) = (u,v) in
W, it is easy to check that Ig7ﬂ(u, v) = 0. In particular, we get that

<I3\,,u(u’ U)v (ua 'U)> =0,
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namely

F(u,
Il = [ F e + @t

Then, from (3.2), we have

Do) = (5 = 5o w0l = (5 = 5o ) Qaalunw)

2% ¢ 20
1 1 2 2
(4~ 5:) O (A ert g7 + (ilglsoge o))

_2 _2
= —Co((AHf||Lp(rz,\z|fa))2*" + (M||9||Lp(n,\z|fa))2*q>,

where Cy = ZiB-0(-a) <2z<ﬁ>—q

2¢23(8) 25 (B)—2
pending on ¢, s, o, S and N. 0O

P
)27(1/1(5,04)7% is a positive constant de-

Lemma 3. I, satisfies the (PS). condition for all ¢ < co, where

25 — 2% (8)
Coo 2276 SF(S7B) ;=2

2(N - p)
—Co (()\HfHLG(Q,pcra))ﬁ + (MHgHLP(Q,lx\*Q))ﬁ)- (3.3)

Proof. Let {(un,vn)} be a (PS). sequence for ¢ € (—00, ¢x). Similarly to
the proof of [13, Lemma 2.3], it is easy to see that {(u,,vy)} is bounded in
W. Then, there exist a subsequence still denoted by {(un,v,)} and (u,v) € W
such that (u,,v,) — (u,v) weakly in W, and

Up = u, v, — v weakly in L) (02, |z|"Pdx),
Up = U, v, — v strongly in LI(£2,|z|”%dz), V1 < ¢ < 2%(a), (3.4)
up(z) = u(z), vp(z) = v(r) ae. in Q.

Hence, from (3.4), it is easy to verify that I} ,(u,v) =0 and
Qx p(Un,vn) = Qi u(u,v) +0,(1)  (n— 0). (3.5)
Set i, = u, — u, ¥, = v, — v. By Brézis-Lieb lemma [19], we get
(s v) 3 = 1l (s 0) I3y + [ (@, Ba) [y + 0n(1). (3.6)

By the same methods as in [4, Lemma 8|, we obtain

——Ldy = dx + ————=dx + o,(1). 3.7
L PRl R @ 6D
Using (3.5), (3.6) and (3.7), we have

1 F(iin, Uy)
25(9) / x|

T, .
¢ = 5, o)l — da + I, (u, v) + on(1) (3.8)

Math. Model. Anal., 25(1):1-20, 2020.



10 J. Zhang and T.-S. Hsu

and F(@,.5.)
JO Unpy Uy
on(1) = H(unvvn)||12/v _/ #daﬁ (3.9)
o 2l
Thus, we may assume that
F ny ¥n ~ ~
?x\ﬁv de — 1, ||(tin, 0|3y = 1>0 as n — oo.

If { =0, the proof is completed. Assume that [ > 0, then from (3.9) we have

3 F Un,’Un 2 %5)
SF( B)lz (B)_SF hm

< li Uy, U 2
n—>oo |£L’|ﬁ - nh—>I20 ||(unavn)||W l’

2% (8)
which implies that [ > Sg(s, 8)%®-2. Hence, from (3.8) and Lemma 2, we

have

¢ = I, (un,vn) +0p(l) = (% 2*2@)5 b I(us0) + on(1) > 2(2;__%)

238 2 2
x Sp(s,B)x=M=2 — CO(()‘Hf”LP(Q,\zl*‘*))QﬂI + (M||9||LP(Q,\z|fa))2*">,

which contradicts ¢ < ¢o. The proof is completed. O

4 Nehari manifold

Since Iy, is not bounded below on W, we need to study I, on the Nehari
manifold

N = {(u,v) e W\{(0,0)} : (I} ,(u,0), (u,v)) =0}

Note that Ny, contains all nonzero solution of (1.1), and (u,v) € N , if and
only if

(u,0) 2 — /Q F|(;‘|’6”) dz — Q. (1, v) = 0. (4.1)

Lemma 4. I, , is coercive and bounded below on N

Proof. Let (u,v) € Ny, by (3.1), the Sobolev inequality and Hélder in-
equality, we find
Q)\,AL (U, ’U) < Cl ||(u7 1)) ||€/Va (42)

where
2—gq

Cr = [Alf o o) T + (allglzoqe,je-) 77|~ Als,0)~% > 0.

From (4.1) and (4.2), we get

11 , /11
I(w,0) = (5 = oy M o)l = (= 557 ) @)
> ol = ED ol
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As 1< g <2, 1, is coercive and bounded below on NA_#. O

Define @, ,(u,v) := <I§\’#(u, v), (u,v)), then for all (u,v) € N ,, we get

B0 (0.0), () = 2000y~ 0@ lu0) - 203) [ £ o

P
— -l ol - e -0 [ Tl @
= @218) ~ )@ u() — 23(8) ~ 2w )y (44)

We split Ny, into three parts:

N;:M - (u,v) € NA,# : <W§\7/L(u5 ’U) ) (uvv» > 0}7
={(u,v) € N)\,u : <lp§\,p(u7 v), (u,v)) = 0},
op = 1w, 0) € Ny (03, (u,v), (u,0)) <0}

We now present some important properties of N ,,, Ny o Ny

Lemma 5. Assume that (ug,vo) is a local minimizer for Iy, on Ny, and
(uo,v0) € NY .- Then I} ,(ug,v0) =0 in W1,

Proof. The proof is similar to that of [20, Lemma 3.4] and the details are
omitted. 0O

Lemma 6. NY , = 0 for all A\, p > 0 satisfy 0 < ()\||fHLp(QM\—a))ﬁ +
(u||g||Lp(Q"z|fa))f2q < Ao, where Ay is the same as that in (1.6).

Proof. We argue by contradiction. Assume that there exist A and p > 0
. 2 2

with 0 < ()\Hf||Lp(Q,|x|—cx))2*q +(MH9HLP(Q7|£‘—a))2*‘? < Ag such that J\/)(\),M 75 0.

Then, by (4.3) and (4.4), for (u,v) € Ny , , we have

_28B)—q [ F(u,v) 2{(B)—q
(. 0) 3= P / [P dz, ||(u,v) |y = W)_QQA,#(%W (4.5)

According to (2.3) and the Minkowshi inequality, we obtain that

2% (8)

2(ﬁ> 2 2
/F(ﬁ)d<M /(\u|+|v’1>z o
o |7l Q |z

2% w) Py
<M, / W’ + (/
2

< M% (M) 1||u||2+A<s,ﬁ>-1Hv||3)

2%(8)
2

) ) zg?m]
T

25(8)
2

_25(8) 2% ()

= (KD a2 1 pol2) = 66,8 N ED (46

Math. Model. Anal., 25(1):1-20, 2020.



12 J. Zhang and T.-S. Hsu

which and (4.5) leads that

2— 25(8) \ 2% h—s
I )l 2 (gt Se(s ) )7

On the other hand, by (4.2) and (4.5), we find that

2:(B) —q\ 73 S
2 g) AT s

1
2 2 \2
% (Ol o) 77 + (allgl (o)) 7 )

o)l < (

Consequently, (4.7) and (4.8) implies
2 2
M Allzr2,foi=)) =7 + (ullgll e (2,1-+)) 7= = Ao,

. . 2 2
which contradicts to 0 < (A||fllze(2,a|-=)) T + (llgllr(2,z1-+)) 7 < Ao.
This completes the proof of Lemma 6. O

By Lemmas 4 and 6, for each A\, 4 > 0 with 0 < (A||f||LP(Q7|m|7u))ﬁ +
(MHgHLP(Q"x‘fa))?zq < Ay, we can write Ny , = Ny UN; . Define

. + . — .
Caqy = inf I, ,(u,v), cT = inf I, ,(u,v), ¢§ = inf I, ,(u,v).
m (,0) €N ,,u( ) )7 A, (u,v)EN;rN 7#( ’ ), W) (Uﬂ))G/\/’;u nu'( ’ )

Then, we have the following results.

Lemma 7. The following results hold.

_2 _2
(1) If 0 < (Al fllze(a,jel-=)) 7 + (llgllLe(@,jz-o)) 22 < Ao, then ¢y, <
c;r’# < 0.

(2) There exists

@ -\ s 2o e
= (G —g) | AP0 70 ()

such that for all X\, p > 0 with
0 < (M llzr(@at-=) T + (ullgllznaol-+) 77 < Ar,
then Capu = €0 for some ¢y > 0.
Proof. (1) Suppose (u,v) € N)\":H. By (4.3), we get

2= allw ol > @) - [ T (49)




Multiple Solutions for a Fractional Laplacian System 13

According to (4.1) and (4.9), we get

1 1 1 1 F(u,v)
I =(=-= 2 -= " ~d
) = (5= ol = (- ¢) [ s
11 11 2-¢ ,
<|(=z=Z Z_
- [<2 q) - (q 22(6)) 2:(8) —q]”(u’v)”W
(2—-q)(23(8) —2)
Then, by the definition of ¢, cj\'w we can deduce that ¢y, < cj\:u <0.
(2) Suppose (u,v) € Ny ,. From (4.3), it follows that

2= )l ()} < (25(8) ,q)/ F(u,v)

n |$|B

dz.

This and (4.6) yield

)l > (o )22“5‘25 (s, B) I (4.10)

) W A/ 0N 9 s . :
2:(8) —q "

By the proof of Lemma 4 and (4.10), we infer that

Iy, (u,v)
> o)l [(5 - o Mol - (B s?)

2—gq

< (O llzo@ 1) 77 + (llglzno o) 77 )~ Als,0)~]

2(8) -2 2-q \wES moea %)
>0l Sy (@ e) e - oy )

X (AN zn( o) 7 + (gl o) T7) * Als,0)7F].

2—gq

2

. 2 _2
Then, if (Allf”Lp(Q"zlfa))ziq + (/J/||g||Lp(_Q,|m|7|1))27q < Ay, we get I)\7M(U,U) >

¢p for all (u,v) € ./\/'):#, where ¢y = ¢(g, s, @, 3, N) is a positive constant. O

For t > 0, we define the fibering maps @, ,(t) = I .(tu, tv). Then,

.(Ey_ F(u,v _
) = w0y 0 [ EE e - 1u ),

For (u,v) € Ny, we get @, (1) = (I} ,(u,v), (u,v)), which implies that
(u,v) € Ny, if and only if &, (1) = 0, and more generally (tu,tv) € N, if
and only if @}, ,(t) = 0. That is, the elements in Ny , correspond to stationary
points of the fibering maps @, ,(t).

For each (u,v) € W with [, Fl(;“;;”) dx > 0, set

1
25(8)-2

(2 - q)ll(w,v) I3 > 0.

(2:(8) — @) [, Fda

Then, the following lemma holds.

tmax =

Math. Model. Anal., 25(1):1-20, 2020.
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Lemma 8. If 0 < (|l fll o2 al-2) =7 + (llgllpo(o,jo-o)) =7 < Ao, then for
every (u,v) € W\{(0,0)} with [, Fl(;lb”)dx > 0 and Qx,(u,v) > 0, there
exist unique t1 and ty > 0 such that (tju,tjv) € N;f#, (tou, tov) € N;,u'
Moreover, we have 0 < t1 < tyax < ta, Inu(tiu, t1v) = infiep s, 7 In u(tu, tv)
and Iy ,(tau, tav) = SUPc(0,00) Iy, (tu, tv).

Proof. The proof is similar to [20, Lemma 3.2] and the details are omitted.
|

5 Proof of Theorem 2

Before giving the proof of Theorem 2, we need the following lemma.

Lemma 9. Suppose (Ho)—(Hz) and (Fo)—~(Fz) hold. The following facts hold.

(i) 10 < (A fllzo(ejal-o)) 77 + (1l gl Lo(,jo-a)) 77 < Ao, then there exists
a (PS)e,, -sequence {(un,vn)} C N, for Iy ,.

"

(i) If O < (M| fll Lo (.| -=)) 27 +(llgllLe(2,je)-~)) 27 < Au, then there exists
a (PS)-  -sequence {(un,vy)} C Ny, for Iy .

Exn

Proof. The proof is almost the same as in [18, Proposition 3.8] and the details
are omitted. 0O

Now, we establish the existence of a local minimizer for I , on N ;‘ u

Theorem 3. Assume that (Ho)(H2) and (Fo)—(F»). If

2 2
0 < (Allfllzr(2zi-2)) 27 + (kllgllLe(@,jz)-=)) 77 < Ao,
then Iy, has a minimizer (ui,vi) € N;f# such that (u1,v1) is a positive solution

of (1.1) and I ,(ui,v1) =cap = C;,L <0.

Proof. By Lemma 9 (i), there exists a minimizing sequence {(un,v,)} C N,
such that

Iy y(un,vn) =cxp +0p(1) and IS\VH(UmUn) = o0,(1). (5.1)

Since Iy, is coercive on Ny ,,, we get that {(u,, v,)} is bounded in W. Passing
to a subsequence, still denoted by {(uy,,v,)}, we can assume that there exists
(u1,v1) € W such that (un,v,) — (u1,v1) weakly in W and

Up — uy, vp — vy weakly in L% (0, |z|Pdx),

Up — U1, v, — vp strongly in LI(2, |z|"%dz), V1< q<2i(s), (5.2)

un(z) = ur(z), wvo(x) = vi(z) ae. in 2.

This implies that

Q)\,;L(unv Un) = Q)\,,u(ul, Ul) + On(l) (53)
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First, we claim that (uj,v1) is a nontrivial weak solution of (1.1). From
(5.1), (5.2) and (5.3), it is easy to verify that (u1,v;) is a weak solution of (1.1).
Moreover, the fact (uy,v,) € N, implies that

22:(8) —q) 2

) — qI)\,u('UJn7’Un). (54)

Q)\,u (uvu Un) =

Let n — oo in (5.4), by (5.3) and the fact that ¢y, < 0, we obtain

~q25(8)
25(8) —q
Thus, (uq,v1) € Ny, is a nontrivial weak solution of (1.1).

Next, we prove that (un,v,) — (u1,v1) strongly in W and Iy ,(ui,vi) =
¢, From the fact (u1,v1) € Ny, and the Fatou’s lemma, it follows that

Qxp(ur,v1) > e > 0.

2% -2 2% —
e < Do, o) = 52 o)y~ 0200 01,0)
%(8) 2 %(9) g

< n11—>120 WH(%’%)H%V - W@xu(umvn)

= lim [ Up,Vp) = C
Jim Ty (uns 0n) = Cx s

which implies that ¢, = I ,(u1,v1) and nl;rr;o\\(un,vn)||%v = ||(u1,v1) |3
Standard argument shows that (u,,v,) — (u1,v1) strongly in W.

Finally, we claim that (uq,v1) € N;:M. Otherwise, if (u1,v1) € Ny ,, then
by Lemma 8, there exist unique ¢]” and ¢; > 0 such that (t]uy,t]v1) € NIM
and (7 u1,tyv1) € Ny . In particular, we have t7 <t = 1. Since

d d?
ﬁl)\’ﬂ(tful,tfvl) =0, ﬁj)\“u(tf ul,tfvl) >0,

there exists ¢} € (t{,t7) such that I, ,(tfui,tfv1) < I, (6w, tjvr). By
Lemma 8, we have

I>\7M(t1"u1,tfvl) < I,\,M(t?[ul,t’{vl) < I>\7M(t1_u1,t1_v1) = I>\7M(u1,111),
which contradicts I , (uy,v1) = ¢, u- Moreover, from
Iy p(ur,01) = Iy p(lual Jor]), - (lual, fon]) € NS,

and the strong maximum principle [2], we conclude that uy, v; > 0. Hence,
(u1,v1) is a positive solution for (1.1). O

Proof of Theorem 2 (i). By Theorem 3, we obtain that for all A\, 4 > 0
. 2 2

with 0 < (Al[fllze(,jz1-)) > + (ullgllLr(2,2)-2))*~@ < Ao, problem (1.1) has

a positive solution (u1,v1) € NIH. O

Math. Model. Anal., 25(1):1-20, 2020.
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Remark 2. From Lemma 7 (i) and (4.2), for this positive solution (u1,v1), we
have

1 1
0>cay=1In,(u,vm) = ( (

T LG
(o L wop) > W —a
(&~ @) Pt = )

N _Wm,a)—%n(ul,m)ll%

_2 _2
X ((A||f||Lp(Q,|x|—a))2’q + (M||9||Lp(9,|w|—a))2’q>

Q/\,,u(ulavl)

2—gq
2

This implies that I ,(u1,v1) — 0 as A — 0" and g — 0%,
Next, we establish the existence of a local minimum for Iy, on N, W

Lemma 10. Under the assumptions of Theorem 2, there exist a monnegative

function (ug,vo) € W\{(0,0)} and A > 0 such that

sup I, (tug, tvg) < coo (5.5)
>0

for all A, > 0 with 0 < (A|fl|rr(2,z1-2)) 27 + (1llgllre(@,)e)-2)) 77 < 4,
where ¢ 18 the constant given in (3.3). In particular, Cyp < Coo-

Proof. Now, we first consider the functional J : W — R defined by

1 1 F(u,v)
J(u,v) = =||(u,v)||3 — / __dx.
2 Woo2(B) Jo |=ff
From Lemma 1, there exists (e1,e2) € R? such that e? +e3 =1 and Mp =

F(el,eg)%. Set ug = ejue, vg = esu., where u.(x) = @(x)Uc(x), € > 0,
given by (2.10). Then, by Sr(s, ) = M},?l/l(s,ﬁ)7 (2.11), (2.12) and the fact

2% (8)
t2 2:(8) 25(B) — 2 — 32y | EO2
—B; — ——B _ Zs\F) = BB <ﬁ> B: B> >0
I?>aOX<2 1 2§(ﬂ) 2> 22*(ﬂ) < 1 5 1 D2 5
we conclude that
2% (8)
etz )
2% -2 es +e5)||lu
sup J (tug, tvg) < 82(2@(5) (e + e3)]uell5 _
t20 s (eaue,e2u, 25(B)
: (1o st
2% (8)
2=z 25 ()
_23(8)—2 (ef +e3)|lucll? _ZnB)-2 (1 \TFe=
= i

22:(8) ( G I, Jue|2E® )2.’:2(& 22:(8)

N
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23(8)

EHGES)
A(S ﬁ)z*(ﬂ(> 2 +O( 2b(7)+25— N)
(A(s ﬁ)w(ﬂ) 3 1 O(e2: (B0 )HFN))W
25— p T £2b( _
SoN_3 22 N+2s—Ny .

Let Cp be a positive constant given in Lemma 2, we can choose Ay > 0
2
small enough such that co, > 0 for all A, > 0 with 0 < (A||f||zr(2,j|-)) > +
(‘u;”g”Lp(Q"zlfoc))rQq < Ap. Using the definition of Iy ,(u,v), we have
t2
Ly (o, tvo) < S ll(uo, vo)llfy < CF%, V>0, A, p >0,

which implies that there exists ¢y € (0,1) such that

sup Iy, (tug, tvy) < oo (5.7)
te[0,to]

. 2 2
for all A\, p > 0 with 0 < ()\Hf”[,p(g"w‘fa))?*‘l + (M”g”LTJ(Q"w‘fa))Z*q < As.
Next, we prove that sup Iy ,(tug,tvg) < cso. Since f(z), g(z) > ap for
te[to,()o)
all z € B, (0) C {2, we have

Ue x)|ue|?
Qx,u(u0, v0) )\el/ @ - ||a ! dx —l—,ueg/ g(a)c||0‘|dx
Q

> QOM()\+/~L)/ |Us|qu’
B,(0) |7|*

(5.8)

where M = min{e{, e3}. Combining (5.6), (5.8) and (2.13), for all ¢ > to, we
get

14
sup I, (tuo, tvg) = sup (J(tuo,tvo) — —Qx,u(uo, vo))
t>to t>t q

28 — 25( tq . q
< ;BSF(S7B)2*([3) 2 —|—O( 2b(’y)+287N) _ EOGOM()\‘FM)/ |U | dx

2(N—B) 0) |z|*
26 — 25 (8)
: 2(N—%)SF(S,6)2*‘” O
CeN et if g > (N~ a)/b(x),
— M) QCN T ne|, i g = (N —a)/b(y),
Ce1b() =552 if g < (N—a)/b().
(5.9)

H)If1<q< b( (v) > 852 we get 2b(7) +25— N > q(b(y) — £52).
Then, for & small enough, we can choose A3 > 0 such that

O(SQb(w)-ﬁ-?s—N) —C(A+ M)gq(

s 5\ (5.10)
< =Co ((AIF o o177 + llgllzo (@ o -+)7)

Math. Model. Anal., 25(1):1-20, 2020.
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: 2 2
for all A, u >0 with 0 < (Allf”Lp(Q"l“fa))ziq + (MHQHLP(Q,|1\*“))27Q < As.
2
Set Ay = min{Ay, A3}, then for all X\, u > 0 with 0 < (A flzr(2,)z|-=)) 77 +
(9l Lo (2,12 -o)) T < Ag, (5.7), (5.9) and (5.10) show that

sup Iy, (tuo, tvg) < Coo-
>0

(ii) If ]Z(;SX < ¢ < 2. From b(y) > Y528 and b(_;X < g, we can obtain
2b(y)+28s—N>N—a— M. Then, for ¢ small enough, there exists a
As > 0 such that

q(N—2s)
2

O(€2b('y)+2st) _ O()\ + u)ngaf ( )
) .\ (511
< =Co( IS (e pet-) 77 + (llgllz (o) 77 )

: 2 2
for all A, p > 0 with 0 < ()\||f||Lp(Q7‘$‘—a))2_q + (MHgHLp(Qm—a))?—q < As.
Similarly, let Ag = min{As, A5}, by (5.7), (5.9) and (5.11), one can get

sup I, (tuo, tvg) < Coo
>0
for all A, > 0 with 0 < (A|fl[ze(@,jz-2)) 77 + (ullgllr(2,|z)-)) 77 < Ag.
Set A = min{Ay, Ag}, from cases (i) and (ii), (5 5) holds by taking (uo, vo)
(e1ue, ez ue) and for all 0 < (M| f|Le (0,2~ a))2 7 4 (ullgll e o,z - a))2 7 < A
Recalling that (ug,vg) = (€1 ue, €2 ue), it is easy to see that

F(uo,vo)

2P ————=dz >0 and Qx ,(up,vo) > 0. (5.12)

Then, from (5.12) and Lemma 8, we get that there exists ¢~ > 0 such that
(t"uo,t"vo) € Ny ,. Thus, it follows from the definition of ¢, , and (5.5) that

o S I u(t7ug, t7vg) < sup Iy ,(tug, tvg)) < coo for all A, p > 0 with 0 <
’ t>0

2 2 A :
(M fller2,)ai-2)) 77 + (ullgll Lr(2,)2]-«)) =7 < A. The proof is thus complete.
O

Now, we establish the existence of a local minimum of Iy, on Ny,

Theorem 4. Set A* = min{/ll,//l\}, under the assumptions of Theorem 2, the
problem (1.1) has a positive solution (uz,v2) € Ny, and I ,(uz2,v2) = c; , for

. 2 _2 %
all A, >0 with 0 < ([ fllze(,121-)) =7 + (ullgllLe (2, )z-)) 77 < A"

Proof. Set A* = min{Al,/T}. By Proposition 9 (ii), Lemmas 3 and 10, for
all A, > 0 with 0 < (Al fllze(e,al-=)) 77 + (tllgllLr( o) 77 < A%, Ly,
satisfies the (PS) - H condition for all ¢y , € (0,cx). Since Iy, is coercive
on N, ,, we get that the (PS) - -sequence {(u,,v,)} is bounded. Therefore,
there ex1st a subsequence still deﬁoted by {(un,vn)} and (ug,v2) € W\{(0,0)}
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such that (u,,v,) = (uz2,v2) weakly in W. Arguing as in the proof of Theorem
3, we obtain (un, vy) — (u2, v2) strongly in W and (us, v2) is a positive solution
Zf*(l.l) for all A, > 0 with 0 < (Al fll o2,y T 7 + (llgll o o)) T3 <

Finally, we prove that (uz,vs) € N, e Arguing by contradiction, we as-
sume (uz,v2) € Ny . Since Ny, is closed in W, we have [|(ug,va)|w <
linrr_ligf | (tn,, vn)|lw. Moreover, by Lemma 8, there exists a unique ¢5 such that

(ty ug,ty;v2) € Ny ,. This and (u,,v,) € Ny, deduce that

S I u(ty ug, ty v9) < nh_)rI;o Iy (t5 up, ty vp) < nh_}rrgo Iy (tn, vpn) = o
So, (ug,v2) € N;H. This completes the proof of Theorem 4. O

Proof of Theorem 2 (ii). By Theorem 3, the system (1.1) has a positive
solution (uy,v1) € Nif, for all A, p1 > 0 with 0 < (Al fllze(a,e-o)) 77 +
(MHgHLP(Q"zlfa))r% < Ag. On the other hand, from Theorem 4, we can
get the second positive solution (ug,vs) € ./\/;:H for all A, p > 0 with 0 <
A llzo(@jel-=)) 77 + (ullgllLr@,joi-o) 77 < A*. Since Ny NN;, =0and
A* < Ay, we get (ug,v1), (uz,v9) are distinct positive solutions of (1.1) for

. 2 2 . .
all A, pp >0 with 0 < (Al[fllzr(2,jz1-2)) %7 + (kllgllr(2,z)-o)) 77 < A*. This
completes the proof of Theorem 2 (ii). O
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