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Abstract. We consider a class of nonlinear fractional Volterra integrodifferential
equation with fractional integrable impulses and investigate the existence and unique-
ness results in the Bielecki’s normed Banach spaces. Further, Bielecki-Ulam type
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provided to illustrate the outcomes we acquired.
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1 Introduction

Famous “Ulam stability problem” of functional differential equation raised by
Ulam [10] have been extended to different kinds of equations. Wang et al. [13]
are the first mathematicians who investigated the Ulam stability and data
dependence for fractional differential equations. Thereafter, several interesting
works on different Ulam type stabilities of fractional differential and integral
equations have been reported (see for instance [3], [14], [11], [18], [19]).

An overview pertaining to impulsive differential equations with instanta-
neous impulses and its applicability in the practical dynamical systems have
provided in the monograph [1,2,9]. The impulsive differential equations with
time variable impulses dealt in an interesting papers [4,5,6]. Wang et al. [12,17]
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studied existence and uniqueness of solutions and established generalized S-
Ulam-Hyers-Rassias stability to differential equations with non instantaneous
impulses in a Pf-normed Banach space. Zada et al. [15,20,21, 22,23, 24, 25]
investigated Ulam-types stabilities for various classes of differential equations
with and without impulse effect.

Recently, Wang and Zang [16] introduced a new class of impulsive differen-
tial equations of the form

(1) = f(r,2(1)), T € (04, Tiy1), 1 =0,1,...,m,
z(r) = Ifmhi(r,m(T)), T€E (13,04, i=1,2,...,m, B€(0,1)

and examined the existence and uniqueness of solutions in Bielecki’s normed
Banach spaces. Further, demonstrated that the corresponding equations are
Bielecki-Ulam-Hyer stable. It is seen that such sort of formulations are ade-
quate to depict the memory procedures of the drugs in the circulation system
and the subsequent absorption for the body.

Motivated by the work of Wang and Zang [16], we consider the following
class of nonlinear fractional Volterra integrodifferential equation with fractional
order integrable impulses of the form

¢ Dex(r)=f (T,x(T),f; h(a,a:(a))da) , T € (04, Tit1],
i=0,1,...,m, ac(0,1), (1.1)
x(r) = I7€7Thi(7',1'(7‘)), 7€ (1,04, i=1,2,...,m, B €(0,1)

and research the existence and uniqueness of solutions and examine the out-
comes relating to Bielecki-Ulam type stabilities viz. Bielecki-Ulam-Hyers and
Bielecki-Ulam-Hyers-Rassias stabilities on a compact interval. Here 7; and o;
are pre-fixed numbers satisfying 0 = 7o = 0g < 71 <01 < < ... < Ty <
Om < Tmt1 =T, f:[0,T]xRxR - R, h:[0,7] x R — R and for each
i=1,2...m, h; : (7,0;] x R = R is continuous function, 5 D¢ is the Ca-
puto fractional derivative of order o with lower terminal at o; and Ifi - is the
Riemann-Liouville fractional integral of order § with lower terminal 7;.

We comment that within this scope, the class of equations considered in the
present paper is more broad and the outcomes acquired are the generalization
of the fundamental results obtained by Wang and Zang [16]. We support our
main results with the examples.

In Section 2, we introduce some preliminaries and auxiliary lemmas related
to fractional calculus. In Section 3, we prove existence and uniqueness results
for (1.1) by using Banach contraction principle via Bielecki norm. In Section 4,
adopting the idea of Wang and Zang [16] we examine different Bielecki-Ulam’s
type stability for the problem (1.1). Finally, an example has been provided to
illustrate the results we obtained.
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2 Preliminaries

Let J = [0,T]. Let C(J,R) = {z:J — R; zis continuous function} be the
Banach space endowed with a Bielecki norm

|z(7)]

efr

|#]| = sup
TEJ

where § > 0 is a fixed real number. Let
PC(J,R) = {a: :J =R :zeC((ry,741],R), both x(7;") and x(7;") exists
and z(r;) = z(1; ), i=0,1,. }
If PC(J,R) is endowed with the norm

=0,

l#llps = sup
then (PC’(J, R), |- HPB) is a Banach space. The space
PCY(J,R) = {m € PC(J,R) : o' € PC(J, R)}

with the norm ||z||ppr = max {||z||ps, ||2'||p5} then (PCl(J, R), |- HPB,) is

a Banach space.
Next, we use definitions and the results listed bellow from fractional calcu-
lus. For more details, we refer the readers to the monograph [7].

DEFINITION 1. Let g € Cla,T] with T'> a > 0 and 8 > 0, then the Riemann-
Liouville fractional integral Igr of order 3 of a function g is defined as

If,r g(t) = ﬁ /GT(T —0)’g(o)do, T>a>0,

provided the integral exists.

DEFINITION 2. Let 0 < a < 1 then the Caputo fractional derivative ;D¢ of
order o with lower terminal a of a function g € C'[a, T is defined as

D80(r) = ey L T ) )de m> a0

Lemma 1. Let m—1 <a<méeN and g € C"[a,T]. Then

m—1 (k)
g
e [aDg( k+17’,7’>a20.
k=0

The following lemma plays an important role to obtain our results.
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Lemma 2. [8] Let o, 8, and p be constants such that o > 0, p(y—1)4+1>0
and p(f —1)+1>0. Then

T 0 -1)+1
/ (1% — 0P gr D g5 = %]B% <p(7 5 )+ p(B-1)+ 1> ; VT EeRy,
0

where

1
B(¢,0) :/0 o 11— 0)7"tdo, Re(£) >0, Re(o) >0

is a Beta function and 0 = pla(f —1) +v—1] + 1.

3 Existence and uniqueness results

Lemma 3. A function x € PC'(J,R) is a classical solution of the problem

¢.Dea(r)=f (T,J)(T),f; h(U,J;(a))da) , T € (04, Tix1)s

i=0,1,...,m,, ac/(0,1),
x(T) :Ifi’Thi(T,:c(T)), T € (15,04, i=1,2,...,m, B€(0,1),
z(0) = zo,

(3.1)

if x satisfies the fractional Volterra integral equations

T, T =0,
Ifwhi(T,x(T)), TE (15,04, i=1,...,m,

a(r) = zo+ I, f (T,SL'(T),foT h(a,x(a))da) , 7€ (0,7],
T3 b0, 2(00)) + T, o f (7.2(7), [, (o, 2(0))do )

TE (Ui,Ti+1],i:1,...,m.

Proof. For i = 0, on operating Riemann-Liouville fractional integral operator
T3,  on both sides of fractional differential equation (3.1), we get

T [sDYa(r) = I3 f <T,x(T), /OT h(a,x(o’))do’) e (0,m].

As 0 < a < 1, in view of Lemma 1, we obtain

x(7) —x(0) =I5, f (7’,33(7),/07 h(o,x(a))da) , T € (0,7].
Therefore

(1) =z0+ 15, f <T,x(7’),/0T h(o,x(a))da) , 7€ (0,7].

Similarly, for each 4 (i = 1,2,...,m), operating Z3. _ on both sides of (3.1), we
get

x(1) = x(oy) + I3, . f (T,$(T)7/0 h(a,x(a))da) , T € (04, Tix1]-

i
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But from equation (3.1), we have
x(o;) = [ITB“Th,-(T,;E(T))] =18 hi(oi,x(0y)), i=1,2,...,m.

T=0; Ti,0%

Therefore

z(r) = Iﬁ)oih,(ai,x(ai)) + Iy . f (T,l‘(T),/T h(o,x(a))da) , T € (04, Tig1)
O
We list the following hypotheses in order to establish our main results.
(H1) The function f € C(J x R x R, R) satisfies the Lipschitz condition
\f(ryzy) = (1, 2,9)] < Myle — 2|+ Nyly —gl, 7€ J5 2,7,y,§ €R,
where My > 0, Ny > 0.
(H2) The function h € C(J x R, R) satisfies the Lipschitz condition
|h(r,x) — h(1,Z)| < Kplz —Z|, T € J; z,T € R,
where Kj > 0.

(H3) For each i = 1,2,...,m; h; € C((0y,7;] X R,R) and satisfies Lipschitz
condition

|hi(T,x) — hi(7,Z)| < Ly, |z — Z|,for each T € (04, 74]; z,T € R,
where Ly, > 0.

Theorem 1. Assume that hypotheses (H1)—(H3) hold. Then the problem (3.1)
has a unique solution, provided that o, 5 € (% )

Proof. Define an operator T': PC(J,R) — PC(J,R) b

xo,if 7 =0,

T} hi(r,2(r )), ifTG(Tz,al] izl,...,m,
(T2)(r) = 0 + T8 f (r,(7), Jy A do), if 7€ (0,71],

I‘g,aihi(ai? ( i))+Ia f(’r x(T f h (7 SU( ))da),

if 7 e (JiaTi+1]7 1=1,....,m

We shall show that the operator T is contraction with respect to Bielecki norm.
Let 2,y € PC(J,R) and 7 € (71;,04], @ = 1,2,...,m, then using hypothesis

Math. Model. Anal., 24(3):457-477, 2019.
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(H3), we have

z it - T2 hi(r.y(r))
/ (1 — 0)PLha( ax(a))da—F(lﬁ)/T:(T—U)B_lhi(a,y(a))da
sp—/ 7= )P hi(o,2(0)) — hilo, ()| do
sFL [ = lsto) ~ytoldo
s / o) Lele (U;gi}e-eﬂm—y<a>|> do
gﬁ(mux ylles /( 0)*~e" do.

By Hélders inequality, for g € (%, 1) and 7 € (74, 0], we have

T T % T %
/ (1 — o) 160 < (/ (T_J)z(ﬂndg) (/ eQOadO_)

- ((T _ 71)2/31); <6207 _ o267 >§ § (05— 7)P% (eeT B en)
- 26 —1 20 T (28-1)3 (20)=

. \B—1%
< (o) e (3.2)

T (28-1) (20)
Thus for any z,y € PC(J,R) and 7 € (15,04], i = 1,2,...,m, we have

9]

—_ T B 3
T /]

(25 1) (20)
(3.3)

Now, for any z,y € PC(J,R) and 7 € (04, 711],4 = 1,2,...,m by using
hypotheses (H1)—(H2), we obtain

<7’x /hax da>— (w /haya)))

7 ) =T im0 < -

[N

<ZI. ‘f (T x(7) ,I; Th(T x(T )) ( (T), ol (r )|
< I3 (Myla(r) = y()| + N |Z5, (T, (1)) — ( y(7)))
<I9 - (Myla(r) = y(7)| + NsI;, T|h(T (7)) — ( y(7))l)

(

Slgm (Myla(r) = y(7)| + NI}, Knlz(r) —y())])
= MTg, |x(r) — y(7)| + Ny KW I3, (L5, -|e(r) — y(7)])
= M;T3, L |o(r) —y(7)| + NthI“H\x(T) —y(7)|

My

75 (r=0)" " lalo)—y(o)dr+ 2 / (r—o)"la(0)-3(o)d
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My / ! “16 o Nt Ky,
= — (t1—0) e sup e 0z(o) —y(o)| | do + =——=

F(a) o; UE(Ui,Ti+1] F(a + 1)
X / (r—0)a(o) —y(o)le” | sup e *z(o) —y(o)| | do
o o€(0i,Tit1]

M T N:K T

< F(cfv) x |z—yllpB /Ui(T—U)"‘_lee"da—&—F(i_'_}lb)||x—y||pB/O(T—a)aee"da.
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i

(3.4)

Since a € (%, 1), from the inequality (3.2), for any 7 € (04, 741],i=1,2,...,m,
we have
T oé—l
/ (r— o)afleeada < —(T — o) e
o

By replacing « by (o + 1) in the above inequality, we get
T gt
/ (1—0)%do < (7—”1—({1)1607, T € (04, Tig1), 1=1,2,...,m. (3.6)
o (20& + 1)5 (29)5
Using the inequalities (3.5) and (3.6), the inequality (3.4) takes the form
750t (reato), [ ntoytada ) 22,5 (rato). [ nowstonan )
Mf (Ti+17(fi)a7%

+ NiKp (Tig1 — 09)F%
(@) (20 —1)% 208 T(a+1) (20 +1)% (20)3

Tz —yllps. (3.7)
From the definition of an operator T' and hypothesis (H1)—(H3), for any z,y €
PC(J,R), we obtain that
Case 1: For 7 € (7;,04], i =1,2,...,m, from the inequality (3.3), we have
—0r B 8 —or
|T$(T> - Ty(T)|€ < ‘I‘ri,rh’i(Ta .I'(T)) - IT 'rhi(T7 y(T»‘ e
In _(i=m’™2
< —yllpe-
I'(B) (28 — 1) (20)%

Case 2: For 7 € (0,71], on similar line of (3.7), we have

[Tx(r) — Ty(r)|e™"" =

75,1 (ra(r). [ o to)ao
=231 (r(r). [ hieyto)yan)

My

—0T

e

1
a1
2
T

N K,

Ta+%
1
; - | lz —ylps.
Fla+1) (20 +1)2 (20)2]

I'(a) (20— 1)% (20)%

Math. Model. Anal., 24(3):457-477, 2019.
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Case 3: For 7 € (04, 7it1], ¢ = 1,2,...,m, using the inequalities (3.3) and
(3.7), we have

|Tx(r) = Ty(r)|e™"" =

T} o hilos,2(03)) = T, b, y(0)) e~

o f(ra(r), / h(o, 2(0))do)~T2. ,f(7, y(r), / h(o,y(0))do)

g4 g4

—+ 6707'

Lhi (gi — Ti)ﬁié 0(o;—T) _
“T0) 25— 1)F 20)F I

Mf (Ti+1 — O'i)a_% Nth (Ti+1 — Ji)a—i_%

I'(a) 20— 1)% (200 Tla+1) (20 +1)% (20)3
Ly, (0i—m)°2 L My (rig1 —09) "%
I'(B) (28 - 1)7 (20)F  LT(@) (20 —1)7 (20)%
NiKp (11— 03)°F3 _

Fla+1) 20 + 1) (29)%> == #lez.

yllpB

1 lz —ylps

[N

From Cases 1-3, we can conclude that

Tz — Tyllpg < L||lx — y||pp, for any x,y € PC(J,R),

where

_ Ly (0i—m)"2 | My (rig1—0:)°2
£ e { F(®) VEE—1va8 ' T(@) \/Ba—1)v28
N (o) th ,m}

+

Ila+1) 2a+1v20

Choose sufficiently large value of 6 so that £ < 1. Thus, T becomes a contrac-
tion mapping and has a unique fixed point due to Banach contraction principle.
This fixed point of T act as unique solution of the problem (3.1). O

Next, our aim is to extend the restriction of «, 8 € (%, 1) to o, 8 € (0,1).
For this purpose we use the following variants of the hypotheses (H1) and (H3):

(H1) The function f € C(J x R x R, R) satisfies the Lipschitz condition
|f(77xay) - f(vaag” S MfT’Yf‘x 7i’| +Nf‘y7g|v T E Ja x7f>yvg € Ra
where My, Ny > 0 and v¢ > —a.

(A3) For each i = 1,2,...,m; h; € C((0s,7;] x R,R) and satisfies Lipschitz
condition

|hi(T,2) — hi(7,Z)| < TV Lp, |z — Z|, 7 € |14,04]; 2,T €R,

where Ly, > 0 and v > —p.
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Theorem 2. Assume that hypotheses (H1), (H2) and (H3) hold. Then the
problem (3.1) has a unique solution.

Proof. Consider the operator T defined in the Theorem 1. By (H1), v >
—a = (1—a)—1 where a € (0,1). Choose ¢ > 1 such that oy > o(1—a)—1
and o(a — 1) +1 > 0. Define 0* = -%5. Then 0 +0* = 1. By (H3), for any
T € (04, Ti+1), we have

(rate). [ hioatonan) =22, s (rate). [ h(my(a»dc)\

SIS | f (ra(r), 1), h(rx(7)) — f (7, (T),I;“Th( ()|
<I9  (Mpr 1 |a(t) — y(7)]| + Ny|Z5, (T, 2(1) = I;, h(r,y(1))])
<I9  (Mpr 7 la(r) — y(r)| + NfZ, 7o h(m“(T)) (T y(7))])

< T3 My |a(r) = y(7)| + N¢Zy, Knlz(r) — y(7)])

= MyT2Tla(r) — y(r)| + NEATS, (I;i,7|m<r> y(r))

= MUT2, L (7 a(r) = y(r)]) + N TS (ja(r) — y(r)]) = ok
g a—1__vyy _ Nth i _ o _

< [l = o1 o ato)yioldo s g s [ 7o leto) - sl

3

My Tng 157e%7( su e 9 z(0) — y(o)|)do
)/< o ( sup j2(0) — y(o))d

- I'(a) J,, o€(0i,Tiv1]
e | < ~0)le(o) <y lelo) o) )do
< Fille=vlen [ jv—a)a—loﬂfe@”da
gl = vles [ (= opetoan (38)

Using Holders inequality, we get

1

1
3

/ (r— O_)a—10.7f€90d0_ < (/ (r — U)o(a—l)aowdg) 7 (/ eeg*gda> o

i

T oo g% 690'*7' o 600'*0.; UL* 690*7' UL* e@‘r
e do =|—F 0 < ” = —.
o o Oo (Bo*)o"

By Lemma 2,

T /o T 1/
(/ (r— J)U(D‘l)ag”’fdo) < </ (r— J)U(al)a‘”fdo>
e 0

7

But

1/o
_ (Ta(afl)wwﬂ]]gg(g»yf +1,0(a—1)+ 1)) < wy,

Math. Model. Anal., 24(3):457-477, 2019.
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where wy = (T VT HB(gy, +1,0(a — 1) + 1))1/0. Therefore,
697’

/Ul (7_ _ 0)a7107,f690dg S le'

Using equations (3.6) and (3.9), from (3.8) we get

750t (7o), [ hotonas) - 751 (o). [ hoy()da )|

i

M N/K, 1 — o)t
R i M N C XU
I(a)(fo*)s=  Tla+1) (20 +1)7 (20)3

—0T

On the similar line by (I:IS), as discussed above, we can choose o; > 1 such

that 017 > 01(1 = 3) =1 and 01(8 — 1) + 1 > 0. Then for o] = 775, we have

014 of = 1. By (H3) and the Hélders inequality, for any 7 € (7, o4),

Lo, " r—o)f s
<15 )=o)

7

|Ifi,7h¢('r, x(1)) — Ifijhi('r, y(7))

Ly, T
x |z(o) —y(o)|do < ||~T—y||PB/ (1 —0)P 1oV do

')

Ly, T T e \7
F(};) ||f1; - yHPB (/ (T — U)Ul(ﬁ_l)oﬁl’yda) (/ 60010d0'>

=¥

IN

q
=y

Ly, T ) T LT g
< ~z —yl|lpB (/ T —o)78 )a"”do) (/ e "1”da>
Fgle—vles (| =0
Ly, T B - Tll e07‘
S hi ||x_y||PB </ (T—U)Ul(B 1)0- 17d0-) —
r(s) 0 ok
1
L. w
< — 2 " |z —y|ps,

1/0’1

where wy = (T (B=D+017H1B(g1y + 1,0¢(8 — 1) + 1)) """, Thus
—or Ly,w
z2 NI hi(ry(r))| e < —Z - |la—y|lpp, T € (1i,04)-
r(B)(foy)

(3.11)
By definition of an operator T' and using equations (3.10) and (3.11), for any
x,y € PC(J,R), we have:
Case (i): For 7 € (04, 7i41], 1 =1,2,...,m,
Tx(7) = Ty(r)le™"" < I7 ., [hi(oi, 2(03)) = hi(os, y(o4))|e ™"

Tis

+Zg - (7’ x(T / h(o,z(o da) —f ( y(7), / h(o,y(o))dc) e 07
L w2 My NyKp  (Tit1 — Ui)a+$>
S 1 tw 1 + 1 Tr— .
<r(ﬁ)(9a;)vr "T()(bor)7  T(a+1) (2041)% (20)% le=vllrs
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Case (ii): For 7 € (0,71],

Tz (r) = Ty(r)|e ™"

<33, |f (et [ noatonao) ~ 1 (ru6o), [ ntoptondn )|
0 0
Mf Nth T{lJr%
<|w — + — | [z —yllps.
( L(e)(0o*)a=  T(a+1) (204 1)% (20)3
Case (iii): For 7 € (04, 7], i =1,2,...,m,
Tax(7) — Ty(r)e™ " < |2  hi(r,x(7)) = I  hi(r,y(7))| e "
thw2
< Thi2 g .
= T o7
By Cases (i)—(iii), we have
[Tz — Tyllps < Lillz — y|lpp, for any z,y € PC(J,R),
where
Ly, wo Mf
L= :
' max{rw)(oar)l/af T @) 0
NiKp  (tig1 —oi)*t/2 i =0,1,....,m
Fla+1) (2a+1)"2(20)1/2 R

By choosing sufficient large value of 6, we get £1; < 1 and in this case T is a
contraction and hence T has a unique fixed point, which is the unique solution
of (3.1). O

4 Bielecki-Ulam-Hyers stability

We adopt the idea of Wang and Zang [16] to investigate the concepts of Bielecki-
Ulams type stability for the class of nonlinear fractional order Volterra inte-
grodifferential equation (1.1).

For any 8 > 0, ¢ > 0, v > 0, ¢ € PC(J,R,;) is nondecreasing and
a, 3 € (0,1), consider the following inequalities:

5. Dey(r)—=f(ry(r), [}, ho,y(0))do)

{ <e 7€ (0;,Tit1], ==0,1,...,m,
‘y(T) _Ifiﬂ—hi(Tay(T)” <e TE (Ti7ai]a 1= 1727 sy M

(4.1)

&.DRy(r) — f(T,y(T)J; h(Uyy(U))dU)‘ < (1), 7 € (04, Tiv1ls
i=0,1,...,m, (4.2)
ly(T) —Ifi77hi(r,y(r))| <, TE€(T,04, 1=1,2,...,m

Math. Model. Anal., 24(3):457-477, 2019.
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and

gipgy(T) - f(Tay(T)a fc: h(va(U))dU) < 690(7—)v TE (UivTi-‘rlL
i=0,1,...,m, (4.3)
ly(r) = ZE  hi(m,y(7))| < e, T € (5,04), i =1,2,...,m

DEFINITION 3. The equation (1.1) is Bielecki-Ulam-Hyers stable if there exists
a real number Cfg pna.p,n, > 0 such that for each ¢ > 0 for each solution
y € PCY(J,R) of inequality (4.1) there exists a solution x € PC'(J,R) of
equation (1.1) with

ly(T) — m(7)|e_07' < Crohap8.h€ TEJ

DEFINITION 4. The equation (1.1) is generalized Bielecki-Ulam-Hyers stable if
there exists 070 n.0,80 € C(Ry,Ry), 00,ha,8k (0) = 0 such that for each
€ > 0 for each solution y € PC*(J,R) of inequality (4.1) there exists a solution
x € PC*(J,R) of equation (1.1) with

ly(T) — x(7)|e_97 <Of0.haph(€), TEJ

DEFINITION 5. The equation (1.1) is Bielecki-Ulam-Hyers-Rassias stable with
respect to (¢, ) if there exists Cy g h.a,8,h:,0 > 0 such that for each e > 0
for each solution y € PCY(J,R) of inequality (4.3) there exists a solution
x € PCY(J,R) of equation (1.1) with

() — 2(7)|e™ < Cronapn. e +o(T), TEJ

DEFINITION 6. The equation (1.1) is generalized Bielecki-Ulam-Hyers-Rassias
stable with respect to (¢, ¢) if there exists C 9 h,a,8,h:,0 > 0 such that for each
solution y € PC'(J,R) of inequality (4.2) there exists a solution x € PC*(J,R)
of equation (1.1) with

(1) — 2(7)|e™ < Cronapn.o+e(T), T

Lemma 4. If y € PCY(J,R) is a solution of inequality (4.3) then y satisfies
the following integral inequalities

ly(1) = 7 hi(T,y(7 >>|<e¢, Te(n,al] i=1.2,....m,
ly(r) — -5, f (1w fo )) do| < eIngo(T) if T € (0,7],
(y(ﬂ 8 o (oz,y(az)) o (T,y L hlovy(@)) dof
<e(Y+Ig ))77—6(0i,7—i+1],Z—172,...,
(4.4)

Proof. If y € PC*(J,R) is a solution of the inequality (4.3) then there exists
H € PC(J,R) and constants H;, i = 1,2,...,m (which depend on y) such
that

(i) |H(7)| <ep(r), € J and |H;| <ep for i=1,2,....m
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g’iDgy(T) = f (T,y(T), f;; h(va(U))dJ) + H(T)7 TE (U%TiJrlL
(i) i=0,1,...,m,
y(T) :Ig,Thi(Tvy(T))_FHia TE (Tivai]a 1= 172,...777’1

In view of Lemma 3, above equation is equivalent to the integral equations

I8 L hi(r,y(r ))—i—HZ, TE (T,“O',L] i=1,...,m,
_ [0+ 5 1 ot bty + @), e f0,m)
YTV =128 hilony(o ))+H L2 [ ( f h(o,y(0))do)

+H(T):|, T € (04, Tiv1],i = 1,.
For any 7 € (04,711, 1 =1,2,...,m,

) = T ioscy(o0) - T3 (7007, /Ujhw,y(o))do

= |H; + I3, (H()| < |Hi| + I3, - |H(7)| < € (v + I3, (7))

For 7 € (0, 7],

\ym Y0~ Tg, f ( o). [ i, y<o>) do| = T3, |H(7)| < T3 o).

For 7 € (15,04], i=1,2,...,m,

ly(r) = Z2 , hi(m,y(0)| < |Hi| < e, 7€ (13,04], i =1,2,....m

Ti,04
The last three inequalities are the required equivalent integral inequalities in
(44). O

Following additional hypothesis is needed to prove the Bielecki-Ulam-Hyers-
Rassias stability of equation (1.1).

(H4) Let ¢ € C(J,R4) is nondecreasing and there exists ¢, > 0 such that

I5 ¢ < cpp(T), T E J.

Theorem 3. Assume that hypotheses (H1), (H2), (H3) and (H4) hold. Then,
the equation (1.1) is Bielecki-Ulam-Hyers-Rassias stable with respect to (p,1),
where o, B € (0,1).

Proof. Lety € PCY(J,R) be a solution of inequality (4.3). Then by Lemma 4,
y satisfies the integral inequalities

ly() = I8 hi(r,y(7 ))|<€1/J7TE(Tz,Uz]7i=1727~-~7
|y(7’ (O) 18, f(ry fo y(o)) da| < ecyp(T), T € (0,71,
ly(r) = T2 o halorssy(o m ot (T y(r), [, 1o, y(@)) dor

<e(+cpp(r), TE (0'7;,’7'2'+1], 1=1,2,...,m.

Math. Model. Anal., 24(3):457-477, 2019.
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Denote by z the classical solution of fractional Volterra integrodifferential equa-
tions

c D(X 7'733(7- o m(a))da) , T E (0i7Ti+1]7 1= 0717._.77')7/7
l‘( ) (T,JJ T)) (7'“0'1'], 1=1,2,...,m,
z(0) =y(0)~

Then, in view of Lemma 3, = satisfies the fractional Volterra integral equations

y(0), =0,
Iﬁ h( ( ))7 TE (TZ’UZ] =1,..
x(t) = (0)+IoT (r,2(7), [y ho,2(0))d ), 7 € (0,74,
I3 o hiloia(o z>> +I;,, ( r.a(r), [, hlo,a(0))do )
T E (O—i,Ti+1],i =1,....,m
Proceeding as in the proof of Theorem 2, for any 7 € (04, 7i41], i =1,2,...,m,
we obtain
ly() — x(7)]e”
e ( (o.200) + 25, f (o). [ h(a,xw))da))
—0T

e

‘ym L3 o hi(ois1(09) = .uf (oot / ho )
+ 25, f (T,y(T), /U jh(o,y( o))d ) (T,x ,z(o ))do)

— € (’QZ) + C¢<p(7)) e 07 + % ( sup 6797|y(7—) 7 x('r)|>
I(B)(0or)7T \re(rioil

M N K (tig1 — 0)0F3
2l e 2] ]( sup e-9T|y<T>—x<T>|).

or

1
TE(04,Tit1]

[(a)(60*)7  I(a+1) (2a41)% (260)F

This gives
—oT — 0o Lhiw
sup e 7 [a(r) — y(r)| < e+ ) (6 + plr) e 07 (2
TE€(04,Tit1] 1—1(5)(90_14)0;
atl
willy Ny Kn(ris = 00)"72 ) sup e "T|a(r) —y(7)|
1 1 .
I(a)(0o*)7=  D(a+1) (2a+1)% (20)27 re(oimiii]
Therefore,

sup e~ Ta(r) — y(7)|

TE(0i,Tit1]
e(1+cp) @+ (1)) e
- < Lp,wo _ w1 My 1 N Kp(Tig1 —Uil)(”' )
r(B)(0or)7i  T(a)(00*)5"  D(a+1)(2a+1)2 (20)2

= (4.5)

Nl
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Now, for any 7 € (1;,04],i=1,2,...,m,
ly(r) — x()]e”" < |y(r) = I¢,  hi(r, (1))l
<|y(r) = Z7 chilr,y () e + |Z2 chalr,y(7) = I7, Rl 2(7)) e~
sup e Tla(r) —y(n)] ] -
TE(Ti,04]

( sup e 7|z (7)—y(7)]

Lhi [0%)

< eppe 7 +
I'(B)(0or)

Q
=¥

Lhiw2

Therefore,
sup e 7 |z(7)—y(7)| < epe i+ T
TE(Ti,04] I(B)(foy) \r€lmioil
Thus, we have
sup e T|a(r) — y(7)| < v e " (4.6)
retri) (1= Lnoa/ (1(B)(601) 7))
Next, for any 7 € (0, 71],
ly(T) — x(7)]e™7 < ‘y(T) —y(0) - I¢.f (Ta'r(T))/ h(Uax(U))d‘7> e’
0
6—97'
h(o, z(c))do)| e 0T

0

< \ym = 30) =751 (). [ o y(o))ao

1), [ bov(o)io) = S(rato), [

+15,
< ecu(T)
a+i
wM N:K;, T _or
+ ! fi—i-rf 1 1; - sup 60|a:(7')—y(r)|

I'(a)(fo*)s (@+1) (20 +1)2 (20)% ) re(0,m)

Just computed as above, we get
6090()0(7) . ) (47)
Nth ‘1'10(+§
Tla+1) (2441)% (20)2

_ ( wlj\/lf
I'(a)(80%) 7

sup |y(7)—x(r)|e”"" <
1

7€(0,71]
‘| [U(Tiagi]‘| )

U (Uia Ti+1]
i=1

=0

Since
J=(0,T] =
from the inequalities (4.5),(4.6) and (4.7), we obtain
sup [y(r) —a(T)|e™"T < sup |y(r) - a(r)le”*"
T€(0,71]
(4.8)

7€(0,T]
m m
£30 wp ) —eTYS sw [yl ()l
i=1 TE(Ti,0%

i—1 TE(o4,Tit1]

< €Ct,0,h0,6,hi,0 (Y + (7)),

Math. Model. Anal., 24(3):457-477, 2019.
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where
m
c (0
CF,0,h,00,6,hi 0= . Tt F—
1_ wljvff + Nth, T i=1 (l_ﬁ)
() 0o=yz=  T@+1) (9411)7 (20)3 rg)(8o7) 1

1
i— Lp, M NiKp(riz1—0:)F2
=1 _ h; W2 + w1 My N h(Tit1 01) 1
I'(a)(6o*)o™ I'(a+1)(2a+1)2(20) 2

+2. = :
( NOICH )
Finally, from inequality (4.8), we have

|y(T) - x(,r)|679‘r S ECf,O,h,a,B,hi#P(w + 90(7_))7 TEJ

This shows that equation (1.1) Bielecki-Ulam-Hyers-Rassias stable with respect
to (p,%). O

Corollary 1. Assume that hypotheses (H1), (H2), (H3) and (H4) hold. Then,
the equation (1.1) is generalized Bielecki-Ulam-Hyers-Rassias stable with re-
spect to (p,%), where , 8 € (0,1).

Proof. Set e =1 in the proof of Theorem 2, we obtain

‘y(T) - 1'(7—)‘6_97— < Cfﬁ,h,a,ﬁ,i,go(w + <p(7')), TEJ

This proves the equation (1.1) is generalized Bielecki-Ulam-Hyers-Rassias sta-
ble with respect to (p,v). O

Corollary 2. Assume that hypotheses (H1), (H2), (H3) and (H4) hold. Then,
the equation (1.1) is Bielecki-Ulam-Hyers stable, where «, 8 € (0,1).

Proof. Set ¥ = 1 and (1) = 1, 7 € J in the proof of Theorem 2. Then

¢ € C(J,Ry) and I, p < cop(7), T € J, where ¢, = F({ii“) Thus the
hypothesis (H4) is satisfied. Further, we have
ly(r) — a(7)|e™*" < ecronapn, TEJ. (4.9)

Therefore the equation (1.1) is Bielecki-Ulam-Hyers stable. O

Corollary 3. Assume that hypotheses (H1), (H2), (H3) and (H4) hold. Then,
the equation (1.1) is generalized Bielecki-Ulam-Hyers stable, where «,3 €
(0,1).

P?”OOf. Define 9f,9,h,a,/3,h7-, : R+ — R_;,_ by ef,é,h,a,,ﬁ,hi(e) = €Cf.0,h,a,B,h;- Then
07 0.n0,8h € CR:,Ry) and 0791 0,85, (0) = 0. Further, from the equation
(4.9), we have

ly(r) — x(r)]e™" < 0(e), T € J,

which shows that (1.1) is generalized Bielecki-Ulam-Hyers stable. O

Remark 1. Under the hypotheses of Theorem 1, one can obtain the Bielecki -
Ulam-Hyers stability and Bielecki-Ulam-Hyers-Rassias stability of equation for

o, B € (3,1).



On Fractional Volterra Integrodifferential Equations 473

5 Example

Ezample 1. Consider Caputo fractional differential equation with fractional in-
tegrable impulse

ZiD-,%I(T) = f(T,JJ(T),/(:h(O’,Z‘(O’))dO’), T € (04, Tit1),1 =0, 1, (5.1)

o(1) =13 +ha(7,2(7)), 7€ (11,01], (5.2)
2(0) = 0, (5.3)

where 0 = 09 = 19 < 71 =1 < 01 = 2 < 75 = 3 and the functions f :
0,3 xRXxR—=R; h:[0,3] xR — Rand Ay : (1,2] x R — R are defined as
follows:

_7-2

4

f (T,x(r), /a h(o,x(a))do) — g(r) + L (sin(a(r) + cosa(r)

T

+ [ 2 sin(a(0))do,
eO’

h(r,2(1)) = —5 sin(a(r)), hy(r,z(r)) = 1 77— 113 <|x(¢)| - 3) ’

er?
where

72“2/3)7'4/3 -1, Telo1],
g(1) = 0, 7 €(1,2],

ﬁ(r —2)4/3 — L (cos4 +sind), 7€ (2,3].
For any z,y,z,5 € PC(J,R) and 7 € [0, 3],
|f(7',$7y) _f(ijﬂy)‘

—r2 _r2
= ’(g(T) + (sinx + cosx) —l—y) — (g(T) + ¢ (sin& + cos T) —l—gj)’
—r2 _r2
e . . _ _ €
< 1 (|sinx —sinZ| + |cosz — cosz|) + |y — g| = 1
X <2COS (m—;—x) sin (aj;x)‘ + |2sin (m—;—x) sin(m;x)D + |y — 9|
2
e 7 _ i 1 _ _
< o =2+ ly -yl < Slv -2l + ]y — gl

2
Further, for 7 € [1, 2],

|hi(T,2)—hy(1,Z

Ity e ()i e ()

|z + 1 (3) (7 —4) \|y|+1
L ||z[ -3 |y|3‘ 4 2] — |yl| 4

< - < < |z -yl
r@ el +1  Jyl+11 = r@) (=l + Dyl +1) ~ I'(3)

Math. Model. Anal., 24(3):457-477, 2019.



474 S.T. Sutar, K.D. Kucche

and for 7 € [0, 3], we have

|h(r,2(T)) — h(T,Z)| = ’e% sinx — e%sin:i’ = e% |sin z — sin Z|

T —T

- sinx —sinZx - T 2 cos T sin
er? er’

)' <3|z —z|.

Thus f, h and hy satisfies Lipschitz condition with Lipschitz constants

1 4
Mf:§, Nf:]., Khzgandthzm.

Thus by Theorem 1, the problem (5.1)—(5.3) has a unique solution on [0, 3].
Let (1) = 2.8361E 2 (r3), 7 € Jand ¢ = 0. Then ¢ € C(J,R,) is nonde-
creasing and satisfy the condition

I3 p(r) = 2836174, - (Ez (13)) < 2.8361E2 (75) = cpip(r), 7 € J,
where ¢, = 1. Note that all the hypotheses of the Corollary 1 hold. There-
fore problem (5.1)—(5.2) is generalized Bielecki-Ulam-Hyers-Rassias stable with
respect to (p, ).

Next, we shall discuss the generalized Bielecki-Ulam-Hyers-Rassias stablity
of the equation (5.1)—(5.2) by showing that there exists an exact solution z(7)
of the problem (5.1)—(5.3) corresponding to (¢, 1) and the given solution y(7)
of the inequalities

T

y@ﬁ—ﬂnyv»/Vwmyw»dwfgxﬂ7re(oMnHLi=0J, (5.4)

T3

[y(r) = Zh a7, y()

C

D

a;

Nwho

<0, 7€ (m,01], (5.5)

where 0 =ocg=19 <1 =1<01=2<7 =3. Let

 rrep1uU3),
ym_{ (r—1), e (1,2,

Then for 7 € (0, 1],

e ™

(siny(7) + cosy(7)) — /OT e% siny(a)da‘

2
—T
4 e
3

1
4

. g .
(sinT +cos7) — [ —5sinodo

0 T or@/s)” ) e

Vs

1+e_7
4 4

-
sint| + |cosT|) + % sino|do
g
o €
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and for T € (2,3],

+ sin 7|+| cos
4et ’ ’

+/ . |sinoldo < 2.8361.
2 €7

Therefore, for 7 € (0;,7;], i = 0,1, we have

Déy(r) —g(r) — ¢ 1 (siny(7) + cosy(r / —; siny(o)do
< min {4.5495,2.8361} = 2.8361 < 2.8361E; (1) = (7).
Also, for T € (1,2], we get

ly(r) = I8 (hn(r,y(M)| = |(r — 1) — (r — 1)] = 0.

Hence, y(7) is a solution of an inequality (5.4)—(5.5).
Next, one can easily verify that

(1) = 2, 7€(0,1uU(2,3],
TN o), re,?]

is the unique solution of the problem (5.1)—(5.3).
As discussed in the proof of the Theorem 1, we have

Emax{ Ly, (0'1—’7'1)*8 2 My (T1+1—Jl)a’%

5) V@B —1va8 | T(2) \/3a - 1)v28

N¢Kp (Tig1 — 02)0‘+2
T+ vaasiva 01}
B M 1 NyK), 1
- { \/2a—1\/> I'(a +1’/7204+ /28’
th M
mf ) \/mf
Nth 1 } _ 7.5188v/3
Fle+1)2a+1v20) T(2)vV20
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2
7.5188+/3
Choose 6 > <f> = 46.2473, so that £ < 1. For this choice of 6, we

Var(3)

have: for 7 € (0, 1],
ly(T) — x(7)|e_97 =|r - 7'2|e_07 <(r+ 7'2) <2,

for 7 € (1, 2],
ly(7) — ()| " =0

and for 7 € (2,3],

ly(r) —2(T)|e ™ = |1 = e < (1 + 7H)e 2 = 11,
Thus,

ly(7) = 2(D)|e™" < Cronapn.e®+e(r), 7€J=[0,3],

where Cp g na,ph,, ¢ = 1,1 =0 and o(7) = 2.8361E; (r5).
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