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b É	�CcÔ�edfc+×�Õ-d�g��Q��Óhd�i+Óhi^c�g�Õ�Å�Ë7�Q��d�g�É!jWi¡É	ÐÓ��×�Õ-d�g��Q��Óhd�i6k@g�Óhd�glc�mLn�ÓhdÈ�	Ð Ðom�Ó �Lp/É	Ðop	Õ�i
c�k É�Å#É���ÓÕ�i Ó �8i�cÔÕC�	�hÉ�jfÉ/��Õ+�	���qjüÉrdTÊ�i¡Õ�i Ósc�iÿÉ	Årt�Õ-dfcÔÓsp/Õ�É	�uc�g�ÕÈÓË@dTÉ/×ª×�É/��Ó �Cc¡ÕCËvj´�edTÕ
ËÔ��cwg�ÕCËxcwg#�Q�uc�g�ÕÈÓË Ó�Cc¡ÕCË¡ÓÉ	Ë�iÈ� b É	�CcÔ�edfcn�ËÔÉ	Å�Ð ÕC×qi%Ó �Lp/É	Ðop-Ó��Ñ ��Õ'jüÉ	ËÔ×��QÅ�ÐÕ�Å�É���Ó Õ-i �	Ë¡Õ
y Ê�Ó)cÔÕljüËÔÕ y Ê�ÕÈ�Cc�Ó �zcwg�Õ�Ó ����Ê�i�cÔËwm��ei�kÿÕÈÐÐ��ei Ó�s���	Ó Ðom Ð ÓsjüÕ��	���{n�Ð ��m��	��Ó×|n�É	Ë¡Ö
cÔ�Q�Cc�ËÔÉ	ÐÕ�Ó �}ivc¡ËÔÊ�dfcÔÊ�Ë7�QÐ¹�Q�#��×�Õ-d�g��Q��ÓhdÈ�	Ðxivmrivc¡ÕC×qiC� b É/�ec7�!d'c~n�Ë¡ÉrdTÕ-iwi¡Õ�iXÓ�Lp	É/Ðsp/Õª�
dTÉ	×qn�ÐÓhdÈ�AcÔÕC��iHÊ�Ëwj´�!dÈÕ�nag�ÕÈ��É/×ªÕC����ÌÎ�	�����	Ë¡Õ�×ªÉ���ÕCÐ Õ(�4k Óscwg�g�ÓÑ!g�Ðom���É	��Ð Ó��ÕC�	ËXÓ ��Ó Ö
c¡Ó �QÐ Å#É/Ê������	Ëwm0p?�QÐÊ�Õ�n�ËÔÉ	Å�Ð ÕC×qiC�#� ����Ó��ÑhÓ�Cc¡ÉÆ�ed�dÈÉ	Ê��Cc^p?�QËÔÓÉ	Ê�i[jüËÔÓhdfc¡ÓÉ	�#�QÐ�dÈÉ	�CcÔ�edfc
dTÉ	�#��Ó)cÔÓ É/��iE�!i�i¡ÉLdÈÓ��c¡Õ(��k Ó)c�giÅ#Õ�g���p�Ó É/Ë�Ð ��k�i�Å#Õ-dTÉ/×ªÓ��Ñ1×�É	ËÔÕª�	����×ªÉ/Ë¡ÕqdTÉ/×qn�Ð Õ��
Ð Õ(�	�ai�c¡Éuc�g�Õ Ó�Cc¡ËÔÉ���Ê�dfcÔÓ É/��É�j
��Õ�k��	���1��É/�li�c7�Q�����	ËÔ�1×�É���ÕCÐoiCÌ�Õ��Ln�Ë¡Õ-iwi¡ÕC��ÅLm�c�g�Õ
�QÓ �ÆÉ!j
Õ�p	É/Ð Êac¡ÓÉ	�0p��	Ë¡Ó �AcÔÓ É/���QÐÎÓ��Õ y Ê#�QÐÓ)cÔÓ Õ-iÈ������ÕC�	Ë¡Ðom ��cvc¡ÕC×qnrc�c¡É�i�cÔÊ��rm�jüËÔÓhdfc¡ÓÉ	�#�QÐ
dTÉ	�Cc7�!dfc~n�ËÔÉ	Å�ÐÕÈ×ui6k Ó)c�g�Ó�4c�g�Õ|jüËÔ�	×ªÕ�k É/Ëw��É�j�p?�QËÔÓ��c¡ÓÉ	���	Ð�Ó��Õ y Ê��	Ð Ósc¡ÓÕ�i�k9�!i+×��	��Õ
Ó ���#���²���[g�Õ�×��Acwg�ÕÈ×��AcÔÓodC�QÐ²ÌÎ×ªÕ-d�g��Q��ÓodC�QÐ
�Q������Ê�×�ÕÈËÔÓodC�QÐxivcÔ��c¡Õ�É�j�cwg�Õ��	Ëvc:dÈ�	��Å�Õ
jüÉ	Ê���� Ó ���Í	Í'�²������cwg�Óhi>n���n�ÕÈË>k Õ�dÈÉ	��i¡Ó ��ÕÈË �4n�ËÔÉ	Å�ÐÕÈ×dÉ�j@jüËÔÓod'c¡ÓÉ	���	ÐWdTÉ/�CcÔ�!d'c Å�ÕTÖ
c�k ÕCÕÈ����Å�É��rm��Q������ËÔÓÑ	Ó �0jüÉ	Ê������Ac¡ÓÉ	��Ó ����É/��ÐÓ ��Õ(�QË+ÕÈÐ �!ivc¡ÓhdTÓsc�m	��� Õ��eiwi¡Ê�×�Õ~cwg#�Ac
cwg�Õ~jüÉ/Ë�dÈÕ�i9��nan�Ð ÓÕC��c¡É|c�g�ÕEÅ#É��rm�p��	Ëwm�iHÐÉAk Ðsm�Ó�0c¡Ó×�Õ:iHÉ>cwg���c@cwg�Õ��ed�dÈÕÈÐÕÈË7�Ac¡ÓÉ	� Ó �
cwg�Õqivmrivc¡ÕC×yÓhi+��ÕÈÑ/Ð ÓÑ	ÓÅ�ÐÕ	�����lcwg�Óoi~dÈ�eiHÕ�k Õ|dÈ�Q��i�cÔÊ��rm�� y Ê��eiHÓhivcÔ�AcÔÓod ��nan�ËÔÉ/�ed�g�c¡É
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cwg�Õ:n�Ë¡ÉrdTÕ-iwiC�r� Õ�×�É���ÕÈÐ c�g�ÕQjüËÔÓod'c¡ÓÉ	��k Ó)c�g��ª×ªÉ���Ó���Õ(��p	ÕÈË�i¡Ó É/�ÆÉ!j b É/Ê�Ð É/× Å�� i9Ð ��k
k@g�Óod�g�g��!i%Å#ÕCÕÈ�Æ��ÕÈËÔÓsp/ÕC��Ó�l� Í � ÌpÍ��-�ç�-���hÐ Ó��Õ(�QË%ÕCÐ�ei�cÔÓodÈÓ)c�m|c�g�Õ y Ê��eiHÓhi�c7�AcÔÓod@n�Ë¡É/Å�Ð ÕC×
É�j9Ê���ÓÐ��c¡ÕÈË7�QÐxdÈÉ	�CcÔ�edfcEÊ�i¡Ó ��Ñ1�1��É	ËÔ×��	ÐDdTÉ	×qn�ÐÓ �Q��dÈÕªÐ ��k g#�!iEÅ�ÕÈÕC� ivc¡Ê#��Ó Õ(� Ó ���Í'�
ÅCm�dTÉ/��i¡Ó��ÕCË¡Ó��Ñ�Ó��dTËÔÕÈ×�ÕC�ec7�QÐ�n�Ë¡É/Å�ÐÕÈ×ui��Q�#��Ó ��� � � ÅLm�� ��Ó��pÕÈËÔÕÈ�Cc"×�Õ�cwg�É��ÎÌ�Å��!i¡ÕC�
É	���qcÔÓ ×�Õ ËÔÕÈÑ/Ê�Ð �QËÔÓ Ç(�Ac¡ÓÉ	�f���[g�Õ y Ê��!i¡Óhi�c7�Ac¡ÓhdQdTÉ/�CcÔ�!d'c^n�ËÔÉ	Å�ÐÕÈ× k Ó)c�g�ÐÉLdC�QÐ�É	Ë���É/��Ö
Ð ÉrdÈ�	Ð�jüË¡ÓhdfcÔÓ É/��g#�!iXÅ�ÕÈÕÈ��i¡É	Ðop	Õ(��ËÔÕ�iwn#Õ-dfcÔÓsp/ÕÈÐom�Ó ���Í��-� �	����Ó ��� � �%ÅLm�Ê�i¡Ó ��Ñ1��cÔÓ ×�Õ
��Óoi�dTËÔÕ'cÔÓ Ç(�AcÔÓ É/��×�Õ'c�g�É��Î�3�������-�xcwg�Õ y Ê#�!i¡ÓoivcÔ��c¡Óhd|dÈÉ	�CcÔ�edfcQn�ËÔÉ	Å�ÐÕÈ× k Ó)c�g b É/Ê�ÐÉ	× Å
jüË¡ÓhdfcÔÓ É/� k9�!i�iHÉ/Ðsp/ÕC��ÅCm��Q� Õ�ivcÔ�	Å�ÐÓoiwg�ÕC��iwg�Ósj c¡Ó��Ñ�c¡Õ-d�g���Ó y Ê�Õ�Ê�i¡ÕC� c¡É É/ÅrcÔ�	Ó � Ó��Ö
dTËÔÕC�!i¡ÕC��ËÔÕÈÑ/Ê�Ð �QËÔÓ)c�m��AcWcwg�Õ~dTÉ/�ec7�!d'c�i¡Ê�Ëvj´�edTÕ��Q����ÅLmqc�g�Õ+�	Ó� É�jf�QÊa��ÓÐÓ�	Ëwm|n�ËÔÉ	Å�ÐÕÈ×ui
Ó �Lp	É/Ðsp�Ó��ÑiË¡ÕCÑ	Ê�Ð �QËÔÓÇÈÕC� jüËÔÓod'c¡ÓÉ	� c¡ÕCË¡×ui �	��� ��iHÉ	Ö dC�QÐÐ Õ(�Â��É	ËÔ×��	Ð^dTÉ/×qn�Ð Ó �Q�8dTÕ�n�ÕTÖ
���QÐÓ Ç(�AcÔÓ É/��cÔÕ�d�g���Ó y Ê�Õ/����ÓÑ	��É/Ë¡Ó��Ó�� i:n�Ë¡É/Å�Ð ÕC× k Óscwg jüËÔÓhdfc¡ÓÉ	� jüÉ/Ë���É/��Ð Ó��Õ(�QË�ÕCÐ�ei�cÔÓod
×���c¡ÕCË¡Ó �QÐhi g��eifÅ�ÕÈÕC��i¡É	Ðop	ÕC�XÓ�����-��ÅLmXÊ�iHÓ��Ñ@c�g�Õ��a��ÕC�Qn�É	Ó�Cc � if×�Õ'c�g�É��Î�����:p�Óoi�dTÉ�ÕCÐ�ei�Ö
c¡ÓhdTÓsc�m	Ìac�g�Õ>dÈÉ	�CcÔ�edfc�n�ËÔÉ	Å�Ð ÕC× k Óscwg�����É/Ë¡×��	Ð dTÉ/×|n�Ð Ó �Q��dÈÕEÐ��k g��ei Å�ÕÈÕÈ��iHÉ/Ðsp/ÕC�ÆÓ �
� Í�!�� ÅLm0cwg�Õ|iÔ�Q×�Õ�×�Õ'c�g�É��Î�Î�[g�Õ Å�É�É!� � � �
Ó �Cc¡ËÔÉ���Ê�dÈÕ�i"� ×��Acwg�ÕÈ×��AcÔÓodC�QÐ c�g�ÕÈÉ/Ëwm1É!j
dTÉ	�Cc7�!dfcWn�Ë¡É/Å�ÐÕÈ×ui
Ó�Cp/É	Ðop�Ó ��Ñ���Õ'jüÉ	ËÔ×��QÅ�ÐÕ�Å�É���Ó Õ-iÈ�-����dÈ�	Ë¡Ë�m�Ó ��ÑEÉ	Êrcxc�g�Õ^p?�	Ë¡Ó �AcÔÓ É/���QÐ
�Q���	Ðsmri¡ÓoiCÌ cwg�Õ��	Êrcwg�É/Ë�i�ivmrivc¡ÕÈ×���c¡ÓhdÈ�QÐÐom�Ê�i¡ÕhËÔÕ�i¡Ê�Ðsc�i�É	� ÕÈÐÐÓsnrcÔÓodÆ�Q��� Õ�p	É/Ð Êac¡ÓÉ	���	Ëwm
p��	Ë¡Ó �AcÔÓ É/���QÐ Ó��Õ y Ê��	Ð Ósc¡ÓÕ�iCÌ dTÉ/�Cp/Õ'���Q�#�QÐomLi¡ÓhiÈÌp��É/��Ð Ó��Õ(�QË�Õ y Ê��AcÔÓ É/��i�k Ó)c�gi×ªÉ/��É�cÔÉ	��Õ
É!n�ÕÈË7�Ac¡É/Ë�iCÌ��Q���"�a��ÕC�0n�É	Ó�Cc�i9É�j É!n�ÕÈË7�AcÔÉ	Ë�iÈ�

�[g�Õ+��ÉAp	ÕÈÐsc�m�É�j�cwg�Õ~n�ËÔÕ�i¡ÕÈ�Cc[n���n�ÕÈË9ÓhicÔÉ�Õ'�Lc¡ÕC����c�g�ÕXË¡Õ-iHÊ�Ð)c�i Ó�4� � �3Ó��cwg�ÕQdÈ�eiHÕ
k@g�ÕÈ� cwg�Õ1ÕCÐ�ei�cÔÓodÈÓ)c�m Éen#ÕCËÔ��c¡É	Ë�Óoi���É	��ÐÓ ��ÕC�QË(ÌDi�cÔË¡É/��Ñ	Ðomi×�É	��É!c¡É	��ÕÆ�Q�#���fÓsn�i�d�g�Ósc¡Ç
dTÉ	�CcÔÓ ��Ê�É/Ê�iÈ� �^iÆÓ � � � �çÌWkÿÕln�ËÔÉ!n�Éei¡Õ��}p?�	Ë¡Ó �AcÔÓ É/���QÐ[jüÉ/Ë¡×�Ê�Ð��c¡ÓÉ	�{k ËÔÓ)cwc¡ÕC��Ó ��c�g�Õ
jüÉ	ËÔ×dÉ!j@c�k É�Ó��Õ y Ê#�QÐÓ)cÔÓ Õ-iÈØ �Q� Ó��Õ y Ê��	Ð Ósc�mIk@g�Óod�g���Õ�i�dTËÔÓ Å�Õ�i:cwg�Õ0dTÉ/�ec7�!d'c Ê�����ÕCË��
��Ó��pÕÈËÔÕÈ�CcÔÓ�	Ð^jüÉ/Ë¡× k Ó)c�g�c�g�Õ4p/ÕÈÐÉLdÈÓ)c�m#��ÕCÐ� �!iucÔÕ�ivc�jüÊ��8dfc¡ÓÉ	�j�Q���s�Q��Ó��Õ y Ê��	Ð Ósc�m
k@g�Óod�g�Ë¡Õ�n�ËÔÕ�i¡ÕÈ�Cc�i cwg�Õ9Ê���Ó Ð �AcÔÕÈË7�QÐrdTÉ/����Ósc¡ÓÉ	�3� Ä mE×�ÕC�Q�8i�É!j#�¹Ê�Ð ÕCË � i Ó ×qn�ÐÓodÈÓ)cxi�d�g�ÕÈ×�Õ
�!iªÓ � � � Ì�Í$�-�²Ì�c�g�Õ1Ê���ÓÐ��c¡ÕCËÔ�	Ð�dTÉ	�Cc7�!dfcqn�ËÔÉ	Å�ÐÕÈ× Ð Õ(�	�aiªÊ�i|cÔÉ i¡É	Ðop	Õ1�Ik ÕCÐ Ð Ö n#ÉCiHÕ(�
p��	Ë¡Ó �AcÔÓ É/���QÐ�Ó��Õ y Ê#�QÐÓ)c�mª�Ac¹ÕC�ed�g�cÔÓ ×�Õ^ivc¡Õ�n3��% Ó���QÐÐom ÅLm Ê�i¡Ó��ÑEÐ ÉAkÿÕÈËDi¡ÕÈ×�ÓhdTÉ	�CcÔÓ ��Ê�Ósc�m
�Q���udÈÉ	×qn��!d'c¡��Õ-iwi �QËÔÑ	Ê�×�ÕC�ec�iDkÿÕ�n�ËÔÉAp	Õ[cwg#�Acc�g�Õ"ÐÓ×ªÓsc É!j cwg�Õ���ÓhiwdÈË¡Õ�c¡Õ^i¡É	ÐÊrc¡ÓÉ	��Óhi
�|i¡É	ÐÊrcÔÓ É/��cÔÉqcwg�Õ:dÈÉ	�Cc¡Ó��Ê�É	Ê�i�n�ËÔÉ	Å�Ð ÕC×��
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�[g�Õ�nagLmriHÓhdÈ�	Ði¡Õ'cvcÔÓ ��Ñ�Óoi��!i~jüÉ/Ð ÐÉAk�iC�f�3Õ�c

Ω ⊂ R
d
Ì
(d = 2, 3)

ÌfÅ�Õucwg�Õ ËÔÕ'jüÕÈËÔÕÈ�8dTÕ
��É	×��QÓ� Érd�dÈÊan�ÓÕC�ÂÅCm c�g�Õ���É	��ÐÓ��ÕC�	Ë�ÕCÐ�ei�cÔÓodÆÅ#É��rm/�

Ω
ÓhiqiHÊ�nan#ÉCiHÕ(��cÔÉ�Å�Õ�Éen#ÕC�3Ì

Å#É/Ê�����Õ(�ÎÌOk Ó)c�g���i¡Ê3@�dTÓÕÈ�Cc¡Ðom1Ë¡ÕCÑ	Ê�Ð �QË+Å#É/Ê������	Ëwm
Γ

�
Γ

Óoi6n��	ËvcÔÓ)cÔÓ É/��ÕC��Ó�Cc¡É�cwg�ËÔÕÈÕ
n��QËwc�i

Γ = Γ̄1 ∪ Γ̄2 ∪ Γ̄3
k@g�ÕCË¡Õ

Γ1, Γ2, Γ3
�	Ë¡ÕX��Óhi�t�É/Ó �Cc�É!n�ÕÈ��i¡Õ'c�i9�	���

measΓ1 >
0.

�[g�Õ Å#É��rm�Óhi1�!dfcÔÕC�sÊan#É/� ÅLm�� p	É	ÐÊ�×�Õ�jüÉ	Ë�dTÕ�É!j���ÕC��iHÓsc�m
ϕ1

É	�
Ω

�	���s�
iHÊ�Ëwj´�!dÈÕ~c¡Ë7�!d'c¡ÓÉ	�1É�j
��ÕÈ�8iHÓsc�m

ϕ2
É/�

Γ2.
�+�

Γ3
cwg�Õ�Å#É��rm�Óhi�Ó��Ê���ÓÐ��c¡ÕÈË7�QÐ dÈÉ	�CcÔ�edfc

k Ó)c�g�jüËÔÓod'c¡ÓÉ	�{k Óscwg � Ë¡ÓÑ	Ó ��jüÉ	Ê������AcÔÓ É/�3� �"����ÕCË�c�g�Õ�i¡Õ�dÈÉ	����Ósc¡ÓÉ	�8i�c�g�Õ�dÈÐ�eiwi¡ÓodC�QÐ
jüÉ	ËÔ× Ê�Ð �AcÔÓ É/�ÆÉ!j cwg�ÕE×ªÕ-d�g��Q��ÓodC�QÐ n�ËÔÉ	Å�ÐÕÈ×|Óoi�c�g�Õ~jüÉ	ÐÐ ÉAk Ó��Ñ#�
A �$B8�C�D4E

P1.
¢%±�
�©i£Æ©?± ¬GF�¦ £/¤7«T°�«H
#§JI «È¦ ©

u : Ω × [0, T ] → R
d

¬�¥�¤Ô®�§¯®�£?§

divσ + ϕ1 = 0
Ó �

Ω × (0, T ) , K ��� Í$L
σ = Fε (u)

Ó �
Ω × (0, T ) , K ������L

u = 0
É	�

Γ1 × (0, T ) , K ��� !�L
σν = ϕ2

É	�
Γ2 × (0, T ) , K ��� � L

σν ≤ 0, uν ≤ 0, σνuν = 0
É	�

Γ3 × (0, T ) , K ������L
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|στ | ≤ µp (|Rσν (u)|) ,

|σ
τ
| < µp (|Rσν (u)|) =⇒ u̇τ = 0,

|σ
τ
| = µp (|Rσν (u)|) =⇒ ∃λ ≥ 0

iC� c(�
σ

τ
= −λu̇

τ

É	�
Γ3 × (0, T ) , K ��� Ï�L

u (0) = u0
Ó �

Ω. K ���#� L
� ÕÈËÔÕXÕ y Ê��	Ð Ósc�m K ��� Í$L%ËÔÕ�n�Ë¡Õ-iHÕC�ec�iWcwg�ÕXÕ y Ê�ÓÐÓ Å�ËÔÓÊ�×|Õ y Ê#�Ac¡ÓÉ	�f�-� y Ê#�QÐÓ)c�m K ������L ËÔÕ�n�ËÔÕTÖ
iHÕC�ec�i�cwg�Õ9ÕCÐ�ei�cÔÓod[dTÉ/��ivc¡Ósc¡ÊrcÔÓsp/Õ Ð ��kÂÉ!j�cwg�Õÿ×���c¡ÕÈËÔÓ �QÐ�Ó �|k@g�Óhd�g

F
Óhi
��Ñ	Óop	ÕC�:jüÊ���d'c¡ÓÉ	�

�Q���
ε (u)

��ÕÈ��É�c¡Õ-iDc�g�Õ^i¡×��	Ð Ð_i�cÔËÔ�	Ó �|cÔÕÈ��i¡É	Ë� K ��� !�L
�	��� K ��� � L �QËÔÕ@cwg�Õ+��Óoiwn�Ð �!dÈÕÈ×�ÕÈ�Cc
�Q����c¡Ë7�!d'c¡ÓÉ	� Å#É/Ê������	Ëwm�dTÉ	�#��Ó)cÔÓ É/��iCÌÎË¡Õ-ivn�Õ�d'c¡Óop	ÕÈÐom	ÌÎÓ� k@g�Óhd�g

ν
��ÕC��É�cÔÕ�i~c�g�Õ�Ê���Ósc

É	Êrc�k9�QË7�ª��É	ËÔ×��QÐ�É/�
Γ

�	���
σν

ËÔÕ�n�Ë¡Õ-iHÕC�ec�i�cwg�Õ b �QÊ8d�gCmqivc¡ËÔÕ�i�ixp	Õ-dfcÔÉ	Ë(� b É	����Ó)cÔÓ É/��i
K ������L+ËÔÕ�n�ËÔÕ�i¡ÕÈ�Cc�cwg�Õ�Ê���Ó Ð �AcÔÕÈË7�QÐxdÈÉ	�CcÔ�edfcXÅ#É/Ê������	Ëwm4dÈÉ	����Ó)cÔÓ É/��iÈ� b É/����Ósc¡ÓÉ	��i K ��� Ï�L
Ë¡Õ�n�Ë¡Õ-iHÕC�Cc@cwg�Õ���É	��ÐÉrdÈ�QÐ jüË¡ÓhdfcÔÓ É/��Ð ��kjÓ �lk@g�Óod�g

στ

��ÕÈ��É!c¡Õ-i@cwg�ÕQcÔ�	��Ñ	ÕC�ecÔÓ�	Ð ivc¡ËÔÕ�i�iÈÌ
u̇τ

��ÕC��É�cÔÕ�i:cwg�Õuc7�Q��Ñ/ÕÈ�Cc¡Ó �QÐp	ÕÈÐÉrdTÓsc�m�É/� cwg�ÕhÅ�É	Ê������QË�m��	���
µ

Óoi:cwg�Õ�dTÉ�ÕH@�dTÓÕÈ�Cc
É�j jüËÔÓhdfc¡ÓÉ	�f�

R
Óoi9�|dTÉ	�CcÔÓ ��Ê�É/Ê�iÿË¡ÕCÑ	Ê�Ð �QËÔÓ Ç(�AcÔÓ É/��É!n�ÕÈË7�Ac¡É/Ë ËÔÕ�n�Ë¡Õ-iHÕC�ecÔÓ ��Ñ:cwg�ÕX��p/ÕÈË7�QÑ	Ö

Ó ��Ñ�É!j�c�g�ÕE��É/Ë¡×��QÐ ivc¡ËÔÕ�i�i9ÉAp	ÕCË��qiH×��QÐÐ3��ÕCÓ Ñeg�Å#É/Ëwg�É�É��ÆÉ�j�cwg�Õ:dÈÉ	�CcÔ�edfc@n#É/Ó �Cc(�#�[g�Õ
d�g�É	ÓhdTÕ

p (r) = r+ (1 − δr)+
Ì k@g�ÕCË¡Õ

r+ = max (r, 0)
�	���

δ
ÓhiE��iH×��QÐÐDn�Éei¡Ó)cÔÓsp/Õ

dTÉ�ÕH@�dTÓÕÈ�CcXË¡ÕCÐ��c¡Õ(��c¡É�cwg�Õ|kÿÕC�	Ë��	���lg#�QË7����Õ�i�i+É�jxc�g�ÕuiHÊ�Ëwj´�!dÈÕ	ÌOk9�!i+ÕÈ×qn�ÐÉAm	ÕC��Ó �
� Í � Ì¹Í����²�Î��� K ��� Ï L��Q����Å#ÕCÐ ÉAkEÌ3�1��É!c��QÅ�ÉAp	Õ���p?�	Ë¡Ó �QÅ�ÐÕªË¡Õ�n�Ë¡Õ-iHÕC�Cc�i�Ó)c�i���ÕCË¡Óop?�Ac¡Óop	Õ
k Ó)c�g ËÔÕ�iwn#Õ-dfccÔÉ�cÔÓ ×�Õ/�4% Ó���QÐÐom K ���#� L%Ë¡Õ�n�ËÔÕ�i¡ÕÈ�Cc�ixcwg�Õ�Ó ��Ó)cÔÓ�	Ð_dÈÉ	����Ósc¡ÓÉ	�f�C� ÕX��ÕÈ��É!c¡Õ
ÅCm

Sd

c�g�Õ^iwn��!dÈÕ É�j iHÕ-dTÉ/���ªÉ	Ë7��ÕÈËxiwm�×ª×�Õ�c¡ËÔÓod�cÔÕÈ��i¡É	Ë�i
É	�
R

d (d = 2, 3)
�e��Õ�ËÔÕ�dC�QÐÐ

cwg���c@cwg�ÕEÓ����ÕCË@n�Ë¡É���Ê8dfc�i �	����cwg�Õ:dÈÉ	ËÔË¡Õ-ivn�É	�#��Ó ��Ñ ��É/Ë¡×ui �QËÔÕXÑ	Óop	ÕC� ÅLm

u.v = uivi, |v| = (u.v)
1
2 , ∀u, v ∈ R

d,

σ.τ = σijτij , |τ | = (τ.τ)
1
2 , ∀σ, τ ∈ Sd.

� ÕÈËÔÕE�Q����Å�ÕÈÐÉAkEÌ
i, j = 1, . . . , d

Ì��	����cwg�Õ:i¡Ê�×�×��AcÔÓ É/�0dÈÉ	�Lp	ÕC�ecÔÓ É/� ÉAp/ÕÈË9Ë¡Õ�n#Õ(�AcÔÕC�
Ó ����ÓodÈÕ�iXÓhi��/��É!nac¡ÕC�3����É	ËÔÕÈÉAp	ÕCËCÌ#Ó ��cwg�Õqi¡Õ y Ê�ÕCÐVÌ_c�g�Õ�Ó ����Õ'�lc�g��Ac~jüÉ	ÐÐÉAk�i+�0dTÉ/×ª×��
Ó ����ÓodC�Ac¡Õ-i"�qn��	ËvcÔÓ�	Ðf��ÕCË¡Óop?�Ac¡Óop	Õ/Ì�Õ/� Ñ#� Ì

ui,j = ∂ui/∂xj

�#��É�n�ËÔÉrdTÕCÕC�0k Ó)c�g�cwg�Õ>p?�QËÔÓ Ö
�Ac¡ÓÉ	�#�QÐOjüÉ	ËÔ× Ê�Ð��c¡ÓÉ	�3ÌLkÿÕ���ÕÈÕC��c�g�Õ~jüÉ	ÐÐ ÉAk Ó��Ñ|jüÊ���d'c¡ÓÉ	���	Ð ivn#�!dTÕ-iÈØ

H =
(
L2 (Ω)

)d
, H1 =

(
H1 (Ω)

)d
, Q =

{
τ = (τij) ; τij = τji ∈ L2 (Ω)

}
,

H (div; Ω) = {σ ∈ Q; divσ ∈ H} .

��É�cÔÕc�g��Ac
H

�Q���
Q

�QËÔÕ%ËÔÕC�QÐ � Ó ÐÅ#ÕCËvcDiwn��!dÈÕ�i�ÕÈ����ÉAkÿÕC�:k Ó)c�g�c�g�Õ9Ë¡Õ-ivn�Õ�d'c¡Óop	ÕWdC�Q��É/��Ö
ÓodC�QÐÎÓ����ÕÈË^n�Ë¡É���Ê8dfc�i9Ñ/Ósp/ÕÈ��ÅLm

〈u, v〉H =

∫

Ω

uivi dx, 〈σ, τ〉Q =

∫

Ω

σijτij dx.

�[g�Õ:iH×��	Ð Ð ivc¡Ë7�QÓ��cÔÕÈ��i¡É	Ë9Óhi

ε (u) = (εij (u)) =
1

2
(ui,j + uj,i) , i, j = {1, . . . , d} ,

g�ÕÈËÔÕ
divσ = (σij,j)

Óoi�cwg�Õª��Óop	ÕÈËÔÑ	ÕC��dTÕEÉ!j
σ

���fÕ'c
H

1
2 (Γ ) =

(
H

1
2 (Γ )

)d �	���1ÐÕ'c

γ : H1 → H
1
2 (Γ )

Å#Õ|cwg�Õ>cÔËÔ�edTÕª×���n3��%�É	ËXÕ�p/ÕÈË�m�ÕÈÐÕÈ×�ÕÈ�Cc
v ∈ H1

Ì kÿÕª�	Ðoi¡ÉÆÊ8iHÕ



����� Á���¸��?¥�	(£?¦L±�
p«�µ���3¿���¸#«�
�±��?¥
cwg�Õh��É�cÔ��c¡ÓÉ	�

v
jüÉ	Ë:cwg�ÕucÔËÔ�edTÕ

γv
É�j

v
É/�

Γ
�Q���IkÿÕh��ÕÈ��É!c¡Õ�ÅLm

vν

�Q�#�
vτ

c�g�Õ
��É	ËÔ×��QÐ3�Q�#��c7�Q��Ñ/ÕÈ�Cc¡Ó �QÐ dÈÉ	×qn#É/��ÕÈ�Cc�i9É�j

v
É/�

Γ
Ñ/Ósp/ÕÈ��ÅLm

vν = v.ν
Ì

vτ = v − vνν.

�3Õ'c
H

− 1
2 (Γ )

Å#Õ�c�g�Õ���Ê��	Ð É�j
H

1
2 (Γ )

ÌxjüÉ	Ë�Õ�p/ÕÈË�m
σ ∈ H (div; Ω)

Ì
σν

dC�Q��Å#Õ
��ÕH����ÕC�1�!i�c�g�ÕEÕÈÐÕÈ×�ÕÈ�Cc Ó�

H
− 1

2 (Γ )
k@g�Óhd�g0iÔ�AcÔÓoi?��Õ�i�c�g�Õ���ËÔÕÈÕÈ� � i�jüÉ/Ë¡×�Ê�Ð��Ø

〈σ, ε (v)〉Q + 〈divσ, v〉H = 〈σν, v〉
H

−
1
2 (Γ )×H

1
2 (Γ )

∀v ∈ H1. K ��� � L
�"ÕC��É�cÔÕ+ÅLm

σν

�Q�#�
στ

c�g�Õ+��É	ËÔ×��	ÐÎ�Q����cÔ�Q��Ñ	ÕÈ�CcÔÓ�	Ð�cÔËÔ�edTÕ�i É�j
σ

Ì�Ë¡Õ-ivn�Õ�d'c¡Óop	ÕÈÐom	�-� j
σÓoi ËÔÕÈÑ/Ê�Ð �QË ( iÔ��m

C1
) Ìrc�g�ÕÈ�

σν = (σν) .ν, στ = σν − σνν,

〈σν, v〉
H

−
1
2 (Γ )×H

1
2 (Γ )

=

∫

Γ

σν.v da ∀v ∈ H1,

k@g�ÕÈËÔÕ
da

Óhi�c�g�Õ�iHÊ�Ëvj´�edTÕ�×ªÕ(�!i¡Ê�ËÔÕÆÕCÐ ÕC×ªÕC�CcC�¹�3Õ�c
V

Å�Õ0cwg�Õ�dTÐÉei¡ÕC� iHÊ�Å�ivn#�!dTÕ�É�j
H1

��ÕH����Õ(��ÅCm
V = {v ∈ H1; v = 0

É	�
Γ1}

�Q���
K

Å#Õ0cwg�ÕliHÕ�chÉ�j��/��×�Óoi�i¡Ó Å�ÐÕ
��Óoiwn�Ð �!dÈÕÈ×�ÕÈ�Cc�i�Ñ	Óop	ÕÈ�iÅLm

K = {v ∈ V ; vν ≤ 0
É	�

Γ3}
���Ó �8dTÕ

measΓ1 > 0,
c�g�Õ

jüÉ	ÐÐ ÉAk Ó��Ñ��"É/Ë¡��� iÿÓ ��Õ y Ê��QÐÓsc�m�g�É	Ð �ai K iHÕCÕq�3����LTØ

‖ε (v)‖Q ≥ cΩ ‖v‖H1
∀v ∈ V,

k@g�ÕÈËÔÕ@cwg�Õ6dTÉ/��ivcÔ�Q�Cc
cΩ

��Õ�n#ÕC���ai É	��Ðom�É	�
Ω

�Q���
Γ1.

��Õ+Õ y Ê�Óon
V
k Óscwg�cwg�Õ+Ó ����ÕÈË

n�Ë¡É���Ê8dfc
〈u, v〉V = 〈ε (u) , ε (v)〉Q�Q���

‖.‖V

Óoi~c�g�Õ �eiwi¡ÉrdTÓ �Ac¡Õ(����É	ËÔ×��f� cQjüÉ	ÐÐ ÉAk�i~jüËÔÉ	×��"É/Ë¡� � iXÓ��Õ y Ê��	Ð Ósc�mlc�g��AcQc�g�Õ
��É	ËÔ×ui

‖.‖H1

�Q���
‖.‖V

�QËÔÕ Õ y Ê�Óop?�QÐÕÈ�Cc�É	�
V.

�[g�ÕÈ�
(V, ‖.‖V )

Óoi���Ë¡Õ(�QÐ � ÓÐ Å�ÕÈËwc
ivn��edTÕ/����É	ËÔÕÈÉAp/ÕÈË ÅLm�c�g�Õ ��É	Å�É	ÐÕ�p}c¡Ë7�!dTÕ�cwg�ÕÈÉ	ËÔÕÈ×1Ì�c�g�ÕÈËÔÕ1Õ'��Óoivc�i

dΩ > 0
k@g�Óod�g

É	��Ðom ��Õ�n#ÕC���ai É/��c�g�Õ���É	×��	Ó �
Ω

Ì
Γ1

�Q���
Γ3

i¡Ê�d�g�cwg���c

‖v‖(L2(Γ3))d ≤ dΩ ‖v‖V ∀v ∈ V. K ��� � L
%�É	Ë

p ∈ [1,∞]
Ì kÿÕhÊ�i¡Õuc�g�Õ�ivcÔ�	�����QË7� ��É	ËÔ×xÉ�j

Lp (0, T ; V )
����Õ��QÐhiHÉ�Ê�i¡Õuc�g�Õ

��É	Å�É	ÐÕ�p�iwn��edTÕ
W 1,∞ (0, T ; V )

Õ y Ê�Óonan�ÕC�0k Ó)c�g0cwg�ÕE��É/Ë¡×

‖v‖W 1,∞(0,T ;V ) = ‖v‖L∞(0,T ;V ) + ‖v̇‖L∞(0,T ;V ) .

%�É	Ë Õ�p/ÕÈË�m ËÔÕC�	Ð Ä �	���!d�g iwn��!dÈÕ
(X, ‖.‖X)

�Q���
T > 0

kÿÕÂÊ�i¡Õ}c�g�Õ���É�cÔ��c¡ÓÉ	�
C ([0, T ] ; X)

jüÉ	Ë�cwg�Õliwn��!dÈÕ�É�jQdTÉ/�ecÔÓ ��Ê�É/Ê�i|jüÊ���d'c¡ÓÉ	��i�jüË¡É/×
[0, T ]

c¡É
X
¹ËÔÕ�dC�QÐÐ

cwg���c
C ([0, T ] ; X)

Óoi �ªËÔÕC�	Ð Ä �	���!d�g0ivn#�!dTÕ~k Óscwg0cwg�ÕE��É	ËÔ×

‖x‖C([0,T ];X) = max
t∈[0,T ]

‖x (t)‖X .

�[g�Õ~jüÉ	Ë�dTÕX�Q����c�g�Õ~c¡Ë7�!d'c¡ÓÉ	�1��ÕÈ��i¡Ósc¡ÓÕ�i �QËÔÕE�!i�iHÊ�×ªÕ(��cÔÉui¡��c¡Óhi�j�m

ϕ1 ∈ W 1,∞ (0, T ; H) , ϕ2 ∈ W 1,∞
(
0, T ;

(
L2 (Γ2)

)d
)

. K ��� Í���L
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 ����Í
��Õ���ÕC��É�cÔÕXÅCm

φ (t)
cwg�ÕEÕCÐ ÕC×ªÕC�Cc�É�j

V
��ÕH����Õ(��ÅCm

〈φ (t) , v〉V =

∫

Ω

ϕ1 (t) .v dx +

∫

Γ2

ϕ2 (t) .v da ∀v ∈ V
Ì
t ∈ [0, T ] .

�^i¡Ó ��Ñ K ���Í ��LWm�ÓÕÈÐ �ai
φ ∈ W 1,∞ (0, T ; V )

���fÕ'c

H (Γ3) =
{
w |Γ3 : w ∈ H

1
2 (Γ )

Ì
w = 0

É/�
Γ1

}

Õ y Ê�Óonan#Õ(��k Óscwglc�g�Õ ��É	ËÔ×tÉ!j
H

1
2 (Γ )

�
〈. , .〉

iwg��QÐÐ ��ÕÈ��É!c¡ÕQc�g�Õª��Ê��QÐÓ)c�m0n��	Ó ËÔÓ ��ÑhÉ	�
H (Γ3)× H ′ (Γ3)

k@g�ÕCË¡Õ
H ′ (Γ3)

��ÕÈ��É�c¡Õ-i�cwg�Õ���Ê��QÐÎÉ!j
H (Γ3)

�
Ä Õ�jüÉ	ËÔÕ[k Õ^ivcÔ�	Ëvcxk Óscwgqc�g�Õ�p?�QËÔÓ �Ac¡ÓÉ	�#�QÐLjüÉ	ËÔ× Ê�Ð��c¡ÓÉ	��É�j n�ËÔÉ	Å�ÐÕÈ×

P1
Ð Õ�c%Ê�iivcÔ��c¡Õ

Ó �lk@g�Óod�g4i¡ÕÈ�8iHÕQc�g�Õ���Ê��QÐÓ)c�m�n��	Ó ËÔÓ��Ñ
〈. , .〉

Óhi@cÔ�!�	ÕC�3� %�É	Ë
σ ∈ H (div; Ω)

Ì�Ósj
σν ∈(

L2 (Γ2)
)d Ó�0cwg�Õ:i¡ÕÈ��i¡ÕXÉ�j ��Óoivc¡ËÔÓÅ�Êrc¡ÓÉ	�8iÈÌ�Ó²� Õ	�

∃h ∈
(
L2 (Γ2)

)d iHÊ8d�g�c�g��Ac

〈σν, ϕ〉
H

−
1
2 (Γ )×H

1
2 (Γ )

=

∫

Γ2

h.ϕ da ∀ϕ ∈ (C∞
0 (Γ2))

d Ì

k ÕE��Õ�����Õ~cwg�ÕE��É	ËÔ×��QÐ i�cÔË¡Õ-iwi
σν

É	�
Γ3

�!i�jüÉ/Ð ÐÉAk�iCØ




∀w ∈ H (Γ3) :

〈σν , w〉 = 〈σ, ε (v)〉Q + 〈divσ, v〉H −
∫

Γ2
h.v da

∀v ∈ V ; vν = w
Ì
vτ = 0

É/�
Γ3

� K ��� Í/Í�L

��Õ��!i�i¡Ê�×�Õ�cwg#�Ac
R : H ′ (Γ3) → L2 (Γ3)

Óoi���Ð Ó��ÕC�	ËudTÉ	�CcÔÓ ��Ê�É/Ê�i ×��!nan�Ó��Ñ�� � c
Óoi+É	ÅLp�Ó É/Ê�i@cÔÉ�d�g�Õ-d���c�g��Ac(Ì8k@g�ÕÈ�

δ
Óhi��hÑ	Óop	ÕC��n#ÉCiHÓsc¡Óop	Õ|dTÉ/��i�c7�Q�Cc+�	���li¡Ê3@�dTÓÕÈ�Cc¡Ðom

iH×��QÐÐOcwg#�Ac@cwg�ÕÈËÔÕ�Õ���Óoivc�i��qdÈÉ	��ivcÔ�	�ec
Lp > 0

iHÊ8d�g�c�g��Ac

|p (r1) − p (r2)| ≤ Lp |r1 − r2| , ∀r1, r2 ∈ R. K ��� Í$��L
��Õ��eiwi¡Ê�×�Õ�cwg���c

F : Ω × Sd → Sd

i¡��c¡Óhi.�#Õ�i�cwg�Õ~jüÉ	ÐÐ ÉAk Ó��ÑqdTÉ	�#��Ó)cÔÓ É/��iCØ





(a)
�[g�ÕÈËÔÕXÕ'��Óoivc�i

L1 > 0
i¡Ê�d�g�cwg���c

|F (x, ε1) −F (x, ε2)| ≤ L1 |ε1 − ε2|jüÉ	Ë��	Ð Ð
ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(b)
�[g�ÕCË¡ÕXÕ'��Óhi�c�i

L2 > 0
iHÊ�d�g�cwg#�Ac

(F (x, ε1) −F (x, ε2)) . (ε1 − ε2) ≥ L2 |ε1 − ε2|
2 ,jüÉ/Ë��QÐÐ

ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(c)
�[g�ÕE×���n�n�Ó ��Ñ

x → F (x, ε)
Óoi �fÕÈÅ�Õ�i¡Ñ	Ê�ÕX×�ÕC�eiHÊ�ËÔ�	Å�Ð Õ�É	�

Ω,jüÉ/Ë��Q�Lm
ε ∈ Sd .

(d) F (x, 0) = 0 for a.e. x ∈ Ω.

K ��� Í�!�L

%�ÓË�i�c�kÿÕh��É!c¡Õuc�g��Ac>cwg�Õ0dTÉ/����Ósc¡ÓÉ	� K ��� Í�!�L�Óhi>iÔ�AcÔÓoi?��Õ(�iÓ � c�g�Õ�dC�!i¡Õ�É�j@cwg�ÕhÐ Ó��Õ(�QË
ÕÈÐ �!ivc¡Óhd�dTÉ/��ivc¡Ósc¡ÊrcÔÓsp/ÕÆÐ ��k

σ = Fε (u)
Ó � k@g�Óhd�g

Fξ = aijkhξkh

Ì�n�ËÔÉAp�Ó��ÕC�Icwg#�Ac
aijkh ∈ L∞ (Ω)

�Q����cwg�ÕCË¡ÕXÕ���Óhivc�i
α > 0

iHÊ�d�g�cwg#�Ac

aijkh (x) ξkξh ≥ α |ξ|2 ∀ξ ∈ Sd

Ì
a.e. x ∈ Ω.

�D���Q×qn�ÐÕ�i¹É!jÎ��É	��ÐÓ��ÕC�	ËdTÉ/��i�cÔÓ)cÔÊrc¡Óop	Õ"Ð��k k@g�Óhd�g�i¡��c¡Óhi�j�m K ���Í ! LDdÈ�	��Å#Õ>������Ó��� Í��A�
�Q����� Í(Ï��ç�



����� Á���¸��?¥�	(£?¦L±�
p«�µ���3¿���¸#«�
�±��?¥
�"«È°�£ �������

F (x, τ (x)) ∈ Q, ∀τ ∈ Q
�	����c�g-Ê8iXÓ)cEÓhi6n�Éei�i¡Ó Å�ÐÕ�cÔÉ0dÈÉ	��i¡Ó ��ÕÈË

F
�!i

�Q��É!n�ÕÈË7�Ac¡É/Ë ��ÕH����ÕC��jüË¡É/×
Q

Ó �Cc¡É
Q.

��Õ'�Lc(Ìak ÕE�eiwi¡Ê�×�Õ�cwg���c�c�g�Õ~jüËÔÓod'c¡ÓÉ	��dTÉ�ÕH@�dÈÓ ÕC�ec�iÔ�AcÔÓoi?��Õ�i

µ ∈ L∞ (Γ3)
�Q�#�

µ ≥ 0 a.e.
É/�

Γ3, K ��� Í � L
�Q����k Õ���ÕH����Õ�c�g�Õ~jüÊ���d'c¡ÓÉ	���	Ð

j : V0 × V → R
ÅLm

j (u, v) =

∫

Γ3

µp (|Rσν (u)|) |vτ | da ∀ (u, v) ∈ V0 × V,

k@g�ÕÈËÔÕ
V0

Óhi[cwg�Õ:iHÊ�Å8iHÕ�c9É!j
H1

��Õ�����Õ(���ei�jüÉ	ÐÐ ÉAk�i

V0 = {v ∈ H1; divσ (v) ∈ H} .

� j
u

Óhi+��i¡É	ÐÊrcÔÓ É/��É�jDn�ËÔÉ	Å�ÐÕÈ×
P2

i�c7�AcÔÕC��Å�ÕÈÐÉAk cwg�ÕC�
σ (u (t)) ∈ H (div; Ω) a.e.

t ∈ [0, T ]
�	����c�g�ÕÈËÔÕ'jüÉ/Ë¡Õ

j (u (t) , v) =

∫

Γ3

µp (|Rσν (u (t))|) |vτ | da ∀v ∈ V.

%�Ó���	Ð Ðom�kÿÕ��!i�iHÊ�×�Õ6cwg���c@cwg�ÕEÓ��Ósc¡Ó �QÐf���AcÔ�
u0

i¡��c¡Óhi.�#Õ�i
u0 ∈ K ∩ V0

Ì

〈Fε (u0) , ε (v − u0)〉Q + j (u0, v − u0) ≥ 〈φ (0) , v − u0〉V ∀v ∈ K. K ��� Í$��L
�^i¡Ó ��Ñ ��ËÔÕÈÕC��� i�jüÉ/Ë¡×�Ê�Ð � K ��� � L�Ó)c
ÓhiDi�cÔËÔ�	Ó ÑegrjüÉ	Ë�k9�QË7��c¡ÉQiHÕCÕ�cwg���c¹Ó)j

u
Óoi
�~i¡Ê3@�dTÓÕÈ�Cc¡Ðom

Ë¡ÕCÑ	Ê�Ð �QË�jüÊ���d'c¡ÓÉ	��k@g�Óhd�g0iÔ�AcÔÓoivj�m K ���Í�L�� K ��� Ï LDc�g�ÕÈ�fÌ




u (t) ∈ K
jüÉ	Ë��QÐÐ

t ∈ [0, T ] ,
�	����jüÉ/Ë��QÐ×�Éeivc �	Ð Ð

t ∈ (0, T ) ,

〈Fε(u (t)), ε (v − u̇ (t))〉Q + j (u (t) , v) − j (u (t) , u̇ (t)) ≥

〈φ (t) , v − u̇ (t)〉V + 〈σν (u (t)) , vν − u̇ν (t)〉 ∀v ∈ V,
〈σν (u (t)) , z − uν (t)〉 ≥ 0 ∀z ∈ K.

�[g�ÕÈËÔÕ'jüÉ/Ë¡Õ/Ì
Ê�iHÓ��Ñ K ���3��L��Q��� c�g�Õ�n�ËÔÕ�p�Ó É/Ê�i�Ó��Õ y Ê��	Ð Ósc¡ÓÕ�iqm�ÓÕÈÐ �aiqc¡É c�g�Õ�jüÉ	ÐÐÉAk Ó ��Ñ
p��	Ë¡Ó �AcÔÓ É/���QÐ_jüÉ/Ë¡×�Ê�Ð��c¡ÓÉ	�ÆÉ�j�n�Ë¡É/Å�ÐÕÈ×

P1.A �$B8�C�D4E
P2

� ¢%±�
�©�£�©Q± ¬GF�¦ £/¤Ô«È°�«H
#§=I «È¦ ©
u ∈ W 1,∞ (0, T ; V )

¬�¥�¤Ô® §ü®�£Q§
u (0) =

u0
±�


Ω, u (t) ∈ K ∩ V0
Ì�� � ��£Q¦¯¦

t ∈ [0, T ]
Ì £ 
p© � � �ª£?¦L° ��¬�§ £?¦¯¦

t ∈ (0, T ) ,

〈Fε (u (t)) , ε (v) − ε (u̇ (t))〉Q + j (u (t) , v) − j (u (t) , u̇ (t)) ≥

〈φ (t) , v − u̇ (t)〉V + 〈σν (u (t)) , vν − u̇ν (t)〉 ∀v ∈ V
Ì K ���ÍCÏ L

〈σν (u (t)) , zν − uν (t)〉 ≥ 0 ∀z ∈ K. K ���Í���L
�+Ê�Ë+×��	Ó ��ËÔÕ�i¡Ê�Ðsc+É!jxcwg�Óhi~iHÕ-dfcÔÓ É/�lk@g�Óhd�glk Ó ÐÐ Å#ÕªÕ�ivcÔ�	Å�ÐÓoiwg�ÕC��Ó �4cwg�Õ���Õ'�LcQiHÕ-dfc¡ÓÉ	�
Óoi[c�g�Õ�jüÉ	ÐÐ ÉAk Ó��Ñ|cwg�ÕÈÉ	ËÔÕÈ×1�
	�
 D4B8� D E�8 Àf«È§

T > 0
£ 
p© £�¬7¬�¥�°�«�§ü®�£Q§ K ���Í ��L µ K ���Í���L µ K ���Í !�L µ K ���Í � L £ 
p©

K ���Í���L ®=�?¦ ©��Æ¸p®�«�
�§¯®�«��¡«i«��/± ¬7§V¬�£?§ª¦ «7£�¬�§ � 
p«�¬��Q¦L¥�§V±�� 

u

� � F � ���T¦«T°
P2

� � ��£
¬7¥�� ¤È±´«H
#§V¦���¬�°�£?¦¯¦ � ��±´¤T§²±�� 
i¤ �(«���¤È±´«H
#§

µ
�



Á��9¥�£�¬�± ¬�§ç£Q§V±´¤�¶0
#±¯¦ £?§�«��Ô£?¦�� � 
#§ç£/¤T§¹¼�� ���T¦«T°
	
±¯§¯®�¢���±´¤T§²±�� 
 ����!
�[S>TCU^]OX -0/5-�UV32:+ ;@YxX=/ \,+.2�Va`�YU
�[g�Õ�n�ËÔÉ�É�j�É!j"�[g�ÕÈÉ/Ë¡ÕC× Í ÓoiªÅ��eiHÕ(�iÉ	�Â�lc¡Ó×ªÕ1��ÓhiwdÈË¡Õ�c¡ÓÇC��c¡ÓÉ	� ×�Õ'c�g�É���jüÉ	ÐÐÉAk Õ(�
ÅCm �9�a��ÕC� n�É	Ó�ech�	Ë¡Ñ/Ê�×�ÕÈ�Cc�iCÌ�i¡Ó×ªÓÐ �QË|c¡É�cwg�ÉCiHÕ�Ê�i¡ÕC��Ó � � � �"�Q���ÂÓoiudC�QËÔË¡ÓÕC� É	Êrc
Ó � iHÕ�p	ÕÈË7�QÐ[ivc¡Õ�n8iÈ�%�É/Ë>c�g�ÓhiÈÌ ÐÕ'c

n ∈ N
∗
Ì
∆t =

T

n

Ì
ti = i∆t

Ì
0 ≤ i ≤ n

��� Õ
��ÕÈ��É!c¡Õ�ÅLm

ui
cwg�Õ���n�n�Ë¡É���Ó×��Ac¡ÓÉ	��É�j

u
�Ac~cwg�ÕqcÔÓ ×�Õ

ti
�	����ÅLm�c�g�Õuivm�×�Å#É/Ð

∆uicwg�ÕXÅ��ed��Ck9�QË7����Ó���ÕCË¡ÕC��dTÕ
ui+1 − ui.

%�É/Ëÿ�|dTÉ/�Cc¡Ó�-Ê�É	Ê�ijüÊ���d'c¡ÓÉ	�
w (t)

k Õ�Ê�i¡Õ^c�g�Õ
��É�c7�Ac¡ÓÉ	�

wi = w (ti)
���[g�ÕÈ�0kÿÕEÉ	Årc7�QÓ���qi¡Õ y Ê�ÕÈ�8dTÕXÉ�j Ó ��dÈË¡ÕC×�ÕÈ�CcÔ�	Ð n�Ë¡É/Å�ÐÕÈ×ui

P i
n��ÕH����ÕC��jüÉ	Ë

u0 = u0
ÅLm

A �$B8�C�D4E
P i

n.
¢%±�
�©

ui+1 ∈ K ∩ V0
¬�¥�¤Ô®�§¯®�£?§





〈
Fε(ui+1), ε (w) − ε

(
ui+1

)〉
Q

+ j
(
ui+1, w − ui

)
− j

(
ui+1, ui+1 − ui

)
≥

〈
φi+1, w − ui+1

〉
V

+
〈
σν

(
ui+1

)
, wν − ui+1

ν

〉
∀w ∈ V,〈

σ
ν

(
ui+1

)
, z

ν
− ui+1

ν

〉
≥ 0 ∀z ∈ K.

��ÕQg���p/Õ^c�g�Õ~jüÉ	ÐÐÉAk Ó ��Ñ�ËÔÕ�i¡Ê�ÐscC�
A �$B��*B_��� ��� B�� �8 ¼�� � �È¦ «È°

P i
n

± ¬ «7³T¥�±��?£?¦«H
#§ § ��§ü®�« � �?¦¯¦�� 	
±�
	�

�����������

Qi
n �

¢%±�
�©
ui+1 ∈ K ∩ V0

¬7¥�¤7®1§ü®�£Q§
{ 〈

Fε
(
ui+1

)
, ε (w) − ε

(
ui+1

)〉
Q

+ j
(
ui+1, w − ui

)

−j
(
ui+1, ui+1 − ui

)
≥

〈
φi+1, w − ui+1

〉
V

∀ w ∈ K
� K !��Í�L

¼�� ��� � � � Õ�ËÔÕ'jüÕÈË�cwg�Õ�ËÔÕC�/��ÕÈË�c¡Éz� � �~jüÉ/Ë�c�g�Õ�ÐÓ ��ÕC�QË�dÈ�eiHÕ/�ÿ�[g�Õ4n�ËÔÉ�É�j�ÓhiÆÕ(�!i¡Ó Ðom
Õ'�Lc¡ÕC����ÕC�Qc¡É@c�g�Õ%��É/��ÐÓ ��Õ(�QË dC�!i¡Õ%�!i k Õ%Ë¡Õ�n�Ð�edTÕ
É/��Ðsm�c�g�Õ¹Å�ÓÐ Ó��Õ(�QË jüÉ/Ë¡×

a : V ×V →
R
dTÉ/�ecÔÓ ��Ê�É/Ê�i �	���

V −
ÕCÐ ÐÓsnac¡ÓhdhÅLm ����É	��Ð Ó��ÕC�	Ë�É!n�ÕÈË7�AcÔÉ	Ë

A : V → V
ivc¡ËÔÉ	��Ñ	Ðom

×ªÉ/��É�cÔÉ	��ÕE�	���Æ�fÓsn8iwd�g�Ósc¡Ç:dÈÉ	�Cc¡Ó��Ê�É	Ê8iÈ�
�

� D4E6E}� �_ ¸p®�« �¡«1«��	± ¬�§V¬
µ0 > 0

¬�¥�¤7®i§ü®�£Q§ � � �
‖µ‖L∞(Γ3) < µ0,

F � � �È¦ «T°
Qi

n®�£�¬�£h¥3
�±´³È¥�«X¬��?¦ ¥�§V±�� 
 �
�fÉ~ivg�ÉAk Ð ÕC×ª×�� ÍWkÿÕ%Ó�Cc¡ËÔÉ���Ê�dTÕ9�Q��Ó �Cc¡ÕCË¡×�Õ(��Ó��c¡ÕWn�Ë¡É/Å�ÐÕÈ×1��� Õ ��ÕH�#��Õc�g�Õ[dTÉ	�Lp/Õ'�
iHÕ�c

C∗
+ =

{
g ∈ L2 (Γ3) ; g ≥ 0

��� Õ/��É	�
Γ3

} �	���

ϕ (w) =

∫

Γ3

µg |wτ | da.

��ÕEÓ�Cc¡ËÔÉ���Ê�dTÕ~c�g�ÕEÓ �CcÔÕÈËÔ×ªÕ(��Ó �Ac¡ÕQn�Ë¡É/Å�Ð ÕC×
Qi

ng

jüÉ	Ë
g ∈ C∗

+

ÅCmÆË¡Õ�n�Ð �!dTÓ��Ñ�Ó� K !��Í�L
Rσν

(
ui+1

) ÅLm
g

�!i�jüÉ	ÐÐÉAk�iÈ�
A �$B8�C�D4E

Qi
ng.

¢%±�
�©
ug ∈ K

¬�¥�¤7®1§ü®�£Q§

〈Fε (ug) , ε (w) − ε (ug)〉Q + ϕ
(
w − ui

)
− ϕ

(
ug − ui

)
≥

〈
φi+1, w − ug

〉
V

∀ w ∈ K. K !�����L
� D4E6E}���  ¢0� ��£ 
 �

g ∈ C∗
+

F � ���T¦ «È°
Qi

ng

®�£�¬ª£ ¥3
�±´³È¥�« ¬��?¦L¥�§²±�� 

ug

�f¢3¥ ��§ü®�« ���
° � �¡«�µ¹§ü®�« �¡«ª«��/± ¬�§ ¤ � 
�¬�§�£ 
�§V¬

ci > 0
µ
i = 1, 2

µ ¬�¥�¤7®�§¯®�£?§

‖ug‖V
≤ c1 ‖µ‖L∞(Γ3) ‖g‖L2(Γ3) + c2

∥∥φi+1
∥∥

V
. K !�� !�L



��� � Á���¸��?¥�	(£?¦L±�
p«�µ���3¿���¸#«�
�±��?¥
¼�� ��� � � �^i¡Ó��Ñ�� ÓÕ�i¡Ç�� ifËÔÕ�n�Ë¡Õ-iHÕC�ec7�AcÔÓ É/�6c�g�ÕÈÉ/Ë¡ÕC× kÿÕ%��Õ�����Õcwg�Õÿ��É	��Ð Ó��ÕC�	Ë3É!n�ÕÈË7�AcÔÉ	Ë
A : V → V

ÅLm
〈Av, w〉V = 〈Fε (v) , ε (w)〉Q .

�[g�ÕÈ��gLmLn#É!cwg�Õ-iHÕ-i K ���Í ! L
(b)

�Q��� K ��� Í�!�L
(d)

É	�
F

Ó×|n�Ðsm�cwg���c�c�g�ÕEÉ!n�ÕÈË7�AcÔÉ	Ë
A

Óhi
i�cÔË¡É/��Ñ	ÐomE×�É	��É!c¡É	��Õÿ�	��� �fÓsn�i�d�g�Ósc¡Ç@dTÉ/�Cc¡Ó�-Ê�É	Ê�i �É	�>cwg�Õ9É�c�g�ÕÈË�g��	����cwg�Õ[jüÊ��8dfc¡ÓÉ	�#�QÐ
ϕ

Óhi6n�Ë¡Éen#ÕCËCÌOdTÉ/�Lp	Õ'�1�Q����Ð ÉAkÿÕÈË^i¡ÕÈ×�ÓhdTÉ/�ecÔÓ ��Ê�É/Ê�iC� ��É/×ªÕ�Ë¡Õ-iHÊ�Ð)c�i@jüËÔÉ	× cwg�Õ�cwg�ÕCÉ	Ë�m
É�j ÕÈÐÐ Óonrc¡Óhd~p?�QËÔÓ��c¡ÓÉ	���	ÐpÓ ��Õ y Ê��QÐÓ)cÔÓ Õ-i K i¡ÕÈÕq� !A� LÿÓ ×qn�Ðom�c�g��Ac@c�g�ÕEÓ ��Õ y Ê��QÐÓsc�m K !�� ��Lg#�!i
�EÊ���Ó y Ê�Õ6i¡É	ÐÊrc¡ÓÉ	�

ug.
��Õ�cvc¡Ó��Ñ

w = 0
Ó�qcwg�Õ+Ó ��Õ y Ê��QÐÓsc�m K !�����L
�	����Ê�i¡Ó ��Ñ Å#É!cwguc�g�Õ

gCmLn�É�c�g�Õ�i¡Óoi K ���Í ! L
(d)

É/�
F

�	����cwg�ÕXÓ��Õ y Ê��	Ð Ósc�m
∣∣∣∣(ug − ui

)
τ

∣∣ −
∣∣ui

τ

∣∣∣∣ ≤ |ugτ | ,

k ÕQi¡ÕÈÕ�cwg���c@cwg�ÕCË¡ÕEÕ���Óoivc�dTÉ	�8i�c7�Q�Cc�i
ci > 0

Ì
i = 1, 2

Ìai¡Ê�d�g�c�g��Ac

‖ug‖
2
V
≤ c1 ‖µ‖L∞(Γ3) ‖g‖L2(Γ3) ‖ug‖V

+ c2

∥∥φi+1
∥∥

V
‖ug‖V

.

��Ó ×qn�ÐÓsj�m-Ó��Ñ�ÅLmuc�g�ÕE��É	ËÔ×
‖ug‖V

kÿÕ~g���p	Õ6cwg�ÕEÓ��Õ y Ê#�QÐÓ)c�m K !�� !�L��
�

� D4E6E}���  À�«T§
Ψ : C∗

+ → C∗
+

�7« §¯®�«�°�£ F�F�±�
	�1©/«�I*
�«7© � �

g → Ψ (g) = p (|Rσ
ν
(ug)|) .

¸�®�«��Ô«�«��/± ¬7§V¬
µ0 > 0

¬�¥�¤Ô®1§¯®�£?§ � � �
‖µ‖L∞(Γ3) < µ0, Ψ

®�£�¬ £�I �-«7©,F=�?±�
#§
g∗

£ 
�©
ug∗

± ¬ £�¬��?¦L¥�§²±�� 
 � � F�� � �È¦ «È°
Qi

n.

¼�� ��� � � �^i6jüÉ/Ë
g ∈ L2 (Γ3)

Ì
σν (ug)

ÓhiX��ÕH�#��ÕC��É	�
Γ3

�	����Å�ÕÈÐÉ	��Ñei6c¡É
H ′ (Γ3)

Ì
Ê�iHÓ��Ñ K ��� Í$��LWkÿÕ�g#��p	Õ

|Ψ (g1) − Ψ (g2)| = |p (|Rσν (ug1)|) − p (|Rσν (ug2)|)|

≤ Lp ||Rσν (ug1)| − |Rσν (ug2)|| ≤ Lp |R (σν (ug1) − σν (ug2))| .

�[g-Ê8i[k Õ���Õ(��Ê�dÈÕ6c�g��Ac

‖Ψ (g1) − Ψ (g2)‖
L2(Γ3)

≤ Lp ‖R (σν (ug1) − σν (ug2))‖L2(Γ3) .

�[g�ÕÈ� Ê�i¡Ó��Ñ�cwg�Õ�dTÉ	�CcÔÓ ��Ê�Ósc�m�É!j�c�g�Õh×���n�n�Ó ��Ñ
R

Ì cwg�ÕCË¡Õ�Õ���Óoivc�i���dTÉ	�8i�c7�Q�Cc
c > 0iHÊ�d�g�cwg#�Ac

‖R (σν (ug1) − σν (ug2))‖L2(Γ3)
≤ c ‖σν (ug1) − σν (ug2)‖H′(Γ3) ,

�Q����Ê�i¡Ó��Ñ~cwg�Õ"Ë¡ÕCÐ��c¡ÓÉ	� K ��� Í/Í�L �Q�#� K ���Í ! L
(b)

c�g�ÕÈËÔÕ Õ'��Óhi�c�i¹�:dÈÉ	��ivcÔ�	�ec
c′ > 0

i¡Ê�d�g
cwg���c

‖σν (ug1) − σν (ug2)‖H′(Γ3) ≤ c′ ‖ug1 − ug2‖V
.

�[g�ÕÈËÔÕ'jüÉ/Ë¡Õ�k Õ���ÕC��Ê�dÈÕ�cwg���c

‖Ψ (g1) − Ψ (g2)‖L2(Γ3) ≤ cc′ ‖ug1 − ug2‖V
.
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 �����
�+�lcwg�Õ�É!cwg�ÕCË6g��	���4i¡Õ'c

v = ug1

Ó�
Qi

ng2

�Q���
v = ug2

Ó �
Qi

ng1

�	�����	����cwg�ÕÈ×1Ì
k Õ�É/ÅrcÔ�	Ó � ÅLm�Ê8iHÓ��Ñ K ��� Í�!�L K Å�L�Ì K ��� � L��Q��� K ��� Í$��L6c�g��Ac:c�g�ÕÈËÔÕ�Õ'��Óhi�c�i���dTÉ/��ivcÔ�Q�Cc
d′ > 0

iHÊ�d�g0c�g��Ac

‖ug1 − ug2‖V
≤ d′ ‖µ‖L∞(Γ3) ‖g1 − g2‖L2(Γ3) .

� ÕÈ�8dTÕQkÿÕ,�#����cwg���c

‖Ψ (g1) − Ψ (g2)‖L2(Γ3) ≤ cc′d′Lp ‖µ‖L∞(Γ3)
‖g1 − g2‖L2(Γ3) ,

�Q����k@g�ÕC�
µ0 =

1

cc′d′Lp

Ì8k ÕQg#��p	Õ~jüÉ	Ë
‖µ‖L∞(Γ3) < µ0,

cwg#�Ac�c�g�Õ�×���nan�Ó ��Ñ
Ψ

Óhi
��dTÉ/�Cc¡Ë7�!dfcÔÓ É/�3�	�[g�Ê�iCÌ/Ósc[g��!i � �a��ÕC��n#É/Ó �Cc

g∗
�Q���

ug∗

Óhicwg�Õ~iHÉ/Ð Êac¡ÓÉ	��É�j n�Ë¡É/Å�Ð ÕC×
Qi

n.
�^i

ug∗ ∈ H (div; Ω)
Ó)c@jüÉ/Ð ÐÉAk�iWcwg���c

ui+1 ∈ V0
�Q�#�0i¡É

ui+1 ∈ K ∩ V0. �

� D4E6E}���� �� «�®�£ ��« §ü®�« � �?¦¯¦�� 	
±�
	� «T¬7§²±¯°�£?§�«�¬��ÿ§ü®�« �¡« «��/± ¬7§V¬h£�¤ � 
�¬7§�£ 
#§
µ1 > 0¬7¥�¤7®1§ü®�£Q§ � � �

‖µ‖L∞(Γ3) < µ1
µ¹§ü®�« �¡«�«��/± ¬�§

di > 0,
±�� ��µ%¾	µ
¬�¥�¤Ô®�§¯®�£?§

∥∥ui+1
∥∥

V
≤ d1

∥∥φi+1
∥∥

V
,

∥∥∆ui
∥∥

V
≤ d2

∥∥∆φi
∥∥

V
. K !�� � L

¼�� ��� � � Ä m6i¡Õ'cwc¡Ó��Ñ
w = 0

Ó�~cwg�Õ%Ó��Õ y Ê��	Ð Ósc�m K !��Í�LÎ�	���XÅLm"Ê�i¡Ó ��Ñ�gLmCn�É�c�g�Õ�i¡Óhi K ��� Í�!�L
K Å�L�É	�

F
�Q����cwg�Õ�n�Ë¡Éen#ÕCËvcÔÓ Õ-i�É!j

j
Ì�cwg�ÕCË¡ÕÿÕ'��Óhi�c�i

c1 > 0
i¡Ê�d�g:c�g��Ac�jüÉ	Ë

‖µ‖L∞(Γ3) <

c1,
kÿÕ1��ÕC��Ê8dTÕ�cwg#�Acqcwg�ÕCË¡Õ1Õ���Óhivc�i

d1 > 0
i¡Ê�d�g cwg���cucwg�Õ ��Ë�i�c�Ó��Õ y Ê��	Ð Ósc�m K !�� � L

ÓoiqiÔ�Ac¡Óhi?��ÕC�Î� ��É�iwg�ÉAk cwg�Õ�i¡Õ�dTÉ/��� Ó��Õ y Ê��	Ð Ósc�m K !�� � LQkÿÕ�dTÉ/��i¡Ó��ÕCË�c�g�Õ�c¡Ë7�Q��i¡Ð��c¡Õ(�
Ó ��Õ y Ê��QÐÓ)c�m É�j K !��Í�Lÿ��c�c�g�Õ~c¡Ó×�Õ

ti
cwg#�Ac Óoi

〈
Fε(ui), ε (w) − ε

(
ui

)〉
Q

+ j
(
ui, v − ui−1

)
− j

(
ui, ui − ui−1

)

≥
〈
φi, w − ui

〉
V

∀ w ∈ K. K !�����L
��Õ'cwc¡Ó��Ñ

w = ui
Ó� K !�� Í$L+�	���

w = ui+1 Ó� K !�����LX�	�����/����Ó��Ñ0cwg�ÕC×1Ì kÿÕªÉ/ÅrcÔ�	Ó �
cwg�ÕEÓ��Õ y Ê��	Ð Ósc�m

−
〈
Fε

(
ui+1

)
−Fε

(
ui

)
, ε

(
∆ui

)〉
Q
− j

(
ui+1, ∆ui

)
+ j

(
ui, ui+1 − ui−1

)

− j
(
ui, ui − ui−1

)
≥

〈
−∆φi, ∆ui

〉
V

.

%�Ê�Ëwcwg�ÕCË¡×�É/Ë¡Õ�ÅLm Ê�i¡Ó ��Ñ>c�g�ÕEÓ��Õ y Ê��	Ð Ósc�m
∣∣∣∣ui+1

τ − ui−1
τ

∣∣ −
∣∣ui

τ − ui−1
τ

∣∣∣∣ ≤
∣∣ui+1

τ − ui
τ

∣∣ ,

k Õ~g���p/Õ

j
(
ui, ui+1 − ui−1

)
− j

(
ui, ui − ui−1

)
≤ j

(
ui, ∆ui

)
,

�Q�����QÐhiHÉ|c�g�ÕEÓ ��Õ y Ê��QÐÓsc�m

−
〈
Fε

(
ui+1

)
−Fε

(
ui

)
, ε

(
∆ui

)〉
Q
+j

(
ui, ∆ui

)
−j

(
ui+1, ∆ui

)
≥

〈
−∆φi, ∆ui

〉
V

.

�^i¡Ó ��Ñ|c�g�ÕEË¡ÕCÐ��c¡ÓÉ	� K ��� Í/Í�L�ÌLc�g�ÕÈËÔÕXÕ'��Óhi�c�i �|dÈÉ	��ivcÔ�	�Cc
c3 > 0

iHÊ8d�g�c�g��Ac



���	Ï Á���¸��?¥�	(£?¦L±�
p«�µ���3¿���¸#«�
�±��?¥
∥∥σν

(
ui+1

)
− σν

(
ui

)∥∥
H

′ (Γ3)
≤ c3

(∥∥∆ui
∥∥

V
+

∥∥∆φi
∥∥

V

)
,

�Q���0c�g�ÕÈ��ÅLm1Ê�i¡Ó ��Ñ K ��� � L�Ì K ���Í���L�Ì K ���Í ! L
(b)

�Q���0c�g�Õ�n�ËÔÉ!n�ÕÈËwc¡ÓÕ�i�É�j
j
k Õª��ÕC��Ê8dTÕ

cwg���c@cwg�ÕCË¡ÕXÕ'��Óhi�c@c�kÿÉ|n#ÉCiHÓsc¡Óop	Õ:dÈÉ	��ivcÔ�	�ec�i
d3

�	���
d4

i¡Ê�d�g�cwg���c

L2

∥∥∆ui
∥∥2

V
≤ d3Lp ‖µ‖L∞(Γ3)

∥∥∆ui
∥∥2

V
+ d4

∥∥∆φi
∥∥

V

∥∥∆ui
∥∥

V
.

Ä m0iHÕ�cvcÔÓ ��Ñ
c2 = L2

2d3Lp

Ì�kÿÕ���Õ(��Ê�dTÕ:cwg���c"Ó)j
‖µ‖L∞(Γ3) < c2,

cwg�ÕCË¡ÕEÕ���Óhivc�i
d2 > 0iHÊ�d�g�cwg#�Ac

∥∥∆ui
∥∥

V
≤ d2

∥∥∆φi
∥∥

V
.

��ÉAkEÌ�ÅLmucÔ�!��Ó ��Ñ
µ1 = min (c1, c2)

kÿÕ~n�ËÔÉAp	Õ6cwg�ÕEÐÕÈ×�×����
�

��S�����`��eV3- U6] -zY�� 1�Y*+w\@Va`�YU	�
�[g�Õ�×��	Ó ��Ë¡Õ-iHÊ�Ðsc+É!jxcwg�Óoi~n��	ËÔ�	Ñ	Ë7��nag1Óhi6c¡É�ivg�ÉAk c�g�ÕªÕ'��Óoivc¡ÕC��dTÕªÉ�j%�0i¡É	ÐÊrc¡ÓÉ	��É/Å�Ö
cÔ�QÓ��Õ(���ei �ªÐ Ó×�Ó)c�É!j�c�g�ÕXÓ �Cc¡ÕCËwn�É	Ð �AcÔÕ�jüÊ���dfcÔÓ É/�1É�j�cwg�Õ���Óhi�dTËÔÕ'c¡ÕQi¡É	ÐÊrc¡ÓÉ	�f�

��Õ���Õ�����Õ�cwg�Õ:dTÉ	�CcÔÓ ��Ê�É/Ê�i�jüÊ���d'c¡ÓÉ	�
un

Ó �
[0, T ] → V

ÅCm

un (t) = ui +
(t − ti)

∆t
∆ui É	�

[ti, ti+1] , i = 0, . . . , n − 1.

�^i Ó� � � ��k Õ~g���p/Õ^c�g�Õ~jüÉ	ÐÐ ÉAk Ó��Ñ�ËÔÕ�i¡Ê�Ð)c(�
� D4E6E}��
  ¸p®�« �¡«�«��/± ¬�§´¬�£ � ¥3
p¤T§²±�� 


u ∈ W 1,∞ (0, T ; V )
¬�¥�¤7®Æ§¯®�£?§ F�£�¬7¬�±�
	��§ ��£

¬7¥ �T¬È«7³T¥�«�
�¤7«X¬�§²±¯¦¯¦�©	«�
 �Q§ç«7©
(un)

	%«X®�£ ��«

un → u weak ∗
±�


W 1,∞ (0, T ; V ) .

¼�� ��� � � %�ËÔÉ	× K � �Í�L k Õ¹��Õ(��Ê�dÈÕ�cwg���c cwg�Õxi¡Õ y Ê�ÕC��dTÕ
(un)

Óoi3Å#É/Ê�����Õ(�XÓ �
C ([0, T ] ;V )�Q����cwg�ÕCË¡ÕEÕ���Óoivc�i �qdTÉ/��ivcÔ�Q�Cc

c3 > 0
i¡Ê�d�g�cwg���c

max
t∈[0,T ]

‖un (t)‖V ≤ c3 ‖φ‖C([0,T ];V ) .

%�ËÔÉ	×
(4.2)

k ÕX��ÕC��Ê�dTÕ�cwg#�Ac@cwg�Õ~i¡Õ y Ê�ÕC��dTÕ
(u̇n)

Óhi9Å#É/Ê�����Õ(��Ó �
L∞ (0, T ; V )

�Q���
cwg�ÕCË¡ÕXÕ'��Óhi�c�i��qdTÉ/��i�c7�Q�Cc

c4 > 0
i¡Ê�d�g�cwg���c

‖u̇n (t)‖V = max
0≤i≤n−1

∥∥∥∥
∆uti

∆t

∥∥∥∥ ≤ c4

∥∥∥φ̇
∥∥∥

L∞(0,T ;V )
.

b É	��i¡Õ y Ê�ÕC�ecÔÐsmXÕ(�!d�gEÉ	��Õ%É�j�cwg�ÕWjüÊ���d'c¡ÓÉ	��i
un

Å#ÕCÐ É/��Ñei c¡É^cwg�Õ[ivn#�!dTÕ
W 1,∞ (0, T ; V )�Q���}cwg�Õ�i¡Õ y Ê�ÕÈ�8dTÕ

(un)
Óhi�Å#É/Ê�����Õ(��c�g�ÕÈËÔÕ	�¹�[g�ÕC�}c�g�ÕÈËÔÕÆÕ���Óoivc�i��4jüÊ���dfcÔÓ É/�

u ∈
W 1,∞ (0, T ; V )

�Q���1�qiHÊ�Å�iHÕ y Ê�ÕÈ��dÈÕQi�cÔÓ ÐÐf��ÕC��É�cÔÕC�
(un)

iHÊ8d�g�c�g��Ac

un → u weak ∗
Ó �

W 1,∞ (0, T ; V ) .

�

�^i9Ó�I�Í �A�fÐ Õ�c�Ê�i9Ó�ecÔË¡É���Ê8dTÕ�cwg�Õ~jüÉ/Ð ÐÉAk Ó��Ñqn�Ó Õ-dTÕ�k Óoi¡ÕQdTÉ	�8i�c7�Q�Cc[jüÊ���dfcÔÓ É/��i
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 ���C�

ũn : [0, T ] → V, ϕ̃n
1 : [0, T ] → H

Ì
φ̃n : [0, T ] → V,

ũn (t) = ui+1, ϕ̃n
1 (t) = ϕ1 (ti+1) , φ̃n (t) = φ (ti+1)

��ÕH����ÕC��jüÉ	Ë
t ∈ (ti, ti+1]

�	���
i = 0, . . . , n − 1

�
� D4E6E}���  ¸p®�« �¡«ª«��/± ¬�§V¬�£�¬�¥ ��¬È«7³T¥�«�
�¤7«E¬7§²±¯¦¯¦�©/«H
 �?§�«Ô©

(ũn)
¬�¥�¤7®1§ü®�£?§

(i) ũn → u
	%«7£ �

∗
±�


L∞ (0, T ; V ) ,

(ii) ũn (t) → u (t)
	%«7£ �Q¦���±�


V a.e. t ∈ [0, T ],

(iii) u (t) ∈ K
� � ��£Q¦¯¦

t ∈ [0, T ] .

¼�� ��� � � %�ËÔÉ	× K !�� � L k Õ¹��Õ(��Ê�dÈÕ�cwg���c cwg�Õxi¡Õ y Ê�ÕC��dTÕ
(̃un)

ÓhiÎÅ#É/Ê�����Õ(�XÓ �
L∞(0, T ; V)

�
�[g-Ê8iÈÌAkÿÕ@dÈ�Q�ªÕ'�LcÔËÔ�edfc�jüË¡É/×�Ósc%��i¡Ê�Å�i¡Õ y Ê�ÕC��dTÕ@ivc¡ÓÐ Ð#��ÕÈ��É!c¡Õ(�

(ũn)
k@g�Óhd�gqdTÉ	�Lp/ÕÈËÔÑ	Õ�i

k Õ(����Ðsm
∗

Ó �
L∞ (0, T ; V )

���+�0cwg�Õ�É!cwg�ÕCË�g��	���ÎÌajüËÔÉ	× � � ��kÿÕ���ÕC��Ê8dTÕQc�g��Ac@jüÉ/Ë"�QÐ Ö
×ªÉCi�c Õ�p	ÕÈË�m

t ∈ (0, T )

‖ũn (t) − un (t)‖V ≤
T

n
‖u̇n (t)‖V

Ì K � �Í�L
�Q���ÎÌCiHÓ��dÈÕ

(u̇n)
Óhi¹Å�É	Ê�����ÕC��Ó�

L∞ (0, T ; V )
Ì!kÿÕ"��Õ(��Ê�dÈÕ@jüË¡É/×

(4.1)
cwg#�Ac

ũn → u
weak ∗

Ó �
L∞ (0, T ; V )

�ei
n → +∞

Ìrk@g�ÕÈ�8dTÕ
(i) .%�É	Ë}cwg�Õ n�Ë¡É�É!j�É!j

(ii)
Ì|i¡Ó �8dTÕ

W 1,∞ (0, T ; V ) ↪→ C ([0, T ]; V )
Ì�kÿÕ�g���p/Õ

un (t) → u (t)
kÿÕC�!�-Ðom Ó�

V
ÌDjüÉ/Ë �QÐÐ

t ∈ [0, T ]
Ì%�	��� jüË¡É/× K � � Í$L|k ÕldÈÉ	��dÈÐ Ê���Õ

Ó ×�×�ÕC��Ó �AcÔÕÈÐom	�
%�É	Ë6cwg�Õ|n�Ë¡É�É�j É�j

(iii)
Ó)c:i¡Ê3@�dTÕ�i6cÔÉÆËÔÕÈ×��QË��0cwg���c

ũn (t) ∈ K a.e. t ∈ [0, T ]�Q���ÆÊ�i¡Ó ��Ñqc�g�Õ:dTÉ/�Cc¡Ó�-Ê�Ó)c�mhÉ!j
u. �

�"«È°�£ ����¾4� �^i
φ ∈ W 1,∞ (0, T ; V )

kÿÕQg���p/Õ

φ̃n → φ
i�cÔË¡É/��Ñ	Ðom�Ó�

L2 (0, T ; V ) . K � ����L
� D4E6E}���  ¸p®�«�¬È«7³T¥�«�
�¤7«

(ũn)
¤ � 
���« � �-«�¬X¬�§ � � 
	�	¦���§ �

u
±�


L2 (0, T ; V ) .

¼�� ��� � � %�ËÔÉ	×|Ó ��Õ y Ê��QÐÓ)c�m K !��Í�LWkÿÕE��ÕC��Ê8dTÕ~cwg�ÕEÓ ��Õ y Ê��QÐÓ)c�m
∀ w ∈ K

〈
Fε

(
ui+1

)
, ε (w) − ε

(
ui+1

)〉
Q

+j
(
ui+1, w − ui+1

)
≥

〈
φi+1, w − ui+1

〉
V

.

�[g�ÕÈËÔÕ'jüÉ/Ë¡Õ

〈Fε (ũn (t)) , ε (w) − ε (ũn (t))〉Q + j (ũn (t) , w − ũn (t))

≥
〈
φ̃n (t) , w − ũn (t)

〉

V
∀ w ∈ K

Ì
a.e. t ∈ [0, T ] . K � � ! L

�fÉ|ivg�ÉAk�c�g�Õ6ivc¡ËÔÉ	��Ñ�dTÉ/�Cp/ÕÈËÔÑ	ÕC��dTÕ/Ì�k Õ^cÔ�!�	Õ
v = ũn+m (t)

Ó� K � � !�L¹�	���
v = ũn (t)Ó ��c�g�Õ>iÔ�Q×�Õ�Ó��Õ y Ê��	Ð Ósc�m�iÔ�AcÔÓoi?��Õ(�1ÅCm

ũn+m (t)
�Q�����/����Ó��Ñuc�g�ÕÈ×1Ì_k ÕEÉ/ÅrcÔ�	Ó ��c�g�Õ

Ó ��Õ y Ê��QÐÓ)c�m
〈
Fε

(
ũn+m (t)

)
−Fε (ũn (t)) , ε (ũn (t)) − ε

(
ũn+m (t)

)〉
Q

+ j
(
ũn+m (t) , ũn+m (t) − ũn (t)

)
+ j

(
ũn (t) , ũn+m (t) − ũn (t)

)

≥ −
〈
φ̃n+m (t) − φ̃n (t) , ũn+m (t) − ũn (t)

〉

V

�
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(b)
�Q����cwg�Õ:dTÉ	�CcÔÓ ��Ê�Ósc�mhÉ�j�cwg�ÕE×��!nan�Ó��Ñ

R
Ìrk ÕE��Õ(��Ê�dTÕ~c�g��Ac

‖p (|Rσν (u)|)‖L2(Γ3) ≤ Lp ‖Rσν (u)‖L2(Γ3)

≤ LpC ‖σν (u)‖H′(Γ3) ≤ LpC1

(
sup

t∈(0,T )

‖ũn (t)‖V + sup
t∈(0,T )

∥∥∥φ̃n (t)
∥∥∥

V

)
.

�^i[c�g�ÕÈËÔÕXÕ'��Óoivc�i �qdÈÉ	��ivcÔ�	�ec
C ′ > 0

iHÊ8d�g�c�g��Ac

sup
t∈(0,T )

‖ũn (t)‖V ≤ C ′ ‖φ‖W 1,∞(0,T ;V ) ,

k ÕE��Õ(��Ê�dTÕ~c�g��Ac@c�g�ÕÈËÔÕXÕ'��Óhi�c�i �|dÈÉ	��ivcÔ�	�Cc
C2 > 0

iHÊ�d�g�cwg#�Ac
∥∥ũn+m (t) − ũn (t)

∥∥2

V
≤ C2

(
‖µ‖L∞(Γ3) ‖φ‖W 1,∞(0,T ;V )

×
∥∥ũn+m (t) − ũn (t)

∥∥
L2(Γ3)

d +
∥∥∥φ̃n+m (t) − φ̃n (t)

∥∥∥
2

V

)
.

�XÕÈÕ�n�Ó ��Ñ�Ó�1×ªÓ����cwg#�Ac
∥∥ũn+m

τ (t) − ũn
τ (t)

∥∥
L2(Γ3)

d ≤
∥∥ũn+m

τ (t) − un+m
τ (t)

∥∥
L2(Γ3)d

+
∥∥un+m

τ (t) − un
τ (t)

∥∥
L2(Γ3)d + ‖un

τ (t) − ũn
τ (t)‖L2(Γ3)d ,

�!i
(un)

Óhi"Å�É	Ê��#��ÕC��Ó�
W 1,∞ (0, T ; V ) ,

jüËÔÉ	× cwg�Õ>dTÉ/�Cc¡Ó�-Ê�Ó)c�m�É�jDc�g�Õ�cÔËÔ�edTÕ�×��!n3Ì
k Õ�É/ÅrcÔ�	Ó ��c�g��Ac^cwg�Õ|iHÕ y Ê�ÕÈ��dÈÕ

(un |Γ3 )
Óoi"Å#É/Ê�����Õ(�1Ó �

W 1,∞
(
0, T ;

(
L2 (Γ3)

)d
) �

� c�jüÉ/Ð ÐÉAk�i�jüËÔÉ	× c�g�Õi��ËÔÇÈÕÈÐ �?Ö��^i�dTÉ/Ð Ó6cwg�ÕÈÉ	ËÔÕÈ× c�g��Ac1Ó)c�Óhi ËÔÕÈÐ �AcÔÓsp/ÕÈÐom{dTÉ	×qn��edfc�Ó �
C

(
[0, T ] ;

(
L2 (Γ3)

)d
) �	���0cwg�ÕCË¡Õ�jüÉ	ËÔÕ~cwg�ÕCË¡Õ Õ'��Óoivc�i+��i¡Ê�Å�i¡Õ y Ê�ÕÈ�8dTÕ	Ì8i�cÔÓ ÐÐ ��ÕÈ��É!c¡ÕC�

ÅCm
(un)

iHÊ�d�g�cwg#�Ac

∀η > 0, ∃n1 ∈ N
i¡Ê�d�g�c�g��Ac

: ∀n ≥ n1, ∀m ∈ N, ∀t ∈ [0, T ] :

‖un+m
τ (t) − un

τ (t)‖L2(Γ3)d ≤ η.

�+��c�g�ÕEÉ�c�g�ÕÈË@g��	����Ê�i¡Ó ��Ñ K ��� � L�ÌrkÿÕQg���p/Õ^jüÉ/Ë��QÐ×ªÉCi�c Õ�p	ÕÈË�m
t ∈ (0, T )

‖un
τ (t) − ũn

τ (t)‖(L2(Γ3))d ≤ dΩ ‖un (t) − ũn (t)‖V ≤ dΩ

T

n
‖u̇n (t)‖V .

b É	× Å�Ó ��Ó��Ñ�c�g�Õ�i¡Õ ËÔÕ�i¡Ê�Ðsc�i>k Õ É	Årc7�QÓ��cwg���c�c�g�ÕÈËÔÕ Õ���Óhivc�iª��n#ÉCiHÓsc¡Óop	Õ0dTÉ/��i�c7�Q�Cc
C1iHÊ�d�g�cwg#�Ac

∫ T

0

∥∥ũn+m
τ (t) − ũn

τ (t)
∥∥2

L2(Γ3)d dt ≤ C1

(
1

n2
+ η2

)
.

�+��c�g�ÕEÉ�c�g�ÕÈË@g��	����jüË¡É/× K � � ��LWk Õ~g���p/Õ

∀η > 0, ∃n2 ∈ N,
i¡Ê�d�g�cwg���c

: ∀n ≥ n2, ∀m ∈ N
Ø

∫ T

0

∥∥∥φ̃n+m (t) − φ̃n (t)
∥∥∥

2

V
dt ≤ η.
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 ��� �
�[g�ÕÈ��kÿÕ�É/ÅrcÔ�	Ó ��cwg#�Ac@cwg�ÕÈËÔÕ�Õ���Óoivc�i��qdÈÉ	��ivcÔ�	�ec

C2 > 0
i¡Ê�d�g�cwg���c

∀η > 0, ∃n3 ∈ N,
iHÊ8d�g�c�g��Ac

: ∀n ≥ n3 = max (n1, n2) ,

∀m ∈ N :

∫ T

0

∥∥ũn+m (t) − ũn (t)
∥∥2

V
dt ≤ C2

(
2η +

1

n

)
.

�+��c�g�ÕEÉ�c�g�ÕÈË@g��	���

∀η > 0, ∃n4 ∈ N,
i¡Ê�d�g�cwg���c

: ∀n ≥ n4 :
1

n
≤ η.

��Õ~c�g-Ê8i���ÕC��Ê�dTÕ�cwg#�Ac
∀η > 0, ∃n5 = max (n4, n3) ,

i¡Ê�d�g�cwg���c
∀n ≥ n5 :

∫ T

0

‖ũn+m (t) − ũn (t)‖
2
V dt ≤ 3C2η.

��Éqk Õ:dÈÉ	��dÈÐ Ê���Õ6c�g��Ac

ũn → u
i�cÔË¡É/��Ñ	Ðom�Ó �

L2 (0, T ; V ) . K � � � L
�

A �$B��*B_��� ��� B�� �  ¸�®�« � ¥3
�¤È§V±�� 

u

± ¬ £�¬H�Q¦L¥�§²±�� 
 � � F � � �È¦ «T°
P2.

¼�� ��� � � ��É|n�Ë¡ÉAp/Õ�cwg#�Ac
u

Óhi��qiHÉ/Ð ÊrcÔÓ É/�ÆÉ!j�n�ËÔÉ	Å�Ð ÕC×
P2

Ì�Ó��c�g�Õ ��Ë�i�c Ó��Õ y Ê��	Ð Ósc�mhÉ!j
n�Ë¡É/Å�ÐÕÈ×

P i
n

�Q����jüÉ	Ë
v ∈ V

ÌriHÕ�c
w = ui + v∆t

�	��� ��Ósp�Ó ��Õ+ÅLm
∆t;

k Õ�É	ÅacÔ�QÓ�uc�g�Õ
Ó ��Õ y Ê��QÐÓ)c�m

〈
Fε

(
ui+1

)
, ε (v) − ε

(∆ui

∆t

)〉

Q

+ j
(
ui+1, v

)
− j

(
ui+1,

∆ui

∆t

)

≥

〈
φ (ti+1) , v −

∆ui

∆t

〉

V

+

〈
σν

(
ui+1

)
, vν −

∆ui
ν

∆t

〉
, ∀ v ∈ V.

�{g�ÕÈ��dÈÕ~jüÉ	Ë��	�Cm
v ∈ L2 (0, T ; V )

ÌakÿÕ~g���p	Õ

〈Fε(ũn (t)), ε (v (t)) − ε (u̇n (t))〉Q + j (ũn (t) , v (t)) − j (ũn (t) , u̇n (t))

≥
〈
φ̃n (t) , v (t) − u̇n (t)

〉

V
+ 〈σν (ũn (t)) , vν (t) − u̇n

ν (t)〉
jüÉ/Ë

a.a. t ∈ [0, T ] .

���ecÔÕÈÑ/ËÔ��c¡Ó��ÑÂÅ�É�c�g i¡Ó��Õ-i�É�j:c�g�Õ�n�Ë¡Õ�p-ÓÉ	Ê8i Ó��Õ y Ê��	Ð Ósc�m É	�
(0, T )

Ì[k Õ É	ÅacÔ�QÓ�{c�g�Õ
Ó ��Õ y Ê��QÐÓ)c�m

∫ T

0

〈Fε (ũn (t)) , ε (v (t)) − ε (u̇n (t))〉Q dt +

∫ T

0

j (ũn (t) , v (t)) dt

−

∫ T

0

(j (ũn (t) , u̇n (t))) dt ≥

∫ T

0

〈
φ̃n (t) , v (t) − u̇n (t)

〉

V
dt

+

∫ T

0

〈σν (ũn (t)) , vν (t) − u̇n
ν (t)〉 dt. K � ����L

�[g�Õ�i�c7�AcÔÕÈ×�ÕÈ�Cc¹ÓhiDn�ËÔÉAp	ÕC��ÅLm:n��eiwi¡Ó ��Ñ6cÔÉ~cwg�Õ"Ð Ó×�Ó)c%Ó�|cwg�Õ@n�Ë¡Õ�p-ÓÉ	Ê8i Ó ��Õ y Ê��QÐÓ)c�mª�Q���
ÅCm Ê�iHÓ��Ñqc�g�Õ�jüÉ	ÐÐ ÉAk Ó��Ñ�Ë¡Õ-iHÊ�Ð)c É�j
�3ÕC×�×�� � �

�



��Í � Á���¸��?¥�	(£?¦L±�
p«�µ���3¿���¸#«�
�±��?¥
� D4E6E}���  �� «+®�£ ��«�§ü®�£Q§

u (t) ∈ V0
� � ��£Q¦¯¦

t ∈ [0, T ]
�

¼�� ��� � � �^i
u (t) ∈ K

� � ��£Q¦¯¦
t ∈ [0, T ]

k ÕQg���p/Õ
u (t) ∈ H1

� � ��£?¦¯¦
t ∈ [0, T ]

��� c
iHÊ3@�dÈÕ�i�c¡É�iwg�ÉAkzcwg���c

divσ (u (t)) ∈ H
� � � £?¦¯¦

t ∈ [0, T ] .
%�ËÔÉ	×tÓ ��Õ y Ê��QÐÓ)c�m

(4.3)k ÕXÉ	ÅacÔ�QÓ��cwg���c

divσ (ũn (t)) + ϕ̃n
1 (t) = 0

� � ��£Q¦¯¦
t ∈ [0, T ] ,

�Q����cwg�ÕC��k ÕQg���p/Õ

‖divσ (ũn (t))‖H = ‖ϕ̃n
1 (t)‖H ≤ sup

t∈(0,T )

‖ϕ1 (t)‖H .

��Õ9��ÕC��Ê�dTÕWcwg���c�jüÉ/Ë ���a��ÕC�
t ∈ (0, T )

cwg�Õ�i¡Õ y Ê�ÕC��dTÕ
(divσ (ũn (t)))

Óoi�Å�É	Ê�����ÕC��Ó�
H

Ì'c�g�ÕÈ�~c�g�ÕÈËÔÕ¹Õ'��Óhi�c�i3��jüÊ���d'c¡ÓÉ	�
χt ∈ H

iHÊ8d�g6c�g��Ac �Aj c¡ÕCË n��eiwi¡Ó��Ñ�c¡É"�@i¡Ê�Å�i¡Õ y Ê�ÕC��dTÕ
i�cÔÓ ÐÐf��ÕC��É�cÔÕC�

(divσ (ũn (t)))
kÿÕ�g#��p	Õ

(divσ (ũn (t))) → χt

k Õ(����Ðom�Ó �
H.

�^i
divσ (ũn (t)) → divσ (u (t))

Ó �0c�g�Õ:iHÕC��i¡Õ�É!j ��Óoivc¡ËÔÓ Å�Êrc¡ÓÉ	��iCÌrkÿÕX��ÕC��Ê�dÈÕ

div σ (u (t)) = χt.

��É|cwg���c
u (t) ∈ V0

� � � £Q¦¯¦
t ∈ [0, T ] . �

�"«È°�£ ���h½ � �^i
u (t) ∈ K

jüÉ	Ë��	Ð Ð
t ∈ [0, T ]

�Q���
u (t) ∈ V0

jüÉ	Ë��	Ð Ð
t ∈ [0, T ]

Ì3Ósc
jüÉ	ÐÐ ÉAk�i�c�g��Ac

u (t) ∈ K ∩ V0
jüÉ	Ë��	Ð Ð

t ∈ [0, T ] .

� D4E6E}���  �� «+®�£ ��«

lim inf
n→∞

∫ T

0

j (ũn (t) , u̇n (t)) dt ≥

∫ T

0

j
(
u (t) ,

.
u (t)

)
dt.

¼�� ��� � � � ÕQk Ë¡Ósc¡Õ

j (ũn (t) , u̇n (t)) = (j (ũn (t) , u̇n (t)) − j (u (t) , u̇n (t))) + j (u (t) , u̇n (t)) ,

cwg�ÕC�0kÿÕ~g���p	Õ
∣∣∣∣∣

∫ T

0

(j (ũn (t) , u̇n (t)) − j (u (t) , u̇n (t))) dt

∣∣∣∣∣

6 c ‖µ‖L∞(Γ3) Lp ‖R (σν (ũn) − σν (u))‖L2(0,T ;L2(Γ3)) ‖u̇
n
τ ‖L2(0,T ;L2(Γ3)

d) .

�^i¡Ó ��Ñ�c�g�Õ�dTÉ/�Cc¡Ó�-Ê�Ó)c�m�É!jWc�g�Õh×���n�n�Ó ��Ñ
R

Ì kÿÕ�Ñ	Õ�c~cwg���c:cwg�ÕCË¡Õ�Õ���Óhivc�i���dTÉ/��ivcÔ�Q�Cc
c > 0

iHÊ�d�g�cwg#�Ac

‖R (σν(ũn (t)) − σν (u (t)))‖L2(Γ3) 6 c ‖σν (ũn (t)) − σν (u (t))‖H
′ (Γ3)

a.e. t ∈ (0, T ) .
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 ��Í	Í
�+�lcwg�ÕªÉ!cwg�ÕCË~g��Q����Ê�i¡Ó ��Ñ0c�g�Õª��ÕH����Ósc¡ÓÉ	� É�j

σν

ÌOc�g�ÕÈËÔÕªÕ'��Óoivc�iX�0dTÉ/��i�c7�Q�Cc
c′ > 0iHÊ�d�g�cwg#�Ac

‖σν (ũn (t)) − σν (u (t))‖H′(Γ3) 6 c′
(
‖ũn (t) − u (t)‖V +

∥∥∥φ̃n (t) − φ (t)
∥∥∥

V

)

a.e. t ∈ (0, T ) .
�{g�ÕÈ��dÈÕ

‖R (σν (ũn (t)) − σν (u (t)))‖L2(Γ3)

6 cc′
(
‖ũn (t) − u (t)‖V +

∥∥∥φ̃n (t) − φ (t)
∥∥∥

V

)
a.e

�
t ∈ (0, T ) ,

�Q���0iHÉ|c�g�ÕÈËÔÕEÕ'��Óhi�c�i �|dÈÉ	��ivcÔ�	�Cc
C ′ > 0

iHÊ8d�g�c�g��Ac

‖R (σν (ũn)) − σν (u))‖L2(0,T ;L2(Γ3))

6 C ′
(
‖ũn − u‖L2(0,T ;V ) +

∥∥∥φ̃n − φ
∥∥∥

L2(0,T ;V )

)
.

%�ËÔÉ	× K � ����Lÿ�Q��� K � � � LWk ÕE��Õ(��Ê�dÈÕ~cwg���c

lim
n→∞

‖R (σν (ũn) − σν (u))‖L2(0,T :L2(Γ3))
= 0, K � � Ï�L

�Q����k ÕQg#��p	Õ

lim inf
n→∞

∫ T

0

j (u (t) , u̇n (t)) dt ≥

∫ T

0

j
(
u (t) ,

.
u (t)

)
dt

ÅCm ���QÇCÊ�Ë � i9ÐÕÈ×�×����
�

� D4E6E}� ���  ¢ � � £ 
 �
v ∈ L2 (0, T ; V )

	%«X®�£ �?«�§¯®�« � �Q¦¯¦�� 	
±�
 �<F � � F�« ��§²±´«�¬��

lim
n→∞

∫ T

0

〈Fε (ũn (t)) , ε (v (t)) − ε (u̇n (t))〉Q dt

=

∫ T

0

〈
Fε (u (t)) , ε (v (t)) − ε

( .
u (t)

)〉
Q

dt, K � �#� L

lim
n→∞

∫ T

0

j (ũn (t) , v (t)) dt =

∫ T

0

j (u (t) , v (t)) dt, K � � � L

lim
n→∞

∫ T

0

〈
φ̃n (t) , v (t) − u̇n (t)

〉

V
dt =

∫ T

0

〈
φ (t) , v (t) −

.
u (t)

〉
V

dt. K � � � L
¼�� ��� � � %�É/Ë[cwg�ÕQn�Ë¡É�É�j�É�j K � �#� LTÌrk ÕQk ËÔÓsc¡Õ	Ø

∫ T

0

〈Fε (ũn (t)) , ε (v (t)) − ε (u̇n (t))〉Q dt

=

∫ T

0

〈Fε (ũn (t)) −Fε (u (t)) , ε (v (t)) − ε (u̇n (t))〉Q dt

+

∫ T

0

〈Fε (u (t)) , ε (v (t)) − ε (u̇n (t))〉Q dt.
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�±��?¥
�^i¡Ó ��Ñ K � � � L9�Q�#� K ���Í���L

(a)
k Õ~g���p/Õ

∣∣∣∣∣

∫ T

0

〈Fε (ũn (t)) −Fε (u (t)) , ε (v (t)) − ε (u̇n (t))〉Q dt

∣∣∣∣∣

≤ c ‖ũn − u‖L2(0,T ;V )

(
‖v‖L2(0,T ;V ) +

∥∥ .
u

n∥∥
L2(0,T ;V )

)
→ 0.

��Õ���Õ(��Ê�dÈÕ~cwg���c

lim
n→∞

∫ T

0

〈Fε (ũn (t)) −Fε (u (t)) , ε (v (t)) − ε (u̇n (t))〉Q dt = 0,

�Q���ÎÌrkÿÕQg���p/Õ
∫ T

0

〈Fε (u (t)) , ε (v (t)) − ε (u̇n (t))〉Q dt =

∫ T

0

(Au (t) , v (t) − u̇n (t))V dt

→

∫ T

0

(Au (t) , v (t) − u̇ (t))V dt =

∫ T

0

〈
Fε (u (t)) , ε (v (t)) − ε

( .
u (t)

)〉
Q

dt.

�^i¡Ó ��Ñ K � � Ï�L3�Q��� K � ����L�ÌCÓ)c Óoi�i�cÔËÔ�	Ó ÑegCcvjüÉ	Ë�k9�QË7�@c¡É^n�Ë¡ÉAp/Õ K � � � LÎ�Q��� K � � � LpËÔÕ�iwn�Õ�dfcÔÓsp/ÕÈÐom	�
� �eiwi¡Ó��Ñ���ÉAk{c¡Éqc�g�ÕEÐÓ ×�Ósc�Ó �1Ó��Õ y Ê��	Ð Ósc�m K � � ��L�ÌrkÿÕEÉ	Årc7�QÓ��c�g�ÕEÓ��Õ y Ê��	Ð Ósc�m

∫ T

0

〈
Fε (u (t)) , ε (v (t)) − ε

( .
u (t)

)〉
Q

dt +

∫ T

0

j (u (t) , v (t)) dt

−

∫ T

0

(
j
(
u (t) ,

.
u (t)

))
dt ≥

∫ T

0

〈
φ (t) , v (t) −

.
u (t)

〉
V

dt

+

∫ T

0

〈σν (u (t)) , vν (t) − u̇ν (t)〉 dt.

����c�g�Óhi Ó ��Õ y Ê��QÐÓsc�m�k ÕQi¡Õ'c

v (s) =

{
z

jüÉ	Ë
s ∈ (t, t + λ) ,

u̇ (s)
ÕCÐoi¡Õ�k@g�ÕÈËÔÕ

,

�Q���ÆÉ	Årc7�QÓ�0cwg�ÕEÓ��Õ y Ê��	Ð Ósc�m

1

λ

∫ t+λ

t

(〈
Fε(u (s)), ε (z) − ε

( .
u (s)

)〉
Q

+ j (u (s) , z) − j
(
u (s) ,

.
u (s)

))
ds

≥
1

λ

∫ t+λ

t

〈
φ (s) , z −

.
u (s)

〉
V

ds +
1

λ

∫ t+λ

t

〈
σν (u (s)) , zν −

.
uν (s)

〉
ds.

� �eiwi¡Ó��Ñ�cÔÉ|cwg�ÕEÐÓ ×�ÓscCÌakÿÕ�É	Årc7�QÓ��c�g��Ac
u
iÔ�AcÔÓoi?��Õ�iWc�g�ÕXÓ ��Õ y Ê��QÐÓ)c�m K ���ÍCÏ L�����É|dÈÉ	×ªÖ

n�Ð Õ�c¡Õ~c�g�ÕQn�ËÔÉ-É!j�kÿÕXÓ �Cc¡ÕCÑ	Ë7�AcÔÕ+É/�
(0, T )

Å�É�c�g�i¡Ó ��Õ�i É!j K � � !�L�ÌLc�g��Ac�Óhi
∫ T

0

〈Fε (ũn (t)) , ε (v (t)) − ε (ũn (t))〉Q dt +

∫ T

0

j(ũn (t) , v (t) − ũn (t))dt

≥

∫ T

0

〈
φ̃n (t) , v (t) − ũn (t)

〉

V
dt, ∀v ∈ L2 (0, T ; V )
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iHÊ�d�gqc�g��Ac

v (t) ∈ K
��� Õ	�

t ∈ [0, T ]
� � �!i�i¡Ó ��Ñ~cÔÉ~cwg�Õ+Ð Ó×�Ó)c Ó �qc�g�Õ+�	Å#ÉAp/ÕÿÓ��Õ y Ê#�QÐÓ)c�m/Ì

�Q���ÆÊ�i¡Ó ��Ñ K � ����LTÌ K � � � LTÌrk ÕXÉ/ÅrcÔ�	Ó �0cwg�ÕEÓ ��Õ y Ê��QÐÓ)c�m
∫ T

0

(
〈Fε (u (t)) , ε (v (t)) − ε (u (t))〉Q + j (u (t) , v (t) − u (t)))

)
dt

≥

∫ T

0

〈φ (t) , v (t) − u (t)〉V ∀ v ∈ L2 (0, T ; V ) ; v (t) ∈ K
Ì
a.e. t ∈ [0, T ] .

� Ë¡ÉrdÈÕÈÕC��Ó ��Ñ�Ó���|i¡Ó×ªÓÐ �QË@k9��m	ÌLk ÕE��Õ(��Ê�dÈÕ~cwg���c
u
i¡��c¡Óhi.��Õ-i�cwg�ÕEÓ��Õ y Ê#�QÐÓ)c�m

〈Fε (u (t)) , ε (w) − ε (u (t))〉Q + j (u (t) , w − u (t))

≥ 〈φ (t) , w − u (t)〉V ∀w ∈ K, a.e. t ∈ [0, T ] . K � �Í � L
Ä m Ê�i¡Ó��Ñ ��ËÔÕÈÕC��� i�jüÉ/Ë¡×�Ê�Ð� Ó � Ó ��Õ y Ê��QÐÓ)c�m K � �Í ��L �!iÆÓ � � � �²Ì[kÿÕ�É/ÅrcÔ�	Ó �{c�g��Ac

ui¡��c¡Óhi.��Õ-iWcwg�ÕXÓ��Õ y Ê��	Ð Ósc�m K ��� Í � L �Q���0dTÉ/��iHÕ y Ê�ÕÈ�Cc¡Ðom
u

Óoi �|i¡É	ÐÊrc¡ÓÉ	�ÆÉ�j�n�Ë¡É/Å�Ð ÕC×
P2

�
�

�"«È°�£ ����� � ��Õ dÈ�	��dTÉ	�8iHÓ ��ÕÈË��Q��É!cwg�ÕCË�p?�QËÔÓ��c¡ÓÉ	���	Ð@jüÉ	ËÔ× Ê�Ð��c¡ÓÉ	��É�j:n�Ë¡É/Å�Ð ÕC×
P1��ÕH����ÕC�1�!i�jüÉ/Ð ÐÉAk�iÈ�

A �$B8�C�D4E
P3

� ¢%±�
�©�£�©Q± ¬GF�¦ £/¤Ô«È°�«H
#§4Iÿ«T¦©
u ∈ W 1,∞ (0, T ; V )

¬7¥�¤7®�§ü®�£Q§
u (0) =

u0
±�


Ω, u (t) ∈ K ∩ V0
Ì�� � ��£Q¦¯¦

t ∈ [0, T ]
Ì £ 
p© � � �ª£?¦L° ��¬�§ £?¦¯¦

t ∈ (0, T ) ,

〈Fε (u (t)) , ε (v) − ε (u̇ (t))〉Q + j (u (t) , v) − j (u (t) , u̇ (t)) ≥

〈φ (t) , v − u̇ (t)〉V + 〈θσν (u (t)) , vν − u̇ν (t)〉Γ ∀v ∈ V
Ì

〈θσν (u (t)) , zν − uν (t)〉Γ ≥ 0 ∀ z ∈ K,

k@g�ÕÈËÔÕ
R : H− 1

2 (Γ ) → L2 (Γ3)
Óoi��ªÐÓ ��ÕC�QË��	���0dTÉ	�CcÔÓ ��Ê�É/Ê�i9×���nan�Ó��Ñ��Q�#�

〈., .〉Γ��ÕÈ��É!c¡Õ-i[cwg�Õ���Ê��QÐÓ)c�m�n��QÓË¡Ó��Ñ�É	�
H− 1

2 (Γ ) × H
1
2 (Γ ) .

�[g�Õ:dTÊrcwcHÖçÉ �ljüÊ��8dfc¡ÓÉ	�
θ ∈

C∞
0

(
R

d
) g��!ixcwg�Õ6n�ËÔÉ!n�ÕÈËwc�m:cwg#�Ac

θ = 1
É	�

Γ̄3
�	���

θ = 0
É/�

S̄2
k Ó)c�g

S2
�	�hÉ!n�ÕÈ�

iHÊ�Å8iHÕ�c^iHÊ�d�g�cwg#�Ac@jüÉ	Ë��	Ð Ð
t ∈ [0, T ]

i¡Êanan
ϕ2 (t) ⊂ S2 ⊂ S̄2 ⊂ Γ2.

�[S��IYU^]J+w\ �L`�YU
���Qcwg�Óhi �QËwc¡ÓhdTÐÕkÿÕxg���p	ÕWivg�ÉAk �~c�g�Õ%Õ���Óoivc¡ÕC��dTÕ É�j��@kÿÕC�!��i¡É	ÐÊrc¡ÓÉ	�:c¡É@c�g�Õ y Ê��eiHÓhivcÔ�AcÔÓod
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