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úüûþý@ÿ������Rÿ��	� G KMJ>Z Y�^�
� A G Z�H G	� Z Y�^ J��C_�� (V λ, A, p)
<������� N��-_ G���G����-G J/A G�� NCJ 
 �CK�� G

Z�H GFY�G _ N@Z�K ^ J�� G Z! G7G J1Z�H G"��W NCA G#��^�$%� Z Y�^ J�(_�� (V λ, A, p)
<&������ N��/_ G	��G����-G J/A G�� N@J 
� Z Y�^ J��C_'� (V λ, A, p)

<(������� N)�-_ G*��G����-G J/A G��  ÄK Z�H Y�G#��W�G AÁZþZ ^ N �F^�
�� _ ���+$,� J/AÁZ�K ^ J" ÄH G J
A = (aik) K � NCJ�K J�-�J/KMZ G	� N@Z Y K�. ^�$ A ^/�FW _ G .üJ �� � GÁY0� N@J 


p = (pi)
K � N ��G����/G J-A GX^�$

W�^�� K Z�K�� G%Y�G N@_�J ��� � GëY0��1�2 _ ��^  G �(K'� G J�N=Z �/Y NC_ Y�G _ N@Z�K ^ J � H-K W � G Z! GÁG J � Z Y�^ J�(_�� (V λ, A, p)< A ^ J�� GÁY � G J-A G  ÄK Z�H Y�G#��W�G AÁZZ ^ N �F^�
� _ ���3$,� J-AÁZ�K ^ J¼N@J 
4� Z Y�^ J�(_��
Sλ(A)

<5� ZIN@Z�K � Z�KMA�NC_
A ^ J�� GÁY � G J-A G�1
657�8&9�:<;)=?>/@�AG _ N�B NC_M_ G7GÁTDC�^������ KMJ �FG NCJ#[ �F^�
� _ ��E$,� J-AÁZ�K ^ J#[ � ZIN@Z�K � Z�KMA�N@_#A ^ J�� GÁY � G J-A G

F3G5H�I%J<K�LNM�OQPRJTS0L%I
�VUXW

λ = (λr) Y U��x�TZ	���TU�[X\#UC�]IÌ�T^_]`U/a�bTU@��[)UcZ�d�eRZ]ëÌfWëÌhg�U1�<b�Ê Y U)\�]iWjUC����Ì�T^_WjZ
∞

�	���
λr+1 ≤ λr + 1, λ1 = 1 k �NlTUi^�U@��U)\7�RÍÌfm�UC���nU Í�¼ÃÄ�RÍÍfU�U=ÉpoqZ�b�]#]IÌ��Ê4UC�	��Ì,]

�nUXr���UC� Y<s
tr(x) = λ−1

r

∑

i∈Ir

xi, Ir = [r − λr + 1, r].

�t]jU�a�bTUC��[XU
x = (xi)

Ìh]q]Á�RÌ ��W#Z Y U (V, λ) u ]`b�Ê Êb� Y ÍfU%WjZF�"��b�Ê Y U)\ s
Ìfd

tr(x) → s��]
r → ∞ v �+U@Ì����ÍhU)\	w�x�y{z k �pd

λr = r,
Wjl�U@��W#lTU

(V, λ) u ]jb�Ê�Êb� Y ÌÍÌ�W s Ì,]|\#UC�nb}[XUC�~WjZ
(C, 1) u ]`b�Ê�Êb� Y Ì ÍÌ�W skn� U���\ÁÌfWjU

[V, λ] = {x = (xi) : lim
r→∞

λ−1
r

∑

i∈Ir

|xi − s| = 0 for some s}

d{Z�\N]`U)W#]%Z�d+]jU�a�bTU@�}[XU�]
x = (xi)

��l�Ìh[�l���\#UQ]0W#\jZ/�T^	Í s (V, λ) u ]`b�Ê�Êb� Y ÍfUQWjZ
s,
Wjl���W

Ìh]
xi → s[V, λ] k
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� b Y ]jU�a�bTUC�WÁÍ s ]`Wj\#Z	�T^/Í s (V, λ) u ]jb�Ê�Êb� Y ÍhU�]jU�a�bTUC��[XU�]`e��[XU/]*l���gU Y U�U@� ]`Wjb#��É

ÌfU(� Y<s g>��\ÁÌfZb�]+��bnWjl�Z�\�]@Î v �ÌÍf^/Ì � w��)y��3�����T^���\	UXWF�RÍNw���y�� � ��g��]"w�� � y��Ò�R�#� Z�W#lTU)\�]�z k�NlTU1�TZ�WÁÌfZ/� Z�d�Ê4Z��Tb�Ífb}]"d{b���[�WÁÌfZ/�t�9��]¥Ì�W#\jZ��nb}[XUC� Y<s �"�����	�TZtw�� � y k3� Uc\jU/[@�	Í Í
Wjl���W"�¥Ê4Z��nb�Íhb�]

f
Ìh]"�"d{b���[�WÁÌfZ/� d{\#Z	Ê

[0,∞)
WjZ

[0,∞)
]jb�[�l&Wjl���W

v Ì z f(x) = 0
Ìfd
�R���&Z	��Í s Ìfd

x = 0
�

v ÌÌ,z f(x + y) ≤ f(x) + f(y)
d{Z\

x, y ≥ 0
�

v ÌÌ Ì z f
Ì,]�Ì��[X\#UC�]IÌ�T^��

v Ìhgnz f
Ìh]�[)Z	��WëÌ�<bTZ�b}] d{\jZ/Ê WjlTU�\ÁÌh^�l�WÇ��W � k�pW�d{Z	ÍÍfZ�� ]%Wjl#��W

f
Ê"b�]`W Y U [)Z	��WëÌ�<bTZ�b�]NZ/�

[0
�
∞).��ÌÍh^	Ì� w��Xy��	Æ�Z	Í���w ��y��-���	���TZ! �w "���#�y���$�mXW%�T\%�n�R�����ÌÍf^/Ì �cw�����y��	Å�b�[&��ÍhU�w�� � y��	�R���

Z�Wjl�U)\�]Nb�]`U(��� Ê4Z��nb�Íhb�]Nd{b��}[�WëÌhZ	�&d{Z\Ç�nUXr���Ì �T^�]jZ	Ê4UX�TU�� ]jU�a�bTU@�}[XU�]`e#��[XU/] k�VUXW
A = (aik) Y U¥�	��Ì �nr#��Ì�W#UnÊb��W#\ëÌ� cZ�d|[XZ/Ê4e�ÍfU' �<b�Ê Y U�\#] k�� U"��\ÁÌfWjU

Ax =

(Ai(x))
Ìfd

Ai(x) =
∞
∑

k=1

aikxk

[XZ/�<g�U)\#^�U/]*d{Z\�UC�[�l
i.

Å�U�[)U@��WëÍ s � W#lTU [)Z	��[)U)enW Z�dN]`Wj\#Z	�T^
(V, λ) u ]jb�Ê�Êb� Y ÌÍÌ�W s ��](^�UC�TU)\7�RÍÌfm�UC� Y<s��ÌÍh^	Ì� w��Xy�����] d{Z/Í ÍhZ�� ]CÎ

V λ[A, f ] = {x = (xi) : lim
r→∞

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|) = 0, for some s}.

��� WjlTU eT\#U�]jU@��W e���e}U�\ � U�Ì��Wj\#Z��nb�[XU WjlTU_]0W#\jZ/�T^	Í s (V λ, A, p) u ]jb�Ê�Êb� Y ÍhU
]`U/ab�U@��[)U�]n�	���_^	Ìhg�U�WjlTU \jUCÍ��WëÌhZ	� Y UXW0� U)U@�_W#lTU ]je��[XU�]"Z�d ]`Wj\#Z	�T^/Í s (V λ, A, p) u]`b�Ê�Êb� Y ÍfU4]`U/a�bTU@��[)U�]��R��� ]`Wj\#Z	�T^/Í s (V λ, A, p) u ]jb�Ê�Ê�� Y ÍhUi]jU�a�bTUC��[XU/]���ÌfWjl \#U=É
]`eRU�[XW�WjZü� Ê4Z��Tb�Ífb}]���lTU@�

A = (aik)
Ì,]��R�1Ì �Tr���ÌfWjUFÊb��W#\ëÌ� Z�d3[XZ/Ê4e�ÍfU' ¼�<b�Ê Y U)\�]�R���

p = (pi)
Ìh]� ]jU�a�bTU@�}[XU Z�dVe}Z�]IÌfWëÌhg�U \#UC�	Í��<b�Ê Y U�\#] k �"Íh]jZ"� U ^	Ìhg�U"����W#bT\Á�	Í�\#U@Í �>É

WëÌhZ	��]jl�Ìhe Y U)W0�%U�U@��]`Wj\#Z	�T^/Í s (V λ, A, p) u [)Z	�<g�U�\j^U@��[)UN��Ì�W#l�\jU/]`eRU�[XW*WjZ¥�FÊ4Z��Tb�Ífb}]
d{b���[�WÁÌfZ/���R���c]`Wj\#Z	�T^/Í s Sλ(A) u ]0W7��WëÌ,]`WëÌ,[@�RÍV[)Z	�<g�U�\j^U@��[)U k�NlTU	d{Z	ÍÍfZ���Ì�T^�Ì ��U�a�b��RÍÌfW s ��Ì ÍÍ Y U�b�]`U(� WjlT\#Z�bT^lTZ�bTW W#lTU�e���e}U�\)(

|ai + bi|
pi ≤ T (|ai|

pi + |bi|
pi) v � k �/z

��lTU)\#U
ai

�	���
bi

��\#U [XZ	Ê4e�ÍhU* 1�<b�Ê Y U)\�])� T = max(1, 2H−1),
�	���

H = suppi <
∞.

+NG-, JnKTL|I/.1032
(V λ, A, p) 4 ,NO657598;:�0=<>,?<A@NO/<EIQPB<AC

�VUXW
A = (aik) Y U�R�FÌ�nr���ÌfWjU�Êb��Wj\ÁÌ� 	Z�dn[)Z	Ê4e�ÍhU* X�<b�Ê Y U)\�]'� p = (pi) Y U�� Y Z�b��#�nUC�

]`U/ab�U@��[)U5Z�d|e}Z�]IÌfWëÌhg�U5\jU(�RÍ��<b�Ê Y U)\�] v 0 < h = inf pi ≤ pi ≤ suppi = H < ∞
z*�

�R���
f Y U¸� Ê4Z��Tb�Ífb}] kT� U¸�nU)r��TU

V λ[A, p, f ] = {x : lim
r→∞

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi = 0, for some s},

V λ
0 [A, p, f ] = {x : lim

r→∞

λ−1
r

∑

i∈Ir

f(|Ai(x)|)
pi = 0},

V λ
∞

[A, p, f ] = {x : sup
r

λ−1
r

∑

i∈Ir

f(|Ai(x)|)
pi < ∞}.
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(V λ, A, p) � � � ª¥ªb§��@Â ¤ � ¤�� � ¤@«�³7¤ � ¦�§	³7¤�µ � � �

� ]`U/a�bTU@��[)U
x = (xk)

Ìh]5]ë�	Ì� W#Z Y U ]0W#\jZ/�T^	Í s (V λ, A, p) u [)Z	�<g�U�\j^U@��W�W#Z��
��b�Ê Y U)\ s

��Ì�W#l�\jU/]`eRU�[XW%W#Z¥�nÊiZ��nb�Ífb�]�ÌfdVWjlTU�\jU�Ì,]��5[XZ	Ê4e�ÍhU* b�<b�Ê Y U�\ s
]`b}[�l~Wjl���W

x ∈ V λ[A, p, f ].
�pd

x
Ìh]�]`Wj\#Z	�T^/Í s ((V λ, A, p) u [XZ/�<g�U)\#^�UC��W WjZ&Wjl�U5g>�RÍhbTU

s
��ÌfWjl

\jU/]`eRU�[XW W#Zü� ÊiZ��nb�Ífb�]
f,

WjlTUC�&� U���\ÁÌ�W#U
xi → s(V λ[A, p, f ]).�NlT\jZbT^�l�Z�bnW WjlTU�e#��eRU)\

µ
��Ì ÍÍ3�nU@��Z�WjU�Z/�TU(Z�d WjlTUF��Z�WÁ��WëÌhZ	��]

0, 1
Z�\

∞.
� lTU@�

f(x) = x,
WjlTUC� � U���\ÁÌfWjU	WjlTU�]je���[)U�]

V λ
µ [A, p]

Ì �&e�Í ��[)U	Z�d
V λ

µ [A, p, f ] k�pd
pi = 1

d{Z\Ä�RÍÍ
i, V λ

µ [A, p, f ]
\#UC�Tb�[XU%WjZ

V λ
µ [A, f ] k�� UC��[XU

V λ
µ [A, p, f ]

Ì,] WjlTU�]Á�RÊ4U
��] Wjl�U ]`e��[XU

[A, V, λ, f ]
Z�dþ�ÌÍf^/Ì � w��)y k���(Wjl�Ì,]E]jU�[XWëÌhZ	��� U3U* ��RÊ�Ì�TU|]jZ	Ê4U3W#Z�eRZ	ÍhZ�^	Ì,[@�	Í�eT\#Z�eRU)\jWëÌhU�] Z�d

V λ[A, p, f ]
]je���[)U�]

�R����Ì �<gU�]`WëÌh^/��W#U�]`Z/ÊiUXÌ��[=Íhb�]ëÌfZ/� \#U@Í ��WÁÌfZ/��] Y U)W0�%U�U@�&Wjl�U�]jU(]je��[XU�] k
�
	��� � ����� ��� ¤@©

f
�7¤�§1ª�¬�� � Â � µ® � «�³@©Ë²´¬>«�§>«��

X
�	¤@«�¬>©�¤=µ ©±°�¤ü§R«�»	¬R«�¤¼¬I® ©º°�¤

µV¦�§	³7¤=µ
V λ[A, p, f ]

¶
V λ

0 [A, p, f ]
¬>¨

V λ
∞

[A, p, f ].
� °�¤@«

X
² µb§�ÂM²º«�¤7§>¨�µË¦�§	³7¤ ¬>¹>¤=¨

©º°�¤¥³7¬>ª"¦�Â¤�����¤@Â��
C.

�¨ë¬(¬�®=¿ � U~^	Ìhg�U5WjlTU~eT\#Z<Z�d Z	��Í s d{Z�\
V λ

0 [A, p, f ] k � Ì��[)U4WjlTU~eT\#Z<Z�dÌh]F�	���RÍhZ�^Z�b�]
d{Z�\NWjl�U ]`e��[XU/]

V λ[A, p, f ]
�R���

V λ
∞

[A, p, f ],
�%U(Z	Ê�ÌfWNWjlTU¸�nU)WÁ�	Ì Í,] k�VUXW

x, y ∈ V λ
0 [A, p, f ]

���	���
α, β ∈ C.

�NlTU@�cW#lTU)\#U U* �Ì,]0W+Ì ��WjU�^�U�\#]
Ta

�	�����
b]`b�[�l Wjl#��W

|a| ≤ Ta

�	���
|b| ≤ Tb. � U(W#lTU)\#UXd{Z\jU	l���gU

λ−1
r

∑

k∈Ir

f
(∣

∣

∞
∑

k=1

aik(axk + byk)
∣

∣

)pk ≤ λ−1
r

∑

k∈Ir

f
(∣

∣

∞
∑

k=1

aikaxk +

∞
∑

k=1

aikbyk

∣

∣

)pk

≤ T{λ−1
r

∑

k∈Ir

[Taf
(
∣

∣

∞
∑

k=1

aikxk

∣

∣

)

+λ−1
r

∑

k∈Ir

Tbf
(
∣

∣

∞
∑

k=1

aikyk

∣

∣

)

]pk

≤ T{[Ta]
Hλ−1

r

∑

k∈Ir

f
(∣

∣

∞
∑

k=1

aikxk

∣

∣

)pk+[Tb]
Hλ−1

r

∑

k∈Ir

f
(∣

∣

∞
∑

k=1

aikyk

∣

∣

)pk

��]
r → ∞ k �Nl�Ìh]NeT\#Z�g�U/]%Wjl���W

V λ
0 [A, p, f ]

Ìh]ÇÍ Ì�TUC��\ k �
�
	��� � ����� �� ®

f
�7¤9§>«#»"ªb¬!� � Â � µ7¶�©±°�¤@«¥©±°�¤²º«�³=Â � µ�²´¬R«�µ

V λ
0 [A, p, f ] ⊂ V λ[A, p, f ] ⊂

V λ
∞

[A, p, f ]
°�¬RÂ��	¿

�¨ë¬(¬�®=¿��NlTU�Ì��[=Íhb�]ëÌfZ/�
V λ

0 [A, p, f ] ⊂ V λ[A, p, f ]
Ì,]cZ Y g�ÌfZb�] k �QZ���ÍhUXW

x ∈
V λ[A, p, f ]

]`b}[�l W#l���W
xi → s v V λ[A, p, f ]

z k � s b�]ëÌ �T^ v � k �/z �n� U(l���g�U
sup

r
λ−1

r

∑

i∈Ir

f(|Ai(x)|)
pi = sup

r
λ−1

r

∑

i∈Ir

f(|Ai(x) − s + s|)
pi

≤ T{ sup
r

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi + sup

r
λ−1

r

∑

i∈Ir

f(|s|)
pi}

≤ T{ sup
r

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi + Max{f(|s| )

h
,f(|s| )

H
}} < ∞.

� U@�}[XU
x ∈ V λ

∞
[A, p, f ].

�Nl�Ì,]*]jlTZ�� ] Wjl#��W3Wjl�U�Ì ��[@Ífb}]IÌhZ	�
V λ[A, p, f ] ⊂ V λ

∞
[A, p, f ]lTZ	Í �T]N��l�Ì,[�l [XZ	Ê4e�ÍhUXW#U�] W#lTU�eT\#Z�Z�d k �

�NlTU(eT\jZ<Z�dEZ�d Wjl�U(d{Z	ÍÍfZ���Ì�T^i\jU/]`b�ÍfW�Ìh]"�i[)Z	��]jU�a�bTUC��[XU	Z�d
�NlTU�Z�\#U@Ê �
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V λ
0 [A, p, f ]

�	���
V λ[A, p, f ]

��\jUþ�TZ���lTU�\jU
�nUC��]jU*]`b Y ]`U)W#]VZ�d V λ
∞

[A, p, f ] .�VUXW�� Y U¸�4]`U/ab�U@��[)U(]je��[XU k �Nl�U@���dÌh]�[C�RÍÍfU(�
� Z	ÍÌ� v Z\��TZ�\ÁÊb�RÍ z�Ì�d

(αixi) ∈ X
��lTUC�TU)gU)\

(xi) ∈ X
d{Z�\Ç�	Í ÍV]jU�a�bTUC��[XU/]

(αi)Z�d3]j[C�RÍ ��\�]|��ÌfWjl
|αi| ≤ 1

(<d{Z�\Ç�	Í Í
i ∈ N

(
� Z	�TZ�WjZ/�TUqeT\jZ�g�Ì �nUC��� [)Z	��WÁ�	Ì ��]RW#lTU|[C�R�TZ/��Ìh[C�RÍ�eT\#U@ÌÊb��^U�]?Z�d��RÍÍRÌfW#]E]0W#U)e�]je���[)U�] k�pd��zÌ,]��TZ�\ÁÊb�RÍ��<WjlTUC���dÌh]9Ê4Z	��Z�WjZ/�TU k

�
	��� � ����� � � °�¤ µ@¤�� � ¤@«�³7¤�µË¦�§/³7¤�µ
V λ

0 [A, p, f ]
§>«��

V λ
∞

[A, p, f ]
§>¨ë¤ µ@¬RÂM² � §>«��

°�¤@«�³7¤¸ªb¬>«�¬>©�¬>«�¤C¿

�¨ë¬(¬�®=¿��VU)W
α = (αi) Y U�]jU�a�bTUC��[XU	Z�dq]j[C�RÍ ��\�]%]jb�[�l�W#l���W

|αi| ≤ 1
(�d{Z\Ç�RÍÍ

i ∈ N.� Ì �}[XU
f

Ì,]9Ê4Z	�TZ�WjZ/�TU��n� U(^�UXW

λ−1
r

∑

i∈Ir

f(|Ai(αx)|)
pi ≤ λ−1

r

∑

i∈Ir

f(sup |αi| |Ai(x)|)
pi ≤ λ−1

r

∑

i∈Ir

f(|Ai(x)|)
pi ,

��l�Ìh[�l1ÍhUC�/�T] b�]NWjZiW#lTU¸�nU�]ëÌh\jU(� \#U�]jb�ÍfW k �
� Z�� �%U ^/ÌfgU \jUCÍ��WëÌhZ	� Y UXW0� U)U@� ]0W#\jZ/�T^	Í s (V λ, A, p) u [)Z	�<g�U�\j^U@��[)U �R���

]0W#\jZ/�T^	Í s (V λ, A, p) u [XZ	�<gU)\#^�U@�}[XUQ��ÌfWjlc\#U�]je}U/[�WNWjZü� Ê4Z��nb�Íhb�] k
�
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V λ
µ [A, p] ⊆ V λ

µ [A, p, f ].

�¨ë¬(¬�®=¿ � U4[)Z	��]ëÌ �nU)\(Z	��Í s [C��]jU
V λ

0 [A, p] ⊆ V λ
0 [A, p, f ] k �VU)W

x ∈ V λ
0 [A, p]

�R���
ε > 0. � Ui[�lTZ<Z�]`U

0 < δ < 1
]jb�[�l W#l���W

f(u) < ε
d{Z�\	U)gU)\ s u

��Ì�W#l
0 ≤ u ≤ δ.

� U [C�R�&��\ëÌfWjU

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi =λ−1

r

∑

1

f(|Ai(x) − s|)
pi+λ−1

r

∑

2

f(|Ai(x) − s|)
pi

≤ max(εh, ε)+ max(1, (2f(1)δ−1)H)λ−1
r

∑

2

f(|Ai(x) − s|)
pi

��lTU)\#UNWjlTU�]`b�Ê�Êb��WÁÌfZ/� ∑

1

Ìh]|Z�g�U�\
|Ai(x) − s| ≤ δ

�R���iW#lTUQ]jb�Ê�Ê���WëÌhZ	� ∑

2

Ìh]3Z�gU)\
|Ai(x) − s| > δ k � U@��[)U
1

λr

∑

i∈Ir

f(|Ai(x)−s|)
pi ≤ max(εh, ε)+max

(

1,
(2f(1)

δ

)H) 1

λr

∑

i∈Ir

|Ai(x)−s|
pi ,

�NlTU)\#UXd{Z\jU
x ∈ V λ

0 [A, p, f ] k �
�
	��� � ����
 ��� ¤@©

f
�7¤�§>«#»¸ª�¬�� � Â � µ=¿  ®

limt→∞

f(t)
t

= β > 0,
©±°�¤@«

V λ
µ [A, p] =

V λ
µ [A, p, f ].

�¨ë¬(¬�®=¿�TZ\%�R� s Ê4Z��nb�Íhb�]*d{b���[�WÁÌfZ/� ��W#lTU U' �Ì,]`WjU@�}[XU�Z�d3�(eRZ]ëÌ�WÁÌfgU�Í ÌÊ�Ì�W%^	Ìhg�U@�4��ÌfWjl
β
�9��]9Ì��Wj\#Z��nb�[XU(� Y<s ���	���nZ! w #�y k�VUXW

β > 0
�	���

x ∈ V λ
µ [A, p, f ].

� Ì��[)U
β > 0,

� UNl���g�U
f(t) ≥ βt

d{Z\Ä�RÍÍ
t > 0.

�T\#Z	Ê Wjl�Ì,]�Ì �TU/a�b��RÍÌ�W s � ÌfW"Ì,]QU(��] s W#Z ]jU)U�W#l���W
x ∈ V λ

µ [A, p].
� s b�]IÌ�T^¼�Nl�U)Z�\#U@Ê �

WjlTU�eT\#Z<Z�d�Ìh]�[)Z	Ê4e�ÍhUXWjU(� k �
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� U([XZ/��]IÌ �nU�\|W#l���W
(pk)

�R���
qk)

��\#U+�	� s4Y Z�b��#�nUC� ]`U/ab�U@��[)U�]%Z�dE]`Wj\ÁÌh[XWëÍ s e}Z�]IÌ ÉWëÌhg�U�\#UC�RÍÒ�<b�Ê Y U�\#] kn� U¸��\#UX� Y ÍhU(WjZ4eT\#Z�g�U
V λ

µ [A, q, f ] ⊂ V λ
µ [A, p, f ]

Z/��Í s b����nU�\
�	����ÌfWëÌhZ	�#�RÍV[XZ/����ÌfWëÌhZ	��] k
�
	��� � ����� ��� ¤@©

0 < pi ≤ qi

®=¬>¨ §>ÂºÂ
k

§>«���Â¤=©
(qi/pi)

�Á¤ �7¬ � « �	¤��/¿ � °�¤@«
V λ

µ [A, q, f ] ⊂ V λ
µ [A, p, f ].

�¨ë¬(¬�®=¿��pd%� U5WÁ���U
ti = f(|Ai(x)|)

qi
d{Z�\F�RÍÍ

i,
WjlTUC� b�]ëÌ�T^&WjlTU~]Á�RÊ4U"W#U�[�l���Ìha�bTU

U@Ê4e�ÍhZ s UC��Ì � Wjl�U~eT\jZ<Z�d|Z�d9�NlTU)Z\jUCÊ � Z�d $�m)W �T\%���R���x�Ì Íh^	Ì� w����Xy��ÒÌfW¸Ìh](U(��] s WjZ
eT\jZ�gUQW#lTU(Wjl�U)Z�\#U@Ê k �
� ¬R¨ë¬>ÂºÂ§>¨�»���¿��NlTU(d{Z/Í ÍhZ���Ì ��^i]`WÁ��WjU@Ê4UC�W�]���\#U(g��	Í Ì �ÒÎ

v Ì zÌ�d
0 < inf pi ≤ 1

d{Z�\Ç�	Í Í
k
�<WjlTUC�

V λ
µ [A, f ] ⊂ V λ

µ [A, p, f ]
�

v ÌÌ,zÌfd
1 ≤ pi ≤ sup pi = H < ∞

�nW#lTU@�
V λ

µ [A, p, f ] ⊂ V λ
µ [A, f ] k

�¨ë¬(¬�®=¿ v Ì z d{Z/Í ÍhZ�� ] d{\jZ/Êf�NlTU�Z�\#U@Ê �4��ÌfWjl
qi = 1

d{Z�\"�	Í Í
i

�R��� v Ì Ì z d{Z	ÍÍhZ�� ] d{\jZ/Ê
�NlTU)Z\jUCÊ �i��Ì�W#l

pi = 1
d{Z�\Ç�	Í Í

i k �
�NG

Sλ(A) 4 , J 8 JTS CJTS`PB8 0�� L|I
	 <VK . <+IQPB<
��� W#l�Ìh]�]jU�[XWëÌhZ	� �n� UXÌ ��W#\jZ��nb�[)U+�#��Wjb�\Á�	ÍR\#U@Í ��WÁÌfZ/��]jl�Ìfe Y U)W0�%U�U@�c]0W#\jZ/�T^	Í s (V λ, A, p)
u [)Z	�<g�U�\j^U@��[)U|��ÌfWjli\jU/]`eRU�[XWEW#ZX�+Ê4Z��nb�Íhb�] d{b���[XWëÌhZ	���R���i]0W#\jZ/�T^	Í s Sλ(A) u ]0W7��WÁÌh]IÉ
WëÌ,[@�RÍV[)Z	�<g�U�\j^U@��[)U k ��� w � y�� ����]`Wjl Ì�W#\jZ��nb}[XUC� Wjl�U�Ì �nU(�"Z�d ]`WÁ��WÁÌh]`WëÌ,[@�	Í [XZ	�<gU)\#^�U@�}[XU k�NlTU�]jU¸Ì �nUC�4�9��]�Í ��W#U)\	]0W#b���ÌhUC� Y<s�� Z/���TZ\�w � y�� �T\#U)UC��Ê��	���R��� � U@Ê Y U)\"w � y�� � �RÍ ��W
w�� � y�� � ��g>��]	w�� � y�� � [�lTZ<U@� Y U)\#^ w�����y �R��� W#lTU�Z�W#lTU)\���bTWjlTZ\#]9Ì���nU�e}UC���nU@��WÁÍ sk� [XZ/Ê4e�ÍfU' b��b�Ê Y U)\N]`U/ab�U@��[)U

x = (xi)
Ì,] ]ë�	Ì�4W#Z Y U	]`WÁ��WëÌ,]0WÁÌh[C�RÍÍ s [XZ/�<g�U)\#^�UC��W

WjZ�WjlTU�<b�Ê Y U)\ l
Ìfd�d{Z\EU�g�U)\ s ε > 0

�
limn→∞ |K(ε)/n| = 0

����lTU)\#U
|K(ε)|

�TU@�TZ�WjU�]
WjlTU�<b�Ê Y U)\ Z�d�UCÍfUCÊ4U@��W#] Ì �

K(ε) = {i ∈ N : |xi−l | ≥ ε} k �NlTU%]jUXWqZ�d�]`WÁ��WëÌ,]0WÁÌh[C�RÍÍ s[XZ	�<gU)\#^�U@��WN]`U/ab�U@��[)U�]9Ì,]��nU@�TZ�WjU(� Y<s S.� ]jU�a�bTUC��[XU
x = (xi)

Ìh]N]Á�RÌ �~WjZ Y U(]`Wj\#Z	��^	Í s Sλ(A)u ]0W7��WÁÌh]`WëÌ,[@�	Í Í s [XZ/��gU)\#^�UC�W
WjZ

s
Ì�d��R� s ε > 0

�
limr→∞ λ−1

r |KA(ε)| = 0,
��lTU�\jU

|K(ε)|
�nU@��Z�WjU/] W#lTUÄ�<b�Ê Y U)\+Z�dU@ÍhU@Ê4U@��W#]þÌ�

KA(ε) = {i ∈ Ir : |Ai(x) − s| ≥ ε}
�NlTU ]jUXW3Z�dÒ�RÍÍT]0W#\jZ/�T^	Í s Sλ(A) u]0W7��WëÌ,]`WëÌ,[@�RÍÍ s [)Z	�<g�U�\j^U@��W|]`U/a�bTU@��[)U�]
Ì,]�nU@�TZ�WjU(� Y<s Sλ(A) v Z�\ S(λ, A)

z ���Ì Íh^	Ì�Vw���y k� Z�� �%U�^	Ìhg�U W#lTU�\#U@Í ��WÁÌfZ/� Y UXW0� U)UC�
Sλ(A) u ]`WÁ��WëÌ,]0WÁÌh[C�RÍ�[)Z	�<g�U�\j^U@��[)U��R���

]0W#\jZ/�T^	Í s (V λ, A, p) u [)Z	�<g�U�\j^U@��[)UQ��ÌfWjlc\jU/]`eRU�[XWNWjZb��Ê4Z��Tb�Ífb}] k
�
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V λ[A, p, f ] ⊂ Sλ(A).

�¨ë¬(¬�®=¿��VU)W
x ∈ V λ[A, p, f ] k �NlTUC�

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi ≥ λ−1

r

∑

1

f(|Ai(x) − s|)
pi ≥ λ−1

r

∑

1

f(ε)
pi

≥
1

λr

∑

1

min{f(ε)h, f(ε)
H
} ≥

1

λr

|{i ∈ Ir : |Ai(x)−s| ≥ ε}|min{f(ε)h, (ε)H},

��lTU)\#U	WjlTU ]jb�Ê�Êb��WëÌhZ	� ∑

1

Ì,]NZ�g�U�\
|Ai(x) − s| ≥ ε k � U@�}[XU

x ∈ Sλ(A). �
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V λ[A, p, f ] = Sλ(A).

�¨ë¬(¬�®=¿�� s �NlTU�Z�\#U@Ê x ��ÌfW+Ì,]Q]jb���[=ÌhU@��W W#Z ]jlTZ�� W#l���W
Sλ(A) ⊂ V λ[A, p, f ].

�+UXW
x ∈ Sλ(A).

� Ì��[XU
f

Ìh] Y Zb����nU(� �+]jZ W#lTU)\#U4U* �Ì,]0W�]¸�R�xÌ ��W#U)^�U�\
K > 0

]jb�[�l Wjl���W
f(|Ai(x) − s|) ≤ K k �Nl�U@� d{Z�\Ç�i^	Ìhg�UC�

ε > 0
(n� U�l���g�U

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi = λ−1

r

∑

1

f(|Ai(x)−s|)
pi +λ−1

r

∑

2

f(|Ai(x)−s|)
pi

≤ KHλ−1
r |{i ∈ Ir : |Ai(x) − s| ≥ ε}| + max{f(ε)

h
,f(ε)

H
},

��lTU)\#U Wjl�U ]jb�Ê�Ê���WëÌhZ	� ∑

1

Ìh] Z�g�U)\
|Ai(x) − s| ≥ ε

�R��� W#lTU�]jb�Ê�Êb��WëÌhZ	� ∑

2

Ì,]
Z�g�U)\

|Ai(x) − s| < ε.
� ���-Ì�T^&Wjl�UbÍ ÌÊ�Ì�W¥�]

ε →
� �	���

r → ∞,
ÌfW d{Z	ÍÍfZ�� ]�W#l���W

x ∈ V λ[A, p, f ].
�Nl�Ì,]�[XZ/Ê4e�ÍfU)WjU/] WjlTU�eT\#Z<Z�d k �

� <��%<+K <+IQPB< C
� :	�¸E 1�
 KM_'�(KMJ 1 P ^/�FG	��G����/G J-A G(��W N@A G��Q
/G#$� J G�
 ���¼N �F^�
� _ ����1�������������������� � [�!#" S%$ [SCB�]�<>S	:7B [ ?CBCB(S�1
� ?&�('1 P 1*)�^ J-J ^@Y�1 E H G~� ZIN@Z�K � Z�KMA�N@_9NCJ 
 � Z Y�^ J� p

T+)�G�� N Y�^ A ^ J�� GëY � G J/A Gb^�$���G����/G J-A G���1
, �-�%. /�02130 [-4�[ 8>D�<>U(S [ :�;C\(\�1

� S5�76Q1�8 N � Z�H 1 P �/Y _ N�A ^ J�� GÁY � G J/A G�� ZIN@Z�K � Z�K ���-G/1:9�;%.�.<;>=&�?��������� [-@�[ ?@8	:ë<	?=8(8 [ :�;�]>:/1
� 8�� 2 1 A 1B8	Y�G7G�
� N@JFNCJ 
7'1 '1 P G#� � GÁY�1�A9G J � K Z�K G�� NCJ 
(������ N��/K _MK Z!� 1?CD�%E	1 FGE&�?� �-��������� [

H-I [ ?@;(S=<>S(B(] [ :�;C\	:�1
� ]&��J 1�KML J�%N Y [ J 1�O Z¥NCJ 
QP	1 2 _ Z2RMJ 1 P>Z Y�^ J�(_�� (vσ; λ; q)

< ������� N)�-_ G4��G����-G J-A G��
	G -�J G�
 ���TS Y _MKMAVU $,� J-AÁZ�K ^ J ��1 ,�WXW .Y�#�Z��������9�;�[ W-\ ��� [^] I�_ [ ]@U	:ë<R](D>: [ ?CBCBC8�1
� U5�(O31a`^ _ML 1cb��Q02�edf;��Bgih�; \ �-jBkfj��?kl020T����jZ0 \ [m[7�Xh	1e. 1��e/on�1����id2kl0 W kfE	�p�q;r�Z0	kf= \ kl��E�k

[s;>j \ . 1,1 E N Y Z �ut _ 1-E�^ K �FG Z�K ��G�
 H�v�w [ :�;(;CS�1
� D&�(xV1 x#G KMJ 
 _ GÁY�1�t � GÁY3
 K G � GëY NC_M_'� G��FG KMJ GÁY�G Z 
	G _ N �(N@_ _ G7GëTVW�^������ KMJ � AIH G%������� K GÁY �-N Y L G K Z

N@_ _'� G��FG KMJ GÁY�^CY Z�H ^ � ^ J�N@_ Y�G K H G J 1 , E	�q�B�G��������� , E2�XjB�*y�E	1q�{z \ �BgX��dV� [�] v [ S(D(]7<RS(\(D [:7;(U�]�1
� \5� O 1 '�15J N 

/^ . 1 P G����-G J/A GV��W NCA G��?
	G -�J G�
 ���9N �F^�
� _ ����1 OËJ#| ���������XC�d};>E&�^9���[7h	d�1~j>gBk>�

C���1e.<;�0	��y�;>E [� ^ _ ��FG�:�BCB [ :�U	:I<�:7U(U [ :7;(\CU�1
� ;5� O 1 '�1�J N 

/^ . 1 OVJ-A7_ ��� K ^ J(� G Z! G7G J 8�` ��W NCA G�� NCJ 
m`�� Z�Z�J GÁY>� � Z�H G7^@Y�G��41^���5������CGdf;>E&�

9���[sh	dl1ej>gBk>��C���1e.<;50V�#y-;>E [�] w ]�[ ]C?CS=<R](?CD [ :7;(\�D�1
� :7B5�76Q1 QNCLCNCJ ^1{)�^ J/A�N�� G��F^�
� _ N Y0��1�� �����������Yy�;>E&����� W ��� [ I [ ?C;�<>8(; [ :7;�]CS�1
� :C:	�(O31*� UëZ L/Y L�NCJ 
xE 1G
 KM_'�(KMJ 1 P>Z Y�^ J��C_�� ������ N��/_ G5��G����-G J/A G4��W NCA G��"
	G -�J G�
 ����N�F^�
�� _ ����1{���-j�1~���Z� �^C \ dfk ,GWXW .Y�^��������� [�@ I " UX$ [ U�?>:ë<RU(?(] [ :�;(;@81
� :�?&� � 1 6Q1>A%� AëLR_ G/1�8�`���W NCA G�� KMJN ÄH-KMAIHÇZ�H GV��G����-G J/A G3^�$ A ^>^CY`
 K J-N@Z G � G AÁZ ^@Y0� K � � ^�� J 
/G�
T1

9����-�XjB�a� �^��������� [-@ I [ ;�D@S=<>;�DC\ [ :�;(DCS�1
� :7S5�¸E 1 P	NC_ N@Z 1 SJ � ZIN@Z�K � Z�KMA�NC_M_��¸A ^ J�� GëY � G J>Z ��G����-G J/A G�� ^�$�Y�G N@_�J ��� � GëY0��1?���5�����?y�.<;��5�XE2� [

@�[ :�SC;=<-:=]CB [ :�;C\(B�1
� :Á8��(O31 P/N��(N ��1 P ^��FG ��G����-G J-A G%��W NCA G�� NCJ 
"� ZIN@Z�K � Z�KMA�NC_#A ^ J�� GëY � G J/A G/1{�������a� �?�Z�������a����j

���5�����ay-E	1q� [�@ H " ]�$ [ SCB(S�<RS(BCU [ ?@B(B�?�1
� :�]&� O 1 '�1 P	AIH ^>G J�� GÁY � 1�E H G K J>Z G � Y N��/K _MK Z!� ^)$ A GÁY ZINCKMJ $,� J-AÁZ�K ^ J � N@J 
�Y�G _ N@Z G�
 ������ N��/K _MK Z!��FG Z�H ^�
��1 , [7kld>�#���������#�Z;������ . / [ v�v [ ?@U	:I<RS�DC] [ :7;�]C;�1


