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��� ��Ö	Ê¸Ö	ÜöË?Ç©Ë;Ê¸×�Ö=ÕI� ØUÄ/Ü_�#Ö=Ê¸Ë�Ä	É�Ê+Ê¸Ë;×©É�Å Ç¸×
Ç©ÄöÇ?��Ö=Ç�Ä	Õ�Ë(×¡Ä	Ô�Ç6Ö=ÆÕ�Ë6�~ÆÕ � ý5� � 2��Ë:��ÖK�#Ë;Ê�ÆÛ×�Ä/Ê©Ú-Ö=Õ�Æ��?Ë5�YÖ	×� Ä	ÅÅ Ä@Ù�×;Þ?��Õø��Ë;Ø�Ç¸Æ Ä/Õt�¡ÙçË���ÆÛ×¸ØUÉ�×¸×2Ç���Ë �#Ë?ÅO�YÇ?��Ë;Ä	Ê¸ËUÇ¸ÆØ
� É�Õ�Ø�Ç¸Æ Ä/Õ�Ö=Å�� Ä	Ê¸Ü�É�ÅÛÖ@Ç¸Æ Ä/ÕøÄK��Ç?��Ë�×�Ç¸Ä�Ø��#Ö	×HÇ©ÆÛØ���Ê©Ä/Ô�Å Ë;Ü Ä���� É�ÅÅ��_��Ë?ü/Ë?ÅÄK��Ë6�øÇ©É�Ê©Ô�É�Å Ë;Õ�ØUË
Ù8Æ Ç��~×HÇ©Ê¸Ä	Õ�Ú Ö	Õ�Æ×©Ä=Ç¸Ê©Ä
�n�	�=��Õ~��Ë;Ø�Ç¸Æ Ä/Õ � ÙçË���Æ×¸ØUÉ�×¸×
Ç���Ë+×HÇ¸Ö	Ô�ÆÅ Æ Ç>��Ä��ÎÇ?��Ëy��
�Ë5�w�#Ä/Æ Õ-Ç
É�ÕI��Ë;Ê�ÆÕh¡�É�Ë;Õ�ØUË~Ä��"×HÇ©Ê¸Ä	Õ�Ú�Ö	Õ�Æ×©Ä=Ç¸Ê©Ä
�n�	�Î��Õ ��Ë(Ø�Ç¸Æ Ä/Õ Ï Ù�Ëp��Ê©Ë(×HË;Õ-ÇøÖ���Ë?Ç¸Ö=ÆÅ¡Ö=Õ�Ö	Å È
��×©ÆÛ× Ä��8Õ�É�Ü�Ë?Ê¸ÆÛØ?Ö=Å�Ü�ËUÇ?��Än��× Ù ��ÆÛØ�� Ù¡Ö	×EÉ�×©Ë6��ÆÕ�Ø;Ö=ÅÛØUÉ�ÅÛÖ@Ç¸Æ Ä/Õ�×?����Õ ��Ë;ØUÇ©ÆÄ	Õ��ùÇ���Ë
��Æ×¸ØUÉ#×©×©Æ Ä/Õ�Ä��¡Ç?��Ë Ê©Ë(×HÉ�Å Ç¸× Æ×M��Ê©Ë(×HË;Õ-Ç;���y���#Ë;ÕI��Æ�
ç� Ø?Ä	Õ-Ç¸Ö	Æ Õ#×YË�
h��ÅÆØ?Æ Ç�Ë�
h��Ê©Ë(×©×©ÆÄ	Õ�×
Ä��
Ç?��ËøØUÄ�Ë��ÝØ?Æ Ë;Õ-Ç¸×�ÄK�

β
� É�Õ�ØUÇ©ÆÄ	Õ�×;����Õ�� ����Ë?Õ���Æ�
¡�H��Ç?��ËøÕ�Ë;Ø?Ë;×¸×©Ö	Ê?�ùÖ=ÕI��×©É��xØUÆË?Õ-Ç

ØUÄ	Õ���Æ Ç¸Æ Ä/Õ�× � Ä	Ê�Ø?Ä	Õ�ü	Ë;Ê©Ú/Ë?Õ�Ø?Ë"ÄK��Õ�Ë;Ë6��Ë5� ÆÕ-Ç©Ë;Ú	Ê6Ö=ÅÛ×çÖ	Ê©Ëc��Ê¸Ä@ü	Ë;Õ2�
1 NWI V G�MU[ LÛ_ `L` _'V X V�F M?` V M�P
X#G�M T�F JLI ZEJ I�R�[�G FeN I-J M.W	J M;`@M?I-JYX _ [ Z�_;X P@\�J0` F ` \�[�G F M;I-JYX _ [ Z�_(X P
R F�� I F R U P _ I F X X�F A6J � A R/J Z�F A¸[�J _ I��0X F6F [�G F I F W=[ X F A¸[�J _ I��?`



ÂEÀ�°Ýµ?¨�±²¶¸¥=¹#®�¯#ó�µU»�ªW± º-¥@ª¿±²§@¯ §�"õ+¯#±Û»?§@ª¿¨©§¸ðq±²¶��öµ?ó�µ?¹ §¸ð�µ6÷û³�À�¨?¦?À�¹ µU¯q¶6µ � � ý
�2�������n�}�I�
	y�h�$�:� ���� � �����(���w�
���?�������� �������$��� � ��� ���
�=���>�:�
��Õ�Ç���Ë�×�Ç6Ö@Ç¸Æ×HÇ©ÆÛØ?Ö	Å�Ç?��Ë;Ä	Ê��EÄ���Ö	Õ�ÆÛ×HÄ	Ç©Ê¸ÄK��ÆÛØ?Ö	Å Å��]��Ë?ü/Ë?ÅÄK��Ë6��Ç©É�Ê¸Ô�É�ÅË?Õ�Ø?Ë � Ç���ËçÇ©É�Ê¸Ô�É�ÅË?Õ-Ç
¡�Ä@Ù*ÆÛ×ùØ��#Ö=Ê6Ö	Ø�Ç¸Ë?Ê¸Æ��;Ë6� Ôn� Ç?��Ë�Ê6Ö=ÕI��Ä	Ü ü	Ë;Å Ä�ØUÆ Ç>� ��Ë?ÅO�

v(x, t) � Ù ��Ë;Ê©Ë
v

Ö	ÕI�
xÖ=Ê¸Ëù×©É�����Ä/×©Ë6� Ç©Ä�Ô#Ë

d
È���Æ Ü�Ë?Õ#×HÆÄ	Õ�Ö	Å¡ü	Ë;ØUÇ©Ä/Ê¸×;�k�«Ç6×�Ë?ü/Ä	ÅÉ�Ç©ÆÄ	Õ Æ×öÚ	Ä@ü/Ë?Ê¸Õ�Ë6� Ôn��Ç���Ë

Ê¸Ö	ÕI��Ä	Ü�Å��f� Ä	Ê6ØUË5�~�+Ö�ü-ÆË?Ê©È��-Ç©Ä/ÿ	Ë;×�Ë6�-É�Ö=Ç©ÆÄ	Õ

∂v

∂t
+ (v · ∇)v − ν0∆v − f

A = f ,
����� Í �

Ù ��Ë?Ê¸Ë8Ç?��Ë"ÆÕ�ØUÄ/Ü_��Ê©Ë(×©×©Æ Ô�Æ ÅÆ Ç>�öÄ��ÎÇ���Ë ¡#É�Æ��xÆ×çÖ	×¸×HÉ�ÜöË5� � Ù ��ÆØ��ÝÆÛ×%Ú/Æ ü/Ë?ÕÝÜÝÖ@Ç���Ë?ÜÝÖ=ÇHÈ
ÆØ;Ö=ÅÅ��ûÔn� Ç���Ë ØUÄ	Õ���Æ Ç¸Æ Ä/Õ�× ∇ · v = 0

Ö=ÕI� ∇ · f = 0
�� 2��Ëp�#Ö=Ê6Ö=Ü�ËUÇ¸Ë?Ê

ν0
ÆÛ× Ç���Ë

ÿ-ÆÕ�Ë;Ü�Ö=Ç©ÆÛØ�ü-ÆÛ×¸ØUÄ/×©Æ Ç>���W×HÉ�Ô�×©Ø?Ê©Æ���Ç Ò ��Ë?Õ�Ä	Ç©Ë(×�Ô#Ö=Ê¸Ë���Ö	Ê¸Ö	Ü�ËUÇ©Ë;Ê¸× � ×HË;Ë � Ë	� Ú�� � � Í(Ð	� �U�� 2��Ë
Ç©Ë?Ê¸Ü

f
A

Æ×¡Ê¸Ë?ÅÛÖ@Ç¸Ë6� Ç©ÄÝÉ�Õ�ÆÛÖ 
�ÆÛÖ=Å2Ö	Õ�Æ×©Ä=Ç¸Ê©Ä
�n� � Ö=ÕI�ùÆ Ç ��Ö	×çÇ���Ë � Ä	ÅÅ Ä@Ù8ÆÕ�Ú_� Ä	Ê¸Ü � ý5�

f
A = ν0

[

χ10(n∇)2v + χ20n∇2(nv) + χ30n(n∇)2(nv)
]

.
�����Q�K�

��Ö	Ê¸Ö	Ü�ËUÇ©Ë;Ê¸×
χ10

� χ20
Ö=ÕI�

χ30
Ø���Ö=Ê6Ö	ØUÇ©Ë?Ê¸Æ��?Ë�Ç?��Ë�Ù�Ë;Æ Ú
�/Ç+Ä���Ç?��Ë�Æ ÕI��Æ ü�ÆO��É�Ö=Å�×�Ç¸Ê©É#Ø�È

Ç©É�Ê¸Ë;×"Æ Õa�����Q�K� � Ö	ÕI�ùÇ?��ËøÉ�Õ�Æ Ç+ü/Ë;Ø�Ç¸Ä	Ê
n

×?�#Ë(ØUÆ���Ë;×�Ç?��Ë_��ÆÊ©Ë(Ø�Ç©ÆÄ	Õ�ÄK�
Ç?��ËöÖ=Õ�ÆÛ×©Ä=Ç©Ê¸ÄK�n�
Ö 
�Æ×;�� 2��Ë~ÅÛÖ=Ê¸Ú	Ë?È«×¸Ø?Ö	Å ËÝÊ6Ö=Õ���Ä	Ü � Ä	Ê6ØUË �#Ë;ÊöÉ�Õ�Æ Ç�ÜÝÖ	×¸×

f
ÆÛ×øÖ/×©×©É�Ü�Ë6� Ç©Ä ��Ö�ü	ËÝÇ���Ë

�YÖ=É�×¸×HÆÛÖ=Õ ×HÇ¸Ö@Ç¸Æ×HÇ©ÆÛØ?× ��Ë(��Õ�Ë5�ùÔ��xÇ?��Ë Ö�ü/Ë?Ê6Ö=Ú	Ë(×

〈fi〉 = 0, 〈fi(x1, t)fj(x2, t)〉 = Dij(x1 − x2, t1 − t2).
����� � �

�«Ç�Æ×8Ø?Ä	Õ�ü	Ë;Õ�Æ Ë;Õ-ÇçÇ¸Äf��Ö=Ê6Ö=Ü�ËUÇ¸Ê©Æ��?Ë+Ç?��ËYÇ�Ù�Äf��Ä	ÆÕ/Ç"Ø?Ä	Ê¸Ê©Ë;ÅÖ=Ç©ÆÄ	ÕxÜÝÖ=Ç©Ê¸Æ�


Dij(x, t) = δ(t)

∫

dd
k

(2π)d
D̃ij(k) exp(ik · x)

�j��� Ï �

Æ ÕùÇ?��Ëc� Ä	ÅÅ Ä@Ù8ÆÕ�ÚöÙçÖ	��� � ��ý��2Í;Ñ	�

D̃ij(k) = g0ν
3
0k4−d−2ε

[

(1 + α1ξ
2
k)Pij(k) + α2Rij(k)

]

,
����� �K�

Ù ��Ë?Ê¸Ë ü/Ë;Ø�Ç¸Ä	Ê
k

ÆÛ× Ç���Ë ÙçÖ�ü/Ëxü	Ë(Ø�Ç©Ä/Ê � d
ÆÛ×øÇ?��Ë���ÆÜ�Ë?Õ�×©Æ Ä/Õ Ä��"Ç?��Ë ×$�#Ö	ØUË � ÆÕ�Ä/É�Ê

Ø?Ö	×©Ë	Þ
2 < d

� � ε ≥ 0
ÆÛ×f��ÆÜöË;Õ�×©Æ Ä/Õ�Å Ë(×©×M��Ö=Ê6Ö=Ü�Ë?Ç©Ë?ÊøÄ���Ç���Ë Ü�Äh��Ë;ÅW�
 2��Ë ���n��×HÆÛØ?Ö	Å

ü�Ö	Å É�ËEÄ���Ç?��ÆÛ× ��Ö	Ê¸Ö	Ü�ËUÇ©Ë;Ê8Æ×
ε = 2

�²×©Ä=È�Ø?Ö	Å ÅË6�~Ë?Õ�Ë?Ê¸ÚK�B��É�Ü_��Æ Õ�Ú Ê©Ë;Ú	ÆÜöË	����úûË�×?��Ö=ÅÅ
Õ�Ä=Ç ��ÆÛ×©Ø?É�×¸×HË5�p��Ë;Ê©ËYÜ�Ä	Ê¸ËYØUÄ	Üf��ÅÆÛØ?Ö@Ç¸Ë6�ùØ?Ö/×HË

d = 2
�W×HË;Ë � Ë	� Ú�� � � Í � � Ö	ÕI�~Ê©Ë.� Ë?Ê¸Ë?Õ�Ø?Ë;×

ØUÆ Ç©Ë6� Ç���Ë?Ê¸Ë?ÆÕ����� 2��Ë�ü@Ö=ÅÉ�Ë
ε = 0

Ø?Ä	Ê¸Ê©Ë(×$��Ä	ÕI��×�Ç¸Ä Ö�Å Ä/Ú/Ö	Ê©Æ Ç?��Ü�ÆÛØp��Ë?Ê©Ç©É�Ê©Ô�Ö=Ç©ÆÄ	Õ
Ç?��Ë;Ä	Ê��p� Ä/Ê�Ö~Ø?Ö=ÅÛØUÉ�ÅÖ=Ç©ÆÄ	Õ�Ä��
Ç���Ëw��Ê©Ë;Ë?Õ � É�Õ#Ø�Ç©ÆÄ	Õ�Ù ��Ë?Õ

g0
� Ù ��ÆØ��S��ÅÖ	��×�Ç?��ËöÊ©Ä/Å Ë

Ä��+Ö Ô�Ö=Ê¸Ë ØUÄ	ÉI��Å ÆÕ�ÚûØUÄ	Õ#×�Ç6Ö=Õ-ÇöÄK��Ç?��ËùÜ�Äh��Ë;Å � Ô�Ë;Ø?Ä	Ü�Ë;×_��ÆÜöË;Õ�×©Æ Ä/Õ�Å Ë(×©× � Í;Ð	� �Á 2��Ë
��Ê©Ä/Ô�ÅË?ÜoÄ��
Ç���ËøØ?Ä	Õ-Ç©ÆÕ�É�Ö@Ç¸Æ Ä/Õ�� Ê©Ä/Ü

ε = 0
Ç¸ÄxÇ?��ËM���n��×HÆÛØ?Ö	Å�ü@Ö=ÅÉ�Ë(×"Ù¡Ö	×���Æ×¸ØUÉ#×©×©Ë6�

Æ ÕB� Í(� �� 2��Ë
(d×d)

È¿ÜÝÖ@Ç¸Ê©ÆÛØUË(×
Pij

Ö=ÕI�
Rij

Ö=Ê¸Ë
Ç���Ë%Ç¸Ê¸Ö	Õ�×©ü	Ë?Ê6×©Ë���Ê©Ä ��Ë;ØUÇ©ÆÄ	ÕEÄK��Ë?Ê6Ö@Ç¸Ä	Ê6×?�
 2��Ë?ÆÊ8Ë�
h��ÅÆØ?Æ Ç � Ä/Ê©ÜÝ×8Ö	Ê©Ë]��Ë.��Õ�Ë6�~Ôn�xÇ���ËEÊ©Ë;ÅÖ=Ç©ÆÄ	Õ�×c�²Æ ÕùÇ?��ËEÙçÖ�ü/ËUÈ«Õ-É�Ü�Ô�Ë?Ê¡×$��Ö/ØUË	�

Pij(k) = δij −
kikj

k2
, Rij(k) =

(

ni − ξk
ki

k

)(

nj − ξk
kj

k

)

,
����� Ì
�

Ù ��Ë?Ê¸Ë
ξk

ÆÛ×ÎÚ	Æü	Ë;Õ�Ôn�"Ç?��ËÁË5�-É�Ö@Ç¸Æ Ä/Õ
ξk = k·n/k

�; 2��Ë�Ç©Ë?Õ#×HÄ/Ê
D̃ij

� Ú	Æü	Ë;Õ+Ôn�w�j��� �
� � ÆÛ×
Ç?��Ë8Ü�Ä/×HÇ
Ú	Ë;Õ�Ë?Ê6Ö=Å�� Ä	Ê¸Ü Ù8Æ Ç?��Ê¸Ë;×?�#Ë(Ø�Ç�Ç©Ä�Ç?��Ë¡Ø?Ä	ÕI��Æ Ç¸Æ Ä/ÕøÄK��ÆÕ�ØUÄ/Üf��Ê©Ë(×©×©ÆÔ�Æ ÅÆ Ç>�EÄ���Ç���Ë
×$��×HÇ©Ë?ÜcÉ�ÕI��Ë;ÊøØ?Ä	Õ�×©Æ���Ë?Ê6Ö@Ç©ÆÄ	Õ�Ö=Õ��ûØ?Ä	Õ-Ç¸Ö	Æ Õ#×YÇ�Ù�Ä ��ÆÜ�Ë?Õ�×©ÆÄ	Õ�ÅË;×¸×c� Ê¸Ë?Ëw��Ö	Ê¸Ö	ÜöË?Ç©Ë;Ê¸×



� � Ñ î��kõ�����¥=¬@¨�¬	¥@¯�¼�î���½-À�¨©¶?±Û»6±¾¯q§@ó@¥�¼�����½-À�¨©¶?±Û»�±¾¯�¼	����ò#ª�µ6·�¹L± ô

α1
Ö	ÕI�

α2
�# 2��Ë]��Ä/×©Æ Ç©Æü	Ë?Õ�Ë;×¸×8Ä���Ç?��ËøØUÄ	Ê¸Ê¸Ë?ÅÛÖ@Ç©Ä/ÊçÇ©Ë?Õ#×HÄ/Ê

Dij
Å Ë(ÖK��×8Ç©ÄÝÊ¸Ë;×HÇ©Ê¸ÆØUÇ©ÆÄ	Õ�×

Ä	Õ~Ç?��Ë Ö	Ô#Ä@ü/Ë���Ö	Ê¸Ö	Ü�ËUÇ©Ë;Ê¸× � Õ�Ö=Ü�Ë;Å�� � α1 > −1
Ö	ÕI�

α2 > −1
�

�"×©Æ Õ�Ú Ç���Ë�ÙçË?ÅÅ È¿ÿ�Õ�Ä@Ù8Õ � Ö	ÊHÇ¸Æ Õ�����ÆÚ	Ú	ÆÛÖ����8Ä/×©Ë�� Ä/Ê©ÜÝÖ	Å ÆÛ×HÜ � Ï�� � �+Ñ��øÍ � �«� Ç���Ë
×�Ç¸Ä�Ø��#Ö	×HÇ©ÆÛØ ��Ê©Ä/Ô�Å Ë;Ü ����� Í �öÙ8Æ Ç?�´ØUÄ/Ê©Ê¸Ë?ÅÛÖ@Ç¸Ä	Ê �j��� Ï �øØ;Ö=Õ Ô�Ë�Ç©Ê6Ö=Õ�×$� Ä	Ê¸Ü�Ë6��Æ Õ-Ç©Ä�Ç���Ë
��Ë?ÅO�ùÇ?��Ë;Ä	Ê¸ËUÇ¸ÆØEÜ�Äh��Ë;Å�Ä����#Ë?ÅO��×

v
Ö	ÕI�

v
′

Ù ��Ë?Ê¸Ë
v
′

ÆÛ×�ÆÕI��Ë.��Ë?Õ���Ë?Õ-Ç+ÄK��Ç?��Ëøü	Ë?ÅÄ�Ø�È
Æ Ç>� ��Ë;Å��

v
Ö	É�
�Æ ÅÆÛÖ=Ê�� ÆÕ�ØUÄ/Üf��Ê©Ë(×©×©ÆÔ�Å Ëp��Ë?ÅO� � Ù ��ÆÛØ���ÙçË �#Ö�ü	ËÝÇ¸Ä ÆÕ-Ç©Ê¸Än��É�ØUËùÙ ��Ë?Õ

Ç©Ê6Ö=Õ�×$� Ä	Ê¸Ü�Æ Õ�ÚöÇ���Ë�×HÇ©Ä�Ø���Ö	×HÇ©ÆÛØc��Ê¸Ä	Ô�ÅË?Ü�Æ Õ-Ç¸ÄxÖ_� É�Õ�Ø�Ç¸Æ Ä/Õ�Ö=Å� Ä	Ê¸Ü ��� �¾Ç¸Ë?Ê�Ç���ÆÛ×8Ç©Ê6Ö=Õ#×�È
� Ä	Ê¸Ü�Ö=Ç©ÆÄ	Õ~Ç?��Ë Ö/Ø�Ç¸Æ Ä/Õ~ÄK��Ç?��Ëc��Ë?ÅO��×

v
Ö=Õ��

v
′

Æ×�Ú	Æü	Ë?Õ~Æ ÕùÇ���Ëc� Ä	Ê¸Ü

S =
1

2

∫

dd
x1dt1d

d
x2dt2

[

v′i(x1, t1)Dij(x1 − x2, t1 − t2)v
′
j(x2, t2)

]

+

∫

dd
xdt

{

v
′(x, t)

[

−∂tv − (v · ∇)v + ν0∇2
v + f

A
]

(x, t)
}

.
����� ý �

 2��Ëy� É�Õ�Ø�Ç¸Æ Ä/Õ�Ö=Å�� Ä	Ê¸Ü�É�ÅÖ=Ç©ÆÄ	ÕÝÚ	Æü	Ë(×ÁÇ���Ë �#Ä-×©×©Æ Ô�Æ ÅÆ Ç>�öÇ¸ÄøÉ�×©Ë�Ç���Ëc�/É#Ö=Õ-Ç©É�Ü �#Ë?ÅO�ÝÇ?��ËUÈ
Ä	Ê���Ü�ËUÇ���Äh��× � ÆÕ�ØUÅÉI��ÆÕ�Ú Ç���Ë+� �RÇ©Ë(Ø���Õ�ÆO�-É�Ë � Ç©Ä�×©Ä	Åü	Ë�Ç?��Ë ��Ê©Ä/Ô�Å Ë;Ü �/ 2��Ëy� Ä	Ê¸Ü�É�ÅÛÖ@È
Ç©ÆÄ	Õ Ç���Ê¸Ä	É�Ú
� Ö	Ø�Ç¸Æ Ä/Õ]� É�Õ�ØUÇ©ÆÄ	Õ�Ö	Å��j��� ý �2Ê©Ë6��ÅÛÖ	ØUË(×2Ç���Ë¡×�Ç6Ö@Ç©ÆÛ×HÇ©ÆÛØ?Ö=Å�Ö�ü	Ë;Ê¸Ö	Ú	Ë(×qÄ���Ê6Ö=ÕI��Ä	Ü
�/É#Ö=Õ-Ç©Æ Ç©ÆË;×
ÆÕ�Ç?��Ë+×HÇ©Ä�Ø���Ö	×HÇ©ÆÛØ ��Ê¸Ä	Ô�ÅË?Ü �j��� Í ���}����� �K�kÙ8Æ Ç?�xË5�/É�Æ ü@Ö=ÅË?Õ-Ç�� É�Õ#Ø�Ç©ÆÄ	Õ#Ö=Å#Ö�ü-È
Ë?Ê6Ö=Ú	Ë(×çÙ8Æ Ç��ùÙçË?ÆÚK�-Ç

exp[S(v,v′)]
�0� Ä/Ê ��ËUÇ6Ö=ÆÅ×�×©Ë?Ëf�Q� �ÎÍ(Ð	� �U�

�2�����
	��2� � ���$�:� � �������� ����� �?����� � �B� � ��� ��� � ��� �:�����
2� � �$�?����� ����� � �

��É�ÅÅ�� ��Ë;ü	Ë?ÅÄK��Ë6� Ç¸É�Ê©Ô�É�Å Ë;Õ�ØUË�Æ×xØ��#Ö=Ê6Ö	Ø�Ç¸Ë?Ê¸Æ��;Ë6� Ôn� Ç?��Ë�ÅÖ	Ê©Ú/Ë��8Ë.��Õ�Ä/Å���×xÕ-É�Ü�Ô�Ë?Ê
Re

�2�+Õ�Ç?��ËöÄ=Ç���Ë?Ê ��Ö	ÕI� � Ç?��ËöÅÖ	Ê©Ú/Ë
Re

Ø?Ä	Ê¸Ê©Ë(×$��Ä	ÕI��×8Ç©Ä Ç?��ËöË�
�ÆÛ×�Ç¸Ë?Õ�Ø?Ë�ÄK�%ÖxÅÛÖ=Ê¸Ú	Ë
Æ Õ�Ë;ÊHÇ¸ÆÖ	Å�Æ Õ-Ç¸Ë?Ê¸ü�Ö	Å � Ù ��ÆÛØ���Æ×���Ë(��Õ�Ë5��Ôn�EÇ���Ë8ÆÕ�Ë6�-É�Ö	Å Æ Ç©ÆË;×

1/Λ = l � r � L = 1/m �Ù ��Ë?Ê¸Ë
l

ØUÄ	Ê¸Ê¸Ë;×?�#Ä/ÕI��×8Ç¸ÄùÖ	Õ�ÆÕ�Õ�Ë?ÊE×¸Ø?Ö	Å Ë �¾Ç?��Ëö×¸Ø?Ö	Å ËøÙ ��Ë?Ê¸Ët��ÆÛ×¸×HÆ���Ö@Ç¸Æ Ä/Õ � Ä	Ê6ØUË(×+Ö	Ê©Ë
��Ä	Ü�ÆÕ�Ö@Ç¸Ë6� � Ä	ÊçÇ���Ë�×¸Ø?Ö	Å Ë�Ä���Ç?��ËE×©Ü�Ö	Å ÅË;×HÇ¡Ë6����ÆË;×�� � Ö	ÕI�

L
Æ×8Ö	Õ Ä/É�Ç©Ë;Êç×¸Ø?Ö	Å Ë�Ä��2Ç���Ë

×$��×HÇ©Ë?Ü �¾Ç���Ë�×©Ø;Ö=ÅËEÄ��
Ç?��Ë�Ë?Õ�Ë?Ê¸ÚK�p��É�Üf��Æ Õ�Ú ÆÕ/Ç¸ÄxÇ���Ëø×?��×�Ç¸Ë?Ü � Ä/Ê�Ç?��Ëø×¸Ø?Ö=ÅË ÄK��Ç���Ë
ÅÖ	Ê©Ú/Ë;×HÇkË6�I��Æ Ë(×��U�@��ÕM� É�Å Å��M��Ë;ü	Ë?ÅÄK��Ë6� Ç©É�Ê¸Ô�É�ÅË?Õ#ØUË¡Ù�Ë¡Ö=Ê¸ËçÆ Õ-Ç©Ë;Ê©Ë(×�Ç¸Ë6��Æ ÕøÇ?��Ë¡Ô�Ë.��Ö�ü�ÆÄ	Ê
Ä���Ç���Ë�ØUÄ	Ê¸Ê¸Ë?ÅÛÖ@Ç©ÆÄ	Õ � É�Õ�Ø�Ç¸Æ Ä/Õ�×�Ä��"ü/Ë?ÅÄ�ØUÆ Ç>� �#Ë?ÅO� 〈vi1(x1, t), . . . , viN

(xN , t)〉 ��Ë;Ë.�
Æ Õ�×©ÆO��Ë"ÄK�ÎÇ?��Ë+Æ Õ�Ë;ÊHÇ¸ÆÖ	Å#ÆÕ-Ç©Ë;Ê©ü@Ö=Å � Æ¿� Ë	� � �²Ö	Ê�Ö�Ù¡Ö	�l� Ê¸Ä	Ü Ç?��Ë���ÆÛ×©×©Æ���Ö@Ç¸Æ Ä/ÕÝË��qË;Ø�Ç6×¡Ö	×ÁÙçË?ÅÅ
Ö	×��²Ö=ÊEÖ�Ù¡Ö	�p� Ê¸Ä	ÜtË;Õ�Ë?Ê¸ÚK����É�Üf��ÆÕ�Ú�×¸Ø?Ö=ÅË	��ú´Æ Ç?��ÆÕ�Ç���Ë_��Ë?ÅO��Ç?��Ë;Ä	Ê¸ËUÇ©ÆÛØöÖ�����Ê¸Ä/Ö/Ø��
Ç?��Ë6�~Ö=Ê¸Ë�Ú	Æü	Ë?ÕùÔn�ÝÇ?��Ëc� Ä	ÅÅ Ä@Ù8ÆÕ�Ú_� É�Õ�ØUÇ©ÆÄ	Õ�Ö	ÅÎÆ Õ-Ç©Ë;Ú	Ê6Ö=Å �W×HË;Ë � � Í;Ð	� �

〈vi1(x1, t), · · · , viN
(xN , t)〉 =

∫

DΦ vi1(x1, t), · · · , viN
(xN , t)eS(Φ) ,

� � � Í �

Ù ��Ë?Ê¸Ë
Φ = {v,v′} � 1 ≤ ij ≤ d, j = 1, . . . , N � Ö=ÕI�

S(Φ)
ÆÛ×¡Ú	Æü	Ë;Õ~Ôn� �j��� ý �U�

 2��Ë�Ô�Ë.��Ö�ü�ÆÄ	ÊxÄK�EÇ?��ËûØUÄ/Ê©Ê¸Ë?ÅÛÖ@Ç¸Æ Ä/Õ � É�Õ�Ø�Ç¸Æ Ä/Õ�×ùÆ Õ�×©ÆO��Ë�Ç���Ë�ÆÕ�Ë?Ê©Ç©ÆÛÖ=Å+Æ Õ-Ç¸Ë?Ê¸ü�Ö	Å+ÆÛ×
Ç?��ËYÜÝÖ=ÆÕ~ÆÛ×¸×HÉ�ËYÄK��Ç?��Ë��²Ö	Ü�Ä	É�×8£+Ä	ÅÜ�Ä	Ú	Ä/Ê©Ä@ü-ÈH�+Ô�É�ÿn��Ä@ü]����Ë?Õ�Ä/ÜöË;Õ�Ä	ÅÄ	Ú/ÆØ;Ö=Å#Ç?��Ë;Ä	Ê��
� Í;Ï��#Í@ý6� �²×©Ë?Ë"Ö	Å×©ÄB� Í Ì � �����«ÇçÙçÖ/×�� Ä	Ê¸Ü�É�ÅÖ=Ç©Ë6�xÆ ÕÝÇ���Ë � Ä/Ê©Ü ÄK�ÎÇ�Ù�Äl�n�n��Ä=Ç?��Ë;×©Ë;×�Ù ��ÆØ��
Å Ë(ÖK��Ç¸Ä�Ç���Ëù×¸Ø?Ö	Å ÆÕ�Ú�Ô�Ë.�#Ö�ü-ÆÄ	ÊøÄ���Ç���Ë ØUÄ	Ê¸Ê¸Ë?ÅÛÖ@Ç©ÆÄ	Õ � É�Õ#Ø�Ç©ÆÄ	Õ#×øÙ8Æ Ç?��Æ Õ�Ç?��ËùÆ Õ�Ë?Ê©Ç©ÆÛÖ=Å
Æ Õ-Ç©Ë;Ê©ü@Ö	ÅW�(��Õ�Ù ��Ö=Ç� Ä/Å ÅÄ@Ù�×�ÙçË�×?��Ö	Å Ån��ÆÛ×©Ø?É�×©×kÄ	Õ�Å���Ç?��Ëç×©Ä=È�Ø?Ö	Å ÅË6�E×©Ë;Ø?Ä	ÕI� £+Ä	ÅÜ�Ä	Ú/Ä	Ê¸Ä@ü
���n��Ä=Ç���Ë;×©Æ×øÊ¸Ë?ÅÛÖ@Ç©Ë5�ûÇ©Ä�Ç?��Ë~���i×¸Ø?Ö=ÅÆÕ�Ú�Ö=Õ�� Ä	É�ÊöÖ=ÆÜ Ù8Æ ÅÅ�Ô�Ë~Ç©Ä�ÆÕ�ü	Ë(×�Ç¸Æ Ú-Ö@Ç©Ë�Ç���Ë
Æ Õh¡#É�Ë?Õ�Ø?ËEÄ��kÇ?��Ë Ö 
�ÆÛÖ=Å2Ö	Õ�ÆÛ×HÄ	Ç©Ê¸ÄK�n��Ä	ÕùÇ?��ÆÛ×�×¸Ø?Ö	Å ÆÕ�ÚöÔ#Ë6��Ö�ü�Æ Ä/Ê;�



ÂEÀ�°Ýµ?¨�±²¶¸¥=¹#®�¯#ó�µU»�ªW± º-¥@ª¿±²§@¯ §�"õ+¯#±Û»?§@ª¿¨©§¸ðq±²¶��öµ?ó�µ?¹ §¸ð�µ6÷û³�À�¨?¦?À�¹ µU¯q¶6µ � � Ð
�"×EÙ¡Ö	×YÜ�Ë?Õ-Ç¸Æ Ä/Õ�Ë6��ÆÕûÇ?��Ëx��Õ-Ç¸Ê©Äh��É�ØUÇ©ÆÄ	ÕûÇ?��ËxÖ�����Ê¸ÄK��Ê©ÆÛÖ@Ç¸ËöÜ�Ë?Ç?��Äh�ûÇ©Ä�ÆÕ�ü	Ë(×�È

Ç©ÆÚ/Ö@Ç¸ËÝ×HË;Å\�¾È�×HÆÜ�Æ ÅÛÖ=Ê ×?��×�Ç¸Ë?ÜÝ×YÆÛ×YÇ?��Ëx� �iÜ�ËUÇ?��Än�2��ú´Æ Ç?��ÆÕûÇ?��Ë � �{Ç©Ë(Ø���Õ�ÆO�/É�ËøÇ���Ë
ØUÄ	Ê¸Ê¸Ë?ÅÛÖ@Ç©ÆÄ	ÕS� É�Õ�ØUÇ©ÆÄ	Õ�× Ö	Ê©Ë�Ä/Ô�Ç¸Ö	Æ Õ�Ë5� ��Æ Ê¸Ë;ØUÇ©Å���ÆÕûÇ?��Ë ×¸Ø?Ö	Å ÆÕ�Ú � Ä	Ê¸Ü �²Ù8Æ Ç�� ØUÄ	Ê¸Ê¸Ë;Ø�Ç
ØUÊ¸Æ Ç¸ÆØ;Ö=Å ��Æ Ü�Ë?Õ#×HÆÄ	Õ�×��8Ö	ÕI�ùÇ?��Ë;Æ Ê+ÅÖ	Ê©Ú/ËUÈ�×©Ø;Ö=ÅËYÅ ÆÜ�Æ Çt�²ÆW� Ë	� � ����Å ÆÜ�Æ Ç'�8ÆÛ×y��Ë(×©Ø?Ê©ÆÔ�Ë6� Ôn�
Ç?��Ë�×�Ç6Ö=Ô�ÅËl� 
�Ë5����Ä	ÆÕ-Ç¸×�Ä��
Ç���ËøÊ¸Ë?Õ�Ä	Ê¸Ü�Ö	Å Æ��;Ö=Ç©ÆÄ	Õ Ç���Ë?Ä/Ê?� � Æ¿� Ë/� � Ç���Ëö×¸Ø?Ö	Å ÆÕ�Ú~Ê©Ë;Ú	ÆÜöË
Æ×E×HÇ¸Ö	Ô�Å Ë�Æ���Ç���ËxØUÄ/Ê©Ê¸Ë;×?��Ä	ÕI��ÆÕ�Ú ��
�Ë6� �#Ä/Æ Õ-Ç ÆÛ×Y��� ×�Ç6Ö=Ô�ÅË	�2 2��Ë���� ��
�Ë6� ��Ä	ÆÕ/Ç ÆÛ×
Ä	Ô�Ç6Ö=ÆÕ�Ë6��Ô�� É#×HÆÕ�Ú�Ç���Ë�×$��×HÇ©Ë;Ü Ä�����Æ �qË?Ê¸Ë?Õ-Ç©ÆÛÖ=Å¡Ë6�-É�Ö=Ç©ÆÄ	Õ�× �²Ö	Å×©Ä Ø;Ö=ÅÅ Ë5� Ç���Ëp¡#Ä@Ù
Ë6�-É�Ö@Ç¸Æ Ä/Õ�×��YÙ ��ÆÛØ�� ��Ê©Æü	ËxÇ?��ËxË ��Ë(Ø�Ç¸Æ ü/Ë ü@Ö=Ê¸ÆÖ	Ô�ÅË;×

C̄ = {ḡ, χ̄1, χ̄2, χ̄3}
Ù ��ÆØ���Ö	Ê©Ë

Ç?��Ëy� É�Õ�Ø�Ç¸Æ Ä/Õ�×�Ä����ÆÜ�Ë?Õ�×©Æ Ä/Õ�ÅË;×¸×�×¸Ø?Ö	Å Ë �#Ö=Ê6Ö=Ü�ËUÇ¸Ë?Êy�²ÙçÖ�ü/Ë8Õ-É�Ü�Ô�Ë?Ê'�
t = k/Λ

�/ 2��Ë?ÆÊ
Ë�
h��ÅÆØ?Æ Ç � Ä/Ê©Ü{ÆÛ×¡Ç���Ë � Ä	ÅÅ Ä@Ù8ÆÕ�Ú















t
dḡ

dt
= βg(ḡ, χ̄1, χ̄2, χ̄3; α1, α2, d) ,

t
dχ̄i

dt
= βχi

(ḡ, χ̄1, χ̄2, χ̄3; α1, α2, d) , i = 1, 2, 3 .

� � �Q�K�

 2��Ë���ÆÜöË;Õ�×©Æ Ä/Õ�Å Ë(×©×xÙçÖ�ü/Ë~Õ�É�ÜøÔ#Ë;Ê
t

Ô�Ë?ÅÄ	Õ�Ú/×�Ç¸Ä�Ç?��Ë�ÆÕ-Ç©Ë;Ê©ü@Ö=Å
0 ≤ t ≤ 1 � Ö	ÕI�

Ç?��ËöÆ Õ�Æ Ç¸ÆÖ	Å�Ø?Ä	ÕI��Æ Ç¸Æ Ä/Õ�×�� Ä	Ê+Ç?��Ë�Ö=Ô�Ä@ü	ËM��Æ �qË?Ê¸Ë?Õ-Ç©ÆÛÖ=Å�Ë5�/É#Ö@Ç©ÆÄ	Õ#×+Ö	Ê©Ë�Ç¸Ö=ÿ/Ë?Õ�Ö=Ç
t = 1

�
 2��Ë���� ×HÇ¸Ö	Ô�ÅËt� 
�Ë5�S��Ä	ÆÕ-Ç�ØUÄ/Ê©Ê¸Ë;×?�#Ä/ÕI��×"Ç©ÄùÇ?��ËÝü�Ö	Å É�Ë;×�Æ ÕûÇ���ËÝÅ ÆÜ�Æ Ç

t → 0 � Æ¿� Ë	� �
(ḡ, χ̄1, χ̄2, χ̄3)|t→0 = (g∗, χ∗

1, χ
∗
2, χ

∗
3)

�²×HÇ¸Ö	ÕI��Ö=Ê���Å�� � Öf�-É�Ö=Õ-Ç©Æ Ç>�ÝÙ8Æ Ç?��×�Ç6Ö=Ê ��Ë;Õ�Ä=Ç¸Ë;×
Ç?��Ëy��
�Ë6�w��Ä	ÆÕ-Ç�ü@Ö=ÅÉ�Ë5�U�- 2��Ë+×©Ä=È�Ø?Ö=ÅÅË6�

β
È�� É�Õ�Ø�Ç¸Æ Ä/Õ�×

βg, βχi
, i = 1, 2, 3

Ö	Ê©Ë ��Ë(��Õ�Ë5�
Ô���Ç?��Ëx×©Ä=È�Ø?Ö	Å ÅË6� Ê©Ë;Õ�Ä	Ê¸ÜÝÖ=ÅÆ��(Ö@Ç¸Æ Ä/Õ�ØUÄ/Õ�×�Ç6Ö=Õ-Ç¸×YÄK�%Ç���ËÝÊ©Ë;Õ�Ä	Ê¸ÜÝÖ=ÅÆ��(Ö@Ç¸Æ Ä/ÕS��Ê¸Ä�ØUË6��É�Ê©Ë
Ö=ÕI� Ç?��Ë;Æ Ê ��Õ�Ö=Å}� Ä/Ê©Ü�Æ×8Ö/× � Ä	ÅÅ Ä@Ù�×c�j��ËUÇ6Ö=ÆÅ×�×©Ë?ËYÆÕ��8Ë(���6� Í/Í'� �

βg = g(−2ε + 3Aga1) , βχi
= −Ag (ai+1 − χia1) , i = 1, 2, 3 ,

� � � � �
Ù ��Ë?Ê¸ËB��Ö	Ê¸Ö	ÜöË?Ç©Ë;Ê

A
ÆÛ×_��Ë(��Õ�Ë6� Ö/×

A = Sd−1/((2π)d(d2 − 1)) � Sd
Æ×�Ç?��Ë~Ö=Ê¸Ë;Ö

Ä��%Ç���Ë
d
È���ÆÜ�Ë?Õ�×©ÆÄ	Õ�Ö	ÅÁ×$����Ë?Ê¸ËöÚ/Æ ü/Ë?Õ�Ö	×

Sd = 2π(d/2)/Γ (d/2) � Ö=Õ���� É�Õ#Ø�Ç©ÆÄ	Õ#×
ai�

i = 1, ..., 4
�çÖ=Ê¸Ë+Ú/Æ ü/Ë?ÕùÆ Õ��y���#Ë;ÕI��Æ�
~���

��Õ���Ê¸Æ Õ�Ø?Æ���Å Ë � Ä/Õ�ËM�#Ö	×"Ç�Ù�ÄB��Ä/×¸×©Æ Ô�ÅË�Ù¡Ö	��× ��Ä@ÙvÇ¸ÄB��Õ���Ç?��Ëø��� ��
�Ë6� ��Ä	ÆÕ-Ç�ÄK�
Ç?��ËEÜ�Äh��Ë?Å¿� ��ÆÊ¸×HÇ8Ä��
Ö=ÅÅ � Ä/Õ�ËEØ?Ö=Õ ×©Ä	Åü	Ë�Ç?��Ë ×?��×�Ç¸Ë?Ü{ÄK�� Ä/É�Ê�Ë6�-É�Ö=Ç©ÆÄ	Õ�×

βC(C∗, α1, α2, d) = 0 ,
� � � Ï �

Ù ��Ë?Ê¸ËÝÙ�Ë ��Ë?Õ�Ä	Ç©Ë
C∗ = {g∗, χ∗

1, χ
∗
2, χ

∗
3}

�k��Õ�Ç?��ÆÛ×�Ø;Ö	×©Ë � Ç���Ë ��� ×HÇ¸Ö	Ô�ÆÅ Æ Ç>��ÄK�çÇ���Ë
��
�Ë6����Ä	ÆÕ-Ç+ÆÛ×c��ËUÇ¸Ë?Ê¸ÜöÆÕ�Ë5��Ôn� Ç?��Ë_�#Ä-×HÆ Ç©Æü	ËøÊ©Ë(Ö=Å ��Ö=Ê©Ç¸×+Ä��ÁÇ���ËöË?ÆÚ	Ë?Õ�ü@Ö=ÅÉ�Ë(×�Ä��
Ç���Ë
Ü�Ö=Ç©Ê¸Æ�


ωlm =

(

∂βCl

∂Cm

)

C=C∗

, l, m = 1, . . . , 4 .
� � � �
�

 2��Æ×¡ÆÛ×8Ö�ØUÄ/Üt� Ä/ÊHÇ6Ö=Ô�ÅË�ÙçÖ	�f� Ä/Ê¡Ç?��Ël��Ë?Ç©Ë;Ê©Ü�ÆÕ�Ö@Ç¸Æ Ä/Õ~ÄK��Ç?��Ë�� 
�Ë5� �#Ä/Æ Õ-Ç8Ô�É�Ç�ÆÕ~Ä/É�Ê
Ø?Ö	×©Ë�Æ ÇöØ?Ö=Õ�Õ�Ä=ÇEÔ�ËÝÉ�×HË5�Î�� 2��ËÝÊ¸Ë;Ö/×HÄ/Õ ÆÛ×YÇ���Ëw��Ê¸Ë;×©Ë?Õ�Ø?ËöÄK��Ç���ËÝÆÕ/Ç¸Ë?Ú/Ê¸Ö	Å×YÆÕûÇ?��Ë

β� É�Õ�Ø�Ç¸Æ Ä/Õ�×l�W×HË;ËY�y����Ë?ÕI��Æ�
 �$�çÙ ��ÆØ��ùÜÝÖ=ÿ/Ë;×çÇ?��Æ×¡Ù¡Ö	�xÊ6Ö@Ç?��Ë?Ê8ØUÄ/Ü_��Å ÆÛØ?Ö=Ç©Ë6�2�
 2��Ëù×©Ë;Ø?Ä	ÕI�a�#Ä-×©×©ÆÔ�Æ ÅÆ Ç>� Æ×øÇ©Ä�×©Ä	Åü	Ë���Æ Ê¸Ë;ØUÇ©Å���Ç?��Ë�×?��×�Ç¸Ë?Ü Ä��"Ç?��Ë ��Æ ��Ë;Ê©Ë;Õ-Ç©ÆÛÖ=Å

Ë6�-É�Ö@Ç¸Æ Ä/Õ�× � � �Q�K���/�«Ç�ÆÛ×
Ç���Ë�Ù¡Ö	��Ù ��ÆÛØ��ÝÙ8Æ ÅÅ�Ô�Ë"É#×HË5��Æ ÕÝÄ/É�Ê�Ø;Ö	×©Ë	�	 2��ÆÛ×ÁÜ�Ë?Ç?��Äh�ÝÙ¡Ö	×
Ö=ÅÛ×HÄ�ÖK����ÅÆ Ë5� Æ Õ � ý6� � � Ä	Ê¸Ë Ö=Ô�Ä	É�Ç�Õ�É�Ü�Ë?Ê¸ÆØ;Ö=Å%Ü�Ë?Ç?��Äh��×�Ù8Æ ÅÅ�Ô�Ë~×¸Ö=ÆO��ÆÕ Ç?��Ë Õ�Ë�
�Ç
×HË(Ø�Ç©ÆÄ	Õ��

��Ä@Ù Ù�Ëy��Ö�ü	Ë�Ö	Å Å#Õ�Ë;Ø?Ë;×¸×©Ö	Ê?��Ç©Ä�Ä	ÅÛ×%Ö=Ç���Ö	ÕI�öÇ©Ä ÆÕ�ü	Ë(×�Ç¸Æ Ú-Ö@Ç©Ë�Ç?��Ëy��
�Ë6�f��Ä	ÆÕ/Ç¡Ö=ÕI�
Æ Ç6×8×�Ç6Ö=Ô�ÆÅ Æ Ç>�	���+É�Ê8Ö	Æ Ü ÆÛ×�Ç©Ä_��ÕI�xÇ?��ËE×©Ä=È�Ø?Ö=ÅÅË6�ÝÔ�Ä	Ê���Ë?Ê¸ÅÆ Õ�Ëc��ÆÜ�Ë?Õ�×©Æ Ä/Õ

dc
Ô�ËUÇ�ÙçË?Ë?Õ
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d
c

α
1

α
2

��������z(s��
	-D G F [�G Z�F6F©T R	JYZ F I�X�J _ I-M;` T J F?V_ IY[�G F R F6X�F InR F I-A F�_6L [�G F�U�_;Z R F©Z ` JLI F R	J T
Z F I�X�J _ I

dc

_ I�[�G F"X M Z M.Z F [ F¸Z X
α1

\�M?InR
α2

`
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α
1
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α
1
=0

α
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=-1

 

 

d
c

α
2

��������z(s��	-D G F R F¸X�F InR F I-A FÁ_.L [�G F:U�_?Z�T
R F¸Z `LJLI F R/JYZ F I
X�J _ I dc

_ I�[�G F8X M Z M6Z F [ F©Z
α2

L_;Z A _ I-A Z�F [ F T M?` N/F X _6L [�G FÁX M Z M6Z F [ F©Z
α1

`

×�Ç6Ö=Ô�ÅË�Ö	ÕI�~É�Õ�×HÇ¸Ö=Ô�Å Ë�Ê©Ë;Ú	ÆÜ�Ë;×çÙ ��Ë?ÕùÜ�Ä@ü�Æ Õ�ÚM� Ê©Ä/Ü Ç?��Ë+Ç���Ê¸Ë?ËUÈ���ÆÜ�Ë?Õ�×©Æ Ä/Õ�Ö=Åq×?��×HÇ©Ë;Ü
Ç©Ä@Ù¡Ö=Ê���×øÇ�Ù�Ä	È���ÆÜ�Ë?Õ�×©ÆÄ	Õ�Ö	Å�Ä/Õ�Ë	�
��Õ���Æ Ú#� Í	� Ö	ÕI� �kÆÚ��:� Ä/É�ÊÝÊ©Ë(×HÉ�Å Ç6×_� Ä	Ê

dc
Ö	×ÝÖ

� É�Õ�Ø�Ç¸Æ Ä/Õ�Ä��YÇ���Ë Ö	Õ�Æ×©Ä=Ç¸Ê©Ä
�n� ��Ö=Ê6Ö=Ü�Ë?Ç©Ë?Ê6×ÝÖ=Ê¸Ë���Ê¸Ë;×©Ë?Õ-Ç(�% 2��Ë ��Æ �qË?Ê¸Ë?Õ�Ø?Ë�Ô�ËUÇ�ÙçË?Ë?Õ
Ä	É�ÊøÊ©Ë(×HÉ�Å Ç¸×øÖ=ÕI�ûÇ���Ä/×©Ë ÄK�]� ý	� Ø;Ö=Õ Ô�Ë~×©Ë?Ë?Õ ÆÜ�Ü�Ë6��ÆÛÖ@Ç¸Ë?Å�� � Õ�Ö=Ü�Ë?Å�� � Ç?��Ë~Ê©Ë;Ú	ÆÄ	Õ ÄK�
×�Ç6Ö=Ô�ÆÅ Æ Ç>�ûÄ��¡Ç?��Ë Ç?��Ê¸Ë?Ë?È���Æ Ü�Ë?Õ#×HÆÄ	Õ�Ö	Å%×¸Ø?Ö=ÅÆÕ�Ú�Ê©Ë;Ú	ÆÜ�ËxÆ×ø×HÉ��ÝØ?Æ Ë;Õ-Ç©Å�� ÅÛÖ=Ê¸Ú	Ë;Ê Æ Õ Ä/É�Ê
Ø?Ö	×©ËøÇ?��Ö	Õ ÆÕ � ý5� �W×HË;Ë ��ÆÚ Í Æ Õ � ý6� �U����Æ Ú#� Í	� Ö=Õ�� ��ÆÚ��e�ù×$��Ä@Ù Ç?��Ö=ÇYÆÕ Ç?��ËöÇ?��Ê©Ë;ËUÈ
��Æ Ü�Ë;Õ�×HÆÄ	Õ#Ö=Å	×?��×�Ç¸Ë?Ü�Ç���Ë�£+Ä	ÅÜ�Ä	Ú/Ä	Ê¸Ä@üç×¸Ø?Ö	Å ÆÕ�Ú8Ê¸Ë?Ú	ÆÜ�Ë
Æ×2É�Õ�×HÇ¸Ö=Ô�Å ËÁÄ/Õ�Å��"ÆÕYÇ?��ËÁÅÆÜöÆ Ç
α1,2 → −1

Ö	ÕI�]� Ä/Ê�ÅÖ	Ê©Ú/Ë%Ë?Õ�Ä	É�Ú
��ü@Ö=ÅÉ�Ë;×�ÄK����Ö	Ê¸Ö	ÜöË?Ç©Ë;Ê
α1

Ç©Ä	Ú/ËUÇ���Ë?Ê�Ù8Æ Ç?�öÕ�Ë?Ú-Ö@Ç©Æü	Ë
Ä	Ê8Ê¸Ë?ÅÛÖ@Ç©Æü	Ë;Å��~×HÜÝÖ=ÅÅe��Ä/×©Æ Ç¸Æ ü/ËEü@Ö=ÅÉ�Ë;×¡ÄK��Ç���Ë]��Ö	Ê¸Ö	ÜöË?Ç©Ë;Ê

α2
�q�+É�Ê�Ø?Ä	Õ�Ø?Å É�×©ÆÄ	ÕùÆ×¡Ç���Ë

� Ä	ÅÅ Ä@Ù8ÆÕ�Ú � Æ Çt��Æ ��Ë;Ê¸×E×©É��xØUÆË?Õ-Ç©Å���� Ê¸Ä	Ü*Ç?��ËxØ?Ä	Õ�Ø?Å É�×©ÆÄ	Õ�� Ä/É�ÕI�ûÆÕ � ý5� ��Þ2Ç©Ä ��Ë;×HÇ©Ê¸Ä��
×�Ç6Ö=Ô�ÆÅ Æ Ç>� ÄK�kÇ���Ë�£+Ä	ÅÜ�Ä	Ú	Ä/Ê©Ä@ü�×¸Ø?Ö=ÅÆÕ�Ú�Ê©Ë;Ú	ÆÜöËYÆÕ Ç?��Ê¸Ë?Ë?È���Æ Ü�Ë?Õ#×HÆÄ	Õ�Ö	Å2×$�#Ö	ØUËYÔn�xÇ���Ë
É�Õ�ÆÛÖ 
�ÆÖ	Å2Ö=Õ�ÆÛ×©Ä=Ç©Ê¸ÄK�n� � Ù ��ÆÛØ��ùÆ×¡ÆÕ Ä	É�Ê¡Ü�Äh��Ë?ÅÎÊ¸Ë.��Ê¸Ë;×©Ë?Õ-Ç¸Ë6�xÔn�ÝÇ���Ë]��Ö	Ê¸Ö	ÜöË?Ç©Ë;Ê¸×

α1
�Ö=ÕI�

α2
� Æ Ç�ÆÛ×%Õ�Ë(ØUË(×©×¸Ö=Ê��EÇ©ÄöÖ�����Å���Ö=Õ�ÆÛ×©Ä=Ç©Ê¸ÄK�n�øÙ8Æ Ç��xÊ¸Ö=Ç?��Ë;Ê�×?�#Ë(ØUÆ��#Ø�ü@Ö	Å É�Ë(×ÁÄK�ÎÇ?��Ë(×HË

��Ö=Ê6Ö=Ü�ËUÇ¸Ë?Ê6×?�

� ��� � � �e���$� � �  �e� �y� � �
�+Õ�ËM��Ä/×¸×HÆÔ�ÅË Ù¡Ö	�p��Ä@ÙvÇ¸Ä ×HÄ/Å ü/ËEÇ?��ËM��Ê¸Ä	Ô�ÅË?Ü}Ä��
Ç���Ë���� ��
�Ë6� ��Ä	ÆÕ-Ç+Ä��
Ç���Ël� Ä/É�Ê
��Æ �qË?Ê¸Ë?Õ-Ç¸ÆÖ	Å#� � Ë6�-É�Ö=Ç©ÆÄ	Õ�×�� � �Q�K�
Ù8Æ Ç��

β
� É�Õ�ØUÇ©ÆÄ	Õ�× � � � � �
Ö=Õ��ÝØUÄ	Ê¸Ê¸Ë;×?�#Ä/ÕI��ÆÕ�ÚEÆ Õ-Ç¸ËUÈ

Ú	Ê6Ö=ÅÛ×�� ��� Í �ÎÄ���� ����Ë?Õ���Æ�
Y�qÆ×�Ô�Ö	×©Ë6��Ä/ÕYÇ?��Ë%Ö	Õ�Ö=Å��-Ç©ÆÛØ?Ö	Å	Ø?Ö	ÅØ?É�ÅÖ=Ç©ÆÄ	Õ�×qÄK��Ç?��ËÁÆÕ-Ç©Ë;Ú	Ê6Ö=ÅÛ×?�
 2��Ë¡Æ Õ-Ç©Ë;Ú	Ê6Ö=ÕI��×�ÄK� � ��� Í ���Ö�ü	Ë�Ç?��Ë�� Ä/Ê©ÜmÄ���� Ê6Ö	ØUÇ©ÆÄ	Õ�×�Ä��#Ç�Ù�Ä ��Ä	Å��-Õ�Ä	Ü�ÆÖ	Å× � Õ�Ö=Ü�Ë;Å��qÞ
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Pi(x
2)/Q(x2)

�
i = 1, . . . , 4

� � Ù8Æ Ç?� ��Æ ��Ë;Ê©Ë;Õ/ÇöÕ�É�Ü�Ë?Ê6Ö@Ç©Ä/Ê¸×
Pi(x

2) = bi(x
2)

Ô�É�Ç
Ù8Æ Ç�� Ç���Ëx×¸Ö=Ü�Ë_��Ë?Õ�Ä/ÜöÆÕ�Ö=Ç©Ä	Ê

Qi(x
2) = (M1M2M3)

3 �Î�«Ç ÆÛ×c�#Ä-×©×©ÆÔ�Å ËöÇ¸ÄùË�
h��Ö=ÕI�
Ç?��Ë Ë�
n��Ê©Ë(×©×©Æ Ä/Õ

1/(M1M2M3)
3 Æ Õ-Ç©Ä�Ö ×©É�Ü ÄK�_�#Ö=Ê©Ç©ÆÛÖ=Åc� Ê6Ö	Ø�Ç¸Æ Ä/Õ�× Ä��öÇ?��Ë�Ç>����Ë

R(x2)/(a + x2)j � Ù ��Ë;Ê©Ë
R(x2)

Æ×¡Öt�#Ä/Å���Õ�Ä/ÜöÆÛÖ=Å � a
Æ× � Æ Õ~Ú	Ë?Õ�Ë?Ê6Ö=Å � Ø?Ä	Üf��ÅË�
f� É�Õ�ØUÈ

Ç©ÆÄ	Õ�Ä�����Ö=Ê6Ö=Ü�ËUÇ¸Ë?Ê6×
χi, i = 1, 2, 3

Ö=ÕI�
j = 1, 2, 3

�@�"Ä@Ù�É�×©Æ Õ�Ú+Ç���Ë2� Ä	ÅÅÄ@Ù8Æ Õ�Ú�Ê¸Ë;×©É�Å Ç
�²×©Ë?Ë � Ë	� Ú�� � � Ð	� �

∫ 1

−1

(1 − x2)
d−3

2 x2n

(a + x2)j
dx =

(1 + (−1)2n)Γ (d−1
2 )Γ ( 1

2 + n)

2ajΓ (d
2 + n)

× 2F1

(

1,
1

2
+ n;

d

2
+ n;−1

a

)

,
� Ï � Í �

Ä	Õ�Ë¡Ø?Ö	Õ�Ê¸Ë.��Ê¸Ë;×©Ë?Õ-Ç�Ç���Ë¡Æ Õ-Ç¸Ë?Ú	Ê6Ö=ÅÛ×kÆ Õ�Ç?��Ë � Ä	Ê¸Ü�Ä��qÖ+Ø?Ä	ÜøÔ�Æ Õ#Ö@Ç©ÆÄ	Õ�Ä��I�n�n�#Ë;Ê©Ú/Ë?Ä/ÜöË?Ç©Ê¸ÆØ
� É�Õ�Ø�Ç¸Æ Ä/Õ�×

2F1(a, b; c; z)
��Ë(��Õ�Ë5� Ö	×

2F1(a, b; c; z) = 1 +
ab

1!c
z +

a(a + 1)b(b + 1)

2!c(c + 1)
z2 + . . . .

�:�-É�Ö@Ç¸Æ Ä/Õ � Ï � Í �ÝÆÛ×B��Ë;Å��RÙ ��Ë?Õ
Re[d] > 1

�
Re[x]

Ü�Ë(Ö=Õ�×xÇ?��ËûÊ©Ë(Ö=Å���Ö=Ê©Ç Ä��
x
� �

Re[n] > −1/2 � Ö=ÕI�
Arg[a] 6= π

�Á��Õ´Ä/É�ÊxØ?Ö/×HË � Ç?��Ë(×HË�Ø?Ä	ÕI��Æ Ç©ÆÄ	Õ#×xÖ=Ê¸Ë � É�Å\�#Å ÅË6�
Ô#Ë(Ø?Ö=É#×HË

d ∈ (2, 3] � n
ÆÛ× �?Ë;Ê©Ä�Ä/Ê �#Ä-×HÆ Ç©Æü	ËYÆÕ-Ç©Ë?Ú/Ë?Ê � Ö=Õ��~Æ Ç+Ø;Ö=Õ Ô#Ë ×?��Ä@Ù8ÕùÇ?�#Ö@Ç8Ç?��Ë

ÅÖ/×�Ç�ØUÄ/ÕI��Æ Ç©ÆÄ	Õ ÆÛ×8Ö=ÅÛ×HÄöü@Ö=ÅÆ��Î�
��� É�×HÆÕ�Ú�Ç���Æ×�Ê©Ë6��Ê©Ë(×HË;Õ-Ç¸Ö@Ç¸Æ Ä/Õ ÄK��ÆÕ-Ç©Ë?Ú/Ê¸Ö	Å×c� ��� Í �çÆ Ç"Æ×2��Ä/×¸×©Æ Ô�ÅËYÇ©Äf�#ÕI�~Ç?��Ë ���

��
�Ë6����Ä	ÆÕ-ÇEÄ�����Æ �qË?Ê¸Ë?Õ-Ç©ÆÛÖ=Å�Ë6�-É�Ö=Ç©ÆÄ	Õ�×_� � � �
��Ôn��×©Ä	Åü�Æ Õ�Ú~Ç?��Ëö×?��×�Ç¸Ë?ÜtÄ��çË6�-É�Ö=Ç©ÆÄ	Õ�×
� � � Ï �øÇ¸Ä	Ú/ËUÇ?��Ë?ÊxÙ8Æ Ç?� Ç���Ë�ÜÝÖ@Ç¸Ê©Æ�
 ÄK��Ç���Ë ��Ê6×HÇp��Ë?Ê¸Æ ü@Ö=Ç©Æü	Ë;×S� � � �K�øÇ¸Ä Ç©Ë(×�ÇÝÇ���Ë����
×�Ç6Ö=Ô�ÆÅ Æ Ç>��Ä��%Ç?��Ë_��
�Ë6� ��Ä	ÆÕ/Ç(����É�Ç�Ç���ÆÛ×+Ù¡Ö	��ÆÛ×+Ê6Ö@Ç���Ë?ÊYØUÄ/Üf��Å ÆÛØ?Ö=Ç©Ë5��Ö=Õ���ÙçËö×?��Ö=ÅÅ
Õ�Ä=Ç�É�×©ËYÆ Ç ��Ë?Ê¸Ë	�

 2��Ë�ÜöÄ-×�Ç Ø?Ä	Ü_� Ä	Ê©Ç¸Ö	Ô�Å Ë�Ù¡Ö	� ��Ä@Ù Ç¸Ä ��ÕI� Ç?��ËÝ��� ��
�Ë5�S��Ä	ÆÕ-Ç Ä��%Ç���Ëx×?��×HÇ©Ë;Ü
Ä�� � Ä/É�Êw��Æ �qË?Ê¸Ë?Õ-Ç¸ÆÖ	Å��2�tË6�-É�Ö@Ç¸Æ Ä/Õ�×�� � � �
� Ù8Æ Ç?� � � � � � ÆÛ×øÇ©Ä ×HÄ/Å ü/Ë Æ ÇÝÕ-É�ÜöË;Ê©ÆÛØ?Ö	Å Å��
É�×HÆÕ�Úö×HÄ/ÜöË�Ö�����Ê©Ä
��Ê©ÆÛÖ@Ç¸Ë8Õ�É�Ü�Ë?Ê¸ÆØ;Ö=Å�Ü�Ë?Ç?��Äh�Î����ÕxÙ ��Ö=Ç�� Ä/Å ÅÄ@Ù�× � ÙçË"ÙçÄ	Ê¸ÿøÙ8Æ Ç?�ÝÇ���Ë
� Ä	É�Ê©Ç?��È«Ä	Ê���Ë;ÊÁ�8É�Õ�Ú/ËUÈ�£YÉ�ÇHÇ6ÖYÜöË?Ç?��Äh�ÝÙ8Æ Ç?��Ç���Ë+Ö
��Ö���Ç©Æü	Ë�Ø���Ä/ÆØ?Ë8Ä��qÇ?��Ë"Æ Õ-Ç©Ë;Ú	Ê6Ö@Ç¸Æ Ä/Õ
×�Ç¸Ë.�2� ��Ä	Ê8Ç���ÆÛ× ��É�Ê���Ä/×©Ë�Æ Ç"ÆÛ×�ØUÄ/Õ�ü	Ë?Õ�Æ Ë;Õ/Ç¡Ç¸Ä�Ç©Ê6Ö=Õ�×$� Ä	Ê¸Ü Ç?��Ë�×$��×HÇ©Ë;ÜiÄ�����Æ ��Ë;Ê©Ë;Õ-Ç©ÆÛÖ=Å
Ë6�-É�Ö@Ç¸Æ Ä/Õ�×c� � � �
�%ÆÕ-Ç©Ä�Ö=Õ Ö=É�Ç¸Ä	Õ�Ä/Ü�ÆØ�×$��×HÇ©Ë;Ü Ô��~×HÉ�Ô#×�Ç¸Æ Ç¸É�Ç©ÆÄ	Õ

t = e−s ���+×HÆÕ�ÚøÇ?��ÆÛ×
Ç©Ê6Ö=Õ�×$� Ä	Ê¸ÜÝÖ@Ç©ÆÄ	Õ~Ä	Õ�ËYÄ/Ô�Ç¸Ö	Æ Õ�×















dḡ

ds
= −βg(ḡ, χ̄1, χ̄2, χ̄3; α1, α2, d) ,

dχ̄i

ds
= −βχi

(ḡ, χ̄1, χ̄2, χ̄3; α1, α2, d) , i = 1, 2, 3 ,

Ù ��Ë?Ê¸Ë
s ∈ [0,∞)

�� 2��ËYÆ Õ�Æ Ç©ÆÛÖ=ÅkØUÄ	Õ���Æ Ç¸Æ Ä/Õ�×¡ØUÄ/Ê©Ê¸Ë;×?�#Ä/ÕI�ÝÇ¸Ä
s = 0

Ö=Õ��xÇ���ËY��� � 
�Ë5�
�#Ä/Æ Õ-Ç8Æ× � Ä/É�ÕI�ùÆÕ Ç���ËEÅ ÆÜ�Æ Ç

s → ∞ �� 2��Ë��#Ê¸×HÇ�×�Ç¸Ë.� � Ä	Ê¡Ç?��Ë�ü@Ö	Ê©ÆÛÖ=Ô�ÅË
s

ÙçÖ/×%Ç6Ö=ÿ/Ë?Õ
Ö	×

∆s = 10−3 �� 2��Ë�ÆÕ�Æ Ç©ÆÛÖ=Å
ü@Ö=ÅÉ�Ë;×YÄK�%Ç���Ëf��Ö=Ê6Ö=Ü�ËUÇ¸Ë?Ê6×YØ?Ö=Õ Ô#ËxØ���Ä/×©Ë?Õ Ö	Ê©Ô�Æ Ç¸Ê¸Ö	Ê?�
Ô�É�ÇEÇ?��ËÝÜöÄ-×�Ç Ø?Ä	Õ�ü	Ë;Õ�Æ Ë;Õ-ÇYØ���Ä/ÆØ?Ë�Æ×�Ç¸Ä~Ç6Ö=ÿ/ËøÇ���Ë?ÜsÇ©Ä Ô�Ë�Ç?��Ëf��
�Ë5�S��Ä	ÆÕ-Ç Ä��%Ç���Ë
Ç?��Ê¸Ë?Ë?È���ÆÜ�Ë?Õ�×©ÆÄ	Õ�Ö	Å�ÆÛ×©Ä=Ç©Ê¸ÄK��ÆØ�Ü�Äh��Ë?Å �W×HË;Ëw� ý6� ���

�"×¡Ù¡Ö	×¡Ö=ÅÊ©Ë(ÖK�h�w��ÆÛ×¸ØUÉ�×¸×HË5� Ä/É�Ê ��Æ ��Ë;Ê©Ë;Õ/Ç¸ÆÖ	ÅqË6�-É�Ö@Ç¸Æ Ä/Õ�×¡Ö=Ê¸Ë+ÜÝÖ
��ËYÄ���Ç���ËYÅ ÆÕ�Ë(Ö=Ê
ØUÄ	ÜøÔ�ÆÕ�Ö@Ç¸Æ Ä/Õ�×çÄ���Ç?��Ëc� Ä/Å ÅÄ@Ù8Æ Õ�ÚøÆÕ-Ç©Ë?Ú/Ê¸Ö	Å×
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I =

∫ 1

−1

(1 − x2)
d−3

2 x2n

(M1M2M3)3
dx,

� Ï �Q�K�

Ù ��Ë?Ê¸Ë~Ë�
h��Å ÆÛØUÆ Ç_� Ä	Ê¸Ü�×öÄK��Ç?��Ë � É�Õ#Ø�Ç©ÆÄ	Õ#×
Mi, i = 1, 2, 3

Ö=Ê¸Ë~Ú/Æ ü/Ë?Õ ÆÕ � ����Ë?ÕI��Æ�

���# 2��Ë;Ê©Ë.� Ä	Ê¸Ë � Ç���Ël��Ê6×HÇ+×�Ç¸Ë.� Ç¸Ä ×HÄ/Å ü/ËYÇ?��Ët��Ê¸Ä	Ô�ÅË?Ü�Æ×"Ç?��Ë�Õ�Ë;Ø?Ë;×¸×HÆ Ç>� Ç¸ÄxÚ	É#Ö=Ê6Ö=Õ-Ç©Ë;Ë
Ç?��Ë;Æ ÊÁØ?Ä	Õ�ü	Ë;Ê©Ú/Ë?Õ�Ø?ËÁÙ8Æ Ç���ÆÕøÇ���Ë8ÆÕ/Ç¸Ë?Ê¸ü@Ö=Å

x ∈ [−1, 1] � Æ¿� Ë	� � Ç©Ä]��ËUÇ¸Ë?Ê¸Ü�Æ Õ�ËçÇ���Ë8Ö=ÅÅ Ä@ÙçË6�
ü�Ö	Å É�Ë;×~Ä�� Ç���Ë �#Ö=Ê6Ö=Ü�ËUÇ¸Ë?Ê6×

χ1
� χ2

� χ3
�8 2��Ö@Ç Æ×~Ù �n� � ÅËUÇ~É#×p�#Ê¸×HÇ ��ÆÛ×¸ØUÉ�×¸×xÇ���Ë

ØUÄ	Õ���Æ Ç¸Æ Ä/Õ�×¡É�ÕI��Ë?Ê8Ù ��ÆÛØ��ùÇ?��ËEÆÕ-Ç©Ë?Ú/Ê¸Ö	Å×çÙ8ÆÅ Å�Ô#ËEÙçË?ÅÅe��Ë(�#Õ�Ë6�Î�
�"×¸×HÉ�Ü�Ë�Ç���Ö@Ç�Ä/Õ�ËxÄ/Ê Ü�Ä	Ê¸ËÝÄ��¡Ç?��Ë Ë�
h��Ê¸Ë;×¸×HÆÄ	Õ�×

Mi, (i = 1, 2, 3)
�j��Ë(�#Õ�Ë6��ÆÕ

� ����Ë?ÕI��Æ�
��$�YÖ=Ê¸Ë�ü�Ö	Õ�ÆÛ×$��Ë5��Ù8Æ Ç?� Ê¸Ë;×?��Ë;Ø�ÇYÇ¸Ä Ç?��ËÝü@Ö=Ê¸ÆÛÖ=Ô�ÅË
x

Ù8Æ Ç���ÆÕ Ç���ËÝÆÕ/Ç¸Ë?Ê¸ü@Ö=Å
[−1, 1]

�-¢�ËUÇ¡É�× ��Ë;Õ�Ä=Ç¸Ë�Ö/×
x1

Ç?��Ëc��Ä	ÆÕ/Ç¡ÆÕ~Ù ��ÆÛØ�� Ä/Õ�Ë�Ä��2Ç���Ë
Mi

ÆÛ×çË6�-É�Ö	Å#Ç¸Ät�;Ë?Ê¸Ä��
 2��Ë?Õ � � Ê¸Ä	Ü}Ç?��Ë�ØUÄ/Õ�ü	Ë?Ê¸Ú	Ë;Õ�ØUËc��Ä	ÆÕ-Ç�ÄK�Áü-ÆË?Ù � Ç?��Ë�ÆÕ/Ç¸Ë?Ú/Ê¸Ö	Å�� Ï � �
�8ÆÛ×"Ë5�-É�Æ ü@Ö	Å Ë;Õ/Ç+Ç©Ä
Ç?��Ë~Æ Õ-Ç©Ë;Ú	Ê6Ö=ÅÁÄK�8Ç?��Ë Ç>�n�#Ë ∫ 1

−1
1 (x − x1)

3
dx

�
�"Ë?Õ�Ø?Ë � Æ\��Ä/Õ�ËxÄ��¡Ç���Ë Ë�
n��Ê©Ë(×©×©Æ Ä/Õ�×
Mi, i = 1, 2, 3

ü@Ö=Õ�Æ×?� ÆÕ Ç?��Ë ÆÕ/Ç¸Ë?Ê¸ü@Ö=Å
[−1, 1]

Ç���Ë?Õ Ç?��Ë ÆÕ-Ç©Ë?Ú/Ê¸Ö	ÕI� Ù8ÆÅÅ8Ô#Ë Õ�Ä	Ç
Æ Õ-Ç©Ë;Ú	Ê6Ö=Ô�ÅË	�@ 2��É�× � Ç©ÄYÚ/É�Ö=Ê6Ö=Õ-Ç©Ë;Ë%Ç���Ë�ØUÄ/Õ�ü	Ë?Ê¸Ú	Ë;Õ�ØUË�Ä��#Ç?��Ë8ÆÕ-Ç©Ë?Ú/Ê¸Ö	Å× � Ù�Ë8Ö	Ê©Ë¡ÅÄ-Ä/ÿ�Æ Õ�Ú
� Ä	Ê+×©É�Ø���Ø?Ä	ÕI��Æ Ç©ÆÄ	Õ#×8Ä	Õ�ü@Ö=Ê¸ÆÛÖ=Ô�ÅË;×

χ1
� χ2

� χ3
Ù ��ÆÛØ���Ú	Æü	ËEÕ�Ä/Õ��?Ë;Ê©ÄÝü@Ö	Å É�Ë(× � Ä/Ê

MiÙ8Æ Ç���Æ Õ�Ä��
Ç?��ËøØUÄ/Ê©Ê¸Ë;×?��Ä	ÕI��ÆÕ�ÚÝÆÕ-Ç©Ë?Ê¸ü@Ö=Å¿�# 2��ËøÕ�Ë;Ø?Ë;×¸×©Ö	Ê?�ùÖ=ÕI��×©É��xØUÆË?Õ-ÇYØUÄ	Õ���Æ Ç¸Æ Ä/Õ�×
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�n�M��Ö	Ê¸Ö	ÜöË?Ç©Ë;Ê¸×��²Ö	×çÆ ÇçÆÛ×�Æ Õ~Ä	É�Ê¡Ø?Ö/×HË	���

 2�-É#× � Æ Ç�ÆÛ×EÕ�Ë(ØUË;×¸×¸Ö=Ê���Ç©Ä�Ø;Ö=Ê¸Ê?��Ä/É�ÇEÇ�ÙçÄ�Ä	ÊEÜ�Ä	Ê¸ËÝÆ Õ���Ë.��Ë?ÕI��Ë?Õ-ÇøØ?Ö	ÅØ?É�ÅÛÖ@Ç©ÆÄ	Õ#× � Ä	Ê
��Æ �qË?Ê¸Ë?Õ-Ççü�Ö	Å É�Ë;×ÁÄK�ÎÇ?��Ë ��Ö	Ê¸Ö	ÜöË?Ç©Ë;Ê¸×
ÄK�ÎÇ?��Ë+Ü�Än��Ë?Å¿�- 2��Ë�×HÆÜf��ÅË;×HÇç×©Æ Ç¸É�Ö@Ç¸Æ Ä/ÕxÄ�Ø?ØUÉ�Ê¸×
Ù ��Ë?ÕYÇ���ËÁÕ�É�Ü�Ô�Ë?ÊkÄ���Æ Õ���Ë.��Ë?ÕI��Ë?Õ-Ç�Ø;Ö=ÅÛØUÉ�ÅÛÖ@Ç¸Æ Ä/Õ�×2Ö=Ê¸Ë�Ü�É�Ø��EÅÛÖ=Ê¸Ú	Ë;ÊqÇ?��Ö	ÕYÇ?��Ë%Õ-É�Ü�Ô�Ë?Ê
Ä��M��Ê¸Ä�ØUË(×©×©Ä	Ê6×?� �çË;Ø?Ö	É�×©Ë�Ç?��Æ×ùÆÛ×~Ä/É�Ê�Ø?Ö/×HË � ÙçËû×?��Ö	Å ÅYÖ=Õ�Ö	Å��n�;Ë�Æ Ç ÆÕ ��ËUÇ¸Ö	Æ Å¿�� 2��Ë
×HÆ Ç©É�Ö=Ç©ÆÄ	ÕYÆÛ×�×?��Ä@Ù8Õ+ÆÕ ��Æ Ú#� � � Ù ��Ë?Ê¸Ë�Ç?��Ë
Ç©Ä	Ç¸Ö=Å	Õ-É�Ü�Ô�Ë?Ê2ÄK��Ø?Ä	Üf��É�Ç6Ö@Ç¸Æ Ä/Õ�Ö=Å���Ê¸Ä�ØUË(×©×©Ë;×
N

ÆÛ×E×$��Ä@Ù8ÕûÖ/×�Ö � É�Õ#Ø�Ç©ÆÄ	Õ�ÄK�%Ç?��ËÝÕ-É�Ü�Ô�Ë?ÊEÄ�� ��Ê¸Ä�Ø?Ë;×¸×HÄ/Ê¸×
m

Ö=Õ���ÄK��Ç���Ëw��Ë;×©Æ Ê¸Ë6�
��Ê©Ë(ØUÆÛ×HÆÄ	Õ

∆d
���«Ç�ÆÛ×8×©Ë?Ë?Õ ÆÜ�ÜöË5��ÆÛÖ@Ç©Ë;Å��xÇ?��Ö=Ç8Ç?��ËEÜ�Ä/×HÇ�Ë��qË;ØUÇ©Æü	ËYÉ�Ç¸Æ ÅÆ��(Ö@Ç¸Æ Ä/ÕùÄK��Ç���Ë

��Ê©Ä�Ø?Ë;×¸×HÄ/Ê¸×øÆ×ÝÇ©Ä Ú	Æü	Ë~Ç©Ä Ë(Ö	Ø�� ��Ê¸Ä�Ø?Ë;×¸×HÄ/Ê�Ç¸Ä Ø?Ö	ÅØ?É�ÅÖ=Ç©Ë ÆÕI��Ë.��Ë?Õ���Ë?Õ-Ç Ô�Ä	Ê���Ë?Ê¸ÅÆ Õ�Ë
��Æ Ü�Ë;Õ�×HÆÄ	Õ

dc
Ö=ÅÄ	Õ�Ë	�
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��������z(s��	¡D G F R F6X�F I�R F I/A Fx_6L [�G F [ _ [HM?`8I N Z U�F¸Z�_.L A6M;`LA N ` MU[�J _ I�M?` X	Z�_ A F X�X F XxM.X�ML�N I/A¸[�J _ I _6L [�G F I N Z U�F©Z+_.L%X/Z�_ A F X�X _?Z X m M;InRù[�G FøX	Z�F A6JYX�J _ I ∆d ` D G F ` F I
[;[�G _6L [�G F
JLI/JL[�J M?`�JLI@[ F¸Z>T M?`�J\X

l = 1
`

ú Ë���Ö�ü	ËçÖ=Õ�Ö	Å��n�?Ë5��Ç�Ù�Ä�×$��Ë;Ø?ÆÖ	Å-Ø;Ö	×©Ë;× � Õ�Ö	Ü�Ë?Å�� � Ç?��Ë¡Ø?Ö/×HË�Ù8Æ Ç���Ä	Õ�Ë%ÆÕI��Ë.��Ë?Õ���Ë?Õ-Ç
Ø?Ö=ÅÛØUÉ�ÅÖ=Ç©ÆÄ	Õ Ö	ÕI��Ç���ËÝØ?Ö/×HËöÙ8Æ Ç���Ç���Ë�ÅÖ	Ê©Ú/Ë�Õ�É�ÜøÔ#Ë;Ê�ÄK�%ÆÕI��Ë.��Ë?Õ���Ë?Õ-Ç�Ø?Ö	ÅØ?É�ÅÛÖ@Ç©ÆÄ	Õ#×?�
 2��Ë�×HÆ Ç©É�Ö=Ç©ÆÄ	Õ Ô#Ë(ØUÄ	Ü�Ë(×øÜ�Ä/Ê©Ë ØUÄ/Ü_��Å ÆÛØ?Ö=Ç©Ë6��Ù ��Ë?Õ Ä	Õ�Ë~Õ�Ë;Ë6��×øÇ¸Ä�Ø;Ö=Ê¸Ê?��Ä/É�ÇøÇ���Ë
Õ-É�Ü�Ô�Ë?ÊçÄ��kØ;Ö=ÅÛØUÉ�ÅÛÖ@Ç¸Æ Ä/Õ�×ÁÙ ��ÆÛØ�� ÆÛ×¡ØUÄ/Ü_�#Ö=Ê6Ö=Ô�ÅË8Ç©Ä�Ç?��Ë�Õ�É�Ü�Ô�Ë?Ê¡ÄK�e��Ê©Ä�Ø?Ë;×¸×HÄ/Ê¸×;� �çÉ�Ç
Ë;Ö	Ø�� ×©É�Ø��ù×©Æ Ç©É�Ö=Ç©ÆÄ	ÕùÕ�Ë?Ë5��×�×?�#Ë(ØUÆÛÖ=Å2Ö=Õ#Ö=Å���×©ÆÛ×çÖ	ÕI�ùÙ�ËE×?��Ö=ÅÅÎÕ�Ä	Ç8Ö	Õ�Ö=Å��n�?ËYÆ Ç ��Ë?Ê¸Ë	�

��Õ Ø?Ä	Õ�Ø?Ê©Ë?Ç©ËEØ?Ö	ÅØ?É�ÅÛÖ@Ç©ÆÄ	Õ#×¡Ù�ËYÉ�×©Ë6� ÖK��ü�Ö	Õ-Ç¸Ö=Ú/Ë;×¡ÄK�kÇ���Ë]��Ö=Ê6Ö=ÅÅË?Å���Ê¸Ä	Ú/Ê¸Ö	ÜöÜ�ÆÕ�Ú��
�+É�Êö×©Æ Ç©É�Ö=Ç©ÆÄ	Õ�ÆÛ×øÇ?��Ë�Ø;Ö	×©Ë Ù8Æ Ç?� Ö�ÅÛÖ=Ê¸Ú	Ë Õ�É�ÜøÔ#Ë;Ê�Ä��"ÆÕI��Ë6�#Ë;ÕI��Ë?Õ-ÇxØ?Ö	ÅØ?É�ÅÛÖ@Ç©ÆÄ	Õ#× �Ç?��Ë;Ê©Ë.� Ä	Ê¸Ë � Ë;Ö/Ø�� ��Ê¸Ä�ØUË(×©×©Ä	Ê ��Ö	×¡Ø;Ö=ÅÛØUÉ�ÅÛÖ@Ç¸Ë6�~Ô#Ä/Ê���Ë;Ê©ÅÆÕ�Ë ��Æ Ü�Ë?Õ#×HÆÄ	Õ � Ä	Ê ��Ë.��Õ�Ë5� ü@Ö=Å È
É�Ë;×¡ÄK�kÇ���Ë]��Ö=Ê6Ö=Ü�Ë?Ç©Ë?Ê6×çÄ��kÇ?��ËEÜ�Äh��Ë?Å¿�

�2��� �:�y� �?� �n�>�:�
���+É�×©Æ Õ�Ú¡Ç���Ë���Ë;Å���ÈWÇ���Ë?Ä/Ê©Ë?Ç©ÆÛØ
�2��Ü�ËUÇ���Äh��Ç?��Ë
ÆÕh¡�É�Ë;Õ�ØUË%Ä��-Ç?��ËÁÉ�Õ�ÆÖ 
�ÆÖ	Å	Ö=Õ�ÆÛ×©Ä=Ç©Ê¸ÄK�n�
Ä	ÕYÇ?��Ë�×HÇ¸Ö=Ô�Æ ÅÆ Ç>�YÄK�-Ç���Ë�£+Ä	ÅÜ�Ä	Ú/Ä	Ê¸Ä@ü�×©Ø;Ö=ÅÆ Õ�Ú"Ê©Ë;Ú	ÆÜöË
ÆÕ]� É�ÅÅ��l��Ë?ü/Ë?ÅÄK��Ë6��Ç©É�Ê©Ô�É�Å Ë;Õ�ØUË
ÙçÖ/×8Æ Õ�ü/Ë;×HÇ©ÆÚ/Ö@Ç¸Ë6�Î�� 2��Ë�×�Ç6Ö=Ô�ÆÅÆ Ç>�~Ä���Ç?��Ë�Ê©Ë;Ú	ÆÜöËEÆÛ× ��Ë.��Õ�Ë5� Ô��~Ç?��Ë ü	Ë;Ê?�xË�
�Æ×HÇ©Ë;Õ�ØUË
Ä��qÇ?��Ë+����×HÇ¸Ö=Ô�Å Ë � 
�Ë5�f�#Ä/Æ Õ-Ç(�/ 2��Ëy��
�Ë6�f��Ä	ÆÕ/ÇçÙçÖ/×D� Ä	É�ÕI��Õ�É�Ü�Ë?Ê¸ÆØ;Ö=ÅÅ��öÔn�ö×©Ä	Åü�Æ Õ�Ú
Ç?��Ë�Ø?Ä	Ê¸Ê©Ë(×$��Ä	ÕI��Æ Õ�Ú ��Æ ��Ë;Ê©Ë;Õ-Ç©ÆÛÖ=Å�� �*Ë5�-É�Ö@Ç¸Æ Ä/Õ�×?�
�«ÇxÙ¡Ö	×�×?��Ä@Ù8Õ Ç?��Ö=ÇÝÇ?��Ë�Ë(Ö=Ê¸Å ÆË?Ê
Ê©Ë(×HÉ�Å Ç¸× Ä	Ô�Ç6Ö=ÆÕ�Ë6��ÆÕ � ý5� Ö	×�Ù�Ë;Å Å�Ö	×YÇ���Ë?ÆÊøØ?Ä	Õ�Ø?Å É�×©ÆÄ	Õ�× Ö	Ô#Ä/É�ÇEÇ?��Ëp��Ë.��Ë?Õ���Ë?Õ�Ø?Ë ÄK�
Ç?��Ë�Ô#Ä/Ê���Ë;Ê©ÅÆÕ�Ë:��ÆÜ�Ë?Õ�×©Æ Ä/Õ

dc
Ö/×2Ö2� É�Õ�ØUÇ©ÆÄ	Õ ÄK��Ç?��ËçÖ=Õ�ÆÛ×©Ä=Ç©Ê¸ÄK�n� �#Ö=Ê6Ö=Ü�ËUÇ¸Ë?Ê6×

α1,2
Ö	Ê©Ë

Õ�Ä=Ç ��Ê©Ë(ØUÆÛ×HË"Ë?Õ�Ä/É�ÚK�2�/ú Ë���Ö�ü	Ë2� Ä/É�ÕI��Ç���Ö@Ç�Ç?��Ë�×�Ç6Ö=Ô�ÆÅÆ Ç>�öÄ��ÎÇ���Ë�Ç���Ê©Ë;ËUÈ���ÆÜöË;Õ�×©Æ Ä/Õ�Ö=Å
×©Ø;Ö=ÅÆ Õ�Ú�Ê©Ë;Ú	ÆÜöË8ÆÛ× ��Ë;×HÇ©Ê¸Ä��	Ë5��Ä/Õ�Å���ÆÕ�Ç?��Ë�Ø?Ö/×HË�ÄK�ÎÊ¸Ö=Ç?��Ë;Ê%ÅÛÖ=Ê¸Ú	Ël� ÆÕÝÇ���Ë+×©Ë?Õ�×©Ë�ÄK��Ç���Ë
Ö=Ô�×©Ä	ÅÉ�Ç©Ë"ü�Ö	Å É�Ë5�
Ö	ÕI�x×?�#Ë(ØUÆÛÖ=Å�ü@Ö	Å É�Ë(×ÁÄK�ÎÇ?��Ë"Ö	Õ�ÆÛ×HÄ	Ç©Ê¸ÄK�n�M��Ö	Ê¸Ö	Ü�ËUÇ©Ë;Ê¸×;�=úûË ��Ö�ü/Ë"Ö=ÅÛ×HÄ
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Ö=Õ�Ö	Å��n�?Ë5��Ç���ËÝÄK��Ç©ÆÜ�Ö	ÅÁÙ¡Ö	����Ä@Ù Ç¸Ä�Ø?Ö	ÅØ?É�ÅÖ=Ç©ËöÇ?��ËÝÕ-É�ÜöË;Ê©ÆÛØ?Ö	Å���Ê¸Ä	Ô�ÅË?Ü*Ôn� É�×HÆÕ�Ú
Ç?��Ë]��Ö	Ê¸Ö	Å ÅË?Å}��Ê¸Ä	Ú/Ê¸Ö	Ü�ÜöÆÕ�ÚöÜ�ËUÇ?��Än��×?�

@_H��������	��
������
��}E6C
��� �#�?ÆÛ×qÇ���Ö=Õ�ÿ�� É�Å	Ç©Ä��#� �çÉ�þ¸Ö � Ä	Ê��ÆÛ×¸ØUÉ�×¸×HÆÄ	Õ�� � � �q�UÚ	Ê6Ö@Ç¸Ë(� É�ÅÅ��+Ö	Ø6ÿ�Õ�Ä@Ù8ÅË6��Ú	Ë;×#Ç���Ë ��Ä-×�È
��Æ Ç6Ö=ÅÆ Ç>�~Ä���Ç?��Ë ¢�Ö=Ô�Ä	Ê6Ö@Ç¸Ä	Ê��ÝÄ��
 2��Ë?Ä/Ê©Ë?Ç©ÆÛØ?Ö	Å � �n��×©ÆÛØ?×�Ö=Ç+�	���+� ��Ó É�Ô�Õ�Ö��# 2��ËEÙçÄ	Ê¸ÿ
ÙçÖ/×"×©É�����Ä	Ê©Ç©Ë6��Æ Õ ��Ö=Ê©Ç+Ôn� �"���Y� Ú	Ê6Ö=Õ-Ç+Ì Í;Ð � Ä�����ÅÄ@ü@Ö=ÿ �8Ø?Ö
��Ë?Üt�ùÄK����ØUÆË?Õ#ØUË;× �Ô�� ��ØUÆË?Õ�Ø?Ë Ö=ÕI�  �Ë(Ø���Õ�Ä/Å Ä/ÚK�´�"×¸×HÆÛ×HÇ¸Ö=Õ#ØUË ��Ú/Ë?Õ�Ø.�´É�ÕI��Ë;Ê�ØUÄ	Õ-Ç¸Ê¸Ö/Ø�Ç���Ä��¸���Á�� çÈ
� Í;Ò � ý=Ð	Ò=Ï#� Ö=ÕI� Ôn�ÝÚ	Ê6Ö=Õ-Ç¸×������k�«È���� �¡� Ò �@È Ò�Í È Ò	Ò Ì Ï � �=Ò=Ï È Ò�Í È Ò/Ò=Ï-Ð	Ò��@Ò	Ï È Ò�Í È Ñ�Í(Ò�Í/Í	�Ö=ÕI� Ò �@È Ò ��È Í�ý Ì Ò � �

� 	 	 ����y��� �
 2��ËEË�
h��ÅÆØ?Æ Ç2� Ä/Ê©Ü�Ä���Ç���Ëc� É�Õ�ØUÇ©ÆÄ	Õ�×

ai
� i = 1, . . . , 4

Æ×8Ö/× � Ä	ÅÅ Ä@Ù�×

ai =
1

4

∫ 1

−1

(1 − x2)(d−3)/2

(M1M2M3)3
bi dx, i = 1, . . . , 4,

� ��� Í �

b1 = c1,1 + 4M2M3x
2x2

1(c1,2 + c1,3)

+ M1x
2x1

(

c1,4 + M2M
2
3 r4x1c1,5 + M3

2 c1,6 − 2M2
2M2

3 c1,7

)

,

b2 = c2,1 − M2
1 M3

2 r1(c2,2 + c2,3) − 4M2M3x1(f3 + x1)c2,4

−M1

(

−2M3
3r2

4w1x
2
1(f3 + x1)y4+M3

2 (2x2
1c2,5−2f3c2,6 + d1M3r1r

2
4x1y7)

+ 2M2
2M2

3 (2α2M3c2,7 + c2,8) + M2M
2
3 r4(c2,9 + c2,10)

)

,

b3 = c3,1 + M2
1 M3

2 r1c3,2 + 4M2M3

(

c3,3 + M2M3r4(c3,4 + x1c3,5)

+ M2
2 (c3,6 + x1c3,7)

)

+ M1

(

c3,8 − 2M2
2 M2

3 (c3,9 + 2f3c3,10 + c3,11)

+ M2M
2
3 r4(−x1c3,12 − 4f3c3,13) + M3

2 (−d1c3,14 + 2f3c3,15 − 2x2
1c3,16)

)

,

b4

2
= c4,1 − 2c4,2M

2
1 M3

2 r1 + 2M2M3

(

− c4,7 + (c4,5 − c4,6d1)M
2
2

+ (c4,3−c4,4d1)M2M3r4

)

+M1

(

(d1(c4,10 + c4,11f1) + c4,9f2 + 3c4,8f3)M
3
2

+ 2(d1(c4,20 + 2c4,19f1) + c4,18f2 + 3c4,17f3)M
2
2 M2

3

+ (d1(c4,15 + 2c4,16f1) + c4,14f2 + 3c4,13f3)M2M
2
3 r4 − c4,12M

3
3 r2

4x1y4

)

,

c1,1 = 4M2
1 M3

2 r1x
2x1(−d1M3r4 + (−χ2M3 + r4(1 + 3M3))x1)

+ M3
1 M3

2 r1(d1M3(d−1 − 3x1) + 2(1 + 2M3)x
2
1) ,

c1,2 = −M2
3 r2

4x1(r1 + α2x1) + M2
2 (−4α2M

2
3 + r1r4(2M3 − r4(1 + w1)x1)) ,

c1,3 = M2M3r4

(

4α2M3x1 + r1(2M3 − r4(2 + w1)x1)
)

,

c1,4 = −2M3
3 r2

4w1x
2
1(r1 + α2x1) ,
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c1,5 = α2M3x1(4(w1 + h2x1) + r4y1) + r1(4χ2M3x1 + r4(−4w1x1 + M3y1)) ,

c1,6 = d1M3(4α2M
2
3 + r1r4(−2M3 + r4x1))

− 2x1(8α2M
3
3 + r1r4(−4M2

3 + r4x1 − 2M3(1 + w1 − y2))) ,

c1,7 = d1r4(2α2M3x1 + r1(M3 − r4x1))

− 4x1(r1r4(M3 − y2) + α2M3(r4x1 + y2)) ,

c2,1 = 2M3
1M3

2 r1(f3 − d1f1M3 + 2f3M3) ,

c2,2 = −4f3M3r4(−2 + 3x2) + d1M3r4(d−1 − 4f1 + 3f1x
2 − 5x1) ,

c2,3 = 4f3(−χ2M3 + r4)x1 + 4(−χ2M3 + r4 + 2M3r4)x
2
1 ,

c2,4 = −4α2M2M
2
3 (M2 − r4x1)

− r4(M2r1(−2M1M3 + r4(M1 + M3 + M1w1)x1) + M2
3 r4x1y4) ,

c2,5 = −4α2M
3
3 + r1r4(−r4(M3x4 + x1) + 2M3(1 + M3 + w1 + χ2x1)) ,

c2,6 = 4α2M
3
3 x2 + r1r4

(

r4(x
2
1 + M3y3) − 2M3(M3x2 + x1(1 + y5))

)

,

c2,7 = x2
1(−2χ2x1 + r4(x4 + x1))

+ f3(−2χ2x
2
1 + r4(1 + 4x4 + x1 − 2x2(3 + x1))) ,

c2,8 = 2f3r1r4(M3x2 + 2χ2x
2
1 − r4y3)

+ r4x1(2r1x1(M3 − r4x4 + 2χ2x1) + d1y6y7) ,

c2,9 = −2r1(−2χ2M3x
3
1 + r4(x

2
1(M3x4 + 2w1(f3 + x1)) + f3M3y3)) ,

c2,10 = M3x1

(

α2(4f3w1x1 − 2r4x4x
2
1 − 2f3r4y3 + 4x2

1y5)

+ y4(4f3χ2x1 + d1r4y7)
)

,

c3,1 = M3
1 M3

2 r1(−d1f1M3 + 2f3(1 + χ1 + 2M3) + 2χ1x
2
1) ,

c3,2 = −4(−χ2M3 + r4 + 3M3r4 + χ3M3x
2 − χ1r4x

2)x2
1

− d1(d−1M3r4 + f1M3r4(−2 + x2) + (−5M3r4 − 4χ3M3x
2

+ 4χ1r4x
2)x1) + 4f3(M3(−χ3x

2 + χ2x1) + r4(−3M3x1 + y8)) ,

c3,3 = −M2
3 r2

4x1y4(−d1χ1x
2x1 + f3y8 + x2

1y9) ,

c3,4 = f3(4α2M3x1y8 + r1(−r4x1(−2 − w1+x2(2+2χ1+w1+w2))+2M3y8)),

c3,5 = −d1x
2(2χ1(2α2M3x1 + r1(M3 − r4x1)) − r1r4x1w2)

+ x1(4α2M3x1y9 + r1(r4x1(w1 − x2w2 − 2y9) + 2M3y9)) ,

c3,6 = −f3(4α2M
2
3 y8 + r1r4(r4x1(−1 − w1 + x2(1+χ1+w1+w2))−2M3y8)),

c3,7 = d1x
2(χ1(4α2M

2
3 + r1r4(−2M3 + r4x1)) + r1r

2
4x1w2)

+ x1(−4α2M
2
3 y9 + r1r4(r4x1(w1 − x2w2 − y9) + 2M3y9)) ,

c3,8 = −2M3
3 r2

4x1(f3(−w1x1 + x2w2) − x1(w1x1 + x2(d + x2)w2))y4 ,
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c3,9 = 2x2
1

(

r1r4(3M3 − 2r4x3 + 2χ2x1 − 2χ3x
2x1)

+ α2M3(−2(χ2 − χ3x
2)x1 + r4(2x3 + 3x1))

)

,

c3,10 = α2M3(2x1(χ3x
2 − χ2x1) + r4(2 + 4x4 + 3x1 − 2x2(4 + x1)))

+ r1r4(3M3 − 2M3x
2 − 2χ3x

2x1 + 2χ2x
2
1 − 2r4y10) ,

c3,11 = d1

(

x1(α2M3(r4(−x5 − 4x1) − 4χ3x
2x1)

+ r1r4(−4M3 + r4x5 + 4χ3x
2x1)) + d−1M3r4y4 + f1M3r4(−2 + x2)y4

)

,

c3,12 = d1

(

α2M3x1(r4x5 + 4x2(χ3x1 + w2)) + r1(4χ3M3x
2x1

+ r4(M3x5 − 4x2x1w2))
)

− 4x1

(

α2M3x1(−w1 + r4x3 − χ2x1 + χ3x
2x1

+ x2w2) + r1(M3(−χ2 + χ3x
2)x1 + r4(M3x3 + w1x1 − x2x1w2))

)

,

c3,13 = α2M3x1(w1x1 − r4y10 − x2(χ3x1 + w2))

− r1(χ3M3x
2x1 + r4(w1x

2
1 + M3y10 − x2x1w2)) + χ2M3x

2
1y4 ,

c3,14 = 2d−1M
2
3 (−2α2M3 + r1r4) + 2f1M

2
3 (−2α2M3 + r1r4)(−2 + x2)

+ x1

(

16α2M
3
3 + r1r4(r4(M3x5 − 2χ1x

2x1)

+ 4M3(−2M3 + x2(χ1 + χ3x1 + w2)))
)

,

c3,15 = 4α2M
3
3 (3 − 2x2) + r1r4

(

M2
3 (−6 + 4x2)

+ 2M3(χ1x
2 − x1 + χ3x

2x1 − w1x1 − χ2x
2
1 + r4y10 + x2w2) − r4x1y8

)

,

c3,16 = −12α2M
3
3 + r1r4

(

2M3(3M3 + w1 + χ2x1 − χ3x
2x1 − x2w2 − y9)

− r4(2M3x3 − x1y9)
)

,

c4,1 = M3
1 M3

2 (3f3χ1 + f2(1 + χ1 + 2M3))r1 ,

c4,2 = −3f3(2χ2M3 − χ3M3x
2 + r4(−5M3 + x8))

+ f2(M3(χ3x
2 + χ2x7) − r4(M3(−5 + 3x2) + x9))

+ d1(f1(M3(χ2 + χ3 − 2χ3x
2) + r4(−2M3 + x10)) + χ3M3x1 − χ1r4x1) ,

c4,3 = 3f3(4α2M3x8x1 + r1(2M3x8 + r4x1(2w1 − 2x8 − x2w2)))

+ f2(4α2M3x9x1 + r1(2M3x9 − r4x1(−2(2 + w1)

+ x2(2 + 2χ1 + w1 + w2)))) ,

c4,4 = x1(−2χ1(M3r1 + 2α2M3x1 − r1r4x1) + r1r4x1w2) + f1(4α2M3x10x1

+ r1(2M3x10 + r4x1(2 + 2χ1 − 4χ1x
2 + w1 + x2w2))) ,

c4,5 = 3f3(−4α2M
2
3 x8 + r1r4(2M3x8 − r4x1(−2w1 + x8 + x2w2)))

+ f2(−4α2M
2
3 x9 + r1r4(2M3x9 − r4x1(−2(1 + w1)

+ x2(1 + χ1 + w1 + w2)))) ,

c4,6 = x1(χ1(4α2M
2
3 + r1r4(−2M3 + r4x1)) + r1r

2
4x1w2)

+ f1(−4α2M
2
3 x10 + r1r4(2M3x10 + r4x1(−x10 + w1 + x2w2))) ,
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c4,7 = M2
3 r2

4x1(−d1f1x10 + 3f3x8 + f2x9 + d1χ1x1)y4 ,

c4,8 = 16α2M
3
3 + r1r4(r4(M3x6 − x8x1)

+ 2M3(−4M3 − 2w1 + x8 − 2χ2x1 + χ3x
2x1 + x2w2)) ,

c4,9 = −8α2M
3
3x7 + r1r4

(

r4(−x9x1 + M3y13)

+ 2M3(χ1x
2 + (1 + 2M3 + w1)x7 + χ3x

2x1 − χ2y11 + x2w2)
)

,

c4,10 = r1r4(d−1M3r4+x1(2χ1M3 − 5M3r4 + 2χ3M3x1 − χ1r4x1 + 2M3w2)),

c4,11 = −8α2M
3
3 + r1r4

(

4M2
3 − r4(x1 + χ1y12)

+ 2M3(2χ3x
4 − x10 + r4x11 + w1 + χ3x3 + χ2x1 + x2w2)

)

,

c4,12 = −6f3w1 + f2w1x7 + f2x
2w2 + 3f3x

2w2 + d1(x1w2 + f1(w1 + x2w2)) ,

c4,13 = α2M3x1(−4w1 + r4x6 + 2x2(χ3x1 + w2))

+ r1(2χ3M3x
2x1 + r4(M3x6 + 4w1x1 − 2x2x1w2)) − 4χ2M3x1y4 ,

c4,14 = α2M3(−2w1y11 + r4x1y13 + 2x2x1(χ3x1 + w2))

+ r1(2χ3M3x
2x1 + r4(M3y13 − 2x1(w1x7 + x2w2))) − 2χ2M3y11y4 ,

c4,15 = d−1M3r4y4−x1(r1r4(5M3+2x1w2)+M3x1(5α2r4 − 2α2w2 − 2χ3y4)),

c4,16 = r1r4(M3x11 − x1(w1 + x2w2))

+ M3(α2r4x11x1 + α2w1x1 + α2y12w2 + χ2x1y4 + χ3y12y4) ,

c4,17 = r1r4(−4M3 + r4x6 − 4χ2x1 + 2χ3x
2x1)

− α2M3(r4x6 − 4χ2x1 + 4r4x1 + 2χ3x
2x1) ,

c4,18 = r1r4(2M3x7 + 2χ3x
2x1 − 2χ2y11 + r4y13)

− α2M3(2χ3x
2x1 + 2r4x2x1 − 2χ2y11 + r4y13) ,

c4,19 = r1r4(M3 + r4x11 + χ2x1 + χ3y12)

− α2M3(r4x11 + χ2x1 − r4x1 + χ3y12) ,

c4,20 = (d−1r4 + x1(−5r4 + 2χ3x1))y6 ,

M1 = 2(1 + χ1x
2) + (χ2 + x2χ3)(1 − x2) ,

M2 = 1 + χ1x
2 + (χ2 + x2χ3)(1 − x2), M3 = 1 + χ1x

2,

r1 = 1 + α1x
2, r4 = χ2 + χ3x

2, f1 = x2d − 1 ,

f2 = −(d + 2)x4 + (d + 3)x2 − 1, f3 = (d + 4)(d + 2)x4 − 6(d + 2)x2 + 3,

w1 = 1 + χ2 + χ3x
4, w2 = χ1 − χ2 + χ3(1 − 2x2),

y1 = −3 + d + 8x2, y2 = r4(1 − 2x2) − χ2(1 − x2), y3 = 1 − 6x2 + 4x4,

y4 = r1 + α2x1, y5 = w1 + χ2x1, y6 = r1r4 − α2M3, y7 = 1−3x2+f1x1,

y8 = −1 + (1 + χ1)x
2 , y9 = −1 + χ1x

2 , y10 = 1 − 4x2 + 2x4,
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y11 = 2 − 3x2 + x4 , y12 = 1 − 3x2 + 2x4 , y13 = 3 − 12x2 + 4x4 ,

d1 = d + 1, d−1 = d − 1,

x1 = 1 − x2, x2 = 1 − 2x2, x3 = 1 − 3x2, x4 = 1 − 4x2,

x5 = 1 − 5x2, x6 = 3 − 10x2, x7 = −2 + x2, x8 = χ1x
2 − 2,

x9 = (1 + χ1)x
2 − 2, x10 = χ1(2x2 − 1) − 1, x11 = −3 + 5x2.

� 	 	 ����y��� �h�
��Õ�Ç���Æ×
�y����Ë?ÕI��Æ�
øÙçË¡×$��Ö	Å Åh��Ê©Ä@ü/ËÁÇ?��ËçÕ�Ë;ØUË(×©×¸Ö=Ê��EÖ=ÕI�ø×HÉ��ÝØ?Æ Ë;Õ-Ç
Ø?Ä	ÕI��Æ Ç¸Æ Ä/Õ�×�Õ�Ë?Ë5��Ë6�
� Ä	Ê¡Ç?��Ë ØUÄ	Õ�ü/Ë?Ê¸Ú	Ë?Õ#ØUË"ÄK��ÆÕ-Ç©Ë;Ú	Ê6Ö=ÅÛ× � Ï �Q�K�U�
��� 
���F 
 ����J ® �ª ·�µùµ©ïUð�¨¸µ�»6»�±²§@¯�» Mi, i = 1, 2, 3 � »?µ6µ�õ�ð	ð�µ?¯�÷@± ï�®���¥@¨©µ~¯�§=¯	�(µ?¨©§
¥@ª8µ¸¥/¶¸·öð�§=±¾¯�ª x ∈ [−1, 1] ª ·�µ?¯�ª ·�µ?¬ ¥@¨©µ8ð�§�»�±¾ªW±¾ó@µ�§@¯ ª¾·�µ�
k·�§@¹ µø±¾¯�ª�µ?¨�ó�¥=¹��

ñç¨©§(§��� �	
h��Ê¸Ë;×¸×HÆÄ	Õ#×
Mi, i = 1, 2, 3

Ö=Ê¸ËxØUÄ/Õ-Ç©ÆÕ-É�Ä	É�× � É�Õ#Ø�Ç©ÆÄ	Õ#×�Ù8Æ Ç?� Ê¸Ë;×?�#Ë(Ø�Ç Ç¸Ä
x

Ù8Æ Ç?��ÆÕ Ç?��ËöÆ Õ-Ç¸Ë?Ê¸ü�Ö	Å
x ∈ [−1, 1]

�Î�+Õ�Ç���ËøÄ	Ç?��Ë;Ê��#Ö=ÕI� � M3(0) = 1 > 0
�q���%Ä	Õ�Ë

×HÉ��I�#Ä-×HË(×¡Ç?��Ö=Ç8Ç?��Ë;Ê©ËEË�
�Æ×HÇ¸×
y ∈ [−1, 1]

×©É�Ø��ùÇ?��Ö=Ç
M3(y) < 0

Ç?��Ë;Õ Ö/Ø?Ø?Ä	Ê���Æ Õ�ÚøÇ¸Ä
Ç?��Ëf��Ê¸ÄK��Ë?Ê©Ç>��Ä��¡ØUÄ	Õ-Ç¸Æ Õ�É�Æ Ç>��Ç?��Ë?Ê¸ËøÜøÉ�×�ÇEË�
�ÆÛ×HÇEÖ ��Ä	ÆÕ-ÇEÖ=ÇEÙ ��ÆØ�� Ç?��Ët� É�Õ�Ø�Ç¸Æ Ä/ÕûÆÛ×
Ë6�-É�Ö=Å�Ç©Ä]�?Ë;Ê©Ä#� �çÉ�Ç%Æ Ç%Æ×ÁÆ ÕxÖEØ?Ä	Õ-Ç©Ê6ÖK��ÆÛØ�Ç¸Æ Ä/ÕøÙ8Æ Ç?��Ç���Ë�Ö	×¸×©É�Üf��Ç©ÆÄ	Õ�Ä���Ç?��Ë8Ç?��Ë;Ä	Ê¸Ë?Ü �
 2�-É#× � M3(x) > 0

� Ä	ÊYÖ=ÅÅ
x ∈ [−1, 1].

�çË;Ø?Ö	É�×©Ë
M2(1) = 1 + χ1 = M3(1) > 0 �Ç?��Ë;ÕRÉ�×©Æ Õ�Ú Ç?��Ë ×¸Ö=Ü�Ë Ö	Ê©Ú/É�Ü�Ë?Õ-Ç¸× Ù�ËûØUÄ	Ü�Ë�Ç©Ä Ç���Ë�×©Ö	ÜöË ØUÄ	Õ#ØUÅÉ�×HÆÄ	Õ � Õ�Ö	Ü�Ë?Å�� �

M2(x) > 0
� Ä	Ê8Ö	Å Å

x ∈ [−1, 1]
� ��ÆÕ�Ö=ÅÅ�� � Ô#Ë(Ø?Ö	É�×HË

M1 = M2 + M3
� Ç?��Ë;Õ

M1(x)
ÆÛ×

Ö=ÅÛ×HÄf��Ä/×©Æ Ç¸Æ ü/Ë�� Ä/Ê�Ö=ÅÅ
x ∈ [−1, 1]

�� 2��É�× � Ç���Ë�Ç?��Ë;Ä	Ê¸Ë?Ü{ÆÛ× ��Ê¸Ä@ü	Ë5�Î�
�

��Ä@Ù Ù�Ë~Ö=Ê¸Ë Ö=Ô�ÅËxÇ¸Ä���Ê¸Ä@ü	Ë�Ç���Ë~Õ�Ë;ØUË(×©×¸Ö=Ê�� Ö	ÕI� ×©É��xØUÆË?Õ-ÇöØ?Ä	ÕI��Æ Ç©ÆÄ	Õ#×�ÄK�çÇ���Ë
ØUÄ	Õ�ü/Ë?Ê¸Ú	Ë?Õ#ØUË"Ù ��ÆØ���Ö=Ê¸Ë+Ç?��Ë Ø?Ä	Õ-Ç©Ë;Õ/Ç6×¡Ä��kÇ?��Ëc� Ä/Å ÅÄ@Ù8Æ Õ�ÚøÇ���Ë?Ä/Ê©Ë;Ü �
��� 
���F 
 ������ 
�H 
nC6C5GhF�� G ��� C���� H���
��}EpH � ������E�� � �=C ����E � 
 H � ����

F �
�� H 

��� ���}E�
 �F�G ��C"!$# J%��&('$J î
ïUðq¨©µ�»6»�±²§@¯�» Mi, (i = 1, 2, 3) ¥=¨©µx¯q§@¯)�;µ?¨©§øU§@¨~µ6¥/¶¸· x ∈
[−1, 1] ± ø¥@¯�÷~§@¯#¹L¬Ý± Eª ·�µ�U§@¹¾¹ §*

±¾¯-º�¶6§@¯q÷@±¾ª¿±²§@¯�»ø¥=¨©µ »U¥=ªW±Û»,+çµ¸÷�-
± � χ1 ∈ (−1,∞) .±¾± � χ2 ∈ (−1,∞) .
±¾±¾± � χ3 ∈

(

−
(√

1 + χ1 +
√

1 + χ2

)2
,∞

)

�

ñç¨©§(§��� ��Æ Ê6×HÇ�ÙçË ��Ê¸Ä@ü	Ë8Ç���Ö@ÇçÆ\��Ë�
h��Ê©Ë(×©×©ÆÄ	Õ�×
Mi

Ö	Ê©Ë�Õ�Ä	Õ��;Ë?Ê¸Ä]� Ä	ÊçË;Ö/Ø��
x ∈ [−1, 1]Ç?��Ë;ÕÝÇ?��Ë�ØUÄ/ÕI��Æ Ç©ÆÄ	Õ�×

i) � ii) � Ö=ÕI�
iii)

Ö=Ê¸Ë�×¸Ö@Ç©ÆÛ×$��Ë6�Î����É��I�#Ä-×HË"Ç?��Ö=Ç%Ç?��Ë"ÆÜ_��Å ÆÛØ?Ö=Ç©ÆÄ	Õ
Æ×�Õ�Ä=ÇçÇ©Ê¸É�Ë � Æ¿� Ë/� � Ë�
h��Ê¸Ë;×¸×©Æ Ä/Õ�×

Mi
Ö=Ê¸Ë"Õ�Ä/Õ��?Ë;Ê©ÄøÖ=ÕI�xÖ=Ç%Ç���Ë�×¸Ö=Ü�Ë8Ç¸Æ Ü�ËY×HÄ/Ü�Ë"Ä��ÎÇ���Ë

ØUÄ	Õ���Æ Ç¸Æ Ä/Õ�×
i) � ii)

Ö=Õ��
iii)

Ö=Ê¸Ë�Õ�Ä=Ç8×©Ö=Ç©ÆÛ×>�#Ë6�Î��úûËE×$��Ö	Å ÅÎ×?��Ä@Ù�ÆÕ~Æ Ç©Ë;ÜÝ×
a) � b) � Ö	ÕI�

c)
Ç���Ö@Ç�Ù ��Ë?Õ�Ç?��Ë�ØUÄ/ÕI��Æ Ç©ÆÄ	Õ�×y� Ä	Ê ��Ö=Ê6Ö=Ü�Ë?Ç©Ë?Ê6×

χ1
� χ2

� χ3
Ö	Ê©ËøÕ�Ä=ÇY×©Ö=Ç©ÆÛ×>�#Ë6� Ç���Ë?Õ

Ä	Õ�ËEØUÄ/Ü�Ë;×çÇ©ÄxÖ�Ø?Ä	Õ-Ç©Ê6ÖK��ÆÛØ�Ç¸Æ Ä/Õ2�
Ö
� ¢2ËUÇ8É�×8×©É�����Ä/×©Ë+Ç?��Ö=Ç

χ1 ≤ −1
�-�«Ç�ÆÛ×çË?Õ�Ä/É�ÚK�~Ç©ÄøÇ¸Ö	ÿ	Ë

x̂ =
√

−1/χ1
� Ö=ÕI� Æ Ç�ÆÛ×

Ë?ü�Æ���Ë?Õ-Ç¡Ç?��Ö=Ç
0 <

√

−1/χ1 ≤ 1 � Ç���Ë?Ê¸Ë(� Ä/Ê©Ë
x̂ ∈ (0, 1] ⊆ [−1, 1]

� ��É�Ç
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M3(x̂) = M3

(
√

− 1

χ1

)

= 1 + χ1

(
√

− 1

χ1

)2

= 0,

Ù ��ÆØ��ùÆÛ×8Æ Õ ØUÄ/Õ-Ç©Ê6ÖK��ÆÛØ�Ç¸Æ Ä/Õ~Ù8Æ Ç?�ùÇ?��Ë Ö	×¸×HÉ�Üf��Ç¸Æ Ä/Õ ÄK�kÇ���ËYÇ?��Ë;Ä	Ê¸Ë?Ü �
Ô�����É�����Ä/×©ËöÇ?��Ö=Ç

χ2 ≤ −1 � Ç?��Ë;Õ
M2(0) = 1 + χ2 ≤ 0 � Ö=Õ��ûÖ/Ø?Ø?Ä	Ê���Æ Õ�ÚxÇ©ÄùÇ���Ë

 2��Ë?Ä/Ê©Ë;Ü Í Æ Ç�ÆÛ×8Æ Õ�Ø?Ä	Õ-Ç©Ê6ÖK��ÆÛØ�Ç¸Æ Ä/Õ Ù8Æ Ç?�ùÇ?��Ë Ö	×¸×HÉ�Üf��Ç¸Æ Ä/Õ~ÄK��Ç���ËYÇ?��Ë;Ä	Ê¸Ë?Ü �
Ø6�R��Õ Ç���ËEË?ÕI� � ×HÉI���#Ä-×HË�Ç���Ö@Ç

χ3 ≤ −
(√

1 + χ1 +
√

1 + χ2

)2 �# 2��Ë?Ê¸Ë(� Ä/Ê©Ë �

χ3 +
(

√

1 + χ1 +
√

1 + χ2

)2

≤ 0.

�çÇçÇ���ËE×©Ö	Ü�Ë"Ç¸Æ Ü�Ë � Ö/×çÙçÖ/×çÖ	Å Ê¸Ë;Ö
�h�f��Ê¸Ä@ü	Ë6�xÆ ÕùÆ Ç¸Ë?ÜÝ×
a)

Ö	ÕI�
b) � χ1 > −1

Ö=ÕI�
χ2 > −1

�� kÖ	ÿ	Ë

0 < x̂ =

√ √
1 + χ2√

1 + χ1 +
√

1 + χ2
< 1, x̂ ∈ (0, 1) ⊆ [−1, 1].

 2��Ë?Õ

M2(x̂) =
(

1 + χ1x̂
2
)

+
(

χ2 + χ3x̂
2
) (

1 − x̂2
)

= 1 + χ1

√
1 + χ2√

1 + χ1 +
√

1 + χ2

+

(

χ2 + χ3

√
1 + χ2√

1 + χ1 +
√

1 + χ2

) (

1 −
√

1 + χ2√
1 + χ1 +

√
1 + χ2

)

,

Ö=ÕI�ùÖ��¾Ç¸Ë?Ê�×©Ä	Ü�ËYÜ�Ö	Õ�Æ���É�ÅÛÖ@Ç©ÆÄ	Õ#×¡Ù�Ëc��Ö�ü/Ë

M2(x) =

√
1 + χ1

√
1 + χ2

[

(√
1 + χ1 +

√
1 + χ2

)2
+ χ3

]

(√
1 + χ1 +

√
1 + χ2

)2 ≤ 0.

 2�-É#×
Ö	Ø?Ø?Ä	Ê���ÆÕ�Ú"Ç¸ÄE 2��Ë?Ä/Ê©Ë;Ü Í Æ ÇÁÆÛ×
Ö=Ú-Ö=ÆÕøÆÕÝØUÄ/Õ/Ç¸Ê¸Ö
��ÆÛØ�Ç©ÆÄ	ÕøÙ8Æ Ç��öÇ?��Ë"Ö/×©×©É�Üf��È
Ç©ÆÄ	Õ�×¡ÄK��Ç?��ËYÇ?��Ë;Ä	Ê¸Ë?Ü �
��Ä@ÙoÙ�ËS��Ö�ü	Ë�Ç¸Äa��Ê¸Ä@ü	Ë Ç���Ë ×©Ë;Ø?Ä	ÕI� ��Ö=Ê©Ç Ä��EÇ���Ë�Ç���Ë?Ä/Ê©Ë;Ü � Õ�Ö	ÜöË;Å��qÞçÆ\�EÇ���Ë

ØUÄ	Õ���Æ Ç¸Æ Ä/Õ�×
i) � ii) � Ö	ÕI�

iii)
Ö=Ê¸Ë ×¸Ö@Ç©ÆÛ×$��Ë6� Ç?��Ë;Õ�Ë�
h��Ê¸Ë;×¸×©Æ Ä/Õ�×

Mi
� i = 1, 2, 3

Ö=Ê¸Ë
Õ�Ä	Õ��;Ë?Ê¸ÄM� Ä/Ê8Ë;Ö/Ø��

x ∈ [−1, 1]
�

Ö
� ��É�����Ä/×©Ë Ç���Ö@ÇöÇ?��ËùØ?Ä	ÕI��Æ Ç©ÆÄ	Õ#×
i)
�
iii)

Ö	Ê©Ëù×©Ö=Ç©ÆÛ×>�#Ë6��Ö	ÕI� � Ö@ÇøÇ?��Ë�×¸Ö=Ü�ËxÇ¸Æ Ü�Ë �Ç?��Ë;Ê©ËYË�
�ÆÛ×�Ç6×8Ö_�#Ä/Æ Õ-Ç
x̃
� Ê©Ä/Ü Ç?��ËEÆ Õ-Ç©Ë;Ê©ü@Ö	Å

[−1, 1]
×©É�Ø��~Ç?��Ö=Ç

M3(x̃, χ1) = 1 + χ1x̃
2 = 0.

��Ë(Ø?Ö	É�×HË
M3(0, χ1) = 1

Ç?��Ë;Õ
x̃ 6= 0

Ö=ÕI�

M3(x̃, χ1) = 1 + χ1x̃
2 = 0

(x̃6=0)⇒ χ1 = − 1

x̃2
⇒ χ1 ≤ −1,

Ù ��ÆØ�� ÆÛ×ÝÆÕ�ØUÄ	Õ-Ç¸Ê¸Ö
��ÆØUÇ©ÆÄ	Õ Ù8Æ Ç���Ö	×¸×HÉ�Ü_��Ç©ÆÄ	Õ
i)

�% 2��É�× � M3(x) > 0
� Ä/Ê Ö=ÅÅ

x ∈ [−1, 1]
�



ÂEÀ�°Ýµ?¨�±²¶¸¥=¹#®�¯#ó�µU»�ªW± º-¥@ª¿±²§@¯ §�"õ+¯#±Û»?§@ª¿¨©§¸ðq±²¶��öµ?ó�µ?¹ §¸ð�µ6÷û³�À�¨?¦?À�¹ µU¯q¶6µ � Ï�Í
Ô��û�"× ÆÕ Ç?��Ë ��Ê©Ë;ü-ÆÄ	É#× Ø?Ö	×©Ë � ×©É�����Ä/×©Ë Ç?�#Ö@Ç Ø?Ä	ÕI��Æ Ç©ÆÄ	Õ#×

i)
�
iii)

Ö	Ê©Ë´×¸Ö@Ç©ÆÛ×$��Ë6�
Ö=ÕI� � Ö@ÇxÇ���Ë�×¸Ö=Ü�Ë�Ç¸Æ Ü�Ë � ×©É�����Ä/×©Ë Ç?��Ë Ë�
�Æ×HÇ©Ë;Õ�ØUË�Ä��

x̃ ∈ [−1, 1]
×©É�Ø�� Ç?��Ö=Ç

M2(x̃, χ1, χ2, χ3) = 0
� ��É�Ç

M2(0, χ1, χ2, χ3) = 1 + χ2 > 0, M2(±1, χ1, χ2, χ3) = 1 + χ1 > 0.

 2�-É#× � Æ��
M2(x̃, χ1, χ2, χ3) = 0

Ç���Ë?Õ
x̃ 6= 0∧ x̃ 6= ±1

�@�"×
Ö+Ê¸Ë;×©É�Å Ç
x̃2 ∈ (0, 1) . 2��Ë?ÕùÙ�Ëc��Ö�ü/Ë

M2(x̃, χ1, χ2, χ3) = 1 + χ1x̃
2 +

(

χ2 + χ3x̃
2
) (

1 − x̃2
)

= x̃2
(

1 − x̃2
)

[

1 + χ1

1 − x̃2
+

1 + χ2

x̃2
+ χ3

]

= 0 .

��Ë(Ø?Ö	É�×HË
x̃ 6= 0 ∧ x̃ 6= ±1

Ç���Ë?Õ

1 + χ1

1 − x̃2
+

1 + χ2

x̃2
+ χ3 = 0,

Ù ��ÆØ��ùÆÛ×8Ë6�-É�Æü@Ö=ÅË?Õ-Ç¡Ç©Ä

χ3 = −1 + χ1

1 − x̃2
− 1 + χ2

x̃2
.

��É�Ê©Ç?��Ë;Ê � Ç���ËÝÜÝÖ 
�Æ ÜøÉ�ÜtÄ���� É�Õ�ØUÇ©ÆÄ	Õ
f (t) = −1 + χ1

1 − t
− 1 + χ2

t

Ù8Æ Ç?��ÆÕ�Ç���Ë

Æ Õ-Ç©Ë;Ê©ü@Ö	Å
t ∈ (0, 1)

ÆÛ×YÄ	Ô�Ç6Ö=ÆÕ�Ë6�ûÖ@ÇEÇ���Ëw�#Ä/Æ Õ-Ç
t? =

√
1 + χ2√

1 + χ1 +
√

1 + χ2

Ö=ÕI�
Æ Ç6×¡ü�Ö	Å É�ËEÆ×

f(t?) = −
(

√

1 + χ1 +
√

1 + χ2

)2

.

 2��Ë?Ê¸Ë(� Ä/Ê©Ë
χ3 ≤ −

(√
1 + χ1 +

√
1 + χ2

)2
,

Ù ��ÆÛØ��ûÆÛ×YÆÕûØ?Ä	Õ-Ç©Ê6ÖK��ÆÛØ�Ç¸Æ Ä/Õ�Ù8Æ Ç?�
Ö	×¸×HÉ�Üf��Ç¸Æ Ä/Õ

iii)
�(�"×�Ö8Ê¸Ë;×©É�Å Ç

M2(x) > 0
� Ä/ÊkË;ü	Ë;Ê?�

x
� Ê¸Ä	Ü Ç?��Ë%ÆÕ/Ç¸Ë?Ê¸ü@Ö=Å

[−1, 1]
�

Ø6�R�«Ç¡ÆÛ×8Ë;ü-ÆO��Ë;Õ/Ç¡Ç���Ö@Ç

M1(x, χ1, χ2, χ3) = M2(x, χ1, χ2, χ3) + M3(x, χ1)

Ö=ÕI�ùÖ	Ø;ØUÄ	Ê���ÆÕ�ÚøÇ©Ä
a)

Ö	ÕI�
b)

Ä	Õ�ËYÄ/Ô�Ç¸Ö	Æ Õ�×

M1(x, χ1, χ2, χ3) = M2(x, χ1, χ2, χ3) + M3(x, χ1) > 0

� Ä	Ê�Ö=ÅÅ
x ∈ [−1, 1]

�� 2�-É#× � Ç���ËYÇ?��Ë;Ä	Ê¸Ë?Ü{ÆÛ× ��Ê¸Ä@ü	Ë5�Î�

�
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