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Ï.l	m8�>���	×on�ÒÓÑÒHp	Í�Ò�qþ�*r�Ñ ×Ñoq=nsp>Í��tn����>Ö�Ñvu;uwp/�3q
x�p/×:qÓÑÖymUÕ{zZ�*x�n�Ñ�	|CÒ�n�Ò�q�mUÖdÒ�ÑÔÒ �>� ÑÖy}jp*xÓÕ
qþ�>�:qG}	x
p*r�×~mUÖ�rjp(q
l Ñ��q�l	m�p*x
n��>����}	xþ�3u�qþÑ~u�mE�,��É2Æ�É��(��X��l	m:�Cq�l	mdÒ�qþ�Dq
m:ÒW�(x
m �	p(q
�%z��	Ñ ×Ô�(r�×om<q
l	m¸Ð�ÒÓÐ��	×�q�mu�l���Ñv�-Ð	m:Ò+ÑÒ]q�p�r�Ð�Ñ ×Ô���	��p*r�Ò�m�x
z*m�x:�� ��>�Un �	Ðtq�l'p*x6Ò8Ò=qþÐ���Ñ~m:�
q�l	m�}	x
p*r�×~mUÖ�p>Í;q
l	m�uwp	��uwm�}	qÓÑ~p	��p	Í;q�l	m�p*r�Ò�m�x
z*m�x:�o£8��p3r�Ò�m�x
z*m�x¸ÑÒ ���tn����	Ö�Ñ~u:�>×
Ò�n�Ò�q�mUÖ��;l�Ñvu�ldÑÒ�mRÎt}jm�uwq�m:�yq
p\}	x
p���Ð'u�m"�>��m(Ò=qþÑ Öd�DqþÑop/��p>ÍXq�l'm+Ò�qþ�Dq
ms�Ë	É�Ë/Ë>É�Ë(È�É#Ë:Ê%� �

Ï.l	m Ò�m�}��(x6�DqþÑop/�\}	xþÑ ��uRÑ~}�×om Ñ�Uz*p/×oz3m:Ò�q�l	m8�tm(ÒFÑ~|	�Fp	Í��WÒ=q6�Dq
m;p*r�Ò�m�x
z*m�xä�	������Ò�qþ�(q�m
Í�m�m:�	r��*u�� Ò=q6�(r�Ñ× Ñ~�UÑ�	|�uwp/�:q�x
p	××om�xdÑ ���	m�}jmU���tm:�:qÓ×~n	���'p*xd×Ñ �'m:�(x¡Ò�n�Ò�q�mUÖdÒyq
l�ÑÒ4}	x
p*r�Õ
×om:Ö ÑÒFuwp/ÖF}�×om�q�m:×on¢Ò�p	×~z*m(��É�r�Ðtq Ñ Íiq
l	m Ò�n�Ò�q�mUÖ�u�p	�:qþ�	Ñ �#Ò�Ò�p	ÖFm¯�'p	��×Ñ �'m:�(xþÑoqÓÑ~m:Ò �	Ò
�4}jm�x�qÓÐ	x
r��(qÓÑ~p	��p3xC��ÑÒ�qÓÐ'x�r��	�'uwm(ÒUÉ�q�l'my}'x�p3r�×om:Ö�Ñ �Cp*r#Ò�m�x�z3m�x+�	m:ÒÓÑo|/� Ò�qÓÑ× ×`x
mUÖd�>Ñ��Ò
����Ño��uRÐ�×oqFqþ�	Ò����ä£�Ò�m�}��*xþ�(qÓÑ~p	��}	xþÑ ��uRÑ~}�×om ÑÔÒOm(Ò=q6�(r�×ÑÔÒ�l	m(� Ñ Í]q�l	m�uR×~p/Ò�m:��Õ×~pUp*} Ò�n�Ò±Õ
q�mUÖ�x
mUÖd�	Ñ ��Ò+Ò=q6�(r�×~m\�;l'mU��q
l	m Ò�qþ�(q�m¸Í�m�m:�	r��*u���uwp/�3q
x�p/× ×~m�x"ÑÒ+Ñ ÖF}�×Ñ~m:��Ð#ÒFÑ�	|¡Ò�qþ�(q�m
m:Ò�qÓÑÖ��(q�m(ÒF� Ê�É@��É��D� �2¥]pD��m�z3m�x(ÉX|	×~p*r��	×H}'xþ�3u�qÓÑvuU�	×
�	Ò�n-ÖF}tq
p(qþÑ~u�Ò�qþ�(r�Ñ ×ÑJq=n�r:n�p	Ðtq
}�Ðtq
Í�m�m:�	r��*u����tpUm(ÒÅ�'p(q;l	p	×Ô�¡Ñ ��|*m:�	m�x6�>×��Ìtp	ÖFmSx
m:ÒÓÐ�×oqþÒ�p	� Ò�mUÖ�Ñ,�U|	×~p*r��	×�Ò�qþ�*r�Ñ× Ñoq=n�l��%z*m
r�m�mU��x�m�}�p3x�q
m:��� Ë(Ç%� �
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��� q�l�ÑÔÒ\}#�(}jm�x(É���m4|	Ñ~z*m���Ò�m�}��*xþ�(qÓÑ~p	� }	xþÑ ��uRÑ~}�×om�Í�p*x���u�m�x�qþ�	Ñ ��uU×�/ÒÓÒGp	Í;qÓÑÖFmRÕ
z��*x�n�Ñ�	|�Ò�n�Ò�q�mUÖdÒ

{

ẋ = Ax +Bu+ f(t, x),

y = Cx
Ñ ��q
l	ms}	x6�*uwqÓÑvuU�>×oÒ�m:��Ò�m\r��	Ò�m:��p	��x
m:ÒÓÐ�×oqþÒ]p	Í �>���	×on�ÒÓÑÒûÍ�p3xiuU�/Ò�u:�	�tm(� Ò�n�Ò=q
mUÖdÒG� È�É��É
Æ�ÉX�%��X�Cm\|/Ñoz3m¸ÒFÐ	��uUÑom:�:qBuwp/����ÑoqÓÑ~p	��Òiq�pE|	Ð��*xþ�	�:q�m�m<q
l	my}	xþ�3u�qþÑ~u:�>×�|/×op3r��>×oÐ���Ñ Í�p*xþÖ
Ò=q6�(r�Ñ× Ñoq=nsp	Í�q
l	m]uR×~p/Ò�m:�:��×opUp3}�Ò�n�Ò�q�m:Ö rUn¸�	�Om(Ò=qþÑ Öd�Dq
m:��Ò�qþ�Dq
m¿Í�m�m(�tr��*u��\|	Ñ~z*mU�yrUn¸�>�
p*r�Ò�m�x
z*m�x%�tm:ÒÓÑ~|	�2��Ï.l�ÑÔÒ p3r�Ò�m�x�z3m�x ÑÔÒ�uwp	�#Ò=q
xÓÐ'uwq�m(��Ñ � ÒFÐ'u�l¡�s�¿�%nsq�l#�Dq�q�l	m�Ò�p/× ÐtqþÑop/��Ò
p>ÍIq
l	mOm�x�x
p*xSm��-Ð��(qÓÑ~p	��u�p	�Uz*m�x�|3m<q�p �4uwm�x�q6�>Ñ��r��	× ×�X��my� Ñ ××!m:Ò�qÓÑÖd�Dq�m\q�l	mFx6�	��ÑÐ�Ò
p>Í
ÒFÐ'u�l �yr��>××�

� Ñoz3mU� �\qþÑ ÖFmUÕ{zZ�(x
n�Ñ �'| Ñ�	}�Ð	qFÕ p	Ðtq
}�Ðtq"Ò�n�Ò�q�m:Ö

{

ẋ = F (t, x, u),

y = Cx

� Ë	�Ë��

�;l	m�x
m
t ∈ R+

É
x ∈ R

n É
u ∈ R

p �>�#�
y ∈ R

q.
Ï.l	mWÍÂÐ��'uwqÓÑ~p	�

F : [0,+∞[×R
n × R

p −→ R
n

ÑÒ.}�Ñ~m�u�m�� ÑÔÒ�mGu�p	�:qÓÑ��Ð	p	Ð�ÒûÑ�
t

�>���E|	×~p*r#�>××ond×Ño}#Ò�u�l�Ñoq��WÑ�
x
p/�

[0,+∞[×R
n

�	���
CÑÒ8�Fu�p	��Ò�qþ�	�3q¿Öd�Dq
xÓÑ Î �

q × n
���

��m��'x6Ò�q<|/Ñoz3myq�l	m¯�	m�����ÑoqÓÑ~p	� p	ÍûÐ���Ñ Í�p3xÓÖ�Ò=q6�(r�Ñ× Ñoq=n��	����Ð���Ñ Í�p*xþÖ �Dq�q�x6�*uwqÓÑ~z-Ñoq=n
p>Í � Ë	�Ë�� q
pD�û�*xþ��Ò

Br = {x ∈ R
n/‖x‖ ≤ r}.

���������	�����! "�$#F� �"��Ñ Í�p*xþÖxÒ=q6�(r�Ñ× Ñoq=n�p>Í
Br

�&%
Br

³Ô·W©�¶�³ °R®>½�¾�ªJ¬�·�«�§('Uª ´Rº ³ °ä°R®>½¸§Zªùª
ε >

r
ºÅ«ùÁ�´R½Ó´ ´þ¹	³Ô·�«T·

δ = δ(ε) > 0
º�·�©�¨þÁ�«ùÁ�§Z«

‖x0‖ < δ ⇒ ‖x(t)‖ < ε, ∀t ≥ t0.

���������	�����! "�*)�� +]m�|	Ñ~p	�yp>Í��Dq�q�x6�*uwqÓÑ~p	�yp>Í
Br

�&%#��m�q
φ(t;x)

r�m]q�l	m8Ò�p	×ÐtqÓÑ~p	�Fp	Í � Ë	�Ë��
q�l��(q¸Ò=q6�(x�qþÒC�Dq¤Ñ��ÑoqÓÑÔ�>×%Ò�qþ�(q�m

x
�DqGqþÑ ÖFm

t = t0.
Ï.l'm�x�m�|	Ñ~p	�Cp>Íû�(q�q
xþ�3u�qÓÑ~p	�Cp>Í

Br

É
�tmU�	p*q�m(�ErUn

R
É�ÑÔÒ8�tm����	m:��rUn

R = {x ∈ R
n/‖φ(t, x)‖ → r

�	Ò
t→ +∞}.

���������	�����! "�*,�� �"��Ñ Í�p*xþÖ��(q�q�x6�*uwqÓÑ~z�ÑJq=n�p>Í
Br

�-%
Br

ÑÔÒ8Ð���Ñ Í�p3xÓÖ�×~n �(q�q
xþ�3u�qÓÑ~z*m/É�Ñ Í
Í�p*x
�>××

ε > r
É
x0 ∈ R

�>�#�¡�	�:n
t0 ≥ 0,

q�l	m�x�m<mRÎ�ÑÔÒ=q6Ò
T (ε, x0) > 0

ÒFÐ�u�lEq
l��Dq

‖x(t)‖ < ε, ∀t ≥ t0 + T (ε, x0).

���������	�����! "�/.	%
i)

Ï.l	m�Ò�n�Ò�q�m:Ö � Ë	�Ë���ÑÔÒûÒÓ�	Ñ�yq
p\rjm"Ð���Ñ Í�p*xþÖ�×onF}	x6�*uwqÓÑvuU�	× ×~n �/Ò�n�ÖF}�Õ
q�p(qþÑ~u:�>××on�Ò�qþ�*r�×~mB� Ñoq�l�x
m�|	Ñ~p	�4p>Íä�(q�q
xþ�3u�qÓÑ~p	�

R,
Ñ Í�q
l	m�x
mBmRÎ�ÑÒ�qþÒ

Br ⊂ R
n

ÒFÐ�u�l�q�l#�Dq
Br

ÑÔÒ Ð���Ñ Í�p*xþÖ�×on¯Ò�qþ�*r�×~mW�	��� Ð���Ñ Í�p*xþÖ�×on¯�(q�q
xþ�3u�qÓÑ~z*m/�
ii)

Ï.l'm+Ò�n�Ò�q�m:Ö � Ë	�Ë�� ÑÒ�|	×~p*r#�>××on Ð���Ñ Í�p*xþÖ�×onF}	x6�*uwqÓÑvuU�>××~n �/Ò�n�ÖF}tq�p*qÓÑvuU�	× ×~n Ò�qþ�*r�×~m	É-Ñ Í
ÑJq8ÑÔÒ;}	x6�*uwqÓÑvuU�>××~n�Ò=q6�(r�×~m<� ÑJq
l

R
n

�	Ò �yx
m�|/Ñop/�4p>Í
�Dq�q�x6�*uwqÓÑ~p	�2�
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���������	�����! "��
 %�Ï.l	m8Ò�n�Ò=q
mUÖ � Ë	�Ë��äÑÔÒ
Ð���Ñ Í�p*xþÖ�×onOmRÎt}jp	�	m:�3qþÑ�	× ×~nOu�p	�Uz*m�x�|3mU�:qHq�p
Br,Ñ Í�q�l	m�x�mymRÎ�ÑÔÒ=q6Ò

γ > 0
É�ÒFÐ'u�l�q�l#�DqWÍ�p*x¤�	× ×

t0 ∈ R+
É
x0 ∈ R

ÉXq�l'm�x
mymUÎ�ÑÒ�qþÒ
k ≥ 0

É
ÒFÐ'u�lEq�l#�Dq

‖x(t)‖ ≤ k(‖x0‖) exp(−γ(t− t0)) + r.
� Ë	� È(�

��m�ÒÓ�%n\q�l��(q q�l'm+Ò�n�Ò�q�m:Ö�ÑÔÒûÒ=q
x�p/�	|	×~n\}	x6�*uwqÓÑvuU�	× ×~n�Ò�qþ�*r�×om"Ñ Í�Í�p3x
r > 0,

Ò�n�Ò�q�m:Ö � Ë	�Ë��
ÑÒoÐ���Ñ Í�p*xþÖ�×on<mRÎt}jp	�	m:�:qÓÑÔ�>××onGuwp/�Uz*m�x
|*m:�:q@q�p

Br

��Ï.l	m¿Ò�n�Ò�q�m:Ö�ÑÔÒ�|	×~p*r��	× ×~nS}'xþ�3u�qÓÑvuU�	× ×~n
Ð���Ñ Í�p*xþÖ ×~n�mRÎt}jp	�	m:�:qÓÑÔ�>××ondÒ�qþ�(r�×om�Ñ ÍoÑJq ÑÔÒûÒ�q�x
p	�'|	×~nO}	x6�*uwqÓÑvuU�	× ×~ndÒ=q6�(r�×~mS� Ñoq�l

R
n

�/ÒÅ�
x�m�|	Ñ~p	�4p	Í��(q�q
xþ�3u�qÓÑ~p	���

���������	�����! "��� %�Ï.l	m Ò�n�Ò=q
mUÖ � Ë/� Ë � ÑÒ�Ð���Ñ Í�p*xþÖ�×on mRÎt}jp	�	m:�3qþÑ�	× ×~n u�p	�Uz*m�x�|3mU�:q�q�p
��m�x
p�ÉoÑ Íiq�l	m�x�m�mUÎ�ÑÒ�qþÒ

γ > 0
ÉäÒÓÐ'u�l�q
l��Dq�Í�p*x��>××

t0 ∈ R+
É
x0 ∈ R

É�q�l'm�x
m4mRÎ�ÑÔÒ=q6Ò
k ≥ 0

É�ÒÓÐ'u�lEq�l��(q

‖x(t)‖ ≤ k(‖x0‖) exp(−γ(t− t0)) + r(t),

� ÑJq
l
lim

t→+∞
r(t) = 0.

�	p*x�q�l'm�u�p	�'u�m�}tq!p>Í	p3r�Ò�m�x�z3m�x(É���mÅ�	Ñ Öu�(q�ÒÓÑ ÖF}�×Ñ Í�n-Ñ�	|Sq�l	m¿�tm(ÒFÑ~|	�sp	Í	q�l�ÑÒ�Ò�n�Ò�q�m:Ö
r:n4mRÎt}�×~p	ÑoqÓÑ�	|yq�l	mC×Ñ �'m:�(x¿Í�p3xÓÖ p>ÍHq�l	mC�	p/Ö�Ñ ���	×2Ò�n�Ò�q�m:Ö �

���������	�����! "��4� Ä xþ�3u�qÓÑvuU�	×.mRÎt}�p/�	mU�:qþÑ�	×�p3r�Ò�m�x
z*m�x��-%¿£ }'xþ�3u�qÓÑvuU�	×.mRÎt}�p/�	mU�:qþÑ�	×�p3r�Õ
Ò�m�x�z3m�xûÍ�p*x � Ë	�Ë��ÅÑÒ"� �	n-�#�>Ö�Ñ~u:�>×2Ò�n�Ò=q
mUÖ �;l�Ñvu�l�l��	Ò�q
l	mWÍ�p	××opD� Ñ�	| Í�p*xþÖ

˙̂x = F (t, x̂, u) − L(Cx̂− y),

�;l	m�x
m
L

ÑÒ;q�l	ms|-�>Ñ� Ö��(q�xþÑ Î �>���
e = x̂− x

ÑÒ.q
l	msp3xÓÑ~|	Ñ�Ep	Í!q�l	msm�x�x
p*x.m�/Ð#�DqÓÑ~p	��É
�;l�Ñ~u�l ÑÔÒ.|	Ñ~z*m:�ErUn

ė = F (t, x̂, u) − F (t, x, u) − LCe
�>���¡ÑJq ÑÔÒ.|	×~p*r��	× ×~n�}	x6�*uwqÓÑvuU�>××~n�mRÎt}�p/�	mU�:qþÑ�	× ×~n�Ò=q6�(r�×~m	��� q ÖFm:�	��Ò�q�l��(q8ÑJq ÑÔÒ.|	×~p*r��	× ×~n
Ð���Ñ Í�p*xþÖ ×~ns}	x6�*uwqÓÑvuU�	× ×~nC�	Ò�n-ÖF}tq
p(qþÑ~u:�>××on¤Ò�qþ�*r�×om¿�>�#�sq
l	mûÍ�p	××opD� Ñ�	|Bm:Ò�qÓÑÖ��(qÓÑ~p	�Ol	p	×Ô��Ò

‖e(t)‖ ≤ λ1(‖e(t0)‖) e−λ2(t−t0) + r, ∀ t ≥ t0

� ÑJq
l
λ1, λ2, r > 0.

�]p(q
m;q�l#�Dq:É3q�l'm]p*xþÑo|/Ñ �
x = 0

Öd�%n��	p*q rjm+�>��m�-Ð�Ñ ×Ñ~r	xÓÑÐ�Ö�}�p/Ñ �:q�p>ÍXq�l	m�Ò�n�Ò�q�m:Ö
� Ë	�Ë��R���CmFuU�>���	p¯×~p	�	|3m�x�Ò=qþÐ��tn�Ò�qþ�(r�Ñ ×ÑJq=n�p	Í`q�l	myp*xþÑo|/Ñ ���/Ò+�	��m��-Ð�Ñ×Ñor	xþÑÐ�Ö�}�p/Ñ �:q
�	p*x�Ò�l'p	Ð�×Ô����mEmUÎt}�mu�qFq�l	m Ò�p	×ÐtqÓÑ~p	� p>Í]q
l	m�Ò�n�Ò�q�mUÖ q
pg�*}	}	x
p/�3u�l q�l	m�p*xþÑo|/Ñ � �	Ò
t −→ ∞.

Ï.l	m8Ñ�	m��-Ð��	× Ñoq=n � Ë	� È(��ÑÖF}�×Ñom(ÒIq
l��Dq
x(t)

� Ñ ××�rjm8Ð�×oqÓÑÖd�Dq
mU×~nyrjp	Ð����tm:��r:n
� ÒÓÖd�>××@r�p/Ð����

r > 0,
q
l��Dq8ÑÔÒ:É ‖x(t)‖ � Ñ ××�rjm¤ÒFÖd�	× ×�Í�p3x8ÒFÐt��uUÑom:�3qþ×on¡×�*x�|3m

t
��� Í�Ñ�

� Ë	� È(�
r
u:�>��rjm\x
m�}�×Ô�*u�m:��rUn �¯ÒFÖFpUp(q
l�Ö��*}

r(t)
�/Ò8��ÍÂÐ���u�qÓÑ~p	��p>Í

t
�;l�Ñ~u�l�q
mU����Ò

q�p���m�x
p¡�/Ò
t
q�mU�#��ÒSq�p

+∞,
q�l	m Ð�×oqÓÑÖd�Dq�mFrjp	Ð��#���(}'}	x�p-�*u�l	m(Ò]��m�x
p���Ï.l�ÑÒ<u:�>��rjm

z-Ñ~m���m:�¯�	Ò¿�sx
p*r�Ð#Ò=qþ�	m:ÒþÒ }'x�p3}�m�x�q=nFp>ÍHuwp	�Uz3m�x
|*mU��uwm.q�pOq�l'mSp3xÓÑ~|	Ñ��}	x
pDz�Ñ�tm(�yq�l��(q
FÒÓ�(qÓÑÔÒ-�'m(Ò

F (t, 0, 0) = 0, ∀t ≥ 0
�����Eq�l�ÑÔÒ;uU�/Ò�mSq�l	mGp3xÓÑ~|	Ñ��rjm�u�p	ÖFm:Ò �	�Em�/Ð�Ñ ×Ñor'xÓÑÐ�Ö

}�p/Ñ �:q:�
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�._���c����Bk���k
	��Hc	k=e b

��msu�p	��ÒÓÑ�	m�x�q�l	mWÍ�p/× ×~pD� Ñ�	|d�tn����>Ö�ÑvuU�>×2Ò�n�Ò=q
mUÖ

{

ẋ = Ax +Bu+ f(t, x),

y = Cx,

� È��Ë��

�;l	m�x
m
A

ÑÒ¸� �
n × n

��É
B

ÑÔÒ¤� �
n × p

�RÉ
C

ÑÔÒ¤� �
q × n

�<u�p	��Ò�qþ�	�3q¤Öd�(q�xþÑ~u�m:ÒC�>�#�
f(t, x)

ÑÒ]u�p	�:qÓÑ��Ð	p	Ð#ÒUÉU|	×~p*r#�>××on���Ño}�Ò
u�l�Ñoq��CÑ�
x,

Ð���Ñ Í�p3xÓÖ�×~n�Ñ �
t.��msu�p	��ÒÓÑ�	m�x�q�l	mWÍ�p/× ×~pD� Ñ�	| �/ÒÓÒÓÐ�ÖF}tqþÑop/��ÒU�

(H1)
Ï.l'mB}#�>Ñ~x

(A,B)
ÑÒ;uwp/�:q�x
p	××�*r�×om/É-Ò�pOq�l	m�x�m<mRÎ�ÑÔÒ=q6Ò¿�Ou�p	��Ò�qþ�	�3q¿Öd�Dq
xÓÑ Î

Kp>Í
��Ñ ÖFm:��ÒFÑ~p	�
(p× n)

ÒFÐ�u�lEq
l��Dq¿Í�p3x8�>××�}�p-ÒFÑoqÓÑ~z*mC�tm�����Ñoq�m¤Ò�n-Ö�ÖFmwq
xÓÑvu�Öd�Dq�xþÑ Î
Q1,

Q1 ≥ c1I, c1 > 0,

q�l	m�x�m<mRÎ�ÑÔÒ=q6Ò8�y}�p-ÒFÑoqÓÑ~z*mC�tm�����Ñoq�m¤Ò�n�Ö ÖFm�q�xþÑ~u�Öd�Dq
xÓÑ Î
P1,

c2I < P1 < c3I, c2 > 0, c3 > 0,

�;l�Ñ~u�l�Òþ�DqþÑÒ �'m:Ò
P1AK +AT

KP1 = −Q1,
� È�� È(�

�;l	m�x
m
AK = A + BK

��Ï.l	m�Öd�Dq�xþÑvuwm:Ò�Ñ�	m��-Ð��	× ÑoqÓÑ~m:ÒWÖFm(�>��q
l��Dq(É���mOl��%z3m¸Í�p3xC�>××
x ∈ R

n,

c1‖x‖2 ≤ xTQ1x, c2‖x‖2 ≤ xTP1x ≤ c3‖x‖2.

(H2)
Ï.l	m�x�m<mUÎ�ÑÔÒ�qþÒ ��ÍÂÐ��'uwqÓÑ~p	�

ψ(t),
ÒÓÐ'u�lEq�l��(q Í�p*x8�>××

t ≥ 0

‖f(t, x)‖ ≤ ψ(t),
� È�� Ê��

� ÑJq
l ∫ +∞

0

ψ(s) ds ≤M < +∞.

������ # ����� )�� ¶��/´R½�§�·6·�©�¾8¼�«T³µ®>¶�·
(H1)

§Z¶��
(H2),

«ÂÁ�´�·�¬�·�« ´U¾
(2.1)

³ù¶¢¨Rª®�·U´����
ª ®:®6¼��
³ù«ùÁ «ÂÁ�´ ª ³ù¶�´6§Z½û°R´þ´���'þ§/¨ �

u(x) = Kx,
³Ô· �	ª ®('6§Zªùª ¬ ©�¶#³ °R®Z½�¾ ªJ¬¸¼�½Ó§/¨R«³µ¨6§ZªùªJ¬�´þ¹ �

¼�®>¶�´U¶�«³µ§ZªùªJ¬d·�«�§('Uª ´��

�û½Ó®(®±°�� �Cmiuwp/��ÒFÑÔ�tm�xÅ�s�-Ð��/�txþ�(qÓÑvu ��n-�(}�Ð��'pDz¤ÍÂÐ��'uwqÓÑ~p	�
V (t, x) = xTP1x

��Ïo�*��Ñ �	|
Ñ �:q�p �*u�uwp	Ð��3q � Ê�� Ê����>�#� � �#� Ë ��É�q�l	m��tm�xþÑozZ�(qÓÑ~z*m�p	Í

V
�	×op/�	|�q
l	m�q
xþ�"!=m�u�q
p*xþÑom(Ò�p	Í

Ò�n�Ò�q�mUÖ
(2.1)

ÑÔÒ.|	Ñ~z*m:�ErUn

V̇ (t, x) = ẋTP1x+ xTP1ẋ

= (AKx+ f(t, x))TP1x+ xTP1(AKx+ f(t, x))

≤ −xTQ1x+ 2‖P1‖‖f(t, x)‖‖x‖ ≤ −c1‖x‖2 + 2c3ψ(t)‖x‖
≤ −c1

c3
V (t, x) + 2

c3√
c2
ψ(t)

√

V (t, x).
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��mwq
v(t) =

√

V (t, x)
��Ï.l	m¯�	m�xþÑozZ�DqþÑoz3m�p>Í

v
ÑÔÒs|	Ñ~z*m:��rUn

v̇(t) =
V̇ (t, x)

2
√

V (t, x)
,

�;l�Ñ~u�l�Ñ ÖF}�×Ñom(Ò;q
l��Dq
v̇(t) ≤ − c1

2c3

v(t) + c3√
c2

ψ(t).
���:q�m�|*x6�DqÓÑ�	|�rjmwq=��m�m:�

t0
�	���

t,p	�	m<p*r	qþ�>Ñ��Ò ∀t ≥ t0,

v(t) ≤ v(t0)e
−
c1
2c3

(t− t0)
+

c3√
c2

∫ t

t0

ψ(s)e
−
c1
2c3

(t− s)
ds,

�;l�Ñ~u�l ÑÖF}�× Ñ~m:Ò�q
l��Dq

v(t) ≤ v(t0)e
−
c1
2c3

(t− t0)
+

c3√
c2
M.

� q Í�p	××opD�8Ò�q�l#�Dq:É

‖x(t)‖ ≤
√

c3
c2
‖x0‖e

−
c1
2c3

(t− t0)
+
c3
c2
M.

¥]mU��uwm	É*q�l	m+�(rjpDz*m;m:Ò�qÓÑÖd�DqþÑop/��Ò�l	pD�8Ò!q
l	m]|/×op3r��>×�Ð���Ñ Í�p3xÓÖ�mRÎt}jp	�	m:�:qÓÑÔ�>×�Ò�qþ�*r�Ñ ×Ñoq=nOp	Í

Bα,
� Ñoq�l

α =
c3
c2
M.

�Cmil��%z3m;}	x
pDz*m:�Oq
l��DqÅÒ�n�Ò=q
mUÖ
(2.1)

Ñ�4uU×op-Ò�m(��Õ×~pUp*}F� Ñoq�lFq�l'm
× Ñ�	m:�*x¿Í�m�m(�tr��*u��

u(x) = Kx
ÑÒ.|/×op3r��>××~n�Ò=q
x�p/�	|	×~n�}	x6�*u�qþÑ~u:�>××on¡Ò=q6�(r�×~m	�

�

�
¹�§Z¾"¼�ª ´��(�:�Cmsuwp/��ÒÓÑ�tm�x.q�l	m¤Ò�n�Ò=q
mUÖ

ẋ = Ax+Bu+ f(t, x)

� ÑJq
l

A =

(

0 1
−4 −2

)

, B =

(

−1 0
0 2

)

, f(t, x) =
1

1 + t2
.

Ï.l	mCÒ�n�Ò�q�mUÖ
ẋ = Ax+Bu

ÑÒ.|/×op3r��>××~n Ð���Ñ Í�p3xÓÖ�×~n�mRÎt}jp	�	m:�:qÓÑÔ�>××on�Ò�qþ�*r�Ñ ×Ñ~�:�(r�×om/É
��m�uU�	��q6�(�3m�� ×Ñ �'m:�(xWÍ�m�m:�tr#�*u���×Ô�%�

u(x) = Kx
� Ñoq�l

K =

(

1 −1
1 1

) ÒFÐ'u�l�q�l#�Dq

A+BK
ÑÔÒ�q�l'm¤¥8Ð	x
� ÑJq
�CÖd�Dq�xþÑ Î��

Ï.l	mCÒ�p/× ÐtqþÑop/�Ep	Í�q
l	m¤��n-�(}�Ð��	pDz�m��-Ð��(qÓÑ~p	�
PA+ATP = −I ÑÔÒ;|	Ñ~z*m:�ErUn

P =

(

5/16 −1/4

−1/4 7/16

)

.

��mwq
V (t, x) = xTPx,

�;l�Ñvu�l ÒÓ�(qÓÑÔÒ-�'m(Ò�q�l	m¤�/ÒÓÒÓÐ�ÖF}tqþÑop/�
(H1)

�;l	m�x�m

c1 = 1, c2 =
6 − 2

√
7

16
> 0, c3 =

6 + 2
√

7

16
> 0.

 �p*x
m�pDz3m�x(É�q�l	mûÍÂÐ���u�qÓÑ~p	�
f(t, x)

ÑÒ!uwp/�:qÓÑ�-Ð'p	Ð�Òä�>����ÒÓ�(qÓÑÔÒ-��m:Ò�q�l	m¿�	ÒþÒÓÐ�ÖF}tqÓÑ~p	�
(H2),

r�muU�>Ð#Ò�m ∫ +∞
0

dt

1 + t2
=
π

2
<∞.

Ï.l-Ð#ÒUÉ>�	× ×:q�l'm¿�/ÒÓÒÓÐ�ÖF}tqþÑop/��ÒHp>Í�}'x�m�z-Ñ~p	Ð#Ò�q
l	m�p3x�m:Ö
�(x
mÅÒþ�DqÓÑÔÒ �'m:����Cm�u�p	�'uU× Ð��	m q
l��DqHq�l	m¿Ò�n�Ò�q�m:Ö

(S)
ÑÒH|	×~p*r#�>××on�Ð���Ñ Í�p*xþÖ�×onG}	x6�*uwqÓÑvuU�	× ×~n

mRÎt}�p/�	mU�:qþÑ�	× ×~n¯Ò�qþ�(r�×om<rUn
u(x) = Kx

�
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�]pD�CÉ@��m�� Ñ ××`q�x
m:�(q¸�>�	p*q�l	m�xsuR×Ô�	ÒþÒ<p>Í Ò�n�Ò�q�m:Ö�Òsr:n�qþ�*�-Ñ�	| Ñ��Ò=q
m:�/��p	Í�q
l	m¯�/Ò±Õ
ÒFÐ�ÖF}tqþÑop/�

(H2)
q
l	mWÍ�p	××opD� Ñ�	|Fp	�'m	�

(H
′

2)
�Cm¤�	ÒþÒFÐ�ÖymBq
l��Dq;q
l	m�x
m<mRÎ�ÑÒ�qþÒ �Fu�p	��Ò�qþ�	�3q

M ′ > 0,
ÒÓÐ'u�lEq�l��(q

‖f(t, x)‖ ≤M ′.
� È�� ���

�]p(q
m<q�l��(q:É�Ñ Í!��mGx
m�}�×Ô�*u�m
M ′ r:n M ′(t) → 0

�	Ò
t→ +∞ Ét��m¤Ò�l��>××2ÒÓÐ	}	}jp/Ò�mSq
l��Dq

f(t, 0) = 0, ∀t ≥ 0,
Ñ��ÒFÐ�u�l �F�¿�%nFq�l	mGp3xÓÑ~|	Ñ�4rjm�u�p	ÖFm:Ò �	��m��-Ð�Ñ× Ñ~r	xþÑ Ð�Ö }�p/Ñ �:q:�

������ # ����� )�� ¶��/´R½�§�·6·�©�¾8¼�«T³µ®>¶�·
(H1)

§Z¶��
(H

′

2),
«ÂÁ�´�·�¬�·�« ´U¾

(2.1)
³ù¶¢¨Rª®�·U´����

ª ®:®6¼ �
³ù«ÂÁ�«ÂÁ�´dª ³ù¶�´6§Z½ °R´6´��('6§	¨��
u(x) = Kx

³Ô· �	ª ®('6§Zªùª ¬�©�¶�³ °R®>½�¾�ªJ¬ ¼�½Ó§	¨U«³µ¨þ§>ªùªJ¬�´þ¹ �
¼�®>¶�´U¶�«³µ§ZªùªJ¬d·�«�§('Uª ´��

�û½Ó®(®±°�� �Cm u�p	��ÒÓÑ�	m�xg� �-Ð��/�txþ�(qÓÑvu ��n/�(}�Ð��	pDz\ÍÂÐ��'u�qþÑop/��u:�>����Ñ���(q�m
V (t, x) =

xTP1x
�%Ïä�(��Ñ�	|gÑ �:q�p �3u�uwp/Ð��:q � È�� È(� �	��� � È�� Ê��RÉ`q�l	m��	m�xþÑozZ�DqþÑoz3mEp	Í

V
�	×op/�	|�q
l	m

q�x6� !=m�uwq�p3xÓÑ~m:Ò�p>Í�Ò�n�Ò�q�m:Ö
(2.1)

ÑÔÒ.|	Ñ~z*m:�ErUn

V̇ (t, x) = ẋTP1x+ xTP1ẋ

= (AKx+ f(t, x))TP1x+ xTP1(AKx+ f(t, x))

≤ −xTQ1x+ 2‖P1‖‖f(t, x)‖‖x‖ ≤ −c1‖x‖2 + 2c3M
′‖x‖

≤ −c1
c3
V (t, x) + 2

c3√
c2
M ′
√

V (t, x)

��mwq
v(t) =

√

V (t, x)
��Ï.l	m¯�	m�xþÑozZ�DqþÑoz3m�p>Í

v
ÑÔÒs|	Ñ~z*m:��rUn

v̇(t) =
V̇ (t, x)

2
√

V (t, x)
,

�;l�Ñ~u�l ÑÖF}�× Ñ~m:Ò�q
l��Dq

v̇(t) ≤ − c1
2c3

v(t) +
c3√
c2
M ′.

���3q
m�|3xþ�(qÓÑ�	|Orjmwq=��m�m:�
t0

�	���
t,
p	�'mBp3rtqþ�	Ñ �#Ò ∀t ≥ t0,

v(t) ≤ v(t0)e
−
c1
2c3

(t− t0)
+

2c23√
c2c1

M ′.

� q Í�p	××opD�8Ò�q�l#�Dq:É

‖x(t)‖ ≤
√

c3
c2
‖x0‖e

−
c1
2c3

(t− t0)
+

2c23
c2c1

M ′.

Ï.l�ÑÒ�n�Ñom:×��ÒUÉ:q�l'mS|/×op3r��>×#Ð���Ñ Í�p*xþÖ�mUÎt}�p/�	mU�:qÓÑÔ�>×�Ò�qþ�(r�Ñ ×ÑJq=nFp	Í
Bν ,

� Ñoq�l
ν =

2c23
c2c1

M ′.
��m�l��%z*m�}'x�pDz3m:� q�l��(q Ò�n�Ò=q
mUÖ

(2.1)
Ñ � uU×op-Ò�m(��Õ ×opUp*} � Ñoq�l�q
l	m�×Ñ�	m:�*x�Í�m�m(�tr��3u��

u(x) = Kx
ÑÒ.|/×op3r��>××~n¯Ò=q
x�p/�	|	×~n�}	x6�*uwqÓÑvuU�>××~n�Ò=q6�(r�×~m	�

�

�._�� ������d
	���d�����Uk���b

��msu�p	��ÒÓÑ�	m�x�q�l	m¤Ò�n�Ò=q
mUÖ � È��Ë��ûÒþ�DqþÑÒFÍ�n�Ñ �	|yq
l	mWÍ�p	××opD� Ñ�	|��	ÒþÒFÐ�Öy}	qÓÑ~p	��Ò:�
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(H3)
Ï.l'm`}��>Ñ~x

(A,C)
ÑÔÒ@p3r�Ò�m�x�zZ�*r�×om/É�l	mU��uwm`q
l	m�x
m`mRÎ�ÑÔÒ=q6Ò2�.|/�	Ñ �WÖd�Dq
xÓÑ Î

L(n×q)ÒFÐ'u�lEq�l#�Dq Í�p*x8�	× ×@}jp/ÒÓÑoqÓÑ~z*m¤�tm�����Ñoq�m¤Ò�n-Ö�ÖFmwq
xÓÑvu�Öd�Dq�xþÑ Î
Q2,

Q2 ≥ b1I, b1 > 0

q�l	m�x�mGmUÎ�ÑÔÒ�qþÒ"�F}jp/ÒÓÑoqÓÑ~z*m¤�tm�����Ñoq�m¸Ò�n�Ö ÖFm�q�xþÑ~uWÖd�Dq
xÓÑ Î
P2, b2I < P2 < b3I

É
b2 > 0

É
b3 > 0,

�;l�Ñ~u�l Òþ�DqÓÑÔÒ �'m:Ò

P2AL +AT
LP2 = −Q2,

�;l	m�x
m
AL = A− LC.

� Ê�� Ë �

Ï�pd�tm(ÒFÑ~|	� �>��p*r#Ò�m�x�z3m�x(É3��mGuwp	�#ÒFÑÔ�tm�x.q
l	m¤�tn����	Ö ÑvuU�	×�Ò�n�Ò�q�mUÖ

˙̂x = Ax̂+Bu+ f(t, x̂) − L(Cx̂− y),
� Ê�� È��

�;l	m�x
m
x̂ ∈ R

n
ÑÔÒ�q�l	mCÒ�qþ�(q�mBm:Ò�qÓÑÖ��(q�mBp>Í

x(t)
Ñ��q�l'mWÒ�mU�#Ò�mSq�l��(q

e(t) = x̂(t)− x(t)ÒÓ�(qÓÑÔÒ-�'m(Ò�q�l	mWÍ�p/× ×~pD� Ñ�	|Om(Ò=qþÑ Öd�(qÓÑ~p	�

‖e(t)‖ ≤ ‖e(t0))‖e−λ(t−t0) + r, ∀t ≥ t0.

� # ��� �  ��Z"�� ��� � ) � ¶��/´R½¢§Z·þ·�©�¾"¼�«³µ®Z¶�·
(H2)

§Z¶��
(H3),

«ÂÁ�´g·6¬�·�«�´R¾
(3.2)

³Ô·¢§
¼�½Ó§/¨R«³µ¨6§Zªä´þ¹R¼�®>¶�´U¶�«³µ§Zªo®�'�·U´U½���´U½%°R®>½¤«ùÁ�´C·�¬�·�«�´R¾ � È�� Ë ���

�û½Ó®(®±°�� �Cmsuwp	�#ÒFÑÔ�tm�x¿�	pD� q�l	mGm�x�x
p*x�m��-Ð��(qÓÑ~p	��� ÑJq
l
e = x̂− x,

ė = ˙̂x− ẋ = (A− LC)e+ f(t, x̂) − f(t, x).
� Ê�� Ê��

��m�uwp/��ÒFÑÔ�tm�x\q
l	m��-Ð��/�tx6�DqÓÑvu¯��n/�*}�Ð��	pDz ÍÂÐ��'uwqÓÑ~p	� u:�>����Ñ���(q�m/É
W (t, e) = eTP2e

�
Ïo�*�-Ñ�	|WÑ�3q
pC�*u�u�p	Ð��:q � È�� � ��É%q�l'm8�tm�xþÑozZ�(qÓÑ~z*m�p>Í

W
�>×~p	�'|iq
l	m.q�x6� !=mu�q�p3xÓÑ~m:ÒHp	Í�Ò�n�Ò�q�m:Ö

(3.3)
ÑÔÒ;|	Ñ~z*m:�ErUn

Ẇ (t, e) = ėTP2e+ eTP2ė

= (ALe+ f(t, x̂) − f(t, x))TP2e+ eTP2(ALe+ f(t, x̂) − f(t, x))

≤ −eTQ2e+ 2‖P2‖‖f(t, x̂) − f(t, x)‖‖e‖
≤ −b1‖e‖2 + 4b3ψ(t)‖e‖

≤ −b1
b3
W (t, e) + 4

b3√
b2
ψ(t)

√

W (t, e).

��mwq
w(t) =

√

W (t, e)
�
Ï.l	m��tm�xÓÑ~zZ�DqþÑoz3m4p>Í

w
ÑÔÒy|	Ñ~z*mU��r:n

ẇ(t) =
Ẇ (t, e)

2
√

W (t, e)
,

�;l�Ñ~u�l ÑÖF}�× Ñ~m:Ò�q
l��Dq

ẇ(t) ≤ − b1
2b3

w(t) + 2
b3√
b2
ψ(t).

���3q
m�|3xþ�(qÓÑ�	|Orjmwq=��m�m:�
t0

�	���
t,
p	�'mBp3rtqþ�	Ñ �#Ò ∀t ≥ t0,

w(t) ≤ w(t0)e
−
b1
2b3

(t− t0)
+

2b3√
b2

∫ t

t0

ψ(s)e
−
b1
2b3

(t− s)
ds.

��mG|3mwq:É



Ê	Ç(� �����¿ªùª ®Z©��(´Rº À��	�
���¸§>¾�¾d§Z¾ ³

w(t) ≤ w(t0)e
−
b1
2b3

(t− t0)
+

2b3√
b2
M.

� q Í�p	××opD�8Ò�q�l#�Dq:É

‖e(t)‖ ≤
√

b3
b2
‖e(t0)‖e

−
b1
2b3

(t− t0)
+

2b3
b2
M.

Ï.l	m¸×Ô�	Ò�qim:Ò�qÓÑÖd�DqþÑop/��Ò�l'pD�8Ò;q�l'm\|	×~p*r#�>×2Ð���Ñ Í�p3xÓÖ mRÎt}jp	�	m:�:qÓÑÔ�>×oÒ�qþ�*r�Ñ× Ñoq=n�p>Í
Bκ

x
mRÕ
Ò�}jm�uwqÓÑ�	|�q
l	mOm�x�x
p*xim��-Ð��DqþÑop/��� Ñoq�l

κ =
2b3
b2
M.

Ï.l	m�x�mUÍ�p*x
m	É���myuU�>� �tm:��Ð�uwmsq
l��Dq(É
� Ê�� Ê�� ÑÒ�|	×~p*r#�>××ony}	x6�*u�qþÑ~u:�>××onOmRÎt}jp	�	m:�3qþÑ�	× ×~ndÒ=q6�(r�×~m	�:�CmSuwp/�'uR×Ð��tmiq�l��(q:É3q�l	mBp*xþÑ~|	Ñ�
p>Í
Ò�n�Ò�q�mUÖ

(3.2)
ÑÔÒ8�y}	xþ�3u�qþÑ~u:�>×XmRÎt}jp	�	m:�3qþÑ�	×@p*r�Ò�m�x
z*m�xûÍ�p*x.q�l'm¤Ò�n�Ò�q�mUÖ � È��Ë��R�

�

�	p*x�q
l	m¤Ò�muwp/���EuU×�/ÒÓÒ.p	ÍäÒ�n�Ò=q
mUÖdÒ�q�x
m:�(q�m:� �(rjpDz*m/ÉUp	�	m<l��/Ò �>� �>���	×op3|	Ð	mBx�m(ÒFÐ�×Jq
�	Ò�q�l'mGp	�	m<p*r	qþ�>Ñ�	m(�¯Ñ� ÄIx�p3}�p-ÒFÑoqÓÑ~p	��Ë	�
� # ��� �  ��Z"�� ����� ) � ¶��/´R½�§�·6·�©�¾8¼�«T³µ®>¶�·

(H
′

2),
§Z¶��

(H3),
«ÂÁ�´�·�¬�·�« ´U¾

(3.2)
³Ô· §

¼�½Ó§/¨R«³µ¨6§Zªä´þ¹R¼�®>¶�´U¶�«³µ§Zªo®�'�·U´U½���´U½%°R®>½¤«ùÁ�´C·�¬�·�«�´R¾ � È�� Ë ���

�û½Ó®(®±°�����p	�#ÒFÑÔ�tm�x�q
l	mGm�x
x�p3x.m��-Ð��DqþÑop/�E� Ñoq�l
e = x̂− x,

ė = ˙̂x− ẋ = (A− LC)e+ f(t, x̂) − f(t, x).
� Ê�� � �

Ï.l	m��-Ð��/�txþ�(qÓÑvu ��n-�(}�Ð��	pDz8ÍÂÐ���u�qÓÑ~p	�OuU�>�#��Ñ���Dq�m/Éu:�>�GrjmIq6�(�*m:�¤�	Ò
W (t, e) = eTP2e.Ïo�*�-Ñ�	|WÑ�3q
pC�*u�u�p	Ð��:q � È�� � ��É%q�l'm8�tm�xþÑozZ�(qÓÑ~z*m�p>Í

W
�>×~p	�'|iq
l	m.q�x6� !=mu�q�p3xÓÑ~m:ÒHp	Í�Ò�n�Ò�q�m:Ö

(3.4)
ÑÔÒ;|	Ñ~z*m:�ErUn�Ø

Ẇ (t, e) = ėTP2e+ eTP2ė

= (ALe+ f(t, x̂) − f(t, x))TP2e+ eTP2(ALe+ f(t, x̂) − f(t, x))

≤ −eTQ2e+ 2‖P2‖‖f(t, x̂) − f(t, x)‖‖e‖

≤ −b1‖e‖2 + 4b3M
′‖e‖ ≤ −b1

b3
W (t, e) + 4

b3√
b2
M ′
√

W (t, e).

��mwq
w(t) =

√

W (t, e)
� Ï.l	m �tm�xþÑozZ�(qÓÑ~z*m�p>Í

w
ÑÔÒF|	Ñ~z*mU��r:n/É

ẇ(t) =
Ẇ (t, e)

2
√

W (t, e)�;l�Ñ~u�l ÑÖF}�× Ñ~m:Ò�q
l��Dq

ẇ(t) ≤ − b1
2b3

w(t) + 2
b3√
b2
M ′.

���3q
m�|3xþ�(qÓÑ�	|Orjmwq=��m�m:�
t0

�	���
t,
p	�'mBp3rtqþ�	Ñ �#Ò ∀t ≥ t0,

w(t) ≤ w(t0)e
−
b1
2b3

(t− t0)
+

4b23√
b2b1

M ′.

� q Í�p	××opD�8Ò�q�l#�Dq:É

‖e(t)‖ ≤
√

b3
b2
‖e(t0)‖e

−
b1
2b3

(t− t0)
+

4b23
b2b1

M ′.
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Ï.l	m¿×�/Ò=q
Ñ�	m��-Ð��	× Ñoq=n¤ÑÖy}�× Ñ~m:ÒHq
l	m;|	×~p*r��	×�Ð���Ñ Í�p*xþÖ mRÎt}jp	�	m:�3qþÑ�	×�Ò=q6�(r�Ñ× Ñoq=nsp	Í
Bη

� Ñoq�l

η =
4b23
b2b1

M ′.
¥]m:�'uwm/É3��miu:�>�¯�tm(��Ð'u�m]q�l#�Dq:É3q�l'mip*xþÑ~|	Ñ��p>Í�Ò�n�Ò�q�m:Ö � Ê�� Ê��
ÑÒ�|	×~p*r��	× ×~n

}	xþ�3u�qþÑ~u:�>××onOmRÎt}�p/�	mU�:qþÑ�	× ×~n�Ò�qþ�*r�×om/�>� q Í�p/× ×~pD�8Ò!q�l#�Dq:É*q�l	m+Ò�n�Ò�q�mUÖ
(3.2)

ÑÒ �s}	xþ�3u�qþÑ~u:�>×
mRÎt}�p/�	mU�:qþÑ�	×@p*r�Ò�m�x
z*m�x%Í�p3x.q�l	m¤Ò�n�Ò=q
mUÖ � È��Ë��R�

�

�]p(q
m.q�l��(q:É/Ñ Í@��m8ÒFÐ	}'}�p-Ò�m.q
l��Dq
M ′ = M ′(t)

�;l�Ñvu�lF|*pUm:ÒHq
ps��m�x�p<�;l	m:�
t
q
mU����Ò

q�p
+∞,

q
l	mU� q�l'm Ò�p	×ÐtqþÑop/��ÒFp>ÍSq�l	m�m�x�x
p*xym��-Ð��(qÓÑ~p	� u�p	�Uz*m�x�|3m4mUÎU}jp	�'mU�:qÓÑÔ�>××on�q�p
��m�x
p��

�]_�� �����!d �Hc	k=e�b���d'k�bSh@k�� ���

��m]u�p	��ÒÓÑ�	m�x!q�l'm"Ò�n�Ò�q�m:Ö � È�� Ë �!uwp	�:q
x�p/× ×~m:�OrUnGq�l	m"× Ñ�	m:�*x�Í�m�m(�tr��*u��¸×�%�
u(x̂) = Kx̂�>���Em:Ò�qÓÑÖd�Dq�m(��� ÑJq
lEq
l	mGp*r#Ò�m�x�z3m�x � Ê�� È(�R�

������ # ����� )�� ¶��/´R½¤§Z·þ·�©�¾"¼�«³µ®Z¶�·
(H1), (H2)

§>¶��
(H3),

«ÂÁ�´¤·�¬�·6«�´U¾

{

˙̂x = Ax̂+BKx̂+ f(t, x̂) − LCe

ė = (A− LC)e+ f(t, x̂) − f(t, x)

� ���Ë��

³Ô·Å¼�½Ó§	¨U«³µ¨þ§>ªùªJ¬ �	ª ®�'þ§>ªùªJ¬¯©�¶#³ °R®Z½�¾ ªJ¬¯´þ¹�¼�®Z¶�´R¶#«T³µ§>ªùªJ¬d·�«�§('Uª ´ �

�û½Ó®(®±°�������p*x6�tm�x]q�p¡Ò=qþÐ��tn�q�l	m Ò=q6�(r�Ñ×Ño�(�DqÓÑ~p	��}'x�p3r�×om:Ö z�ÑÔ���>��p*r�Ò�m�x
z*m�x:Ét��m\uwp/��Õ
ÒFÑÔ�tm�x.q
l	msuU�/Ò�u:�	�tm(�¯Ò�n�Ò=q
mUÖ

{

˙̂x = ϕ(t, x̂) + g(t, x̂)e,

ė = h(t, x̂, e),

� ��� È(�

�;l	m�x
m
ϕ(t, x̂) = Ax̂+BKx̂+ f(t, x̂)

É
g(t, x̂) = −LC É

h(t, x̂, e) = (A− LC)e+ f(t, x̂) − f(t, x).

�+�	m]l��/ÒUÉ ˙̂x = ϕ(t, x̂)
ÑÒ |	×~p*r��	× ×~n Ò�q�x
p	�'|	×~n\}	x6�*uwqÓÑvuU�>××~n Ò�qþ�*r�×omi� ÑJq
l�q�l	m���n-�(}�Ð��'pDz

ÍÂÐ��'u�qþÑop/���	ÒþÒ�ptuUÑ�(q�m:��u:�>��r�m\qþ�*�*mU���/Ò
v(t, x̂) =

√

x̂TP1x̂.
Ï.l�ÑÒ+��n-�(}�Ð��'pDzdÍÂÐ��'uRÕ

qÓÑ~p	��ÒÓ�(qÓÑÔÒ-��m:Ò

√
c2‖x̂‖ ≤ v(t, x̂) ≤ √

c3‖x̂‖,
� ��� Ê��

∂v

∂t
(t, x̂) +

∂v

∂x̂
ϕ(t, x̂) ≤ −c4v(t, x̂) +

c3√
c2
ψ(t),

‖∂v
∂x̂

‖ ≤ c3√
c2

É �;l	m�x
m
c4 =

c1
2c3

£8×ÔÒ�p�É
ė = h(t, x̂, e)

ÑÒE|	×~p*r��	× ×~n Ò�q�x
p	�'|	×~n
}	xþ�3u�qþÑ~u:�>××on�Ò�qþ�*r�×om¤�	���4q�l	mWÍ�p/× ×~pD� Ñ �'|Om(Ò=qþÑ Öd�DqþÑop/��uU�>��rjmGp*rtq6�>Ñ�	m:�

‖e(t)‖ ≤
√

b3
b2
‖e(t0)‖e

−
b1
2b3

(t− t0)
+

2b3
b2
M.
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Ï.l	m�x
mRÍ�p3x�m/É�q
l	m��tm�xÓÑ~zZ�DqÓÑ~z*mFp	Í
v

�	×op/�	|�q�l	myq�x6� !=mu�q
p*xþÑom(ÒSp	Í¿Ò�n�Ò=q
mUÖ
(3.2)

ÑÒG|/Ñoz3mU�
r:n¯Ð�ÒFÑ�	| � ��� È(�û�>��� � �#� Ê����

v̇(t, x̂) =
∂v

∂t
(t, x̂) +

∂v

∂x̂
ϕ(t, x̂) +

∂v

∂x̂
g(t, x̂)e

≤ −c4v(t, x̂) +
c3√
c2
ψ(t) +

c3√
c2
‖LC‖‖e‖

≤ −c4v(t, x̂)+
c3√
c2
ψ(t)+

c3√
c2
‖LC‖

(

√

b3
b2
‖e(t0)‖e

−
b1
2b3

(t− t0)
+

2b3
b2
M
)

,

�;l�Ñ~u�l ÑÖF}�× Ñ~m:Ò�q
l��Dq

v̇(t, x̂) ≤ −c4v(t, x̂) + λ‖e(t0)‖e−γ(t−t0) +
c3√
c2
ψ(t) +R,

�;l	m�x
m

λ =
c3√
c2
‖LC‖

√

b3
b2
, γ = − b1

2b3
, R =

2b3c3
b2
√
c2
M‖LC‖.

���3q
m�|3xþ�(qÓÑ�	|Orjmwq=��m�m:�
t0

�	���
t,
p	�'mBp3rtqþ�	Ñ �#Ò ∀t ≥ t0

É

v(t, x̂) ≤ v(t0, x̂0)e
−c4(t−t0)

+

∫ t

t0

(

λ‖e(t0)‖e−γ(s−t0) +
c3√
c2
ψ(s) +R

)

e−c4(t−s) ds

≤ v(t0, x̂0)e
−c4(t−t0) + λ‖e(t0)‖

∫ t

t0

e−c4(t−s)e−γ(s−t0) ds

+

∫ t

t0

(

R+
c3√
c2
ψ(s)

)

e−c4(t−s) ds

≤ v(t0, x̂0)e
−c4(t−t0) + λ‖e(t0)‖

∫ t

t0

e−c4tec4se−γseγt0 ds

+
c3√
c2
M +R

[

1

c4
e−c4(t−s)

]t

t0

≤ v(t0, x̂0)e
−c4(t−t0)

+ λ‖e(t0)‖eγt0e−c4t

∫ t

t0

ec4se−γs ds+
c3√
c2
M +

R

c4

[

1− e−c4(t−t0)
]

.

ÌUp�ÉUq
l	m�x
mGmRÎ�ÑÔÒ=q8Ò�p	ÖFm<}�p-ÒFÑoqÓÑ~z*mGuwp/��Ò�qþ�>�:q6Ò
β

�	���
µ

É�ÒFÐ�u�l4q
l��Dq

v(t, x̂) ≤ v(t0, x̂0)e
−c4(t−t0)+λβ‖e(t0)‖e−µ(t−t0)+

c3√
c2
M+

R

c4

[

1 − e−c4(t−t0)
]

.

��mwq�qÓÑ�	|
δ = min(c4, µ)

�>���
l = max(

√
c3, λβ),

��m<|3mwq

v(t, x̂) ≤ l (‖x̂0‖ + ‖e0‖) e−δ(t−t0) +
c3√
c2
M +

R

c4
.

� q Í�p	××opD�8Ò�q�l#�Dq
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‖x̂(t)‖ ≤ l√
c2

‖(x̂0, e0)‖e−δ(t−t0) +
c3
c2
M +

R

c4
√
c2
.

Ï.l	mU�2ÉXq
l	m�uU�/Ò�u:�	�tm(��Ò�n�Ò�q�m:Ö � �#� È��8ÑÔÒB}	xþ�3u�qþÑ~u:�>××on�|/×op3r��>××on�mUÎU}jp	�'mU�:qÓÑÔ�>××on�Ò�qþ�*r�×~m	�
�

��m�� Ñ× × Ð�Ò�m�q�l	m�Òþ�>ÖFm��(x
|	Ð�ÖFm:�3q��	Ò�Ñ� Ï.l'm�p*x
mUÖ�Ê�q
p�}	x
pDz*m �>� �>���	×op3|	Ð	m
x�m(ÒFÐ�×oq;�;l	mU�

f
ÑÒ8�yrjp	Ð��#�tm:�¡ÍÂÐ��'uwqÓÑ~p	�2�

������ # ����� )�� ¶��/´R½¯§Z·6·6©�¾"¼�«³µ®Z¶�·
(H1), (H

′

2),
§Z¶��

(H3),
«ùÁ�´¯·6¬�·�«�´R¾ � ���Ë���³Ô·

¼�½Ó§/¨R«³µ¨6§ZªùªJ¬ �>ª ®�'6§ZªùªJ¬¡©�¶�³ °R®Z½�¾ ªJ¬¯´þ¹R¼�®>¶�´U¶�«³µ§ZªùªJ¬d·�«�§('Uª ´��

�û½Ó®(®±°�������p*x6�tm�x]q�p¡Ò=qþÐ��tn�q�l	m Ò=q6�(r�Ñ×Ño�(�DqÓÑ~p	��}'x�p3r�×om:Ö z�ÑÔ���>��p*r�Ò�m�x
z*m�x:Ét��m\uwp/��Õ
ÒFÑÔ�tm�x.q
l	m¤Ò�n�Ò�q�m:Ö � �#� È���� ÑJq
l

k(t, x̂) = Ax̂+BKx̂+ f(t, x̂)
É	�;l�Ñvu�l Òþ�DqþÑÒFÍ�n

∂v

∂t
(t, x̂) +

∂v

∂x̂
k(t, x̂) ≤ −c4v(t, x1) + r1,

�;l	m�x
m
r1 =

c3√
c2c1

.
ÌUm�u�p	���2É

ė = h(t, x̂, e)
ÑÔÒ!|	×~p*r��	× ×~n¤Ò=q
x�p/�	|	×~nG}	x6�*u�qþÑ~u:�>××on¤Ò�qþ�*r�×~m

�>���E��mGl#�%z*mSq�l	mWÍ�p/× ×~pD� Ñ �'|Om(Ò=qþÑ Öd�DqþÑop/�

‖e(t)‖ ≤
√

b3
b2
‖e(t0)‖e

−
b1
2b3

(t− t0)
+

4b23
b2b1

M ′.

Ïo�*�-Ñ�	| Ñ �:q
p��3u�u�p	Ð��:q � ��� È(�û�	��� � ��� Ê��RÉUq�l	mC�tm�xÓÑ~zZ�DqÓÑ~z*m<p	Í
v

�>×~p	�'|\q
l	m<q�x6� !=mu�q�p3xÓÑ~m:Ò
p>Í
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v̇(t, x̂) =
∂v

∂t
(t, x̂) +

∂v

∂x̂
k(t, x̂) +

∂v

∂x̂
g(t, x̂)e ≤ −c4v(t, x̂) + r1 +

c3√
c2

‖LC‖‖e‖

≤ −c4v(t, x̂) + r1 +
c3√
c2
‖LC‖

(

√

b3
b2
‖e(t0)‖e

−
b1
2b3

(t− t0)
+

4b23
b2b1

M ′
)

.

��l�Ñ~u�l ÑÖF}�× Ñ~m:Ò

v̇(t, x̂) ≤ −c4v(t, x̂) + λ‖e(t0)‖e−γ(t−t0) +R1

� ÑJq
l
R1 = r1 +

4b23c3
b2b1

√
c2
M‖LC‖ �����:q�m�|*x6�DqÓÑ�	|yr�m�q=��m�mU�

t0
�	���

t,
p	�	m<p3rtqþ�	Ñ ��Ò

v(t, x1) ≤ v(t0, x̂0)e
−c4(t−t0) +

∫ t

t0

(

λ‖e(t0)‖e−γ(s−t0) + R1

)

e−c4(t−s) ds

≤ v(t0, x̂0)e
−c4(t−t0) + λ‖e(t0)‖

∫ t

t0

e−c4(t−s)e−γ(s−t0) ds

+R1

∫ t

t0

e−c4(t−s) ds ≤ v(t0, x̂0)e
−c4(t−t0)
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+ λ‖e(t0)‖
∫ t

t0

e−c4tec4se−γseγt0 ds+R1

[

1

c4
e−c4(t−s)

]t

t0

≤ v(t0, x̂0)e
−c4(t−t0)

+ λ‖e(t0)‖eγt0e−c4t

∫ t

t0

ec4se−γs ds+
R1

c4

[

1 − e−c4(t−t0)
]

.

��l�Ñ~u�l ÑÖF}�× Ñ~m:Ò;q�l��(q�q
l	m�x
mGmRÎ�ÑÔÒ=q8Ò�p	ÖFm<}�p-ÒFÑoqÓÑ~z*mGu�p	��Ò�qþ�	�3q6Ò
β

�>���
µ

É�ÒÓÐ'u�l4q
l��Dq

v(t, x1) ≤ v(t0, x̂0)e
−c4(t−t0) + λβ‖e(t0)‖e−µ(t−t0) +

R1

c4

[

1 − e−c4(t−t0)
]

.

��mE|*mwq
v(t, x1) ≤ l (‖x̂0‖ + ‖e0‖) e−δ(t−t0) + R1

c4

Í�p3x���u�m�x�qþ�	Ñ �
l > 0.

��l�Ñvu�l
Ñ ÖF}�×Ñom(Ò.q�l#�Dq

‖x̂(t)‖ ≤ l√
c2

‖(x̂0, e0)‖e−δ(t−t0) +
R1

c4
√
c2
.
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