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vbk�µóÀF¾	¶�m�· Á£· ¾:¶�¾�i�Á8k�µø¸ùÁ?È�n	µ0Á¿µC½¿Ë�·¶�ÈbÁ£· ¾:¶ ið½£¾	ËzÃ<k�·ÉÀ/k�ÁEk�µó¸¿µ\Á�¾�i�Á£µF½£Ë�· ¶�ÈVÁ¿µ4mKÃã¾:½¿¹�¸
S(k) ⊆ {1, . . . , n}

·¸?m�µ\Á¿µC½¿Ë�·¶�µ�m{·É¸bn	·>�	µC¶ ��º

x1
i (k) = xTi, i ∈ S(k) ⊆ I1(k), x1

i (k) < xTi, i ∈ I1(k) \ S(k).
r { � �9x

vbk�µ�À/k�ÈV¶hn:µ�¾�i q8Ç�È	Î · Á£ÈVÁ¿·>�	µ ¸ùÁ?ÈbÁ¿µ3¸�¾�i6Ãó¾	½£¹�¸�ÈbÁ�ÁEk�µ ��µ�n:· ¶�¶�· ¶hn�¾�i�r
k - Ä	xåÊÌÁEk

¸ùÁ?È�n	µ_·É¸<m�µ �/¶�µ�m È	¸

di(k + 1) =

{

2
·.i

i ∈ S(k),

1
·.i

di(k) = 0&I2(k) ∪ S(k) ⊇ Ii1.

r { � Â9x

vbk�µ »�½¿¾�lùµCÀ�Á�µF¶�m�¸6·~i
I1(N) ⊂ {1, . . . , n}

È	¶�m
I1(N + 1) = {1, . . . , n}

�Wvbk�µ
Á£ÈV½8n	µFÁbiðÇ�¶�À�Á£· ¾:¶�ÈVÎ#·É¸

T (N + 1) → min .
r { � �x

�&µ\ÁÍÇ�¸�ÀF¾	¶�¸¿·>m�µF½�¸N¾:Ë�µ�n	µC¶�µF½?ÈVÎ·>}CÈbÁ£· ¾:¶�¸�¾�iAÁEk�µ��/È	¸¿µ�Ë�¾om�µFÎ@r { �Ä4x ' r { � �x��[v¯È	¹�· ¶hn
· ¶8Á¿¾�È	ÀCÀ\¾	Ç�¶:ÁãÁEk�µ�Ç�¸£È�n:µ.¾�i&ËÍÈVÁ¿µF½£·ÉÈVÎÉ¸0ÃóµRn:µ\ÁóÈ'Ë�¾	½£µRn	µC¶�µF½?ÈVÎ/µ�q8Ç�ÈVÁ¿·¾	¶¼·¶�¸NÁ¿µCÈ9m¼¾�i
r { � �9x\Ï

x1
i (k) = x0

i (k) + fi

(

ui(k), ui1(k), . . . , uiK(k)
)

t(k),
Ã<k�µF½£µ

ui1(k), . . . , uiK(k)
ÈV½£µA· ¶8Á£µF¶�¸¿· Á£· µ3¸0¾�i#Ë�ÈVÁ¿µC½¿·ÉÈVÎÉ¸$Ç�¸£È�n:µ	�9��µ6Ë�È�º�·¶:Á£½¿¾om�Ç/À\µ

È	¸øÃóµFÎÎ�ÁEk�µ m�º�¶�È	Ë�·ÀC¸ø¾�i�Ë�ÈVÁ¿µC½¿·ÉÈVÎÉ¸ø¸ùÁ£¾	½?È�n	µ

x1
Mj(k) = x0

Mj(k) +
(

uMj(k) − u1j(k) − . . . − unj(k)
)

t(k),

Ã<k�µF½£µ
uMj(k)

·É¸AÁ8k�µ'·¶8Á¿µC¶�¸N· Áùº ¾�i
j
Ê]Á8k�ËÍÈbÁ£µF½£·È	Î¯¸¿Ç�»�»�Îº	� �Gi
ÁEk�µ ËÍÈbÁ¿µC½¿·ÉÈVÎ ¸NÇ�»�»�Îº

·¸+È�¸¿µF½£· µ3¸ã¾�i���ÈVÁ£À/k�µ3¸ø¾�i¯ÁEk�µ�È	Ë�¾:Ç�¶8Á
xMbj

½£µCÀFµF·>�	µ�m µF· ÁEk�µC½+· ¶�ÁEk�µ � ,�µ�m�· ¶�¸NÁ£È	¶8Á£¸
¾	½0Ã<k�µF¶ÍÁ8k�µ.¸NÁ¿¾	½?È�n:µAÀ\¾:¶:Á£µF¶8Á£¸0½¿µ4m�Ç�ÀFµC¸
Á£¾KÁEk�µAÁEk�½¿µ3¸ k�¾:Î>mJ�bÈ	Î Ç�µ:´	Á8k�µF¶

uMj(k) = 0ÈV¶�m ÁEk�µ µ��:µF¶8Á�¾�iAÁ8k�µ�ËÍÈVÁ¿µF½£·ÉÈVÎø· ¶/À\¾	Ë�µ{·¸Jm�µFÁ¿µC½¿Ë�·¶�µ�m �8º�Ç/¸N·¶hn�ÁEk�µ�ið¾	ÎÎ¾bÃ+· ¶hn
À\¾	¶ m�· Á£· ¾:¶�¸

T (k + 1) = Tj

(

lj(k)
) ¾:½

x1
Mj(k) = xM min j .

vbk�µF¶
xMj

ÈV¶�m�Á8k�µK¶�Ç�Ë=��µF½+¾�i ½£µCÀFµF·>�	µ�m ��ÈbÁ?À/k�µC¸
lj

ÈV½£µ_Ç�»fm�ÈbÁ¿µ4m È	¸

x0
Mj(k + 1) = x1

Mj(k) + xMbj , lj(k + 1) = lj(k) + 1.

��¶ È	Î Î#¾	ÁEk�µC½AÀFÈ:¸Nµ3¸ãÃóµ@k�È	�:µ

x0
Mj(k + 1) = x1

Mj(k), lj(k + 1) = lj(k).

��¾	½�Á8k�µ�ÀFÈ	¸¿µ ¾�i6ËÍÈbÁ£µF½£·È	Î¸ Ã+· ÁEknÈ�»�µF½£ËÍÈV¶�µC¶:ÁÍ¸¿Ç�»�»�Îº�ÁEk�µ ið¾:Î Î¾bÃ+·¶hn�ÀF¾	¶�m�· Á¿·¾	¶
Ë'Ç�¸NÁ?�/µ�¸£ÈbÁ£·¸%��µ4m#Ï

xM min j ≤ x1
Mj(k) ≤ xM max j .



{ ��� ��� � ��� ¨�����©F°

��¶¼ËÍÈV¶�ºÍÀFÈ	¸¿µC¸$ÁEk�µ�»�½£¾�lùµ3À�Á0·É¸øÈ	¸£¸NÇ�Ë�µ4mÍÈ	¸óÀ\¾	¶8Á?ÈV·¶�· ¶�n�»�È	¸£¸¿·~�:µA»�½£¾�ÀFµC¸£¸Nµ3¸$Ã+· ÁEk
� ,�µ�m m�Ç�½£ÈVÁ¿·¾	¶�¸'· ¶8Á¿µC½¿½£µFÎÉÈbÁ£µ�ms��º »�½¿µ3À\µ4m�µF¶�ÀFµ�ÀF¾	¶�m�· Á¿·¾	¶/¸�Ã+· ÁEk ¾	ÁEk�µC½ Ãó¾	½£¹�¸�ÈV¶�m
¶�¾VÁRm�µCËÍÈV¶�m�·¶hn¼È	¶8º ½¿µ3¸N¾:Ç�½£ÀFµC¸C�o��¾	½A¸¿Ç�À/k�È�¹�· ¶ m�¾�i »�½¿¾�À\µ3¸¿¸¿µC¸ãÁ8k�µ'¸NÁ£ÈbÁ£µ@�bÈV½£·È���Î µ
·¸%ÁEk�µãÁ¿·Ë�µ�ið½£¾	Ë�· Á£¸���µ�n	·¶�¶�·¶hn/´�¸¿¾.· Á£¸"m�º�¶�È	Ë�·ÉÀF¸�È	¶�m_Á¿µC½¿Ë�·¶�ÈbÁ£· ¾:¶'ÈV½£µ6m�µ\Á¿µC½¿Ë�·¶�µ�m
�8º¼ÁEk�µKµ4q:Ç/ÈbÁ¿·¾	¶/¸@r { � � xóÈ	¶�m

x1
i (k) = x0

i (k) + t(k), x1
i (k) = TFi.

vbk�µ�¸£ÈVË�µÍÁùº�»�µ ¾�i+»�½£¾�À\µ3¸¿¸¿µC¸K·É¸ Ç�¸Nµ4m Á¿¾�½¿µC»�½¿µ3¸NµC¶8ÁKÁEk�µ{À\¾	¶ m�· Á£· ¾:¶ ¾�i+¶�¾:¶�Ê�¸ùÁ£½¿·ÉÀ�Á
»�½¿µ3À\µ4m�µF¶�ÀFµA·¶�Á¿·Ë�µd�/µFÁùÃãµCµF¶�ÁùÃó¾�Ãó¾	½£¹�¸C��vbk�µ6¸Nµ3À\¾	¶ m�Ãã¾:½¿¹

j
ËÍÈ�º=��µ�n:· ¶

tij
m�È�º�¸

ÎÈVÁ¿µF½ Á8k�ÈV¶ ÁEk�µ ��½?¸NÁ<r
i
Ê]Á8k x¯¾	¶�µ:� �Gi�»�½£µCÀ\µ4m�µF¶/À\µó·¸�Ë�µCÈ:¸NÇ�½¿µ4m'È	¸

kijxi(t, k)−xj(t, k)ÈV¶�m ÁEk�µAË�· ¶�·Ë'Ç�Ë�»�½£µCÀFµ�m�µC¶�À\µ+·É¸
xminij

´VÁ8k�µF¶�Á8k�µ.ÀF¾	¶�m�· Á¿·¾	¶�¾�i�È:À/k�· µ��	µCË�µC¶8Á Á8k�µ
¶�µCÀFµC¸£¸¿È	½¿ºÍ»�½£µCÀFµ�m�µC¶�À\µ_Î¾�¾	¹�¸óÎ ·¹	µ�ÁEk�µ�À\¾	¶ m�· Á£· ¾:¶ ¾�i%Á8k�µKÃó¾	½£¹�Á¿µF½£Ë�· ¶/ÈbÁ¿·¾	¶%Ï

x1
i (k) = xmin ij/kij .

� k�µF¶ ��¾VÁEk Ãó¾	½£¹�¸óÈ	½¿µ iðÇ�Î2��ÎÎ µ4m#´�Á8k�µF¶{ÁEk�µ�À\¾	¶ m�· Á£· ¾:¶�¾�i »�½¿µ3À\µ�m�µF¶�ÀFµ�·É¸<m�µ���¶�µ�m È:¸

x1
j (k) ≤ kijx

1
i (k) − xmin ij

·.i
di(k) = 1, dj(k) = 1.

�A¶�m#´��/¶�ÈVÎÎ º:´�½¿µ3¸ùÁ£½¿·ÉÀ�Á£· ¾:¶�¸ó¾	¶ Á¿µF½£ËÍ¸ø¾�i���µ�n:· ¶�¶�· ¶�n�È	¶�m wb¾	½ãÁ¿µF½£Ë�· ¶/ÈbÁ¿·¾	¶{¾�i À\µF½¿Á£È	· ¶
Ãã¾:½¿¹�¸ ¾	½�»�È:¸¿¸¿·~�:µã»�½¿¾�À\µ3¸¿¸¿µC¸¯ËÍÈ�º�µ ,�·É¸ùÁ$È:¸�ÃãµCÎ Î�È:¸ ¸¿¾	Ë�µø½£µC¸NÁ¿½£·À\Á¿·¾	¶�¸ ¾	¶�È m�Ç�½?ÈbÁ¿·¾	¶
¾�i�Ãã¾:½¿¹�¸C�

vbk8Ç/¸�Ãóµ¼Ë'Ç�¸NÁ µCË�»hk�È	¸¿·>}Fµ¼Á8k�ÈbÁ�ÈVÎÎ��bÈV½£·ÉÈV¶8Á£¸'¾�iøÁEk�µ�Ë�¾Tm�µFÎÉ¸'»�½£µC¸¿µF¶8Á£µ�msk�µC½¿µ
iðÇ�Î Îº�ÀF¾	½£½¿µ3¸N»�¾	¶ m�Á¿¾{Á8k�µ,n	µC¶�µF½?ÈVÎ Ë�¾Tm�µFÎ

M0
m�µFÁ¿µC½¿Ë�·¶�µ�m ��µFÎ¾bÃ~Ã+· ÁEk ÁEk�µÍ¸¿µ\Á�¾�i

½¿µCÎÈVÁ¿·¾	¶�¸Ek�·»�¸ r ���Ä4x ' r;��� �9x��

�bZ��������y_�`be �������be ��] !"_ g'` ![]Ra \�^��
	 ��![]�� �

�&µ\Á¼Ç/¸�»�½¿µ3¸NµC¶8Á�Á8k�µ�ËÍÈV·¶ iðµ3ÈbÁ£Ç�½¿µ3¸�¾�i�ÁEk�µ�Ë�¾om�µCÎ=r { � Ä	x ' r { ���x\��vbk�µ q:Ç/ÈVÎ· Á?ÈbÁ¿·>�	µ
m�º�¶�ÈVË�·ÉÀF¸K·É¸ m�µ3¸¿ÀF½¿·>�/µ4m Ã+· Á8k m�·���µF½£µF¶/À\µ¼µ4q:Ç/ÈbÁ¿·¾	¶/¸,r { � �9x_ÀF¾	¶�¶�µCÀ�Á£· ¶�n�· ¶�· Á¿·ÉÈVÎóÈV¶�m
��¶�ÈVÎ&¸NÁ£ÈVÁ¿µ3¸+¾�i¯ÁEk�µ�¸NÁ£È�n	µ	� ��¶�n	µC¶�µF½?ÈVÎ�Á8k�µFº�ÈV½£µ�½£µF»�½¿µ3¸NµC¶:Á£µ�m�È	¸

x1(k) = Y
(

d(k), x0(k), u(k), t(k)
) r;���Ä4x

Ã<k�µF½£µ
Y (d(k), x0(k), u(k), 0) = x0(k)

ið¾	½�ÈV¶�º
d(k), x0(k), u(k)

��v¯½?ÈV¶�¸ ið¾	½£ËÍÈbÊ
Á¿·¾	¶�µ�q8Ç�ÈVÁ¿·¾	¶�¸ r { � � xdið¾:½'¸Ek�·.i¬Á?¸@ið½£¾	Ël¾	¶�µ¼¸NÁ£È�n	µ�Á¿¾�ÁEk�µ¼¶�µ ,�Á'¾	¶�µ¼ÈV½£µ�m�µC¸£À\½£·~��µ�m
�8º

x0(k + 1) = X
(

S(k), d(k), x1(k)
)

.
r;��� { x

�jn	µF¶�µF½?ÈVÎ ið¾	½£Ë'Ç�ÎÉÈbÁ£· ¾:¶�¾�i%ÁEk�µ_ÀF¾	¶�m�· Á£· ¾:¶ ið¾:½AÈ�¸NÁ£È�n	µ6Á¿µC½¿Ë�·¶�ÈbÁ£· ¾:¶�Ã+· ÁEk�È�À\µF½¿Á£È	· ¶
¸NµFÁA¾�i¯µ��	µC¶:Á?¸

S(k) ⊆ {1, . . . , L}
·É¸bn	·>�	µC¶ ��º

rY
i(s)(x

1(k)) ≡ x1
i(s)(k) − xs0 = 0, s ∈ S(k),

r ��� �&x

· Á+ÀFÈ	¶��/µKÈ	»�»�Î· µ4mJið¾	½øÈV¶�º�Áùº�»/µ�¾�i&Á8k�µ�µ��	µC¶8Á
s

Ã+· ÁEk¼Á8k�µ�¾	¶�ÎºÍ¸ùÁ?ÈbÁ¿µ �bÈV½£·È���Îµ
xi(s)· ¶�ÀF½¿µ3È	¸¿· ¶�n�Ë�¾	¶�¾VÁ¿¾:¶�¾	Ç/¸NÎº�Ã+· Á8k�½¿µ3¸N»�µCÀ\ÁKÁ¿¾

t(k)
����¾:½K¾VÁEk�µF½_Áùº�»/µ3¸K¾�ióµ��:µF¶8Á£¸�Á8k�µ

ið¾	ÎÎ ¾bÃ+·¶hn�· ¶�µ4q8Ç�ÈVÎ· Áùº k�¾	ÎKm�¸



�� ��	©��  ����.©\¡F  ��±¿¢?©�� � ¨b«/«�ª¬«���\ V±	��
�§]ª�Í¨ ���ó±¿ ��F©£¢F§ã¥�¢���©�� � �)ª¬«� { �VÅ

rY
i(s)

(

x1(k)
)

< 0, s /∈ S(k).
r ��� � x

� q8Ç�È	Î · Á£ÈVÁ¿·>�	µø¸ùÁ?ÈbÁ£µ6�:µCÀ�Á£¾	½
À/k�È	¶hn	µ3¸¯ÈVÁ¯Á8k�µøµF¶�m ¾�i�µCÈ	À/k�¸ùÁ?È�n:µãÈ	¸�È�½£µC¸¿Ç�Î Á�¾�i/µ��	µC¶8Á£¸

d(k + 1) = D
(

S(k), d(k)
)

.
r;���C��x

vbk�µF½£µ�È	½¿µ�¸¿¾	Ë�µ ½£µC¸NÁ¿½£·ÉÀ�Á¿·¾	¶/¸.¾:¶�ÁEk�µ�ÀF¾	¶8Á¿½£¾	Î"�	µ3À�Á£¾	½ m�µF»�µF¶�m�· ¶hn ¾:¶�ÁEk�µ��bÈ	Î Ç�µ�¾�i
d(k)

´�·¶ n	µF¶�µF½?ÈVÎ�ÁEk�µCº�ÀCÈV¶��/µ m�µ3¸¿ÀF½¿·>��µ�m���º

rU
j

(

d(k), u(k)
)

≤ 0, j ∈ J1

(

d(k)
)

.
r;��� Â9x

vbk�µ �bÈ	Î Ç�µ�¾�i�ÁEk�µ�Á£È	½En:µ\Á�iðÇ�¶�À\Á¿·¾	¶�È	Î m�µF»�µF¶�m�¸ ¾:¶tÁ8k�µ���¶�ÈVÎK¸NÁ£ÈVÁ¿µ
F0

(

x1(N)
) �

��Ç�½¿ÁEk�µC½_Ããµ�È	¸£¸NÇ�Ë�µ ÁEk/ÈbÁ�ÈV¶�¾	ÁEk�µC½.Áùº�»�µ�¾�i0½£µC¸NÁ¿½£·À\Á¿·¾	¶�¸6ËÍÈ�ºP�/µ�·¶�À\ÎÇ�m�µ4m�·¶�Á8k�µ
Ë�¾om�µCÎ]´�¶�ÈVË�µFÎº

rY
j

(

x1(k)
)

≤ 0, j ∈ K0

(

d(k)
)

,
r;�����x

rY
j

(

x1(k)
)

≤ 0, j ∈ K1

(

d(k), S(k)
)

.
r;��� �9x

��µ0È:¸¿¸¿Ç�Ë�µ[iðÇ�½¿ÁEk�µF½&Á8k�ÈbÁ%ÁEk�µ$Ë�¾om�µCÎfr;���Ä4x ' r ��� �&x/¸£ÈbÁ£·¸%��µ3¸%¸¿¾	Ë�µ[n	µC¶�µF½?ÈVÎV»�½¿¾:»/µC½NÁ£· µ3¸F�
vbk�µFº¼È	½¿µ_¸¿ÈVÁ¿·É¸ �/µ�m,ið¾:½óÁEk�µ ��È:¸Nµ�Ë�¾Tm�µFÎ&ÈV¶ m¼· Áø·É¸óÎ ·¹	µCÎ º�Á8k�ÈbÁøÁ8k�µKÈ�mhm�· Á¿·¾	¶/ÈVÎfið¾	½£Ë
¾�i�Ë�¾om�µCÎ¸ø½£µFÎÉÈbÁ£· ¾:¶�¸Ek�· »/¸ãÎ·É¸ùÁ£µ�m��/µCÎ ¾bÃ m�¾Í¶�¾	Áb��·¾	ÎÉÈbÁ£µ6Á8k�µFË �

��������� �	�
�����f ��¾:½ãÈ	¶8º
d(k) ∈ AD

ÁEk�µ�¸NµFÁ
U0(d(k))

¾�i
u(k)

¸£ÈbÁ£·¸ iðº�· ¶hn�r ��� Â&x
·¸+¶�¾	¶�ÊåµFË�»�Áùº È	¶�m �/¾:Ç�¶�m�µ4m#�

 ¾VÁ£µ ið¾	½øÁEk�µ@��È	¸¿µ_Ë�¾om�µCÎ&· ÁA·¸+¸¿Ç��¼À\·µF¶8Á+Á¿¾ÍÈ:¸¿¸¿Ç�Ë�µ�ÁEk�ÈVÁ
∑

i∈IRj

umin i ≤ uRj .

��������� �	�
�����F ��¾:½AÈVÎÎ�ÁEk�µ
d′ ∈ AD , x′ ∈ Rn, t′ ≥ 0

´

u′ ∈ U0∆(d′) = {u′′ ∈ Rm | rU
j (d′, u′′) ≤ ∆, j ∈ J1(d

′)},

Ã<k�µF½£µ
∆ > 0

·É¸ãÈ�ÀF¾	¶�¸NÁ£È	¶8ÁC´VÁ8k�µ?iðÇ�¶�À�Á£· ¾:¶�¸
Yi(d

′, x′, u′, t′)
´
rU
j (d′, u′)

´
rY
j (x′)

È	½¿µ
m�µ ��¶�µ�m#´8À\¾	¶8Á£· ¶�Ç�¾:Ç�¸NÎºBm�·���µF½£µF¶8Á¿·ÉÈ���Î µ+Ã+· ÁEk¼½£µC¸¿»�µCÀ�Á
Á£¾

x′, u′, t′
ÈV¶ mÍÈVÎÎ�ÁEk�µC· ½ ��½?¸ùÁ

¾	½/m�µF½ø»�È	½NÁ£·È	Î�m�µF½£·~�bÈVÁ¿·>�	µC¸ø¸£ÈbÁ£·¸ iðºÍÁEk�µ��&·»�¸¿À/k�· Á8}�À\¾	¶ m�· Á£· ¾:¶

|g(y′) − g(y)| ≤ K||y′ − y||,

Ã<k�µF½£µ
y = (x, u, t)

´
y′ = (x′, u′, t′)

ÈV¶ m
K > 0

�
��������� �	�
������ ��¾	½+È	Î Î

s = 1, . . . , L, d′ ∈ AD ,
ÁEk�µ ið¾	ÎÎ¾bÃ+· ¶hn�¸ùÁ?ÈbÁ£µFË�µF¶8Á£¸+È	½¿µ

��È	Î ·Km#Ï
Ä	x6vbk�µK· ¶�µ4q8Ç�ÈVÎ· Á£· µ3¸

rY
i(s)

(

x0(1)
)

< 0
r;��� Å9x

ÈV½£µ_¸£ÈbÁ£·¸%��µ4mFz
{ x���¾	½ È	Î Î

x′ ∈ Rn
´
u′ ∈ U0 ∆(d′)

ÁEk�µyiðÇ�¶�À\Á¿·¾	¶
rY
i(s)(Y (d′

´
x′, u′, t))

½¿·É¸¿µC¸
Ë�¾:¶�¾VÁ£¾	¶�¾:Ç�¸¿Î ºÍÃ+· ÁEk ½£µC¸¿»/µ3À�ÁøÁ¿¾

t
z

�&x���¾	½ È	Î Î
S′ ⊆ {1, . . . , L}

ið¾	½ Ã<k�·À/k
s ∈ S′

È	¶�m¦ÈVÎÎ
x′ ∈ Rn

¸£ÈbÁ¿·É¸ iðº8·¶hn
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rY
i(s)(x

′) = 0
Á8k�µ_· ¶�µ4q8Ç�ÈVÎ· Áùº

rY
i(s)

(

X(S′
´
d′, x′)

)

= rs0 < 0;
r ��� Ä (9x

·¸<�bÈ	Î ·KmFz
� x6��¾	½AÈ	Î Î

S′
´
s /∈ S′

ÈV¶�m ÈVÎÎ
x′ ∈ Rn

rY
i(s)

(

X(S′
´
d′

´
x′)

)

= rY
i(s)(x

′).
r ��� Ä:Ä4x

�0È	À/k »/¾8¸¿¸¿·>��Î µ�»�½£¾�À\µC¸£¸�¾�iãÁEk�µÍ»�½£¾�lùµ3À�Á iðÇ�Î2��Î ÎË�µF¶8Á'·É¸KÀ/k�ÈV½?È	À\Á¿µC½¿·>}Fµ4m�Ã+· Á8k�Á8k�µ
À\¾	¶8Á£½¿¾:Î

v
´
¾	½ÍÈ ¸NÇ/ÀFÀ\µ3¸¿¸¿·¾	¶�¾�iR�	µ3À�Á£¾	½?¸

v(k) = (u(k), t(k))
´
Á8k�µ�¸¿ÀFµF¶�È	½¿·¾�´ ¾	½ÍÈ

¸NÇ�ÀCÀ\µ3¸¿¸¿· ¾:¶¼¾�i ¸NµFÁ£¸
S = (S(1), . . . , S(N))

´8ÁEk�µ�Á¿½?È1lùµ3À�Á£¾	½£º
x = (x0(1), x1(1), . . . ,

x0(N), x1(N))
ÈV¶�m Á8k�µ m�·É¸¿ÀF½¿µFÁ¿µ{Á¿½?È1lùµ3À�Á¿¾:½¿º

d = (d(1), . . . , d(N))
�ó�+ÀFÀF¾	½/m�· ¶�n

Á¿¾ r ��� �9x'ÁEk�µ m�·É¸£À\½£µ\Á¿µ{Á£½£È�lùµCÀ�Á£¾	½£º�·¸ÍÁEk�µ iðÇ�¶/À�Á¿·¾	¶n¾�i6Á8k�µ�¸¿ÀFµF¶�È	½¿·¾�ÈV¶�mnÈ	ÀCÀ\¾:½8m�Ê
· ¶hntÁ¿¾ r;���Ä4x�È	¶�m r ��� { x{ÁEk�µ Á¿½?È1lùµ3À�Á£¾	½£ºX·É¸�ÁEk�µ iðÇ�¶�À\Á¿·¾	¶�¾�i�ÁEk�µ ¸¿ÀFµF¶�È	½¿·¾tÈV¶�m
ÁEk�µ ÀF¾	¶8Á¿½£¾	ÎÌ�A³�Çh�Wm�·~��·Km�·¶hnnÁEk�µ�Ã<k�¾	Îµ�¸¿µ\Á�¾�i�»�¾:¸£¸N·>��Îµ�»�½¿¾�ÀFµC¸£¸Nµ3¸�·¶8Á¿¾ ÁEk�µ ¸NµFÁ£¸
¾�i+»�½£¾�ÀFµC¸£¸Nµ3¸KÃ+· ÁEk�Á8k�µ m�µ���¶�· Á¿µ{¸¿ÀFµF¶�È	½¿·¾�Ããµ m�µ\Á£µF½£Ë�·¶�µ

V0(S)
È:¸KÁ8k�µ�¸¿µ\Á�¾�iAÈVÎÎ

»/¾8¸¿¸¿·~��Î µ
v

Ã<k�µC½¿µ
u(k) ∈ U0(d(k))

ið¾:½{È	¶�º
k

Á8k�ÈbÁ�n	µF¶�µF½?ÈbÁ¿µ3¸�ÁEk�µ�Á¿½?È1lùµ3À�Á£¾	½£º
¸¿ÈVÁ¿·É¸'iðº�·¶hn�½£µC¸NÁ¿½£·À\Á¿·¾	¶�¸�r;��� �9x\´6r ��� � x�´3r ��� Â9x ' r;��� �9x���pã¾	¶�m�· Á¿·¾	¶/¸ r ��� � x�´3r ��� Å9x ' r;���Ä	Ä4x
n	Ç�È	½£È	¶:Á£µFµ�Á8k�ÈbÁ

rY
i(s)(x

0(k)) < 0
ið¾	½ È	Î Î

s = 1, . . . , L, k = 1, . . . , N
� ³�¾Pið½¿¾:Ë

rY
i(s)(Y (d(k), x0(k), u(k), t(k))) = 0, s ∈ S(k),

Ãóµ+À\¾	¶/À\ÎÇ�m�µøÁEk/ÈbÁ$Á8k�µA¾���Î ·>n:ÈVÁ¿¾	½£º
½¿µCÎÈVÁ¿·¾	¶�¸Ek�·»

t(k) > 0
Á£È	¹	µC¸ó»�ÎÉÈ	ÀFµ	�

� Ç�Á
V0(S)

·¸�¶�¾	ÁKÈ{À\Î¾:¸¿µ�m�¸NµFÁ_È	¶�myið¾	½
v∗ = lim v(r)

r→∞

, v(r) ∈ V0(S)
Ãóµ�ÀCÈV¶

¸¿È�º Á8k�ÈbÁ ið¾	½_Á8k�µÍÀ\¾:½¿½£µC¸¿»/¾:¶�m�·¶hn
x∗

ÁEk�µ�·¶�µ4q:Ç/ÈVÎ· Áùº
rY
i(s)(x

∗1(k)) ≤ 0
´
s /∈ S(k)·¸ �bÈVÎ·>m#�+³�¾ Ãóµ m�µ\Á¿µC½¿Ë�·¶�µ�È	¶�¾VÁ8k�µF½�Ë�¾om�µCÎ

M1
Ã+· ÁEk¦Á8k�µ�¸¿µ\Á{¾�i�½£µFÎÉÈbÁ¿·¾	¶/¸ k�·»�¸

r ���Ä4x ' r;��� �9x�´Fr;���C��x ' r ��� �&xãÈ	¶�m

rY
i(s)

(

x1(k)
)

≤ 0, s /∈ S(k).
r;���Ä { x

�A¶�È	Î ¾9n	¾	Ç/¸NÎº ið¾:½'Á8k�µ�Ë�¾om�µCÎ
M1

Ããµ{À\¾:¶�À\ÎÇ�m�µ ið¾	½£Ë�È	Î Îº�ÁEk�ÈVÁ
t(k) ≥ 0

ið¾:½ È	¶8º
k

�#�+ÀFÀ\¾:½8m�· ¶hn¼Á¿¾�ÁEk�µ�»�½£¾	»�µF½¿Áùº{¾�i
Y (d(k), x0(k), u(k), 0)

Á8k�µ���È	Î Ç�µC¸�¾�i
u(k)

ið¾	½
¸ùÁ?È�n	µ3¸øÃ+· Á8k

t(k)
.�(,m�¾Í¶�¾VÁ�È ��µCÀ�Á+Á8k�µ'¸¿µ�q8Ç�µC¶�À\µK¾�i

x0(k), x1(k)
ið¾:½.¸ùÁ?È�n:µC¸øÃ+· ÁEk

t(k) > 0
�V³�¾?ið¾:½�È	¶�º_ÀF¾	¶8Á¿½£¾	Î8À\¾:½¿½£µC¸¿»/¾:¶�m�·¶hn+Á£¾.Á8k�µó¸£À\µC¶�ÈV½£·¾?k�È	��· ¶�n

dim S(k) > 1ið¾	½øÈ ÀFµF½¿Á£ÈV·¶
k

Ããµ�ÀFÈV¶ Ç�¸Nµ6ÁEk�µ6¾	ÁEk�µC½ó¸£À\µC¶�ÈV½£· ¾'½¿µC»�½¿µ3¸NµC¶8Á£ÈbÁ£· ¾:¶�¸F� � ¾VÁEk�»�½£¾	»�µF½¿Á¿·µC¸
ÈV½£µ�Ç/¸Nµ4m ·¶{ÁEk�µK· Á¿µC½£ÈVÁ¿·>�	µK¸Nµ3ÈV½?À/k ¾�i%ÁEk�µK¾	»�Á£· Ë Ç�Ëx¸£À\µC¶�ÈV½£· ¾/�

vbk�µ ¾	ÁEk�µC½6½£µF»�½¿µ3¸NµC¶:Á?ÈbÁ£· ¾:¶�¾�i$Á8k�µ Ë�¾om�µCÎ
M1

·É¸ n	·>�	µF¶y�8º Á8k�µ�Ë�¾om�µCÎ
M2

m�µ\Ê
Á¿µF½£Ë�· ¶�µ�m{Ã+· Á8k{ÁEk�µ�¸¿µ\Á+¾�i�½£µFÎÉÈbÁ¿·¾	¶/¸ k�·»�¸ r ��� Ä	x ' r ��� �9x\´�r ��� �9x ' r;��� �9xãÈV¶�m

t(k) ≥ 0, k = 1, . . . , N,
r;���Ä��9x

ÈV¶�m�r;���Ä { xWið¾	½
k = N

�	��¾:½
M1

ÈV¶ m
M2

ÁEk�µó¸NµFÁ£¸
V1(S)

ÈV¶�m
V2(S)

ÈV½£µ6m�µFÁ¿µC½¿Ë�·¶�µ�m
ÈV¶�È	Î ¾9n	¾	Ç/¸NÎº{Á¿¾

V0(S)
��vbk�µ�µ�q8Ç�·>�bÈVÎµF¶�ÀFµ�¾�ib�/¾	ÁEk�½¿µC»�½£µC¸¿µF¶8Á£ÈVÁ¿·¾	¶�·É¸�È	¸£¸¿µF½¿Á¿µ�my��º

ÁEk�µ ið¾:Î Î¾bÃ+· ¶�n ÎµFË�ËÍÈ��
������� � �f�� ��© �\  � � b¤
ª¬«8�©
	���¨ �)ª¬§Ì²

V1(S) = V2(S)
ªÉ¡K°b¨ �)ª � �

�ó±¿ 3 �� � �&µFÁ
V1(S) 6= ∅

ÈV¶�m
v ∈ V1(S)

��vbk�µC¶
t(k) ≥ 0

ið¾	½+È	¶8º
k

´�¸N¾
v ∈ V2(S)

�
�&µ\Á

V2(S) 6= ∅
ÈV¶ m

v ∈ V2(S)
���Gi

s ∈ S(k)
È	¶�m

s ∈ S(k′)
´
k′ < k

´&Á8k�µF¶sið¾:½
k′′ = k′ + 1, . . . , k − 1
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�§]ª�Í¨ ���ó±¿ ��F©£¢F§ã¥�¢���©�� � �)ª¬«� { Â�Ä

rY
i(s)

(

x0(k′ + 1)
)

≤ . . . ≤ rY
i(s)

(

x0(k′′)
)

≤ rY
i(s)

(

x1(k′′)
) r ��� Ä � x

= rY
i(s)

(

x0(k′′ + 1)
)

≤ rY
i(s)

(

x1(k′′ + 1)
)

≤ rY
i(s)

(

x1(k)
)

= 0

·¸b�bÈVÎ·Km m�Ç�µ�Á£¾,pã¾:¶�m�· Á¿·¾	¶ �����Gi
s ∈ S(k)

È	¶�m
s /∈ S(k′′)

ið¾	½+È	Î Î
k′′ < k

´8ÁEk�µC¶ ið¾:½
k′′ = 1, . . . , k − 1

r;���Ä � x+·¸d�bÈVÎ·>m�È:¸AÃóµFÎÎ]���A¶ m�·.i
s /∈ S(k′′)

ið¾:½�È	Î Î
k′′

Á8k�µF¶ ið¾	½
k′′
. Ä:´ �C�F�F´

N
Ãóµ n:µ\Á

rY
i(s)(x

1(k′′)) = rY
i(s)(x

0(k′′ + 1)) ≤ rY
i(s)(x

1(k′′ + 1)) ≤ . . . ≤ rY
i(s)(x

1(N)) ≤ 0.

³�¾
rY
i(s)(x

1(k′′)) ≤ 0
ið¾	½$È	Î Î

k′′
. Ä	´�F�F�C´

N
ÈV¶�mBið¾:½0ÈVÎÎ

s /∈ S(k′′)
´VÁ8k�µF½£µ)ið¾:½¿µ@r ��� Ä { x

·¸<�bÈ	Î ·Km�ið¾:½AÈVÎÎ�ÁEk�µ
k′′

´�Á8k8Ç/¸
v ∈ V1(S). �

��¾	½_È�n:·~�:µF¶�¸£À\µC¶�ÈV½£·¾ÍÁEk�µ�¸¿µ\Á_¾�i0½£µFÎÉÈbÁ£· ¾:¶�¸ k�· »�¸.¾�i0Ë�¾om�µCÎ
M2

m�µ���¶�µC¸6Á8k�µ ¾:»�Ê
Á¿·Ë�·>}CÈVÁ¿·¾	¶�»�½£¾���Î µCË ið¾:½6È�m�·É¸£À\½£µ\Á¿µFÊ]Á£· Ë�µ�»�½¿¾�À\µ3¸¿¸AÃ+· Á8k�¹�¶�¾bÃ+¶ ¾	»�Á£· ËÍÈVÎ· Áùº{ÀF¾	¶�m�· Ê
Á¿·¾	¶�¸J�Ä	´ { ´ � �0È	¶�m µ �¼À\·µF¶8ÁK¶�Ç�Ë�µF½£·ÀCÈVÎ
Ë�µ\Á8k�¾om�¸K·¶�À\ÎÇ�m�·¶hn � Â�´ 4�å���A¾bÃóµ��:µF½3´�Ããµ
ÈV½£µ�·¶8Á¿µC½¿µ3¸ùÁ£µ�m�· ¶{ÁEk�µK»�½¿¾�lùµCÀ\Áó¾:»�Á¿·Ë�·~}3ÈbÁ¿·¾	¶ ½£µ�n8ÈV½/m�Î µ3¸¿¸ã¾�i µ��:µF¶8Á£¸+¸¿Ç�ÀFÀFµC¸£¸N·¾	¶%�

��µAÀF¾	¶�¸¿·>m�µF½�ÁùÃó¾_È	· ËÍ¸
½£µFÎÉÈbÁ£µ�m Á¿¾_Á8k�µA¸£À\µF¶/ÈV½£· ¾_À/k�ÈV¶�n	µ3ið¾	½0È n:·~�:µF¶
v ∈ V2(S)

Ï

•
�¯·½?¸ùÁ3´�Á£¾{¸¿µF»�È	½£ÈVÁ¿µKÁùÃó¾ ¸¿· Ë Ç�Î Á£ÈV¶�µF¾	Ç/¸.µ��	µF¶8Á?¸6¸¿µ\Á?¸

S1 = S(k′ − 1)
È	¶�m

S2 =
S(k′)

ið¾	½+Ã<k�·À/k
t(k′) = 0

Ã+· ÁEk�È�¸Ek�¾	½¿ÁA¸ùÁ?È�n	µ:�
•

³�µCÀF¾	¶�m#´�Á£¾�ËÍÈV¹	µÍ¸¿· Ë Ç�Î Á£ÈV¶�µF¾	Ç/¸.ÁùÃó¾ µ��:µF¶8Á£¸K¸¿µ\Á?¸
S1 = S(k′ − 1)

È	¶�m
S2 =

S(k′)
·¶�· Á£·È	Î Îº ¸¿µF»�È	½£ÈVÁ¿µ4m¼Ã+· ÁEk�È�¸ k�¾	½¿Á+¸NÁ£È�n	µ:�

v%¾�½£µCÈ	À/k �/¾	ÁEk�ÈV·ËÍ¸+Ãóµ_¸¿µFµC¹ÍÁ¿¾���¶ m
vA ∈ V2(S)

ið¾:½+Ã<k�·À/k

vA(k) = v(k) + εδv(k) + O(ε2), k 6= k′;

ÈV¶�m

uA(k′) = u′ ∈ U0(D(S(k′ − 1), d(k′ − 1))), tA(k′) = ε

ið¾	½øÁEk�µ ��½£¸NÁAÈV·ËxÈ	¶�m
uA(k′) = u(k′)

´
tA(k′)

.�(=ið¾:½øÁEk�µ�¸¿µCÀF¾	¶�m�ÈV·Ë �
vbk�µ�¸NµFÁ.¾�i ÁEk�µ�Ë�¾Tm�µFÎ%½£µC¸NÁ¿½£·ÉÀ�Á¿·¾	¶/¸3ið¾	½.ÈJn:·~�:µF¶�¸¿ÀFµF¶�È	½¿·¾�ËÍÈ�º ��µ�½¿µC»�½£µC¸¿µF¶8Á¿µ4m

· ¶{ÁEk�µ ið¾	ÎÎ ¾bÃ+·¶hn�n	µF¶�µF½?ÈVÎfið¾	½£Ë Ï

Fj(v, S) ≤ 0, j ∈ I1(S), Fj(v, S) = 0, j ∈ I2(S).
r ��� Ä	��x

vbk�µ$Á?ÈV½8n	µ\Á�iðÇ�¶�À\Á¿·¾	¶�È	Î:·É¸&Á£½¿µ3ÈbÁ£µ�m�È:¸
F0(v

´
S)

È:¸%ÃóµFÎÎÌ�3�%µ\Á�Ç�¸�m�µF¶�¾	Á¿µdruið¾	½�È<iðµ3È	¸¿·~��Îµ
À\¾	¶8Á£½¿¾:Î

v
ÈV¶�m

ε ≥ 0
x0ÁEk�µ�¸¿µ\ÁA¾�i

ε ' È:À�Á¿·>�	µ�½£µC¸NÁ¿½£·À\Á¿·¾	¶�¸3ið¾:½AÈV¶�º
J1 ⊆ I1(S)

È:¸

J1ε(v, S) = {j ∈ J1|Fj(v, S) ≥ −ε}.

��µ<m�µ���¶�µ
Iε(v, S)

È:¸
I1ε(v, S)∪I2(S)

ÈV¶ m�·¶:Á£½¿¾om�Ç/À\µó¾��T��· ¾:Ç�¸%¶�¾VÁ£ÈVÁ¿·¾	¶
IY (k, S)ÈV¶�m

IU (k, S) = J1(d(k))
����¾:½

J ⊆ I1(S) ∪ I2(S), v′ ∈ V2(S)
Ããµ�m�µF¶�¾	Á¿µ���º

F (v′, S, J)
ÁEk�µ��:µCÀ\Á¿¾	½

Fj(v
′, S)

´
j ∈ J,

ÈV¶�m�Îµ\Á
bj(k; v′, S) = ∇v(k)Fj(v

′, S)
´

Bj(v
′, S)

�/µ.ÁEk�µd�	µ3À�Á¿¾:½$½£µC¸¿Ç�Î Á£· ¶�n ið½¿¾:Ë ÀF¾	¶�ÀCÈbÁ¿µC¶�ÈbÁ£· ¾:¶�¾�i%ÈVÎÎ
bj(k; v′, S), k 6= k′

�
B(v′, S, J)

m�µC¶�¾VÁ£µC¸6ÁEk�µ�ËÍÈVÁ¿½£·�,�Ã<k�·ÉÀ/k�½£¾bÃA¸6È	½¿µ
Bj(v

′, S), j ∈ J
�F� µ�¸¿Ç�»�»�¾:¸¿µ

ÁEk�ÈVÁ
Bj(v

′, S)
´
j ∈ J

´#ÈV½£µ�Î ·¶�µCÈ	½¿Îº�·¶�m�µF»�µF¶ m�µF¶8Á_ÁEk�ÈVÁK·¸ n:Ç�ÈV½?ÈV¶8Á¿µCµ�m�·~i0Á8k�µ�ið¾	Î Ê
Î ¾bÃ+·¶hnÍÀ\¾:¶�m�· Á¿·¾	¶{·¸+¸£ÈbÁ£·¸%��µ�m&�
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��������� �	�
�������'� �����	� �o� �u��
 
 � �����u�	� � �� �
Ä4xb��¾:½6È	¶ È	½E��· Á£½£È	½¿º

v ∈ V0(S)
�:µCÀ�Á£¾	½?¸

Fjv(v
´
S)

´
j ∈ I0(v, S)

´�È	½¿µKÎ·¶�µCÈ	½¿Îº
· ¶�m�µF»�µF¶�m�µC¶8Á�z

{ x ��¾	½�È	¶�ÈV½8��· Á¿½?ÈV½£º
u(k)

¸£ÈbÁ£·¸ iðº�· ¶hn r ��� Â&xy�:µCÀ\Á¿¾	½?¸
Fju(d(k), u(k))

´
j ∈

J10(d(k))
´/È	½¿µ_Î· ¶�µ3ÈV½£Î º · ¶�m�µF»�µF¶�m�µC¶8ÁC�

�GiRpã¾:¶�m�· Á¿·¾	¶ � ·É¸ �bÈVÎ·Km ÁEk�µC¶
ε0

µ ,�·¸NÁ£¸C´¯¸¿Ç�À/k�Á8k�ÈbÁ ið¾:½'ÈV¶�º
0 ≤ ε ≤ ε0

Á8k�µ
½¿µ�n	Ç�ÎÉÈV½£· Áùº À\¾:¶�m�· Á¿·¾	¶�¸�ÈV½£µ �bÈVÎ·>mn¶�¾	Á�¾:¶�Î º ið¾	½

0
Ê�È	À\Á¿·>�	µ�½£µC¸NÁ¿½£·À\Á¿·¾	¶�¸ ��Ç�Á ið¾:½

ε
Ê

È	À�Á£·~�:µA¾	¶�µC¸0È:¸0ÃóµFÎÎÌ�9��¾:½0Á8k�µR�/È	¸¿µA»�½£¾���ÎµFË r { � Ä	x ' r { ���x Á8k�µ.½£µ�n:Ç�ÎÉÈV½£· Áùº�À\¾	¶ m�· Á£· ¾:¶�¸
ÈV½£µ��bÈVÎ·>m ið¾	½�ÈVÎÎã»�¾:¸£¸N·>��Îµ

S
Ç�¶�Î µ3¸¿¸'ÁEk�µ�»�½£¾���Î µCËl»/ÈV½?ÈVË�µ\Á£µF½?¸�¸¿ÈVÁ¿·É¸'iðº�È�À\µF½¿Á£È	· ¶

µ�q8Ç�ÈbÁ£· ¾:¶{¸¿µ\Á3�
�&µ\Á

C(v′, S, J)
��µ È

dim(J) × dim(J)
¸¿Çh��ËÍÈVÁ¿½£·�, ¾�i

B(v′, S, J)
Ã+· ÁEk Á8k�µ

Ë�·¶�·Ë'Ç�Ëx· ¶T�:µF½?¸Nµ�ËÍÈbÁ¿½£·2, ¶�¾	½£Ë �hvbk�µBpã¾	¶ m�· Á£· ¾:¶ � º�·µFÎKm�¸
cinv > 0

ið¾	½+Ã<k�·ÉÀ/k

‖(C(v′, S, J))−1‖ ≤ cinv for all v′ ∈ V2(S), J ⊆ Iε(v, S), 0 ≤ ε ≤ ε0.

��¾	½@��¾VÁ8k ÈV·ËÍ¸
vA(k′)

¸£ÈbÁ£·¸ iðº�Á8k�µ¼½£µC¸¿»/µ3À�Á¿·>�	µÍ½£µC¸NÁ¿½£·ÉÀ�Á¿·¾	¶/¸,r ��� Â9x\´�r ��� Ä4�9x\�%�AÎÎ
¾VÁEk�µF½�½¿µ3¸ùÁ£½¿·ÉÀ�Á£· ¾:¶�¸�r ���Ä4�9xKÃ+·Î Î<��µ�¸¿ÈVÁ¿·É¸ �/µ�m »�½¿¾1��·Km�µ�m�Á8k�ÈbÁ

||δv|| ≤ nV

·~iRið¾	½ÍÈ
ε ≤ ε0/nV

È�À\¾:¶:Á£½¿¾:Î
vA

¸£ÈbÁ¿·É¸%��µC¸óÁ8k�µKµ�q8Ç�ÈVÁ¿·¾	¶�¸+¸¿µ\Ábið¾	½øÁ8k�µ@n	·>�	µC¶
v

Ï

Gj(vA, S) ≡ Fj(vA, S) − Fj(v, S) = 0, j ∈ I ′

ε = Iε(v, S) \ J1ε(d(k′)).

��µ »�½¿¾:»/¾8¸Nµ È  µFÃøÁ£¾	¶�ÊåÎ· ¹:µ�Ë�µFÁEk�¾om�¾�iÍ· Á?¸�¸¿¾	ÎÇ�Á¿·¾	¶zÃ+· ÁEk�·¶�· Á¿·ÉÈVÎ
v(0)

Ã<k�µC½¿µ
v(0)(k) = v(k)

´
k 6= k′

´
v(0)(k′) = vA(k′)

ÈV¶�m�½£µCÀ\Ç�½£¸¿·~�:µ6½£µFÎÉÈbÁ£· ¾:¶�¸Ek�· »/¸

B
(

v(r), S, I ′ε
)(

v(r+1) − v(r)
)

= −G
(

v(r), S, I ′ε
)

,
r ��� Ä3Â9x

ið½¿¾:Ë�Ã<k�·ÉÀ/k�ÁEk�µ3�:µCÀ\Á¿¾	½
vC(r+1)

¾�i
v(r+1)

ÀF¾	Ë�»�¾	¶�µC¶:Á?¸�À\¾	½£½£µC¸¿»/¾:¶�m�·¶hnAÁ£¾_ÀF¾	ÎÇ�Ë�¶�¸
¾�i

C
ËÍÈ�º,��µ m�µ\Á£µF½£Ë�·¶�µ4m{È:¸

vC(r) − (C(v(r), S, I ′ε))
−1G(v(r), S, I ′ε),

ÁEk�µd½¿µ3¸ùÁ�ÀF¾	Ë�»/¾:¶�µF¶8Á?¸ ��µF·¶hn }FµC½¿¾8¸�ÁEk/ÈbÁ º�·µFÎKm�¸�Á8k�µtÇ�¶�·>q8Ç�µ ¸N¾:Î Ç�Á£· ¾:¶
v(r+1)

�
pã¾	Ë�»�Îº8·¶hn r

C(v(r), S, I ′ε))
−1

Ã+· ÁEk }FµC½¿¾ À\¾	ÎÇ�Ë�¶�¸'Á¿¾�ÁEk�µ m�·ËPr
J) × M

ËÍÈbÁ¿½£·2,
Q(v(r), S, I ′ε)

Ãóµ�½£µF»�½¿µ3¸NµC¶:Á@r ��� Ä3Â9xóÈ	¸

v(r+1) = v(r) − Q
(

v(r), S, I ′ε

)

G
(

v(r), S, I ′ε

)

,

ÁEk�Ç�¸

Gj

(

v(r+1), S
)

= O
(

‖G(v(r), I ′ε)‖
2
)

, j ∈ I ′ε,

‖G
(

v(r+1), S, I ′ε
)

‖ = O
(

‖G(v(r), S, I ′ε)‖
2
)

,

k�µF¶�ÀFµ¼Á8k�µ · Á¿µC½£ÈVÁ¿·¾	¶�»�½£¾�ÀFµC¸£¸ r;���ÄCÂ9x�À\¾	¶T�:µF½8n	µC¸_¸¿Ç�»�µF½£Î ·¶�µCÈ	½¿Îº ·.i
ε

·¸�¸¿Ç��¼À\·µF¶8Á¿Îº
¸NËÍÈVÎÎ&ÈV¶ m

‖(C(v(r), S, I ′ε))
−1‖ ≤ cinv

ið¾	½AÈ	Î Î
r

� ��¶�Á8k�ÈbÁ.ÀCÈ	¸¿µ6Ãóµ�ÀFÈ	¶�Ã+½£· Á¿µ

v∗ = lim v(r)

r→∞

; ‖v∗ − v(1)‖ ≤ K∗
(

cinv ‖G
(

v(1), S, I ′ε
)

‖
)2

≤ K∗∗ε2.
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v%¾ m�µ\Á¿µC½¿Ë�·¶�µ
Fjv(v′, S)

Ããµ ÀFÈV¶�Ç/¸Nµ'ÁEk�µ=ið¾	½£Ë'Ç�ÎÉÈ�ið¾	½
j ∈ {0} ∪ IY (kj , S)

r]¸NµCµ	´
� � �Ax\Ï

δFj =
(

p1
j (S, k′), δx1(k′)

)

+

kj
∑

k=k′+1

(

p0
j (S, k), Yv

(

d(k), x0(k), v(k)
)

δv(k)
)

,
r ��� Ä �x

Ã<k�µF½£µ
k0 = N

ÈV¶�m ið¾	½AÀF¾	¶1lùÇhn8ÈbÁ£µ �bÈ	½¿·ÉÈ���ÎµC¸
p0

j (S, k′), p1
j (S, k′)

Ããµ k�È	�:µ	Ï

p1
j (S, kj) =

(

rY
jx

(

x1(kj)
))T

, p0
j (S, k)Y T

x

(

d(k), x0(k), v(k)
)

p1
j (S, k),

p1
j (S, k − 1) = XT

x

(

S(k − 1), d(k − 1), x1(k − 1)
)

p0
j (S, k), k = kj , . . . , 1.

��½£¾	Ë r;���Ä �xãÃóµ k�È	�	µdið¾	½
j ∈ IY (k, S)

È	¶�m
j ∈ IU (k, S)

bj(v, S, k) = Y T
v

(

d(k), x0(k), v(k)
)

p0
j (S, k),

bj(v, S, k) =
(

rU
u(1)

(

d(k), u(k)
)

, . . . , rU
u(m)

(

d(k), u(k)
)

, 0
)

.

��¶�ÁEk�µ ÀFÈ:¸Nµ ¾�i+ÁEk�µ ��½?¸ùÁ�ÈV¶�m�¸Nµ3À\¾	¶ m�ÈV·Ë�¸ Ãóµ k�È	�:µJið¾	½
Fj(v

(0), S)
´
j ∈ {0} ∪

IY (k′, S)
Á8k�µ ið¾	ÎÎ¾bÃ+· ¶hn�ið¾:½¿Ë Ç�ÎÈ:¸

Fj(v, S) +
(

p1
j (S, k′), Yt

(

d(k′), x0(k′), uA(k′), 0
))

tA(k′) + O
(

t2A(k′)
)

,

Fj(v, S) −
(

p1
j (S, k′), Yt

(

d(k′), x0(k′), v(k′)
))

t(k′) + O
(

t2(k′)
)

.
r ��� Ä �9x

vbk�µF¶�ið½£¾	Ë r;���Ä �9xãÃóµ k�È	�	µ

F0(v
∗, S)=F0(v, S)+ε

(

q00(v, S), Yt

(

d(k′), x0(k′), uA(k′), 0
))

+O(ε2),
r ��� Ä3Å9x

Ã<k�µF½£µ

q00(v, S) = p1
0(S, k′) − Fov(v, S)

∑

j∈IY
0

(v,S)

Qj

(

v(0), S, I ′0
)

p1
j (S, k′).

��½£¾	Ë r;���ÄCÅ9xãÃóµ n	µ\ÁøÁ8k�µK¶�µCÀFµC¸£¸¿È	½¿ºÍ¾:»�Á¿·ËÍÈVÎ· Áùº�À\¾	¶ m�· Á£· ¾:¶�ið¾	½£Ë'Ç�ÎÉÈbÁ£µ�m¼·¶{ÁEk�µ,� �1�å�
��� � � � � � � �� �ã§��© 
�¨bª¬±

(S, v ∈ V2(S))
Vª¬°b©\¡ó§ ��©+¡\ �����§Ìªç b«  ��ó§ ��© 
�±¿ �� � © � r ��� Ä	x��

r ��� �9x ¨V« � �\ V±_¡F  �Í©
k′

¤0©���¨V°�©
dim(S(k′ − 1)) > 1 	

§��©\« �\ V±'¨b«/²
SA

�\ V±K¤ ��ªç¢��

SA(k) = S(k), k < k′ − 1, SA(k′ − 1) ∪ SA(k′) = S(k′ − 1),

SA(k) = S(k − 1), k = k′ + 1, . . . , N + 1,

§��©\±¿© ©�
	ªÉ¡�§]¡�¨ °�©?¢F§å V±
q00(v, SA)

¡ ��¢��n§ ��¨b§ �\ b± ¨b«�²
uA(k′) ∈ U0(dA(k′))

§��©
�\  � �  V¤
ª¬«8{ª¬«�©
	���¨ �)ª¬§Ì²¼ªÉ¡K°b¨ �)ª �

(

q00(v, SA), Yt(d(k′), x0(k′), uA(k′), 0)
)

≥ 0.
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�?Z���_ ![] ���/`�_ � !"^hg'`6] `������?^hg%�"!#� g'^	� 	 `�]Radg�^hg'`�] � ![]Ra

 c*� ��_�g e !#� � �F^ �?`<a�� ! � ��a `�]� ��eW` ���@` �Tg'^og `�]�� g�^ �
� ����� ��ef^ ^o` � � �9^o_�g ef^hg `�] � � ��^
v%¾{ËÍÈV¹	µ ÁEk�µ�Ç/¸Nµ�¾�i6�/¾	ÁEk�Áùº8»�µC¸_¾�i0¾	»�Á¿·Ë�È	Î · Áùº�ÀF¾	¶�m�· Á¿·¾	¶/¸6Ë�¾:½¿µ�À\¾:¶&�:µF¶�·µF¶8Á�Ããµ
½¿µC»�½¿µ3¸NµC¶8ÁøÀF¾	¶8Á¿½£¾	ÎF�bÈV½£·ÉÈbÁ¿·¾	¶/¸ãÃ+· ÁEk�ÈJm�µ3À\¾	Ë�»�¾:¸¿· Á£· ¾:¶{¸£À/k�µCË�µKÈ:¸

δv = H1y1 + H2y2 + . . . + HQyQ,
r � �Ä4x

Ã<k�µF½£µ�ÁEk�µÍÀ\¾:¶�¸NÁ¿½?ÈV·¶:Á?¸_¸NµFÁ
J ⊇ Iε(v, S)

·É¸K¸Ek�ÈV½£µ�m�· ¶8Á¿¾
Q

¸NÇh�/¸NµFÁ£¸C´
J1, . . . , JQ,ÈV¶�m�ËÍÈbÁ¿½£·ÉÀ\µC¸

H1
´ �C�F�F´

HQ

È	½¿µ@m�µFÁ¿µC½¿Ë�·¶�µ�m ið½¿¾:ËrÁ8k�µ�À\¾:¶�m�· Á¿·¾	¶&ÏTið¾:½AÈV¶�º
δv

(Fiv(v, S), δv) = (Fiu(v, S), Hqyq), i ∈ Jq.

�¦· Á8k'Á8k�µøÇ�¸Nµø¾�i m�µCÀF¾	Ë�»�¾:¸¿· Á£· ¾:¶�ÁEk�µóÇ/¸NÇ�È	Î 	�¾	Ç�Á£µF¶�m�· lù¹KÁùº�»�µã¶�µCÀ\µ3¸¿¸£ÈV½£º_¾	»�Á£· ËÍÈ	Î · Áùº
À\¾	¶ m�· Á£· ¾:¶�¸ � � �%ÈV½£µ�Á¿½?ÈV¶�¸ ið¾	½£Ë�µ�m · ¶8Á¿¾�Á8k�µ ið¾	ÎÎ¾bÃ+· ¶hnBið¾	½£Ë Ï
��� � � � � � �F�� ��°b©?¢\§� b±

v
ªÉ¡�§��©�¡\ �����§Ìªç b«� �� r ��� Ä	��x

	
§��© ±¿©å�� �¨b±�ª¬§Ì² ¢? b« �bª¬§Ìªç b«

��  � ��¡��\ b±
J ⊇ I0(v, S)

¨b« � § ��©¼¡\©F§6 �� ��¨V§]±�ªç¢?©\¡
H1, . . . , HQ

�	©F§å©F± � ª¬«�©�¡ ¨ �:©��
¢£  � 
� �¡�ª¬§Ìªç b« ¡F¢ ��© �Í©� b«

(v, J) 	
§��©\« �\ b±�¨b«�²

q = 1, . . . , Q
�\ b±�¨b± �Fª¬§]±£¨b±�²

yq¡\¨V§]ªÉ¡ �?²bª¬«� ª¬«�©
	 ��¨��)ª¬§]ªç©\¡

(Fiv(v, S), Hqyq) ≤ 0, i ∈ Jq ∩ I10(v, S),

(Fiv(v, S), Hqyq) = 0, i ∈ Jq ∩ I2(S),

§��©�ª¬«�© 	���¨ � ª¬§]²ÍªÉ¡K°b¨ �)ª �
(F0v(v, S), Hqyq) ≥ 0.

r � � { x
pã¾	¶�¸NÁ¿½£Ç�À�Á£· ¶�n�È	¶{È	Î Á£µF½£µ�m{¸¿ÀFµF¶�È	½¿·¾�Ããµ_Ç�¸¿µ�ÁEk�µK½£µF»�½£µC¸¿µF¶8Á?ÈbÁ¿·¾	¶

yq =
∑

j∈Jq

ϕj · cqj

Ã<k�µF½£µ �	µCÀ\Á¿¾:½£¸
cqj

´
j ∈ Jq,

ÈV½£µ m�µ\Á¿µC½¿Ë�·¶�µ�m ið½£¾	ËvÁ8k�µKµ�q8Ç�ÈVÁ¿·¾	¶�¸

F T
jv(v, S) Hqcqj = 1, F T

iv(v, S) Hqcqj = 0, j, i ∈ Jq , i 6= j.
r � � �9x

vbk�µK½¿µCÎÈVÁ¿·¾	¶�¸Ek�·» r � �Ä4xãÁEk�µF¶ �/µ3À\¾:Ë�µ3¸óÁEk�µ�¸¿µ\Á+¾�i
N

½¿µCÎÈVÁ¿·¾	¶�¸Ek�·»�¸ø¾�i¯ÁEk�µ ið¾:½¿Ë

δv(k) = H1(k)y1 + . . . + HQ(k)yQ

r � � � x
ÈV¶�m ÁEk�µK· Á¿µC½£ÈVÁ¿·¾	¶{»�½£¾�ÀFµC¸£¸@r ��� Ä3Â9x0·¸øÁ£½£È	¶�¸ ið¾	½£Ë�µ4m¼·¶8Á¿¾

v(r+1)(k) = v(r)(k) −

Q
∑

q=1

[

∑

j∈Jq

Gj(v
(r), S, I ′0) · H

(r)
qj

(k) · c(r)
qj

]

.

vbk�µ�ÀF¾	Ë�»�Ç�Á?ÈbÁ¿·¾	¶¦¾�iKÁEk�µ ¾	»�Á¿·Ë'Ç�Ë À\¾:¶8Á¿½£¾	Î.ËÍÈ�º �/µ ��È	¸¿µ�mt¾	¶¦Á8k�µyn:µF¶�µC½NÊ
ÈVÎ·~}3ÈbÁ¿·¾	¶�¾�i+ÁEk�µ m�· ½£µCÀ\ÁBm�µCÀF¾	Ë�»�¾:¸¿· Á£· ¾:¶�Ë�µFÁEk�¾om ÀF¾	ËB��· ¶�· ¶hn iðµ3ÈbÁ£Ç�½¿µ3¸�¾�i3iðµ3È	¸¿·~��Î µ
m�· ½£µCÀ\Á¿·¾	¶�¸�È	¶�m n:½£È9m�· µC¶8ÁNÊå½¿µ3¸ùÁ£¾	½?ÈbÁ¿·¾	¶�Ë�µ\Á8k�¾om�¸b� Â�´�	�Ì� ��¶ ÁEk�µó»�½£¾	»�¾:¸¿µ�m'Ë�µFÁEk�¾om ið¾	½
Ë�¾8¸ùÁã· Á£µF½?ÈbÁ¿·¾	¶/¸
¾	»�Á£· Ë�·>}CÈVÁ¿·¾	¶�Ã+· Á8k�·¶ È�� ,�µ�mÍ¸£À\µC¶�ÈV½£· ¾_Á8k�µ<ið¾:Î Î¾bÃ+· ¶�n�ÀFÈVÎÉÀ\Ç�ÎÈVÁ¿·¾	¶�¸
ÈV½£µ�»�µF½Eið¾	½£Ë�µ�m#Ï
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•
��¾	½

q = 1, . . . , Q)
ÁEk�µ ið¾	ÎÎ ¾bÃ+·¶hn�»�½£¾���ÎµFËÍ¸ÍÈ	½¿µ�¸¿¾	Î>�	µ�m Ã+· ÁEk¦½£µC¸¿»/µ3À�Á¼Á£¾ È

¸¿ÀCÈVÎÉÈV½
η0q

È	¶�m{ÈJ�	µCÀ\Á¿¾:½
yq

ið¾:½AÈ�n	·>�	µF¶
δ

Ï

η0q = (F0v(v, S), Hqyq) → min,
r � �C��x

Fi(v, S) + (Fiv(v, S), Hqyq) ≤ 0, i ∈ Jq ∩ I1δ(v, S),
r � � Â9x

(Fiv(v, S), Hqyq) = 0, i ∈ Jq ∩ I2(S),
r � ���x

− 1 ≤ yqi ≤ 1, i = 1, . . . , Mq,
r � � �9x

•
�Gi

η0 = η01 + . . . + η0Q > −cηδγ ,
ÁEk�µC¶

δ
·É¸ m�·Ë�· ¶�·É¸Ek�µ�m rçµ	� n��´

δ = δ/2
x_ÈV¶ m�»�½¿¾9��Î µCËÍ¸,r � �C��x ' r � � �9x_ÈV½£µÍ¸N¾:Î~�:µ�m

¾	¶�ÀFµ�Ë�¾:½¿µ:�h|.Á8k�µF½£Ã+·É¸Nµ�ÁEk�µK¶�µ ,�ÁA· Á¿µF½?ÈbÁ£· ¾:¶{ÀF¾	¶8Á¿½£¾	Î

v′ = v + α(H1y1 + H2y2 + . . . + HQyQ)

·¸óÁ?ÈV¹	µC¶&�
•

�Gi�ið¾	½�È	¶�º
k′

Ãóµ�n:µ\Á
dim(S(k′)) > 1,

ÁEk�µC¶ ið¾	½K¸N¾:Ë�µ�· Á¿µC½£ÈVÁ¿·¾	¶�¸6Á8k�µÍ¾	»�»�¾	½¿Ê
Á¿Ç�¶�· Áùº{¾�i$À/k�ÈV¶�n	·¶hn�ið½¿¾:Ë ¾	½£·>n	·¶�ÈVÎ%¸£À\µC¶�ÈV½£·¾

S
Á£¾

SA

·¸AÁ¿µC¸NÁ¿µ4m ��º�¸¿¾	ÎÇ�Á¿·¾	¶�¾�i
ÁEk�µK»�½£¾���Î µCË

(

q00(v, SA), Yt(d(k′), x0(k′), uA(k′), 0)
)

→ min, uA(k′) ∈ U0(dA(k′)).r � � Å9x
•

�Gi&ÁEk�µ�Á?ÈV½8n	µ\Á6iðÇ�¶�À\Á¿·¾	¶{· ¶sr � � Å&x$·É¸óÎ µ3¸¿¸ãÁEk/ÈV¶
η0 < 0

ið¾	½+È'»�½¿µ3À\µ�m�· ¶hn · Á£µF½?ÈbÁ£· ¾:¶&´
ÁEk�µC¶�Á8k�µ�¸£À\µF¶/ÈV½£· ¾ ·¸AÀ/k/ÈV¶hn:µ�m È:¸ø· ÁAÃøÈ	¸<m�µC¸£À\½£·~��µ�m{È���¾1�	µ:�

³�· ¶/À\µKÁ8k�µF½£µK·¸6È���¶�· Á¿µ�¶�Ç�ËB�/µC½A¾�i$¸Ek�·~i¬Á£¸+Á£¾¼ÈV¶�¾	ÁEk�µC½.¸£À\µF¶/ÈV½£· ¾/´�ÁEk�µ�½£µC¸¿Ç�Î Á£¸+¾�i¯Á8k�µ
Ë�µFÁEk�¾om�ÀF¾	¶T�	µC½En:µF¶�ÀFµ�¸NÁ£È�º �bÈVÎ·>m#´���Ç�Á�Ããµ,n:µ\Á'Ë�¾	½£µ�ÁEk/ÈV¶�ÁEk�µ ¾	»�Á¿·Ë'Ç�Ë ið¾	½KÁ8k�µ
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