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K!LwÉNM�ÅÇ·�Ä�²VÄ�¶F³AO�¶�·õÉ´Á�µQP�ÉNM�¶+R�Á	SFÅUTw·®Ä/¶�V�É´³´²+WYX:³$ÉZM�Å ³?µ[X:³´µ�¶C³$¶�\8Á�²VÉ®Å]X�L�·^O+Å ÉZM Ä�Å¶�VF¶[»
O+Å·®¶wÆ Å]L�¶3²V³K³´Å Â�M:É�·®Åµ�¶C·C��K!L�Ã	¶C·NÉ®ÅÂ:²VÉ®Å]X�L�·�X�W�ÉZM�¶_R�Á	SFÅUT ·NÄ�¶�V[É®³?²`M�²�Ã	¶w·NÉ´²V³®É®¶3µ1a	W É�P
P	¶C²	³´·�²	Â�Xcb dfeï�$�gL�Á�Êih�¶F³[X�W�²	Á�ÉNMJX:³´·jM�²�Ã:¶ ·NÉ®Á/µ�Å ¶3µnÉNM�¶�·®Ä/¶�V[ÅUakVlVF²:·N¶3·F�
º&¶FÉ Á�·
ÊÀ¶�L8É®Å]X�L ÉNM�¶mVF²	·®¶C·+X�W�ÉZM�¶ ¿6Å ³´ÅnV$M�Æ ¶FÉ_b d
e�²
L/µ�ÉZM�¶ �8É´Á�³´Ê�»�º&Å]X	Á�Ã8ÅÆÆ ¶ob ¼�eAhHX	Á	L�µ�²V³ZP
VpX�L/µ�Å É´ÅUX�L�·C�Aq�M�¶C³®¶�²	³®¶ ·�X:ÊÀ¶�Ä�²VÄ�¶F³?·_X�LrM�Å Â�M�¶F³mX	³?µ�¶F³ ¶�\8Á�²bÉ´ÅUX�L�·C�As.²�h/¶FÉ´· ²
L�µ
�_²VÁ�µ�¶�LJtFÅHM�²�Ã:¶A·õÉ´Á�µ�Å¶Cµ�ÉZM�¶AÉZM�Å ³?µ[X:³´µ�¶C³0Ä�³ZX�h�Æ ¶CÊuO+Å ÉNMwÉZM�¶3hHX	Á	L�µ�²V³ZPvVpX�L/µ�Å É´ÅUX�L�·
x(0) = x′(0) = 0 = x(1)

Å]L_b¸*e¹�OwM�¶F³´¶
Êw²
L5P�Á�·N¶�W¥Á�Æ	³´¶pW¥¶C³®¶�L	V[¶3·8X�L_ÉZM�¶0·®ÁJhQxõ¶�V[ÉyVF²�L
h/¶#WYX:ÁJL�µ#�Hq�M�¶iR�Á	S[Å]T ·®Ä�¶�V�É´³®Á�ÊzWYX:³AÉNM�¶#WYX	Á�³®ÉNMoX:³´µ�¶F³+¶�\8Á�²VÉ®Å]X�L�·{O¡²:·{VpX�L�·NÅÇµ�¶C³®¶3µ
h�Pm|_³®¶CÅ]SFÅ=b }fe%²
L�µ ±�X	Ä�¶vb ½�e�

q�M�¶'Ä�²	Ä/¶C³6ÅÇ·FX	³´Â:²
L�ÅUtC¶Cµ�²	·3WYX	ÆÆ]XfOA·F�kK!L ��¶�V�É®Å]X�L~}[O¡¶'Ä�³´¶C·®¶�L8É6³´¶C·®Á�Æ É´·FX�L�ÉZM�¶
R�Á	SFÅUT ·NÄ�¶�V[É®³´Á�Ê�WYX:³wÉNM�¶�ÉNM�Å³?µ�X	³?µ�¶F³wÄ�³ZX�h�Æ ¶CÊ�O+Å ÉNM ÉNM�¶1hkX:ÁJL�µ�²	³NP�VpX�L/µ�Å É´ÅUX�L�·
x(a) = x′(a) = 0 = x(b)

²
L�µmVpX	Ê�Ä�²	³®¶.ÉNM�¶CÊ�O+Å ÉZM ÉZM�¶_³®¶3·NÁ�Æ É?·�WYX:³�ÉZM�¶+hkX:ÁJL�µ�²	³NP
VpX�L/µ�Å É´ÅUX�L�·

x(a) = x′(a) = 0 = x′(b)
��K!L�ÉNM�¶�Ä�³ZX5X
W^O¡¶�³´¶Cµ�Á	V[¶�ÉNM�¶�ÉNM�Å ³?µ:X:³´µ�¶F³

Ä�³NX�h�Æ¶FÊ5ÉZX�ÉNM�¶ ·N¶�VpX�L�µ~X	³?µ�¶F³�Ä�³NX�h�Æ ¶CÊ�O+Å ÉNM ÉZM�¶_hHX	ÁJL�µ�²V³ZP�VpX�L�µ�Å É®Å]X�L�·'ÅULkV[ÆÁ�µ�»
ÅUL�Â ²[LJX�L�ÆUXQVF²	ÆA�¨ÅUL8É®¶CÂ	³?²VÆ��wVpX�L�µ�Å É®Å]X�L&�k� ¶jVpX�L�·õÉ´³®ÁkV�ÉAÉZM�¶.R�Á	S[Å]T�·NÄ�¶�V[É®³?²vWYX	³.ÉNM�¶3·N¶
Ä�³NX�h�Æ¶FÊw·F�kq�M�¶C·®¶�²V³´¶_ÉNM�¶'Ê�²	ÅUL�³´¶C·®Á�Æ É´·wX�WÈÉZM�¶�O�X	³ZTt����VpX�LJL�¶�V�É®Å]X�Llh�¶[É�O¡¶F¶�L ÉZM�¶
·NÄ�¶�V[É®³?²À²	³®¶_µ�ÅÇ·NVFÁ�·´·N¶3µ Å]L���¶�V[É®Å]X�Lod��
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7 X�L�·®Åµ�¶F³A²jhkX:ÁJL�µ�²	³NPwÃb²	Æ Á�¶KÄ�³NX�h�Æ ¶CÊ






x′′′ = −µ2x′+ + λ2x′−, µ, λ > 0,

x(a) = 0, x′(a) = 0, x(b) = 0,

� }��¸��

OwM�¶F³´¶+O�¶_Á�·®¶#LJXVÉ?²bÉ´ÅUX�L

x′+ = max{x′, 0}, x′− = max{−x′, 0}.

8�9;:=<?>4<A@B<DCE>0F�GQq�M�¶{R�Á	S[Å]T�·®Ä/¶�V�É´³®Á�Ê}Å·0²�·®¶[É�X�W�ÄHX	Å]L8É´·
(λ, µ)

·NÁkV$M'ÉZM�²bÉ$Ä�³ZX�h�Æ ¶CÊ
� }��¸��AM�²:·�LJX�L8É´³®ÅÃ�Å²	Æ&·�X:Æ Á�É´ÅUX�L�·C�

q�M�¶ia/³´·NÉ�³´¶C·®Á�Æ É_µ�¶C·ZV[³´ÅUh�¶C·�² µ�¶�VpX:Ê�ÄkX8·NÅ É®Å]X�L�X
W$ÉZM�¶w·NÄ�¶�V[É®³´Á�Ê ÅUL8ÉZXmh�³?²
LkV$M�¶C·
F+

i

²�L�µ
F−

i

�
i = 0, 1, 2, . . .

�[�
H �JILK"IH�NM �NM�ILOQPk��R ¤���S#¬;TF¦VU�©���?§[���¬���§? b��©�¦Ç©?�]©� õ¢K�¥¤���©F�[�� õ¢'§F¬��W���[©

F+

i = {(λ, µ) : x′′(a) > 0, the derivative x′(t)
 õ¢�� �� V�����¦?�C¦¨�V¯&©F b¯)¬��¦¨ b�  õ¢

�¥¤��+���´ YXF¯ �[� ¤���©'�[Z��:§[�¯]\
i ^ �[�´ C�[©K¦ �

(a, b)},

F−

i = {(λ, µ) : x′′(a) < 0,
�¥¤��Àª	�F��¦?���V�]¦?�b�

x′(t)
 õ¢�� �� b�/�]��¦?�3¦¨�b¯%©F b¯)¬��¦¨ b�  õ¢

�¥¤��+���´ YXF¯ �[� ¤���©'�[Z��:§[�¯]\
i ^ �[�´ C�[©K¦ �

(a, b)}.

�{XfO O¡¶�WYX	³´Ê'Á�ÆÇ²bÉ´¶�ÉNM�¶KÊw²VÅ]L ³®¶3·NÁ�Æ ÉwX
WçÉNM�ÅÇ·wO�X	³ZTt�
_a`Eb Ik� b=c Pk�dR ¤��2S#¬;TF¦VUA©���?§F�]��¬�� ¢[ b��� ¤��&���® eX[¯ �F� � }��¸���§´ V��©�¦Ç©��¨©� õ¢$�¥¤���XF�®�b�t§´¤���©
�V¦?�b�[�fXg\

F+

2i−1
=

{

(λ, µ) :
2iλ

µ
−

(2i − 1)µ

λ
−

µ cos(λ(b − a) − λπi
µ

+ πi)

λ
= 0,

iπ

µ
+

(i − 1)π

λ
< b − a,

iπ

µ
+

iπ

λ
> b − a

}

,

F+

2i =
{

(λ, µ) :
(2i + 1)λ

µ
−

2iµ

λ
−

λ cos(µ(b − a) − µπi

λ
+ πi)

µ
= 0,

iπ

µ
+

iπ

λ
< b − a,

(i + 1)π

µ
+

iπ

λ
> b − a

}

,

F−

2i−1
=

{

(λ, µ) :
2iµ

λ
−

(2i − 1)λ

µ
−

λ cos(µ(b − a) − µπi
λ

+ πi)

µ
= 0,

(i − 1)π

µ
+

iπ

λ
< b − a,

iπ

µ
+

iπ

λ
> b − a

}

,
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F−

2i =
{

(λ, µ) :
(2i + 1)µ

λ
−

2iλ

µ
−

µ cos(λ(b − a) − λπi
µ

+ πi)

λ
= 0,

iπ

µ
+

iπ

λ
< b − a,

iπ

µ
+

(i + 1)π

λ
> b − a

}

,

� ¤��F�®�
i = 1, 2, . . .

�

�¡�® 3 õ¢g�pº&¶FÉçÁ/·=VpX�L/·NÅÇµ�¶F³�Ä�³ZX�h�Æ ¶CÊ � }��¸��[��� ¶�Å]L:É´³NX�µ�ÁkV[¶�ÉNM�¶�LJX	É´²bÉ´ÅUX�L
x′ = y

¹3ÉNM�¶�L
Ä�³NX�h�Æ¶FÊ�� }��¸���³®¶3µ�Á	VF¶C·¡ÉNX

y′′ = −µ2y+ + λ2y−, µ, λ > 0,
� }�� }��

y+ = max{y, 0}, y− = max{−y, 0},

O+Å ÉZM ÉZM�¶#hHX	ÁJL�µ�²V³ZP VpX�L�µ�Å É®Å]X�L�·

y(a) = 0,

b
∫

a

y(s)ds = 0.
� }�� d��

º&¶[É�Á�·0·®¶[É
x(t) =

t
∫

a

y(s)ds
¹	ÉNM�¶�L

x′(t) = y(t)
²�L�µ�¶�\8Á�²VÉ®Å]X�Lo� }�� }���³´¶Cµ�Á	VF¶C·�ÉZXKÉNM�¶

¶�\8Á�²bÉ´ÅUX�L~� }��¸��[�QKïÉwWYX	ÆÆUXfOA·�W¥³ZX	ÊzV�X�L�µ�Å É´ÅUX�L�·#� }�� d��$ÉZM�²bÉ

x′(a) = y(a) = 0, x(a) =

a
∫

a

y(s)ds = 0, x(b) =

b
∫

a

y(s)ds = 0.

q�M�²bÉAÅÇ·�OwM5P Ä�³ZX�h�Æ¶FÊw·#� }�� ¸��¡²
L�µ � }�� }���¹�� }�� d��¡²V³´¶_¶�\8Á�ÅÃ�²	Æ ¶�L8ÉC�
K!L�ÉNM�¶3WYX	ÆÆUXfO+Å]L�Â�O¡¶3VpX�L�·®Åµ�¶C³$Ä�³ZX�h�Æ¶FÊg� }�� }���¹8� }�� d�����KïÉ¡Å·AV[Æ¶C²	³$ÉNM/²bÉ

y(t)
Ê'Á�·NÉ

M�²�Ã	¶�tF¶C³NX�¶C·�Å]L
(a, b)

�Jq�M�²bÉAÅÇ·�OwM5P
F±

0 = ∅
�J� ¶#O+Å ÆÆ#Ä�³ZXbÃ	¶6ÉNM�¶_ÉZM�¶�X:³®¶CÊ�WYX	³�ÉZM�¶

VF²	·®¶�X�W
F+

1

�#��Á�Ä�ÄkX8·N¶KÉZM�²bÉ
(λ, µ) ∈ F+

1

²�L�µ Æ ¶FÉ
y(t)

h�¶�² ³®¶3·NÄ�¶�V[É®ÅÃ	¶�LJX�L8É®³´Å Ã�ÅÇ²VÆ
·�X:Æ Á�É´ÅUX�L1X
W$Ä�³NX�h�Æ ¶CÊ � }�� }��[¹ � }�� d����8q�M�¶À·�X:Æ Á�É´ÅUX�L1M�²:·3X�L�ÆUP`X�L�¶itF¶C³NX ÅUL

(a, b)
²
L�µ

y′(a) > 0
��º&¶FÉAÁ�·Aµ�¶�LJXVÉ´¶6ÉZM�ÅÇ·wtF¶C³NXjh5P

τ.7 X�L�·®Åµ�¶F³�²'·�X:Æ Á�É´ÅUX�L[X
W&Ä�³ZX�h�Æ ¶CÊg� }�� }��[¹H� }�� d���Å]LwÉNM�¶6Å]L8É®¶F³´Ãb²VÆ
(a, τ)

²
L�µwÅ]LwÉZM�¶
ÅUL8É®¶C³®Ãb²	Æ

(τ, b)
��� ¶�X�h�É´²VÅ]L�ÉZM�²bÉ
Ä�³ZX�h�Æ ¶CÊ � }�� }��[¹Q� }�� d��%Å]L�ÉNM�¶C·®¶¡Å]L8É®¶C³®Ãb²VÆÇ·È³®¶3µ�Á	V[¶3·ÈÉNX

ÉNM�¶KÆÅUL�¶C²V³+¶CÅ Â:¶�L�Ãb²VÆÁ�¶�Ä�³NX�h�Æ¶FÊw·F���QXÀÅ]L ÉNM�¶KÅ]L8É®¶C³®Ãb²VÆ
(a, τ)

O¡¶�M/²�Ã	¶6ÉNM�¶KÄ�³ZX�h�Æ ¶CÊ
{

y′′ = −µ2y,

y(a) = 0, y(τ) = 0,

h�Á�É Å]L ÉNM�¶�ÅUL8É®¶C³®Ãb²	Æ
(τ, b)

O¡¶oM�²�Ã	¶ ÉNM�¶�Ä�³ZX�h�Æ¶FÊ
y′′ = −µ2y

O+Å ÉNM hHX	Á	L�µ�²V³ZP
VpX�L/µ�Å É´ÅUX�L

y(τ) = 0
�QK!L Ã�Å¶�O X�W�� }�� d���·NX	ÆÁ�É´ÅUX�L

y(t)
Ê�Á�·õÉA·´²bÉ´Å·�WYPwÉNM�¶�VpX�L/µ�Å É´ÅUX�L

τ
∫

a

y(s) ds =
∣

∣

∣

b
∫

τ

y(s) ds
∣

∣

∣
.

� }�� ½��



}
d	¾ «��È°t�F���:���F�	���
��ÅULkV[¶

y(t) = A sin(µt − µa)
�
A > 0

�A²
L�µ
y(τ) = 0

O¡¶�X�h�É´²	ÅUL
τ =

π

µ
+ a

�
K!L Ã�Å¶�O X
WçÉNM�ÅÇ·+¶�\8Á�²	Æ Å É�PwÅ ÉAÅ·+¶3²	·NP�ÉNXwÂ:¶[É�ÉNM�²VÉ

τ
∫

a

y(s) ds =
A

µ

(

1 − cosµ(τ − a)
)

=
2A

µ
.

� ¶#M�²�Ã:¶�²	Æ·NX
y′(

π

µ
+ a) = −µA.

� }�� ¼��
�{XfO O�¶3V�X�L�·®ÅÇµ�¶F³¡²�·�X:Æ Á�É®Å]X�LvX
W&Ä�³ZX�h�Æ ¶CÊ � }�� }���¹H� }�� d���ÅUL

[τ, b]
����Å]L	V[¶.²�Â	¶�L�¶F³?²VÆ

·�X:Æ Á�É´ÅUX�L ÅÇ·+Â:Å Ã:¶�L h5P
y(t) = −B sin(λt − λπ

µ
− λa)

�
B > 0

��¹JO¡¶+X�h�É?²VÅ]L

∣

∣

∣

b
∫

τ

y(s)ds
∣

∣

∣
=

B

λ

(

1 − cos(λb − λ
π

µ
− λa)

)

.

� ¶#M�²�Ã:¶�²	Æ·NXÀÉNM�²VÉ
y′(

π

µ
+ a) = −λB.

� }�� ���

KïÉwWYX	ÆÆUXfOA·AW¥³ZX	Ê�� }�� ¼���²
L�µ~� }�� ���$ÉZM�²bÉ
A =

λB

µ

�JK!L Ã�Å ¶�O X
WÈÉNM�¶KÆÇ²	·NÉ�¶�\8Á�²VÆÅ É�P ²
L�µ
� }�� ½��AO¡¶#X�h�É?²VÅ]L ÉZM�²bÉ

2λB

µ2
=

B

λ

(

1 − cos(λb − λ
π

µ
− λa)

)

.

¿.ÅÃ�Åµ�Å]L�ÂwÅ É{h5P
B

²
L�µ Ê'Á�Æ É´Å Ä�Æ]P�ÅUL�Â[h�P
µ

¹	O�¶+X�h�É´²VÅ]L ÉNM�²VÉ

2λ

µ
−

µ

λ
+

µ cos(λ(b − a) − λπ
µ

)

λ
= 0.

� }����
�
7 X�L�·®Åµ�¶F³´ÅUL�Â ÉNM�¶�·NX	ÆÁ�É®Å]X�L�X
W0Ä�³ZX�h�Æ ¶CÊ�� }�� }��[¹=� }�� d��AÅ ÉKÅÇ·�¶C²	·NP ÉNX Ä�³ZXbÃ	¶�ÉZM�²bÉ

a <
π

µ
< b <

π

µ
+

π

λ
.
q�M�ÅÇ·+³´¶C·®Á�Æ É�²
L�µ � }������¡Ä�³ZXbÃ	¶�ÉNM�¶_ÉZM�¶�X:³®¶CÊ WYX:³+ÉNM�¶.VF²	·®¶+X
W

F+

1 .
q�M�¶KÄ�³ZX�X�W WYX:³wXVÉNM�¶F³wh�³?²
L	V$M�¶C·¡Å·+²�L�²VÆ]X	Â�X	Á�·C�

�

�  V�® b¯ ¯�b�W\��e�Qq�M�¶�·NÄ�¶�V[É®³´Á�Ê X
W�Ä�³NX�h�Æ¶FÊ�� }�� }���¹=� }�� d��AÅÇ·�Â	ÅÃ	¶�L1h5PlWYX	³´Ê'Á�ÆÇ²	·3W¥³NX:Ê
q�M�¶�X:³®¶CÊ5¸	�

�{XfOXÆ¶[ÉAÁ/·wVpX�L/·NÅÇµ�¶F³�ÉZM�¶K·NÄ�¶�V[É®³´Á�ÊzX�WÈÉZM�¶KÄ�³ZX�h�Æ¶FÊ






x′′′ = −µ2x′+ + λ2x′−, µ, λ > 0,

x(a) = 0, x′(a) = 0, x′(b) = 0.

� }�� ���

� µ�¶�VpX:Ê�ÄkX8·NÅ É®Å]X�L�X
W0ÉZM�¶[R�Á	SFÅUT ·NÄ�¶�V[É®³´Á�Ê WYX	³KÄ�³NX�h�Æ ¶CÊ�� }�� ���AÅ]L8ÉNXlh�³?²
L	V$M�¶3·
F+

i²
L�µ
F−

i

�
i = 1, 2, . . .

�¡ÅÇ·�ÉNM�¶�·®²	ÊÀ¶K²:·¡ÉNM�²VÉ�WYX:³+Ä�³ZX�h�Æ¶FÊ�� }��¸��[�
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_a`Eb Ik� b=c�� �dR ¤���S#¬;TF¦VU�©���?§F�]��¬�� ¢[ b�m� }�� ����§? b��©?¦Ç©��]©6 õ¢.� ¤���¢[ b¯ ¯   � ¦ �=� XF�®�b�t§´¤���©��

F+

0 =
{

(λ,
π

b − a
)
}

, F−

0 =
{

(
π

b − a
, µ)

}

,

F+

2i−1
=

{

(λ, µ) :
iπ

µ
+

iπ

λ
= b − a

}

, F+

2i =
{

(λ, µ) :
(i + 1)π

µ
+

iπ

λ
= b − a

}

,

F−

2i−1
=

{

(λ, µ) :
iπ

µ
+

iπ

λ
= b − a

}

, F−

2i =
{

(λ, µ) :
iπ

µ
+

(i + 1)π

λ
= b − a

}

,

� ¤��F�®�
i = 1, 2, . . .

�

�¡�® 3 õ¢g� 7 X�L/·NÅÇµ�¶F³+Ä�³NX�h�Æ ¶CÊ � }�� �����k� ¶KÅ]L8É®³ZX�µ�Á	V[¶�ÉNM�¶#WYX:Æ Æ]XfO+Å]L�ÂvLJXVÉ?²bÉ®Å]X�L
x′ = y

�
q�M�¶�L Ä�³ZX�h�Æ¶FÊ � }�� ����³´¶Cµ�ÁkV[¶C·¡ÉZXÀÉNM�¶�R�Á	S[Å]T Ä�³ZX�h�Æ ¶CÊ

{

y′′ = −µ2y+ + λ2y−, µ, λ > 0,

y(a) = 0, y(b) = 0.

� }�� ���

��¶[É
x(t) =

t
∫

a

y(s) ds
¹�ÉNM�¶�L

x′(t) = y(t)
²�L�µ ¶�\8Á�²bÉ´ÅUX�L�� }�� ����³®¶3µ�Á	VF¶C·�ÉNXÀ¶�\8Á�²VÉ®Å]X�L

� }��¸��[�QK!L Ã8Å¶�O X
WçÉNM�¶�V�X�L�µ�Å É´ÅUX�L�·�X
W�Ä�³ZX�h�Æ¶FÊ�� }�� ���[¹QO�¶+X�h�É´²VÅ]L ÉNM�²VÉ

x′(a) = 0, y(a) = 0, x′(b) = 0, y(b) = 0, x(a) =

a
∫

a

y(s) ds = 0.

�{XVÉ´Å]VF¶ÀÉNM�²VÉ�Ä�³NX�h�Æ¶FÊ�� }�� ���6Å·�ÉZM�¶_V[ÆÇ²	·´·®Å]VC²VÆ=R�Á	SFÅUT Ä�³ZX�h�Æ¶FÊ ¹�OwM�ÅnV$M�O�²	·_Å]L�Ã	¶3·õÉ´Å »
Â:²bÉ´¶Cµ ÅUL b d�eï�	q�M�¶KÄ�³ZX5X
WyX�W%ÉZM�Å·+ÉNM�¶�X	³´¶FÊ�ÅÇ·+Â	ÅÃ	¶�L Å]L b d
e�

�

�  V�® b¯ ¯�b�W\�� �Qq�M�¶�·®Ä�¶�V�É´³®Á�Ê X�W�ÉZM�¶�Ä�³ZX�h�Æ ¶CÊ � }�� ����ÅÇ·wÂ	ÅÃ	¶�Lrh5P WYX	³´Ê'Á�Æ²:·vW¥³NX:Ê
q�M�¶�X:³®¶CÊ }��

�{Ã8ÅÇ·®Á�²VÆÅUt3²bÉ´ÅUX�L X
WçÉNM�¶�·NÄ�¶�V[É®³´Á�ÊzX�WÈÄ�³ZX�h�Æ¶FÊw·#� }��¸���²
L/µ�� }�� ���¡Å]L ÉZM�¶�VF²:·N¶+X�W
a = 0

¹
b = 1

ÅÇ·+Â:Å Ã:¶�L ÅULlRçÅ Â/�&¸K²
L�µ`RçÅ Â/�k}��
�¡É�ÉZM�¶ ¶�L�µ X�WAÉNM�Å·�·®¶�V�É´ÅUX�L O¡¶ O�X	Á�ÆÇµ ÆÅUT:¶ ÉZX Â:Å Ã:¶ ·NX	Ê�¶ Ä�³ZX	Ä�¶F³®É®Å¶C·.X
W+ÉZM�¶

·NÄ�¶�V[É®³?².X�WÈÄ�³ZX�h�Æ ¶CÊ�·#� }��¸��¡²
L/µ~� }�� ���[Ë
•

h�³´²�L	V$M�¶3·AX�W�·®Ä�¶�V�É´³®Á�Ê WYX	³+Ä�³NX�h�Æ ¶CÊ � }��¸��¡²V³´¶�a	L�Å É®¶	¹kOwM�ÅÆ ¶#h�³?²
LkV$M�¶C·�X
W
·®Ä/¶�V�»
É®³´Á�Ê�WYX	³+Ä�³NX�h�Æ ¶CÊ�� }�� ����²V³´¶6Å]LQa	L�Å É´¶��

•
²VÆÆ
ÄkX8·NÅ É®ÅÃ	¶vh�³?²
L	V$M�¶C·

F+

i

VpX�L/·õÉ´Å É´Á�É®¶ ²lVpX�L8É®Å]L8Á	X	Á�·#VFÁ�³®Ã:¶	¹�OwM�ÅnV$M Å·KÆ]XQVF²VÉ®¶Cµ
²
hHXbÃ	¶�ÉZM�¶[h�ÅÇ·N¶�V�É´³®Å	�#¹t·®ÅÊÀÅÆÇ²V³´ÆUP�²	Æ Æ=L�¶CÂ:²VÉ®ÅÃ	¶jh�³´²�L	V$M�¶3·

F−

i

VpX�L�·NÉ®Å É®Á�É´¶�²`VpX�L�»
É®Å]L8Á	X	Á�·wVFÁ�³®Ã:¶	¹5OwM�ÅnV$M Å·�Æ]XQVF²bÉ´¶Cµ`h�¶FÆ]XfO�ÉNM�¶#h�Å·®¶�V[É®³´Å
� WYX	³+Ä�³ZX�h�Æ¶FÊ � }��¸����

•
ÉNM�¶oV[Á�³®Ã:¶C·

F±

2n−1

²�L�µ
F±

2n

M�²�Ã:¶ ²~VpX:ÊÀÊvX�L�ÄHX	Å]L:É[OwM�ÅnV$M Å·À¶FÅÂ	¶�L�Ã�²	Æ Á�¶mX�W
ÉNM�¶iV�X	³´³®¶3·NÄHX�L/µ�ÅUL�ÂÀÆÅ]L�¶C²	³AÄ�³ZX�h�Æ¶FÊ ¹�ÉZM�¶iV[Á�³®Ã:¶C·

F±

2n

²�L�µ
F±

2n+1

M�²�Ã	¶�²[V�X	ÊÀ»
ÊjX�L ÄHX	Å]L:É�OwM�ÅnV$M ÅÇ·�LJXVÉ�¶FÅÂ	¶�L8Ãb²	Æ Á�¶FX
W#ÉZM�¶_³®¶3·NÄ�¶�V[É®ÅÃ	¶.ÆÅ]L�¶C²	³�Ä�³ZX�h�Æ ¶CÊuWYX:³0ÉZM�¶
²	·´·�XQV[ÅÇ²bÉ´¶Cµ Ä�³NX�h�Æ¶FÊ�� }��¸����



}
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7 X�L�·®Åµ�¶F³�ÉNM�¶#hkX:ÁJL�µ�²	³NPwÃb²VÆÁ�¶KÄ�³ZX�h�Æ ¶CÊ
{

x′′′ = −µ2x′+ + λ2x′−, µ, λ > 0,

x(a) = x′(a) = 0, αx(b) + (1 − α)x′(b) = 0, α ∈ [0, 1].

� d��¸��

_a`Eb Ik� b=c�� �dR ¤���S&¬;TF¦VU ©���?§F�]��¬��}¢[ b�����´ YXF¯ �[� � d��¸�� §? b��©�¦Ç©?�]©  õ¢��¥¤�� XF�®�V��§?¤��[©
�V¦?�b�[�fXg\

F+

2i−1
=

{

(λ, µ) :
2iλ

µ
α −

(2i − 1)µ

λ
α −

µα cos
(

λ(b − a) − λπi
µ

+ πi
)

λ

+ µ sin
(

λ(b − a) −
λπi

µ
+ πi

)

− αµ sin
(

λ(b − a) −
λπi

µ
+ πi

)

= 0,

iπ

µ
+

(i − 1)π

λ
< b − a,

iπ

µ
+

iπ

λ
> b − a

}

,

F+

2i =
{

(λ, µ) :
(2i + 1)λ

µ
α −

2iµ

λ
α −

λα cos
(

µ(b − a) − µπi

λ
+ πi

)

µ

+ λ sin
(

µ(b − a) −
µπi

λ
+ πi

)

− αλ sin
(

µ(b − a) −
µπi

λ
+ πi

)

= 0,

iπ

µ
+

iπ

λ
< b − a,

(i + 1)π

µ
+

iπ

λ
> b − a

}

,

F−

2i−1
=

{

(λ, µ) :
2iµ

λ
α −

(2i − 1)λ

µ
α −

λα cos
(

µ(b − a) − µπi

λ
+ πi

)

µ
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+ λ sin
(

µ(b − a) −
µπi

λ
+ πi

)

− αλ sin
(

µ(b − a) −
µπi

λ
+ πi

)

= 0,

(i − 1)π

µ
+

iπ

λ
< b − a,

iπ

µ
+

iπ

λ
> b − a

}

,

F−

2i =
{

(λ, µ) :
(2i + 1)µ

λ
α −

2iλ

µ
α −−

µα cos
(

λ(b − a) − λπi
µ

+ πi
)

λ

+ µ sin
(

λ(b − a) −
λπi

µ
+ πi

)

− αµ sin
(

λ(b − a) −
λπi

µ
+ πi

)

= 0,

iπ

µ
+

iπ

λ
< b − a,

iπ

µ
+

(i + 1)π

λ
> b − a

}

.

�.�F���V�[U �e��K W
α = 0

O¡¶�X�h�É?²VÅ]L'Ä�³ZX�h�Æ ¶CÊz� }�� ¸�����K!L[VF²	·®¶�X
W
α = 1

O�¶�M�²�Ã:¶0Ä�³ZX�h�Æ¶FÊ
� }�� ���[�

q�M�¶�h�³?²
L	V$M�¶C·
F±

1

ÉZX
F±

5

X
W�ÉZM�¶'·®Ä/¶�V�É®³´Á�Ê WYX	³.Ä�³NX�h�Æ¶FÊ � d��¸��A²V³´¶KÄ�³®¶3·N¶�L8É®¶Cµ
ÅULoRçÅ Â/�JdjWYX	³A·®¶FÃ:¶F³?²VÆ�Ã�²	Æ Á�¶C·�X
W

α
Å]L ÉNM�¶�VC²	·®¶�X�W

a = 0
¹
b = 1

�

α =
1

2
α =

3

4

α =
8

9
α =

19

20

����� �k4p-���	�J M L{����� P)Qi� ^�L H´a `����'�gC`�^:`õg�� h L$���¥E %)W� �gC` � g��KLw" RCh �:L � g��
α.
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