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∂tFs(x, y, t) +As(x) ∂xFs(x, y, t) + ∂yFs(x, y, t) = −λs(y)Fs(x, y, t)
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Fs(x, 0, t) =
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qsj

∫ t−t0
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Fj(x, y, t)λj(y) dy
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(x, y, t) ∈ D := (Ω × [0, T − t0] × [t0, T ]) ⊂ R
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Ẋ(t) = As(X), s = 1, . . . , S,
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Fs(x, t) :=

∫ t−t0
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dy Fs(x, y, t).
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·	¹#Ä����PZ�» �&fÆ·�Å�»:ÄÆÄ

X(t)
f¼»(Ä1b�¾ ºÆÄ"Å8·	Î%��·/Ä¼» WÈ·�[ ��³ »(Å8»:Ä"·	[
³
¹�Í

Å fÆ»:´	Ä¼³
¹&]A´M¹�W W�»(Å fÆ»:´/ÄD³
¹&]T»)����·	¹�»:¹/ºÆ³
´	¾
Ä:�	�PZ�»+Ä�º5´Wº¼³µÄDº¼³µÅ�´M¾ �&fÆ·���»�f¼º¼³
»:Ä
·�[�º(Z�» �&fÆ·�Å8»(Ä¼Ä
X(t)

Å�´	¹;d�»5[ï·�b�¹�W;d�ËAº�Z�» ´	ÄÆÄD·�Å8³µ´WºÆ» W ��f¼·$d�´	d�³
¾
³ º�ËXW�»:¹�Ä¼³ º�Ë W�³
ÄDº�fÆ³ d�b�º¼³
·	¹�Ä
p±(x, t)

¿
]	·"
	» f¼¹�» W d�Ë�´%�|³ ·$b

�³ ¾
¾ »�Í¬��´	ÄDº¼»�fùÌ���b�´Mº¼³
·	¹ � c�¿3^ 
�¿TcWÁ�¿7�+��!¬Ï

{

∂tp
+ − (x− 1)∂xp

+ = (1 − µ)p+ + µp−,

∂tp
− − (x + 1)∂xp

− = µp+ + (1 − µ)p−.

Ç�c��0c	Ê

� ·\Yx¾ »�º b#Ä"Ä¼»�»�º(Z�»¤ÄÆ´MÎ�» ��f¼·�Å8»(Ä¼Ä�[ f¼·/Îlº�Z�» �#·/³ ¹-º+·�[ 
�³ » Y ·�[¯¶%½+¶%Ä��c�PZ�»¤»)����·MÍ
¹�»�¹-º¼³µ´M¾¸Ä�º5´WºÆ³
ÄDº¼³µÅ�ÄP[ï·$f

ψ(t)
Î}´$	/»:Äùº(Z�» �&fÆ·�Å8»:ÄÆÄú·�[¸º(fÆ´	¹�Ä¼³ ºÆ³ ·/¹�ÄPd#» ��´	f*		·"
�³µ´M¹ ´M¹�W

º�Z�»6Z�´�H:´�f(W [ b�¹�Å�ºÆ³ ·/¹�Å8·	¹#Ä�º5´M¹-º:Ï
λ(t) = µ

��Ì����|Ç1^	�_^(Ê%º�b&fÆ¹�Äù³
¹-º¼·�Ï

∂tFs(x, y, t) +As(x) ∂xFs(x, y, t) + ∂yFs(x, y, t) = −µFs(x, y, t).

.áË�³ ¹-º¼» ]�f5´WºÆ³ ¹&]¤º�Z�³
Äú»���b�´WºÆ³ ·/¹�·"
/»�fú´M¾
¾hº�Z�» 
W´	¾ b�»(Äù·	[
y

¿2Yá»6]/»8º:Ï

∂tFs(x, t) + As(x) ∂xFs(x, t) − Fs(x, 0, t) = −µFs(x, t),

Z�´�
�³ ¹&] b�ÄD»EW º�Z�» �&fÆ·���»�f¼º�Ë
Fs(x, y, t) = 0

³ [
y > 0

¿�ÄD³
¹�Å8»�º�Z�» �&f¼·�Å�»:ÄÆÄ ³µÄ Î�»�Î�·MÍ
f¼Ë�¾
»:ÄÆÄ���Ã�f¼·/ÎvÌ����
Ç1^	� �/Ê7Y » Z#´�
	»	Ï

Fs(x, 0, t) = µ

S
∑

j=1

qsj

∫ t

0

dy Fj(x, y, t) = µ

S
∑

j=1

qsjFj(x, t)

´M¹�W�³ ¹#ÄD» fDºÆ³ ¹&]�³ º ³ ¹-ºÆ·�º�Z�» �&fÆ»�
�³
·�b�Ä »��$b#´Wº¼³
·	¹ Y » ]/»8º(Ï

∂tFs(x, t) +As(x) ∂xFs(x, t) = µ

S
∑

j=1

(qsj − δsj)Fj(x, t)

� [
S = 2

¿&Yú³ º(Z º�Z�» 	�¹�·\Yú¹e[ b�¹�Å8º¼³
·	¹�Ä:Ï
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A1(x) = (1 − x), A2(x) = −(1 + x),
ÇFc�� �-Ê

´M¹�W�º�f5´M¹�Ä¼³ º¼³
·	¹ Î »(´	Ä�b&fÆ»	Ï

q11 = q22 = 0, q12 = q21 = 1,
Ç�c�� Á-Ê

�&f¼·"
�³ W�» W�º�Z#´Wº
p±(x, t) = ∂xF1,2(x, t)

¿8Yá»A·$d�ºÆ´	³ ¹ �)b�ÄDº º�Z�»A» ��b�´WºÆ³ ·/¹�ÇFc��0c	Ê8���PZ�³µÄ
Ä1Z�·\Y Ä º(Z�»�Å8·/¹�¹�»(Å�º¼³
·	¹ d�»8º)Y »�»�¹ ¶%½+¶%Ä�´M¹�W �&fÆ·�Å�»:ÄÆÄD»(Ä W2f¼³1
	»:¹ d�Ë W�³
Å+Z�·Mº¼·/Î�·�b�Ä
¹�·	³µÄD»/�

� ���8������� ��ÿ
	1ý���
������������¢ü�ÿ������ ý������|þ�����
�ý
��¹eY Z�´MºP[ï·	¾
¾ ·\Y Ä5Y »4[ï·�Å b#Äù·�b&fú´Wº¼º¼»:¹/ºÆ³ ·/¹�·/¹�Ä¼·	¾_b�º¼³
·	¹#Ä

F (x, y, t)
Z�´�
�³ ¹&] ´M¹ » ��b�³ Í

¾ ³_d&fÆ³ b�ÎÈ¿3d&b�º Y » ��f¼»(Ä1b�Î�»¤º�Z�´MºTº�Z�» ¹@b�Î�»�fÆ³
Å:´M¾
Ä¼Å+Z�»�Î�»¤Å:´M¹"d�»�»)��º¼»:¹�W�»EW�º¼· W�³ [�Í
[ b�ÄD³
·	¹ �&fÆ·�Å8»(Ä¼Ä¼»:Äáº¼·�·#�T`á·	¹�W�³ ºÆ³ ·/¹�Ä5[ï·�fùº(Z�»�»)��³µÄ�ºÆ»�¹�Å�»T·	[±» ��b�³
¾ ³_d&fÆ³ b�ÎlÄD·/¾ b�º¼³
·	¹ÈÅ�´M¹
d#»�Å�·	¹"��»(Å�º�b�f¼»EW d�Ë b�Ä¼³ ¹�]�Ä¼³
Î5��¾ »6W�Ë�¹�´	Î ³µÅ�´	¾1´	f(]�b�Î�»:¹/º5Ä0� ��¿Tc���!¬��� [¸´	¾ ¾ W�Ë�¹�´	Î�³
Å:´M¾
» ��b�´WºÆ³ ·/¹�Ä�Ç1^	� Á-Ê�·\Yú¹ ·	¹�¾
Ë ´WºDº(fÆ´/Å�ºÆ³ ·/¹ �#·/³ ¹-ºÆÄ ´M¹8W ´M¾
¾%º(Z�»:Ä¼»�´�f¼» Å8·/¹/º5´M³
¹�» W ³
¹-º¼·
º�Z�»�³
¹-º¼» fÆÄ¼»:Å8º¼³
·	¹i·	[Tº�Z�»"d�´	Ä¼³ ¹ ·�[T´MºDº�f5´	Å8º¼³
·	¹i·	[A»:´/Å+Z1¿±º�Z�»�¹k´K�&fÆ·�Å8»:ÄÆÄ�ÄDºÆ´�fDºÆ³ ¹&]
[ f¼·/Î�º�Z�³
Ä7f¼» ]	³
·	¹ Yú³ ¾
¾�¹�»�
	» f¯»:ÄÆÅ�´��#»/��� »:¹�Å8»/¿Mº(Z�»�fÆ»"Ä�Z�·�b�¾ W »)��³µÄ�ºá´Xf¼» ]	³
·	¹

Ω
Y Z�» f¼»

º�Z�»0�&fÆ·�Å�»:ÄÆÄ
³µÄáÅ�·	¹�&�¹�» W�´	¹�W�´ ÄDºÆ´Mº¼³
·	¹�´�f¼Ë W�³µÄ�º(f¼³_d&b�ºÆ³ ·/¹ Feq(x) = limt→∞ F(x, t)»)��³
ÄDºÆÄ:�

�PH������ � U1KRU!L
�"!�# U%$ � M ��K4S �'&PS(� � � �

��¹�º�Z�³µÄ ÄD»(Å�º¼³
·	¹ Y »�Ä�Z�·\Y º�Z�»�¹@b�Î�»�fÆ³
Å:´M¾áÄÆÅ+Z�»:Î »�º¼· Ä¼·	¾1
	»}Ì��-Ä:�ùÇ)^	�_^(Ê�´M¹�WkÇ1^	� �/Ê
d�´	Ä¼» W ·	¹ ´ &�¹�³ º¼» W�³ �h»�fÆ»�¹�Å�» Î�»�º�Z�·2W ·	[ &�f5Ä�ºA·�f+W�» f:�cÃ�·$fTº�Z�»�ÄÆ´$	/»¤·�[ùÄ¼³
Î5��¾ ³µÅ8³ º�Ë
Yá»�ºÆ´�		»

t0 = 0
´M¹�W º�Z�» W�·/Î�´	³ ¹_·	[

Fs
d�»:Å�·	Î�»:Ä D := {Ω × [0, T ] × [0, T ]} �

�¬º ³
ÄúÅ�·	¹�
	»:¹�³ »:¹-ºáºÆ·5��»�f�[ï·�fÆÎ º(Z�»A¹@b�Î�»�fÆ³
Å:´M¾h³ ¹-ºÆ»�]�f5´WºÆ³ ·/¹�´	¾ ·/¹&] º(Z�»�Å+Z�´�fÆ´/Å�º¼» f¼³µÄDº¼³µÅ
¾ ³
¹�»:Ä

ξ = t− y
�&Vz³ º�ZÈº�Z�³
Äú¹�»�YC
�´�f¼³µ´	d�¾ »/¿2Yá»XW�»�&�¹�»Tº(Z�»6b�¹
	�¹�·\Yú¹�Ä

φs(x, y, ξ) =
φs(x, y, t− y) := Fs(x, y, t)

¿�ÄD· º(Z�´Wº Ì����|Ç1^	�_^(Êáº(fÆ´	¹�Ä)[ï·$f¼Î}Äù´	Ä:Ï

As(x) ∂xφs(x, y, ξ) + ∂yφs(x, y, ξ) = −λs(y)φs(x, y, ξ).
Ç ���_^(Ê

�PZ�³
ÄT»���b�´WºÆ³ ·/¹ ³µÄ�
W´M¾
³_W"[ï·�f
0 < ξ < t

´M¹�W
0 < y < t

�|�PZ�»�³
¹�³ ºÆ³
´	¾¯Å8·/¹�W�³ º¼³
·	¹ ³
Ä
]	³1
	»�¹ ·	¹

φs(x, y, ξ)|ξ=−y = F0,s(x)δ(y).
ÇR��� c/Ê

Vz³ º(Z�º(Z�»A¹�» Y 
W´	fÆ³µ´	d�¾
».Yá».]	»�º

φs(x, 0, ξ)|ξ=t = Fs(x, 0, t),

´M¹�W�º�Z�»6d�·�b�¹�W�´	fÆË�Å�·	¹�W�³ º¼³
·	¹ Ì����|Ç1^	� �/Ê5d�»:Å8·/Î�»:Ä:Ï

φs(x, 0, t) =

S
∑

l=1

qsl

∫ t

0

φl(x, y, ξ)|ξ=t−yλl(y)dy.
ÇR��� �-Ê

V »;Yú³ ¾
¾�´/Ä¼Ä�b�Î�»Aº�Z#´Wº�Ä¼³
Î ³
¾µ´	f"Å�·	¹�W�³ º¼³
·	¹#Ä ·	[
Ì���Ä:�¸Ç1^	���MÊ8¿�Ç)^/� À-Êú´M¹8W�Ç)^	� 
/Ê ´	fÆ»�Ä¼´MºDÍ
³
Ä &�» We[ï·$f

φs(x, y, ξ)
¿�´	¹�W ´}Ä�º5´Wº¼³
·	¹#´	fÆË�Ä¼·	¾_b�ºÆ³ ·/¹ »���³
ÄDºÆÄ:�
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��� ©��
������ ����}�W�	� ^ ���
�+¹�º(Z�»XW�·	Î}´	³ ¹ D ¿&Y »T³ ¹-º�fÆ·2W2b�Å�»T´ b�¹�³�[ï·$f¼Î Î »(Ä1Z|Ï

(xk , yj , tn)

{

k = 0, . . . , Nk

j, n = 0, . . . , N, N = T/∆t,

Ç ��� Á-Ê

Yú³ º(Z¤ÄDº¼»��¤ÄD³1H�»
∆x

´M¹8W
∆y = ∆t

¿WÄD· º�Z�´Mº Y » W�»�&�¹�»áº�Z�»5W�³
ÄÆÅ fÆ»8ºÆ»�	�¹�·\Yú¹.[ b�¹#Å�º¼³
·	¹#Ä
´	Ä lAk := Al(xk)

´M¹8W lλj := λl(yj)
¿#´M¹�W�º�Z�»XW�³
ÄÆÅ fÆ»8ºÆ»TÄ¼·	¾_b�ºÆ³ ·/¹1Ï

lFn
kj , n = 0, . . . , N, j < n

´	Äú´M¹È´$�7�&f¼·���³
Î}´Wº¼³
·	¹�·	[
Fl(xk , yj , tn)

´Mºúº�Z�»AÎ�»(Ä1Z/�#·/³ ¹-º5Ä��
�PZ�»�Å+Z�´M¹&]/»�·�[ 
W´	fÆ³µ´	d�¾
»

ξ = t − y
Å8·$f�fÆ»:ÄI�#·/¹�W�Ä º¼· º�Z�» [ï·	¾
¾ ·\Yú³
¹&] W�³
ÄÆÅ fÆ»8ºÆ»

Î�´��
��³
¹&]�·	¹ º�Z�»�Î�»(Ä1Z1Ï

(k, j, n) = (k, j, i)
∣

∣

∣

i=n−j
,

Ç ��� �	Ê

º�Z�» f¼»�[ï·�fÆ» Y ».]	»�º º(Z�».[ï·	¾
¾
·\Yú³ ¹&] fÆ»�¾µ´WºÆ³ ·/¹1Ï

Fl(xk , yj , tn) = φl(xk , yj , tn − yj) = φl(xk, yj , ξi) ⇒ lFn
kj = lφn−j

kj = lφi
kj

d#»�º)Yá»:»�¹iº�Z�» W�³
ÄÆÅ fÆ»8ºÆ»�ÄD·/¾ b�º¼³
·	¹�Ä:� � » f¼»Èº(Z�»�³
¹�W�»��
i

³_W�»:¹-º¼³�&�»:Ä�º�Z�»�Ä¼»8º�·�[AÎ »(Ä1Z
�#·/³ ¹-ºÆÄ ¾ Ë�³
¹&]�·	¹�º�Z�»�Å+Z�´�fÆ´/Å�ºÆ»�fÆ³
ÄDº¼³µÅ�Äá¾ ³
¹�»(Ä��

�PZ�»ù¹�b�Î » f¼³µÅ�´	¾�Ä¼Å+Z�»�Î�»ù³
Ä
·$d�ºÆ´	³ ¹�» W;d-Ë W�³µÄ¼Å�f¼»�º¼³1H�³
¹&].d#·	º�Z�» ��b�´Mº¼³
·	¹�ÄùÇR��� ^�Ê±´M¹�W
ÇR��� �/Ê8�2V »�´��
��¾
Ë b
�@Yú³
¹�W W�³
ÄÆÅ fÆ»8ºÆ³�H(´WºÆ³ ·/¹�ºÆ·¤º(Z�»�&�f5Ä�º »���b�´WºÆ³ ·/¹1¿�´M¹�We]	»�º:Ï

lφi
k,j+1 = lφi

kj − lAk
∆y

∆x

(

lφi
k+ν,j − lφi

k+ν−1,j

)

− lλj
lφi

kj∆y,
Ç ��� �/Ê

i = 0, . . . , N,

Y Z�»�fÆ»
ν = 1

³�[ lAk < 0
¿�´M¹8W

ν = 0
³ [ lAk > 0

���PZ�»6d�·�b�¹8W�´	fÆË�Å�·	¹�W�³ º¼³
·	¹�Ç1^	���MÊ
³
Äú³
¹�Å�¾ b�W�» W d�Ë f¼»���b�³ fÆ³
¹&] º(Z�´Wº lφi

0j = lφi
1j

´M¹8W lφi
Nk−1,j = lφi

Nk ,j

�
Ã�·�f¸º(Z�»úÄD»(Å8·	¹8W »��$b#´Wº¼³
·	¹|¿EY »ùÄ1b&d#Ä�ºÆ³ º(b�º¼»ú³
¹-º¼»�]$fÆ´	¾@Yú³ º(Z ´���b�´�W&fÆ´Mº�b&fÆ»áÄÆÅ+Z�»�Î�»/Ï

sφi
k,0 = ∆y

S
∑

l=1

qsl

i
∑

j=0

w
(i)
j

lφi−j
kj

lλj , i > 0,
Ç �����MÊ

Y Z�»�fÆ»
w

(i)
j ≥ 0

³µÄú´}Ä¼» ��b�»�¹#Å8»T·	[ Yá»:³ ]$Z/º5Ä��
�PZ�»T³ ¹-º¼» ]�f5´WºÆ³ ·/¹ �&fÆ·�Å8»�»EW�Äú´	Ä5[ï·/¾ ¾
·\Y Ä:��F�³1
	»:¹ º�Z�»A³
¹�³ º¼³µ´M¾|Å�·	¹�W�³ º¼³
·	¹

lφ0
k,0 = φl(xk, 0, 0) = Fl(xk, 0, 0),

Ì�����ÇR��� �-Êú´M¾
¾
·\Y ÄPb�ÄúºÆ·�Å�´	¾
Å�b�¾
´Mº¼»�´	¾ ¾|º�Z�» lφi
kj

Ä�º5´	f¼º¼³
¹&] [ fÆ·	Î
j = 1

b
�ÈºÆ·
N

¿&[ï·$f
º�Z�» &7��»EW�Å+Z�´	f5´	Å8º¼»�fÆ³µÄ�ºÆ³
Åá¾ ³
¹�»

i = 0
�M��¹ ]/»�¹�» fÆ´	¾2]	³1
	»�¹¤º�Z�» 
W´M¾_b�»:Ä±·/¹¤º(Z�»�d�·�b�¹8W�´	fÆË

j = 0
Ï lφi

k,0

¿&Y »AÅ�´M¹/&�¹8W ´	¾ ¾ lφi
kj

ÄDºÆ´�fDºÆ³ ¹�];[ fÆ·	Î
j = 1

b
� º¼·
N − i

¿2[ï·$f ´5&
��» W
Å+Z�´	f5´	Å8º¼»�fÆ³µÄ�ºÆ³
Å ¾
³ ¹�»

i
ÇRÄD»:»�Å b&f*
	»EW ´�f�fÆ·\Y ÄT·	[ Ã¸³_]��%Ç1^(ÊDÊ8� .5b�º º�Z�»�ÄDºÆ´�fDºÆ³ ¹�] 
�´	¾ b�»:Ä

lφi
kj

[ï·�f b
�@Yú³ ¹�W�´�f¼» b�¹7	-¹�·\Yú¹�´	¹�W Z�´�
/»áºÆ·6d#»"»:ÄDº¼³
Î�´Mº¼»EW d-Ë;b�Ä¼³ ¹&]�º�Z�»�d�·�b�¹�W�´	fÆË
³ ¹-º¼» ]�f5´WºÆ³ ·/¹�ÇR�����MÊ"Ç¢Ä¼»�» 
	»�f¼º¼³µÅ�´	¾TW�·MºDÍ!W�´/Ä1Z�»EW}´	f(f¼·\Y Ä¯·	[|Ã¸³ ]#�cÇ)^(Ê¼Ê����PZ�³µÄá³µÄ ´ Ä¼Ë�ÄDº¼»:Î
·	[%»��$b#´Wº¼³
·	¹#Ä�[ï·$f"º(Z�» b�¹
	�¹�·\Yú¹�Ä lφi

k,0

�CV Z�»:¹ ´	¾ ¾ lφi
kj

´	fÆ»G	�¹�·\Yú¹1¿#º�Z�» W�³µÄ¼Å�f¼»�º¼»
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n  (t)

i=0

i=1

i=n

i=n+1

n+1
0

1

2

3

n1

j  (y)

�������8? :��
	 T B S/U B � B EWVDI�V�F Z E Z � V�C B FHEWV B+* U I8V�F Z E.��=DC B 
 B Z E V�C B U B(* �-[ I U 
 B ��C Z � V�C B
(t, y)

S [ I:E B % � �/[H[%=(� U � B � I U�U�Z � �
	 � S � FHE � �¬V B S Z � ���@%�� N % Q�
�% � Z V P�� I ��C B � � B U V�FH=�I:[áI U�U�Z � �
	
� �-I �	U I8V)� U B Z � ���2%�� N % 9 
�%
W�³
ÄDº�fÆ³_d&b�º¼³
·	¹a[ b�¹�Å�ºÆ³ ·/¹�Å�´	¹ d#»;f¼»�º�fÆ³ » 
	»EW d-Ë lFn

k,j = lφi
kj |i=n−j

¿h´M¹8W�´M¾µÄD·�º(Z�»
W�³
ÄÆÅ fÆ»8ºÆ»AÅ8·�b�¹/ºÆ»�f*��´	f¼ºù·	[úÇ)^	� �/Ê8Ï

lFn
k :=

n
∑

j=0

v
(n)
j

lFn
k,j ∆y,

Ç ��� À/Ê

Å�´M¹ d�»A»:ÄDº¼³
Î�´Mº¼»EWed�Ë�´%��b�´$W2fÆ´Mº�b&fÆ»R[ï·�fÆÎ b�¾µ´ ·	[�Y »�³_]�Z-º5Ä
v
(n)
j

�

��H�� M � ��U
� U1K 	 M � # ��� K4U)L&U)N K��
� ���8��� ���#ü � � �-ÿ�ÿ
�#ÿWý � 
�� � ��
����-ÿ�����
 � �
V »�´	fÆ» ³
¹-º¼»�fÆ»:ÄDº¼»EW�³
¹"Z�·\Y Y »�¾
¾ lφi

kj

¿ lFn
k,j

´M¹8W lFn
k

´��
�&fÆ·���³
Î}´WºÆ»Aº�Z�»�Å8·$f�fÆ»8Í
Ä ��·	¹�W�³ ¹&]}´	¹�´M¾
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lei
k,j := φl(xk , yj , ξi) − lφi

kj
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	»�f(]	»:¹�Å8»/¿�Y »¤³
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Ã�·�f}ÄI��´WºÆ³
´	¾

xk
´M¹�W Î »:Î�·�fÆË 
�´�f¼³µ´	d�¾ »

yj
º(Z�» ∞− ¹�·$f¼Î ³µÄ b�ÄD»EWc�¯�PZ�» W�³µÄ¼Å�f¼»�º¼»

1
Í¬¹�·�fÆÎ [ï·$f º�Z�»ÈÄ�º5´WºÆ»:Ä

s
·�[úº�Z�»ÈÄ¼Ë�ÄDº¼»:Î ³
Ä º�Z�» ¹#´Wº�b�fÆ´	¾áÅ+Z�·/³
Å�»	¿ d#»(Å�´	b#ÄD» ·	[úº(Z�»

Å8·	¹#ÄD» fI
W´WºÆ³ ·/¹�·�[áº(Z�»X�&fÆ·�d�´�d�³ ¾
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·	¹ Yá»
W�»)&�¹�»Tº�Z�»6]/¾ ·$d�´M¾h»�f(fÆ·�f5[ï·�fùº(Z�»�Ä�º5´WºÆ»

l
´Mºúº¼³
Î »

ti
´	¹�W�º¼³
Î »AÎ�»:Î ·$f¼Ë

yj
´/Ä�Ï

lEi
j := max

k
| lei

k,j |
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‖Ei
j‖1 :=

S
∑

l=1

lEi
j .
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V »�ÄÆ´�Ë�º�Z�´Mº lFn
k,j

Å8·/¹9
/»�f(]	»(Ä¯ºÆ·
Fl(xk , yj , tn)

³
¹ º�Z�»A¹�·$f¼Î ‖ · ‖ ³�[�Ï

‖Ei‖ = max
j

‖Ei
j‖1 → 0,

´/Ä
∆x,∆y → 0.
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·�d�´	¾c»�f(f¼·$f [ï·$fùº�Z�»XW�³µÄDº�fÆ³ d&b�º¼³
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Ên
k := F(xk , tn) −Fn

k =

∫ tn

0

dy
∑

l

Fl(xk, y, tn) −∆y

n
∑

j=0

v
(n)
j

∑

l

lFn
k,j

´M¹�W�º�Z�»�´/Ä¼Ä¼·�Å8³µ´WºÆ» W Å8·	¹�
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‖Ên‖∞ = max
k

|Ên
k | → 0,

´	Ä
∆x,∆y → 0.
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·�Å�´M¾¯º�f(b�¹�Å�´Mº¼³
·	¹ »�f(f¼·$fT³
ÄXW�»)&�¹�»EW d-Ë ³ ¹#ÄD» fDºÆ³ ¹&] º(Z�»}º�f(b�»
ÄD·/¾ b�ºÆ³ ·/¹

φl(x, y, ξ)
³ ¹-º¼·�º(Z�»XW�³µÄ¼Å�f¼»�º¼»AÄÆÅ+Z�»�Î�»T·	[¸Ì����|ÇR��� �-Ê�¿�³�� »/� Ï

lεi
kj :=

φl(xk, yi +∆y, ξi) − φl(xk , yi, ξi)

∆y
+ λl(yj)φl(xk, yi, ξi)

+Al(xk)
φl(xk + ν∆x, yi, ξi) − φl(xk + (ν − 1)∆x, yi, ξi)

∆x
.
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W´M¾_b�´WºÆ³ ¹&]�º�Z�» fÆ»�Î}´M³
¹�W�» f"ºÆ»�fÆÎg·	[¯º(Z�»}��´�Ë�¾
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lφi

kj
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lεi
kj =

1

2
∆x

(

α∂2
yφl(xk , ηj , ξi) − |Al(xk)|∂2

xφl(ηk , yj , ξi)
)

,

Y Z�»�fÆ»
α := ∆y/∆x

¿�´M¹8W
ηk, ηj

´�f¼» b�¹
	�¹�·\Yú¹/��·	³
¹/º5Ä��
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d#·$b�¹�W�´�f¼Ë�³
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lRi
k := Miti∆y

β∂β
y (φl(xk , η̃j , ξi)λl(η̃j)),
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	�¹�·\Yú¹ ��·	³
¹-ºÆÄ
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¹/ºÆ»�]$fÆ´Mº¼³
·	¹ ³ ¹-º¼» fI
W´	¾R�
β
W�»)&�¹�»(ÄTº�Z�»�·�f+W�»�f ·	[Pf¼» �#»(´Wº¼»EWK�$b#´�W2f5´Wº(b&f¼»

[ï·�fÆÎ b�¾µ´	ÄTÇR��� �	Ê��
�PZ�»5��b�´$W2f5´Wº�b�f¼»�» f�fÆ·�f�Å8·/Î Î�³ ºDºÆ» W [ fÆ·	ÎuÇ ��� À/Ê [ï·�f�º�Z�» »�
W´	¾ b�´Mº¼³
·	¹�·�[+Ç)^/� �-Ê ³µÄ

W�»)&�¹�» WÈ´	Ä:Ï
lR̂n

k := M̂ntn∆t
β̂∂β̂

yFl(xk , η̂j , tn),

Y Z�»�fÆ»	¿�´	ÄP[ï·$f º�Z�»G�&fÆ»�
�³
·�b�Äú» f�fÆ·�f(¿ M̂n
´	fÆ»�ÄD·/Î�» 
W´M¾_b�»:Ä º�Z�´Mº+Å�´	¹aW�»���»�¹�W�·	¹

n
¿

´M¹�W
η̂j

´	fÆ» b�¹
	�¹�·\Yú¹ ��·	³
¹-ºÆÄ:�
β̂
W�»)&�¹�»:Äùº(Z�»A·�f+W�»�fù·�[ùÇ ��� À/Ê��
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·	¹ lφi

kj

[ï·$f�º(Z�»�º(fÆ´	¹�Ä)[ï·$f¼Î�»EW »���b�´WºÆ³ ·/¹kÇR��� �/Ê8¿1º(Z�»�¹ ��f¼·"
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Å8·	¹�
/»�f(]	»�¹#Å8» ·$f(W�»�f�·	[ º�Z�»�¹@b�Î�»�fÆ³
Å:´M¾
Ä¼·	¾_b�º¼³
·	¹ Fn

k

º¼· º�Z�» W�³
ÄDº�fÆ³_d&b�º¼³
·	¹ [ b�¹�Å8º¼³
·	¹
F(xk , tn)

���PZ�» ��f¼·�·	[¢Äù´�f¼».d�´/ÄD»EW�·	¹ÈÅ8¾µ´	ÄÆÄ¼³
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¹&] d�·�b�¹�W�Ä5[ï·�f
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·�d�´	¾�» f�fÆ·�f5Ä:�
� ��� � � �T��� �8�

φl(x, y, ξ) ∈ C2,β̄,2(D)
�Æ��� ©8�M­H°����¢�W�r�D¥�
�� ��ÇR��� ^�Ê�°����	��� � ���

�Æ�M°����/�W�	��¡5�W�h�W�����¢�W��©ÈÇR��� c/Ê5¦ �
�����
β̄ = max{β, 2} ¦

maxl ‖Al(x)‖∞ ≤M
¦á�M���

maxl ‖λl(y)‖∞ ≤ Lu
¦
¥8�W�

x ∈ Ω
�M���

l ∈ {1, . . . , S} � � ���
(xk , yj , tn)

�Æ���W�
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∆x
�M���
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� � ��� lφi

kj�Æ��� ���}�#°��������¢¡5�W­±©��W­H°����¢�W� �¼��©�°�­H�����-« ¥5�¼�W�a� ����©�¡
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(

M

∆x
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)−1 Ç ���_^(Ê
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0‖1
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y = 0
¦ �������8���¼�M� ‖Ei

m‖1
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ti+m

�M­ �W��«�� ��� ¡
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¦¯�µ© �5�W°����/�5� � �#�

‖Ei
m‖1 ≤ ‖Ei

0‖1(1 − Lu∆y)
m +m∆y‖E i‖1,
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$ ��£ï¥
∆y−1 > maxi(w

(i)
0 ) maxl λl(0)

¦ú� ���8�Æ���&%	�µ©��+¡5�M��©��¬�M���R©
Ld

¦
K

¦ ©�°�¡ � � ���W�
� ���¤�����¼�M� ¡Æ�M� �h°��¬�5���W� �R���}�

ti
�W­ �M�-«�� ��� �5�M°����	�M�	�

y = 0
�µ© �Æ�M°����/�Æ� � �#�

‖Ei
0‖1 ≤ ‖R̄‖1 exp (Kti) + ‖Ē‖1K

t2i+1

2
exp ((K − Ld)ti) ,
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� �����¼� ‖R̄‖1 = O(∆xβ)
�M��� ‖Ē‖1 := maxi ‖E i‖1 = O(∆x)
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φ
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´/Ä W�»)&�¹�» W ³ ¹ Ì����|Ç¢Á�� �	Ê��
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O(∆x)
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j
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∫ tn

0

dy
∑

l

Fl(xk , y, tn) = ∆y

n
∑

j=0

v
(n)
j

∑

l

Fl(xk, yj , tn) +
∑

l

lR̂n
k ,
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‖Ên‖∞ = max
k

∣

∣

∣
∆y

∑

j

v
(n)
j

∑

l

Fl(xk, yj , tn)+
∑

l

lR̂n
k−∆y

∑

j

v
(n)
j

∑

l

lFn
k,j

∣

∣

∣
.

�1»8º
v̄(n) := maxj |v(n)

j | ´M¹�W
R̂n :=

∑

l maxk | lR̂n
k |
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»�³
¹�Í
» ��b�´M¾
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‖Ên‖∞ ≤ v̄(n)∆y
∑

j

∑

l

max
k

|Fl(xk, yj , tn) − lFn
k,j | + R̂n,

d-Ë b�Ä¼³
¹&]�º(Z�» W�³
ÄÆÅ fÆ»8ºÆ» Î}´$�7��³ ¹�] ÇR��� �/Ê ´	¹�W�º(Z�» W�»)&�¹�³ º¼³
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‖Ên‖∞ ≤ v̄(n)∆y

n
∑

j=0

‖En−j
j ‖1 + R̂n.

.áË�³ ¹�Ä¼»�f¼º¼³
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‖Ên‖∞ ≤ v̄(n)∆y

n
∑

j=0

(‖En−j
0 ‖1(1 − Lu∆y)

j + j∆y‖E i‖1) + R̂n

´M¹�W

‖Ên‖∞ ≤ v̄(n)∆y

n
∑

m=0

‖Em
0 ‖1(1 − Lu∆y)

n−m + v̄(n)‖Ē‖1
t2n+1

2
+ R̂n,
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³ º�Ë f¼»:¾
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j = 0
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∆y
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n
∑

i=0

(1 − Lu∆y)
n−i

(

‖R̄‖1e
Kti + ‖Ē‖1K

t2i+1

2
e(K−Ld)ti

)

º�Z�´Mº ³
Äù·�[¸·$f(W�» f:Ï

‖R̄‖1
eKtn − 1

(K + Lu)∆y
+ ‖Ē‖1K

t2ne
(K−Ld)tn

2(K + Lu − Ld)∆y
.
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‖Ên‖∞ . v̄(n)‖R̄‖1
exp(Ktn) − 1

K + Lu
+ R̂n

+ v̄(n)‖Ē‖1K
t2n exp((K − Ld)tn)

2(K + Lu − Ld)
+ v̄(n)‖Ē‖1

t2n
2
.
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sF 0
k0 =











0, k < 0,

0.5/(S∆y), k = 0,

1/(S∆y), k > 0,

sF 0
kj = 0, j > 0,
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p(x, t) := ∂xF(x, t) := ∂x

S
∑

l=1

Fl(x, t).
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	 xk � tn =
0, 4, 8, 12, 16, 20 
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pn
k :=

1

∆x
(Fn

k+1 −Fn
k ) :=

1

∆x

S
∑

l=1

( lFn
k+1 − lFn

k ),
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As(x) = −γsx+Ws
¿�ÄDº�b8W�³ »EW�³
¹��_^)!¬��¶±´�fÆ´	Î�»8º¼» fÆÄá´	fÆ»RW�»�&�¹�»EW�´	Ä:Ï

W0 = 1, W1 = −1, W2 = 2, W3 = −2, λs = 0.2, γs = 0.1 ∀s.
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ψ(t) = 3 e−t(1 − e−t)2
�c�PZ�»

» ��b�³
¾ ³_d&fÆ³ b�Î W�»�¹#ÄD³ º�Ë W�³µÄ�º(f¼³_d&b�ºÆ³ ·/¹ Z�´	Ä º(Z�».[ï·�fÆÎ �0c�
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peq(x) = lim
t→∞

p(x, t) =
3

44
(7 + x2), |x| < 1
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Feq(x) = lim
t→∞

F(x, t) =
1

44
(x3 + 21x+ 22), |x| ≤ 1.
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λ(t) =
3(1 − e−t)2

2 − e−t + (1 − e−t)2
.

V »A¹�·	º¼»Tº(Z�´Wº
λ(0) = 0
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µ = 1/2
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peq(x) = lim
t→∞

p(x, t) =
|Γ (1− r)|2

π3/2
(1 − x2)−1/2

2F1(r, r
∗;

1

2
;x2),
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r = (1 +
√
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‖Ê‖∞ ≈
√
∆x

(

1 + ln(2∆x)
)

,



���%������������� �"���¼����¡5�� ��������(�"¥8�M���
��� ©��
������ ����}�W�	� ^ �"�

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

-1 -0.5 0 0.5 1

Êk
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‖Ê‖∞

∆x

Gamma

Gamma 90%
McFadden

�������8? :���	 P Z E	� B U *:B E-= B V B �¬V � Z:U * [ Z ��I�[ B U�U�Z�U ‖Ê‖∞
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