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«°à�Î_ÒBhEÎ_ÞEÐji_´CÜ×´Cµ�´	Ülk�ÓEÐ
Ó¢Ò/m.¶�Ðln�Î�hEÎLµ8ÞEÐá´CÜ
oghEÒBp�Ü
Î_ÏÌÓrq+Ð ÞEà³µ�Ò	µ�Ü
Òsi_´	Ü4p�Ò	Ý�µ�¶�´/h�kti_Ò	µ�¶�Ð Ö
ÞEÐ
Ò	µ�ÓvuÉ±Swyxbz�Ò1m|{�´1hEÐ
Ò	Ý/Ó�Þ�kUo/Î3Ó ´Cµ/¶~}/µ�ÐßÞGÎ\Ö�¶�Ðln�Î�hEÎLµ.i\Î�Ï�Î_ÞEà�Ò�¶�ÓCmÆÒ1hÌÞGà�Î_Ï Ò/m¾ÞGÎ_µ
´/ogo�ÎL´1hEÎ3¶ Ð µ�Ó�i_Ð ÎLµ:ÞGÐ>}�i¢Ü
ÐßÞGÎ�h@´IÞEÝ.hEÎ¢µ�ÞEà�ÎNo�´	ÓRÞ�¶�Î�i_´:¶�ÎC� Ù�¥vÔ�¥��8¥���¥��LØ�¥)���8¥�����¥#ÚCÙ��ü�
«�q×ÒCÖ�¶�Ð
Ï�ÎLµ�ÓEÐ Ò:µ�´CÜ$´	µ�¶ ÞEàghGÎ_Î_Öü¶�Ð
Ï�Î_µ�ÓEÐ
Ò	µ�´	Ü;oghGÒ1p�Ü
Î_ÏÌÓO´/hGÎ�ÞEà�Î�mÆÒsi\Ý�ÓOÒ1m ´IÞRÞGÎ_µ8ÞEÐ
Ò	µ
�l�����½�#­Ei\Ò	µ�Ò	Ï�Ð�iL´CÜ�}�µ�Ð ÞEÎÌ¶�Ðln�Î�hEÎLµ.i\Î�Ó�i@à�Î_Ï�ÎLÓYu����a�gz�´Cµ/¶�ÞEà�Î_Ð�haÞEà�ÎLÒ1hGÎ\ÞEÐji_´	Ü}Ð
µU{	Î3Ó©Ö
ÞEÐ��:´IÞGÐ Ò:µ³´1hEÎ Ò	µ�Î·Ò/m ÞGà�Î ÏÌ´CÐ
µ�ÐáÓEÓEÝ�ÎLÓ�Ò1m.µ�Ý�Ï�Î�hGÐ�iL´CÜ×Ï�´CÞEà�ÎLÏÌ´IÞEÐji_Ó��������ü�
£$´/hGÐ
Ò	Ý�Ó
´CÜ��	Ò1hGÐ ÞEà�ÏÌÓ.´1hEÎ®Ý�µ�¶�Î�h|i\Ò	µ/ÓRÐá¶�Î�h@´IÞGÐ Ò:µ�mÆÒ1hOÓEÒ	Ü�{8Ð
µg� Ú1� Ò1haÙ1��o�´/h@´/p�Ò	Ü
Ðji|oghGÒ1p�Ü
Î_ÏÌÓ
q+ÐßÞGà ÞEà�Î Ð
µ:ÞGÎ��BhG´	ÜEi\Ò:µ�¶�Ð ÞEÐ
Ò	µ�q+à�ÎLµ³´�Ï®Ý�Ü ÞEÐá¶�Ð Ï�ÎLµ�ÓRÐ
Ò	µ/´CÜbi_´	ÓEÎ ÐáÓ�hGÎL¶�Ý.i\Î3¶�ÞEÒ����
oghEÒBp�Ü
Î_ÏÌÓ�� Û�¥.��¥g��¥��1�C¥���Ú�¥��3Ù�¥��_Ô�¥��3Û��ü�

«°à�Ð
Ódo�´1o/Î�h6¶�Î3´CÜáÓSq+Ð ÞEà�ÞGà�Î�� Î3´1i_Î_ÏÌ´Cµ�Ö�¨ ´Bi@àsmÆÒ1h@¶ �.ÜßÞGÎ�hGµ�´IÞGÐ µ.���6ÐlhGÎ�i\ÞEÐ
Ò	µ�§�Ï�Ö
o�Ü Ðji\Ð Þ=uÉ�S�6§Jz'Ï�Î_ÞEà�Ò�¶��l�C¥$Ú�¥
ÚCØ�¥
Úg���+´/ogo�Ü
Ð
ÎL¶�ÞGÒ�Ü
Ð µ�Î3´/hÌÚ/��o�´/h@´/p�Ò	Ü
ÐjiÌÎ��8Ý�´CÞEÐ
Ò	µ�Ó
q+ÐßÞGà�w×Ð ÞGÓG´	¶s�LÎ\Ö©��´CÏÌ´1hGÓEÍ�Ð Ð/Þ�kUo/Î¢±dw#x�Ð µ Ò:µ�ÎO¶�ÐlhGÎ�i\ÞEÐ
Ò	µ&�/«°à�ÎOÓJo�Î�i\Þ�hGÝ�Ï�Ò1m}ÏÌ´IÞ�hEÐl�
mÆÒ1h²ÞEà�ÐáÓ
}�µ�Ð ÞEÎ_Öü¶�ÐlnvÎ�hGÎ_µ.i_ÎdoghGÒ1p�Ü ÎLÏ ÐáÓbi\Ò:Ï�o�Ü Ðji_´CÞEÎL¶�� ÚCÔ��½��±6´CÏ�Î_Ü�k	¥8Î_Ð��	ÎLµU{�´	Ü Ý�ÎLÓ²Ò/m}´
}�µ�Ð ÞEÎÌ¶�Ðln�Î�hEÎLµ.i\Î�oghGÒ1p�Ü
Î_Ï�iL´Cµ p�ÎYo/Ò8ÓRÐ ÞEÐ�{	Î�´Cµ/¶�ÓEÐ ÏYo�Ü
Î®ÒBh�o/Ò8ÓRÐ ÞEÐ�{	Î�´Cµ�¶ ÓRÒ:Ï�Î®Ò1m
ÞEà�ÎLÏ�Ï'Ý�Ü ÞEÐ�o�Ü
Î	¥�Ò1h×´|mÆÎ�q�Î_Ð��	Î_µU{I´CÜ
Ý�Î3Ó4i_´	µ'p�Î.µ�Î��:´IÞGÐl{:Î	¥8Ò1h²Ò	µ�Î6Ò/m#ÞEà�Î6ÎLÐl�:Î_µU{I´CÜ
Ý�ÎLÓ
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������ÄI¼¾Ë��I»��À�
������/»½¼��:ÁI¹�¼ÉÀ_¹��À�
������/»½¼��	ÁC¹�Ä�º
Ð
Ó#�LÎ�hGÒ�¥�ÒBh ÓRÒ:Ï�ÎOÎ_Ð��	Î_µU{I´CÜ
Ý�Î3Ó+´/hGÎ�i_Ò	ÏYo�Ü
Î$��q+ÐßÞGà=o/Ò8ÓRÐ ÞEÐ�{	ÎOÒBh µ�Î��8´IÞGÐl{:Î hGÎL´	Ü�o�´/hEÞGÓL�
� ÎaÓRà�Ò�q ÞEà�´CÞ²ÞGà�ÎO�S�6§$Ï�Î\ÞEà�Ò�¶�i_´	µCp�Î�ÓRÞG´1p�Ü Î�Ò1h×µ�Ò:µ�Ó©Þ@´/p�Ü
ÎymÆÒBh×¶�Ð>nvÎ�hGÎ_µ8Þb{�´	Ü Ý�ÎLÓ
Ò/m)o�´/h@´CÏ�Î\ÞGÎ�h@Ó0Ð
µ�±Swyx6�

«°à�Î�o�´/o�Î�h®Ð
Ó'Ò1h��:´	µ�Ðl�LÎL¶�´	Ó�mÆÒ:Ü Ü
Ò�q ÓL�&§�µ���Î�i\ÞEÐ
Ò	µ Ú�q×Î�oghGÎLÓEÎ_µ8Þ®´�¶�Ðln�Î�hEÎLµ8ÞEÐá´CÜ
oghEÒBp�Ü
Î_Ï ´	µ�¶ q#hGÐßÞGÎ�ÞEà�Î�� Î3´1i_Î_ÏÌ´Cµ�Ö�¨ ´Bi@àsmÆÒ1h@¶³�d�.§�Ï�Î\ÞGà�Ò�¶#�×§�µ���Î�i\ÞEÐ
Ò	µpÙ�¥4q²Î
oghEÎ3ÓRÎLµ8Þ ÓEÒ	Ï�Î0ÞGà�Î_ÒBhEÎ_ÞEÐji_´	Ü8�d�.§&Ï�Î_ÞEà�Ò�¶�Ó©Þ@´/p�Ð
Ü Ð Þ�k�hEÎ3ÓRÝ�ÜßÞ@Ó�mÆÒBh ÓEÒ	Ü
Ý�ÞGÐ Ò:µ'Ò/m�´.¶�ÐáÓ�i�hEÎ_ÞEÎ
oghEÒBp�Ü
Î_Ï � «°à�Î�hGÎLÓEÝ�Ü ÞGÓ�Ò/m.µ�Ý�Ï�Î�hEÐji_´	Ü²Î��Uo�Î�hGÐ
Ï�ÎLµ8ÞGÓ�´/hGÎC�	Ð�{	ÎLµ Ð
µ ��Î�i�ÞEÐ
Ò	µ³Ô��
«°à�Î
o�´/o�Î�h+ÎLµ�¶�Ó#q+Ð ÞEà�ÓEÒ	Ï�Î|i\Ò	µ i\Ü
Ý�¶�Ð
µg�YhEÎLÏ�´1hEÍ�Ó²Ð µ���Î�i�ÞGÐ Ò:µ�Û��
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NPORQ:S8+TSVU�*WO ,-XZY�+\[ &]XMSV^`_aO�*�b ,$U�[�U]XR[�-B,-XE-c[dU]e]O�*�OM[dU
� Îri_Ò	µ�ÓEÐ
¶�Î�h+´�Þ�q²Ò�¶�Ð
Ï�Î_µ�ÓEÐ Ò:µ�´CÜ�o/´/h@´/p�Ò	Ü
Ð�i�Î��8Ý�´CÞEÐ
Ò	µ

∂u

∂t
=

∂2u

∂x2
+

∂2u

∂y2
+ f(x, y, t), t ∈ (0, T ),

u^Ú��l��z

Ð µ�ÞGà�Î'hGÎ�i�Þ@´Cµg�:Ý�Üá´/h¢¶�Ò:Ï�´	Ð µ
D = {0 < x < Lx, 0 < y < Ly}

q+Ð ÞEà p�Ò	Ý�µ�¶�´/h�k
i\Ò	µ/¶�ÐßÞGÐ Ò:µ�Ó

u(x, 0, t) = wl(x, t), u(x, Ly, t) = wr(x, t), x ∈ [0, Lx],
u½Ú�� Ú1z

u(0, y, t) = vl(y, t), y ∈ [0, Ly]
u½Ú�� ÙBz

´Cµ�¶·´	¶�¶�ÐßÞGÐ Ò:µ�´CÜ�w×Ð ÞGÓG´	¶s�LÎ\Ö©��´CÏÌ´/h@ÓEÍ8Ð
Ð/Þ�k8o�Î¢±SwyxQq+ÐßÞGà
0 < ξ < Lx

â

u(Lx, y, t) = γu(ξ, y, t) + vr(y, t), y ∈ [0, Ly],
u½Ú�� Ô8z

q+à�Î�hGÎ
γ ∈ R

¥�´	µ�¶ ÞEà�ÎOÐ
µ�Ð ÞEÐá´CÜ�i_Ò	µ�¶�Ð ÞEÐ
Ò	µ

u(x, y, 0) = u0(x, y), (x, y) ∈ D̄ = {0 6 x 6 Lx, 0 6 y 6 Ly}.
u½Ú�� Û1z

� Î¢´1hEÎaÐ
µ:ÞGÎ�hGÎLÓRÞEÎ3¶ Ð
µ�ÓRÝ@f'i_Ð ÎLµ:ÞGÜlk ÓRÏ�Ò�ÒCÞGà·ÓEÒ	Ü
Ý�ÞEÐ
Ò	µ/Ó°Ò/m ÞEà�ÐáÓboghGÒ1p�Ü
Î_Ï q+Ð ÞEà�±dw#x6�

K 0 K 0
g=[.*�,s*�OM[dU
� ÎOÐ
µ8Þ�hGÒ�¶�Ý.i\Î��1hGÐá¶�Óbq+ÐßÞGà Ý�µ�ÐlmÆÒ1hGÏ�Ó©ÞGÎ�o�Ó

ωh
x := {x0 = 0, x1, . . . , xn = Lx}, hx = xi − xi−1 =

Lx

n
,

ωh
y := {y0 = 0, y1, . . . , ym = Ly}, hy = yj − yj−1 =

Ly

m
,

ωτ := {t0 = 0, t1, . . . , tN = T}, τ = tk − tk−1 =
T

N
,

ωh
x := {x1, . . . , xn−1}

¥
ωh

y := {y1, . . . , ym−1}
¥

ωτ := {t1, . . . , tN}
´Cµ�¶
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ωτ
1/2 :=

{
t1/2, . . . , tN−1/2 : tk−1/2 =

tk + tk−1

2

}
.

§�µ ÞEà�Î¢¶�Ò:ÏÌ´CÐ
µ
D̄
q×ÎOÝ�ÓEÎ|�1hGÐ
¶�Ó

ω := ωh
x × ωh

y

¥
ωy := ωh

x × ωh
y

¥
ωx := ωh

x × ωh
y

¥
ω := ωh

x ×ωh
y

´Cµ�¶
∂ω := ω r ω

�V��Î�´	Ü
ÓEÒ®ÓEÝgogo�Ò:ÓEÎ6ÞEà�´CÞ
ξ = shx

¥
0 < s < n

����Ò/¥
(ξ, yj) = (xs, yj)

Ð
Ó+´��BhEÐá¶Co�Ò	Ð
µ8ÞL�
Õ&Î\Þ

H
p�Î�´ Ó�o�´1i_Î'Ò1m4�1hGÐ
¶�mÆÝ�µ.i\ÞEÐ
Ò	µ�Ó

Ui,j := U(xi, yj)
Ò	µ

ω
q+ÐßÞGà�ÞGà�Î�Ð µ�µ�Î�h

oghEÒ�¶�Ý i�Þ
(U, V ) :=

∑

(xi,xj)∈ω

U(xi, yj)V (xi, yj) hxhy.

� Îri@à�Ò�Ò8ÓRÎ�Ò	µ�ÎaÒ1m}ÞGà�ÎOÏ�Ò:ÓRÞ°ÒBpU{8Ð
Ò	Ý/Ó²ÒBhG¶�Î�hGÐ µg�8Ó°´Cµ�¶·ÓRÎ_Þ.´�{	Î�i\ÞEÒBh

U := [U11, . . . , Un−1,1, U12, . . . , Un−1,m−1] = (U11, . . . , Un−1,m−1)
T .

� ÎOÝ�ÓEÎ�ÞEà�ÎOµ�ÒCÞG´CÞEÐ
Ò	µ
Uk

i,j := U(xi, yj , tk)
mÆÒBhbmÆÝ�µ.i�ÞGÐ Ò:µ�Ó ¶�Î�}�µ�Î3¶ Ò:µ ÞGà�Î|�1hGÐá¶vuÉÒ1h

o�´/hEÞGÓ¤Ò1m�ÞEà�Ð
Ó6�BhEÐá¶.z
ω×ωτ ´	µ�¶

U
k−1/2
i,j := U(xi, yj , tk−1/2)

Ò	µ®ÞEà�Î#�1hGÐ
¶
ω×ωτ

1/2

�
� Î×Ò	Ï�Ð Þ¤Ð
µ�¶�Ðji\Î3Ó Ð>m�ÞGà�Î�k¢´1hEÎ0ÞEà�Î+ÓG´CÏ�Î0Ð
µ®ÞEà�Î
q+à�Ò	Ü
Î×Î��8Ý�´IÞGÐ Ò:µ&��Õ&Î\Þ¤Ý�Ó¤¶�Î�}�µ�Î°ÓJo�´Bi\Î
�1hGÐ
¶ Ò1o�Î�h@´IÞGÒ1h@Ó

δ2
xUi,j :=

Ui−1,j − 2Ui,j + Ui+1,j

h2
x

, δ2
yUi,j :=

Ui,j−1 − 2Ui,j + Ui,j+1

h2
y

,

ÞEà�ÎaÞGÐ Ï�Î|�1hGÐá¶ ÒBo/Î�hG´CÞEÒ1h

∂tU
k :=

Uk − Uk−1

τ´Cµ�¶·ÓJo�Î�i_Ð
´	Ü��1hGÐá¶�mÆÝ�µ.i\ÞEÐ
Ò	µ�Ó

Ũk−1/2
x :=

Uk − 0.5τδ2
xUk + Uk−1 + 0.5τδ2

xUk−1

2
, (xi, yj) ∈ ωy,

Ũk−1/2
y :=

Uk − 0.5τδ2
yUk + Uk−1 + 0.5τδ2

yUk−1

2
, (xi, yj) ∈ ωx.

«°à�ÎLÓEÎ�mÆÝ�µ.i�ÞGÐ Ò:µ�Ó�q+Ð
Ü ÜSp/Î�Ý�ÓEÎL¶ Ð
µ ÞEà�Î�´1ogoghGÒ���Ð
ÏÌ´IÞGÐ Ò:µ�Ò/m p/Ò:Ý�µ�¶�´1h�k�i\Ò	µ/¶�ÐßÞGÐ Ò:µ�Ó
mÆÒ1hO´·à�´CÜlm¾ÖüÓRÞEÎ�o�Ò1m0ÞEà�Î��d�.§�Ï�Î\ÞGà�Ò�¶#����ÒBhaÓEÐ
Ï�o�Ü Ðl} i_´CÞEÐ
Ò	µ�Ò/m4q#hGÐ ÞEÐ
µg� Ü Î_ÞRÞEÎ�hGÓ q+Ð ÞEà
Ð µ�¶�Ð�i_ÎLÓ#q×ÎO¶�Î_µ�Ò	ÞEÎ

U := Uk ¥
U := Uk−1/2 ¥

Ǔ := Uk−1 �

K 0���0 % X�*WS8+TU�,s*WORU��+NPO +TSU-1*�OR[�U���^+Y8XRO�- O�* � S8*�b][�e
� ÎaÝ�ÓEÎ�ÞEà�Îa�¤ÎL´Bi\Î_ÏÌ´	µ"!�¨ ´Bi@àsmÆÒ1h@¶�Ï�Î\ÞGà�Ò�¶CmÆÒBh+ÓRÒ:Ül{�Ð
µg�No/´/h@´/p�Ò	Ü
Ð�iSoghEÒBp�Ü
Î_Ï�u^Ú��l��z#!
u^Ú�� Û1z\�_«°à�Î$Ðá¶�Î3´°à�Î�hGÎ¤Ð
Ó&ÞEÒ ´CÜ ÞEÎ�hEµ/´IÞEÎ
¶�Ð�hGÎ�i�ÞGÐ Ò:µO´Cµ�¶6ÞEà�Ý�Ó}ÓRÒ:Ül{:Î Þ�q²Ò°Ò	µ�Î\Ö�¶�Ð Ï�ÎLµ�ÓRÐ
Ò	µ/´CÜ
oghEÒBp�Ü
Î_ÏÌÓ.´CÞ�Î3´1i@à ÞEÐ
Ï�Î�ÓRÞEÎ�o&��� Î�´/ogo.hEÒ���Ð
Ï�´CÞEÎaÞGà�Î�mÆÝ�µ.i�ÞGÐ Ò:µ�Ó

f
¥
vl

¥
vr

¥
wl

¥
wr

¥
u0

pUk
F

¥
Vl

¥
Vr

¥
Wl

¥
Wr

¥
U0

�
§�µ�ÞEà�Î#} hGÓRÞ0Ó©ÞGÎ�o�q×Î Î�{I´	Ü Ý�´CÞEÎ°ÞGà�Î.¶�Î�hEÐ�{I´IÞEÐ�{	Î#q+Ð ÞEàChEÎ3ÓJo�Î�i\Þ
ÞEÒ

y
Ð ÏYo�Ü
Ðji\Ð ÞEÜ�k	¥CÞGà�Î

¶�Î�hGÐl{I´CÞEÐ�{	Î�q+ÐßÞGà�hEÎ3ÓJo�Î�i\Þ×ÞGÒ
x

Î$�so�Ü
Ð�i_ÐßÞGÜlk:¥�´Cµ�¶·Ý�ÓEÎO´®ÞEÐ
Ï�Î¢ÓRÞEÎ�o Ò/m
0.5τ

â

U − Ǔ

0.5τ
= δ2

xǓ + δ2
yU + F , (xi, yj) ∈ ω,

u½Ú�� �Bz



�LÙCÔ Ã����vÄ���Ä��:Á	��ÄIº�

������ÄI¼¾Ë��I»��À�
������/»½¼��:ÁI¹�¼ÉÀ_¹��À�
������/»½¼��	ÁC¹�Ä�º
q+ÐßÞGà�hGÎ�{�ÐáÓRÎ3¶'} hGÓRÞ°Þ�k8o�Î|p�Ò	Ý�µ�¶�´/h�kCi\Ò:µ�¶�Ð ÞEÐ
Ò	µ�Ó

U |j=0 = W̃lx, U |j=m = W̃rx, xi ∈ ωh
x .

u½Ú��:�/z
§�µ ÞGà�ÎOÓRÎ�i\Ò	µ/¶ ÓRÞEÎ�o%¥�uÆµ�Ò�q�ÞGà�ÎO´/ogo.hEÒ���Ð
Ï�´CÞEÐ
Ò	µ ÐáÓ°Î$�so�Ü
Ðji\Ð Þ×Ð
µ

y
´Cµ�¶ Ð ÏYo�Ü
Ð�i_ÐßÞ Ð
µ

x
z

q²Îaà�´�{:Îa´N}�µ�ÐßÞGÎ¢¶�Ð>nvÎ�hGÎ_µ i\ÎOÓ�i@à�Î_Ï�Î

U − U

0.5τ
= δ2

xU + δ2
yU + F , (xi, yj) ∈ ω,

u½Ú�� �Bz

q+ÐßÞGà ÓEÐ
Ï�o�Ü Î�}.h@ÓRÞ×Þ�kUo�Î¢±Swyx

U |i=0 = Vl, U |i=n = γU |i=s + Vr, yj ∈ ωh
y .

u½Ú�� �Bz
� Î¢´1ogoghGÒ���Ð
ÏÌ´IÞGÎ.ÞGà�ÎOÐ µ�ÐßÞGÐ
´	Ü�i\Ò:µ�¶�Ð ÞEÐ
Ò	µ ´	Ó
mÆÒ	Ü
Ü
Ò�q Ó

U0 = U0, (xi, yj) ∈ ω.
u^Ú��l�3ØBz

� Î�´CÜáÓRÒ'´:ÓEÓEÝ�Ï�Î°ÞEà/´IÞ×´	Ü Ü�p�Ò	Ý�µ�¶�´/h�k®´Cµ/¶ÌÐ µ�ÐßÞGÐ
´	Ü�i_Ò	µ�¶�Ð ÞEÐ
Ò	µ/Ó0´/hGÎyi\Ò:ÏYo�´IÞGÐlp�Ü
Î	��± Ò	ÞEÎ
ÞEà�´CÞ

U = Ũx
mÆÒ1h

(xi, yj) ∈ ω
�

Õ&Î\Þ¢Ý/ÓaÐ µ8Þ�hGÒ�¶�Ý.i_Î
(n − 1) × (n − 1)

´Cµ/¶
(m − 1) × (m − 1)

ÏÌ´IÞ�hGÐji\ÎLÓO´	µ�¶
(n − 1) × 1

{	Î�i�ÞEÒBhGÓ

Λx :=
1

h2
x




−2 1 0 . . . 0 0
1 −2 1 . . . 0 0
0 1 −2 . . . 0 0

· · · · · · · · · · · · · · · · · ·
0 0 0 . . . −2 1
0 0 γ . . . 1 −2




, Λy :=
1

h2
y




−2 1 0 . . . 0 0
1 −2 1 . . . 0 0
0 1 −2 . . . 0 0

· · · · · · · · · · · · · · · · · ·
0 0 0 . . . −2 1
0 0 0 . . . 1 −2




,

Vj := [Vlj , 0, . . . , 0, Vrj ], W̃l := [(W̃lx)1, (W̃lx)2, . . . , (W̃lx)n−1],

Ṽj := [(Ṽly)1, 0, . . . , 0, (Ṽry)j ], W̃r := [(W̃rx)1, (W̃rx)2, . . . , (W̃rx)n−1],

Fj := [F 1j , F 2j , . . . , F n−1,j ], j = 1, . . . , m − 1,

q+à�Î�hGÎ
γ

ÐáÓ²Ð
µ ÞEà�Î
s
Ö½ÞEà�i\Ò:Ü Ý�Ï�µ Ò/m&ÞGà�Î�Ï�´CÞ�hGÐ>�

Λx
��Õ%Î\Þ

Ix
p�Î�ÞEà�Î�Ðá¶�Î_µ8ÞEÐ Þ�kÌÏÌ´IÞ�hEÐl�

(n−1)× (n−1)
¥
Iy
p�Î+ÞEà�Î.Ðá¶�Î_µ8ÞEÐ Þ�k�ÏÌ´IÞ�hGÐl�

(m−1)× (m−1)
´Cµ�¶ �

:= Iy ⊗ Ix
¥

q+à�Î�hGÎ
A ⊗ B

¶�ÎLµ�ÒCÞGÎLÓ�ÞGà�Î ¦�hEÒ:µ�Î�i@Í:Î�hYu¾ÞGÎ_µ�ÓEÒ1h�zdoghEÒ�¶�Ý i�ÞOÒ/m×Ï�´CÞ�hGÐ�i_ÎLÓ
A

´Cµ�¶
B

�
«°à�Î_µYq×Î ¶�Î$}�µ�Î

(m−1)(n−1)× (m−1)(n−1)
ÏÌ´IÞ�hGÐji\ÎLÓ
´	µ�¶

(m−1)(n−1)×1{	Î�i\ÞEÒBhGÓ

A1 := −Iy ⊗ Λx, A2 := −Λy ⊗ Ix, F := [F1, F2, . . . , Fm−1],

V := [V1, V2, . . . , Vm−1], W̃ := [W̃l, 0, . . . , 0, W̃r],

Ṽ := [Ṽ1, Ṽ2, . . . , Ṽm−1].

� ÎriL´Cµ ¶�ÐlhGÎ�i\ÞEÜ�k'{	Î�hEÐlm�kÌÞGà�´IÞ

A1A2 = A2A1 = Λy ⊗ Λx.
u^Ú��l�B��z



���6¸�Ã�À_»¾Å�ÁLÊ6Â\ÁIË����0Á����¢¼¾ÇÌÀ_¹�º�¼ÉÁI¹vÄ
	�� ÄIËEÄ�
GÁ�	)¼ÉÈ����W���
¼¾»ÆÅ������ �LÙ:Û
� ÎriL´Cµ�i\Ò	µ/ÓRÐá¶�Î�hy�)�a�tu^Ú�� �Bz !�u½Ú����LØBz²´	Ó°ÒBo/Î�hG´CÞEÒBh×Î��8Ý�´IÞGÐ Ò:µ�Ó×Ð µ·ÞEà�Î¢ÓJo�´Bi\Î

H

(I + 0.5τA2)U = (I − 0.5τA1)Ǔ + 0.5τF +
τ

2h2
y

W̃ +
τ

2h2
x

V̌ ,
u^Ú��l��Ú1z

(I + 0.5τA1)U = (I − 0.5τA2)U + 0.5τF +
τ

2h2
y

W̃ +
τ

2h2
x

V.
u^Ú��l�3ÙBz

«°à�Î·Õ}´/o�Üá´1i_Î·¶�Ð>nvÎ�hGÎ_µ8ÞEÐá´CÜ|uÉÒ1h�}�µ�Ð ÞEÎ�¶�ÐlnvÎ�hGÎ_µ.i_Î�z®Ò1o�Î�h@´IÞGÒ1hYi_´Cµ�p/Î�Ó�o�Ü
ÐßÞÌÐ
µ ´
µ�´IÞGÝghG´	Ü�q×´�k ´:Ó×ÞEà�Î¢ÓEÝ�Ï~Ò1m}Þ�q×Ò�Ò1o�Î�h@´IÞGÒ1h@Ó_�8§�µ Ò	ÝghyiL´	ÓEÎ	¥8ÞEà�Î3ÓRÎOÒBo/Î�hG´CÞEÒBhGÓ°´/hGÎ

A1´Cµ�¶
A2

��Õ&Î_Þ+Ý�Ó+Î$�soghGÎLÓGÓ
U
uÉÓEÎ_Î	¥�Ó�k�Ó©ÞGÎ_Ï u½Ú����3ÚBz#!�u½Ú����LÙ8zJz²´	Ó
mÆÒ	Ü
Ü
Ò�q Ó

2U = (I + 0.5τA1)U + (I − 0.5τA1)Ǔ −
τ

2h2
x

(
V − V̌

)

´Cµ�¶�Ü Î_Þ6Ý�Ó�Î_Ü
Ð
Ï�Ð
µ�´CÞEÎ
U
m�hEÒ:Ï�ÞEà�ÐáÓaÓJk�ÓRÞEÎLÏ·����ÎN�:Î\Þ�´ Þ�q×ÒCÖüÜ Î�{	Î_Ü�}�µ�Ð ÞEÎ�¶�Ðln�Î�hEÎLµ.i\Î

Ó�i@à�ÎLÏ�Î
U = SǓ + τF

q+ÐßÞGà ÞGà�ÎOÒ1o�Î�h@´IÞGÒ1h

S = (I + 0.5τA1)
−1(I + 0.5τA2)

−1(I − 0.5τA2)(I − 0.5τA1)

´Cµ�¶

F = F +
W̃

h2
y

+
Ṽ

h2
x

+
τ2

4h2
yh

2
x

(
(∂tVl)0 + (∂tVr)0 + (∂tVl)m + (∂tVr)m

)
.

§�µ;ÞEà�Î�}.h@Ó©Þ�Ó©ÞGÎ�o³Ò/m+ÞEà�Î �¤ÎL´Bi\ÎLÏ�ÎLµ�Ö�¨ ´1i@àsmÆÒBhG¶�Ï�Î_ÞEà�Ò�¶#¥)q×Î Ó�q²ÎLÎ�o Ð
µ;ÞEà�Î
y
Ö

¶�ÐlhGÎ�i\ÞEÐ
Ò	µ�´Cµ�¶�´	Ü Ò:µg�aÎL´1i@à�Ü
Ð µ�Î
xi = const

¥
i = 1, . . . , n−1

q²Î°à�´�{:Î ���pÓEÝgpgoghGÒ1p�Ö
Ü ÎLÏ�ÓduÉÓEÎ_Î:¥C­4��Ó_��u^Ú�� �8z#!�u½Ú��:�/z�z�q+Ð ÞEà�ÞGà�Î+Þ�hEÐá¶�Ðá´/�	Ò:µ�´CÜ�ÏÌ´CÞ�hGÐ>�

Λy
�	§�µ�ÞGà�Î.ÓEÎ�i_Ò	µ�¶�ÓRÞEÎ�o

Ò/m0ÞGà�ÎÌÏ�Î\ÞGà�Ò�¶#¥�q×Î�Ó�q×Î_Î�o�Ð
µ ÞGà�Î
x

Ö�¶�Ð�hEÎ�i�ÞGÐ Ò:µ�´	µ�¶ ´	Ü Ò:µg� ÎL´Bi@à�Ü
Ð µ�Î
yj = const

¥
j = 1, . . . , m − 1

q×Î à�´�{	Îv����ÓRÝ.pgoghGÒ1p�Ü
Î_ÏÌÓ�uÉÓEÎ_Î:¥
­4��Ó_�yu½Ú�� �Bz#!�u^Ú�� �8zJz|q+Ð ÞEà³ÞEà�Î
�:Ý/´	ÓEÐßÖ½Þ�hGÐ
¶�Ð
´1�	Ò	µ/´CÜ%ÏÌ´CÞ�hGÐ>�

Λx
�C��à�ÎLµ

γ = 0
¥vÐ^� Î	�vÞGà�Î�i\Üá´	ÓGÓRÐji_´	Ü�p�Ò	Ý�µ�¶�´/h�k�i\Ò:µ�¶�Ð Ö

ÞEÐ
Ò	µ�Ó¢´1hEÎ�mÆÒBhEÏ®Ý�Ü
´CÞEÎ3¶#¥�p�ÒCÞEà;ÏÌ´CÞ�hGÐ�i_ÎLÓO´/hGÎ Ó�k8Ï�Ï�Î\Þ�hEÐji_´	Ü$´Cµ�¶ Þ�hEÐá¶�Ðá´/�	Ò:µ�´CÜ½�&«°à�Î3ÓRÎ
Þ�hGÐ
¶�Ðá´/�:Ò	µ�´	Ü$ÓJk�ÓRÞEÎLÏ�ÓNi_´	µ�p/Î ÓEÒ	Ü�{	Î3¶t{	Î�h�k�Î f'i\Ð
Î_µ8ÞEÜ�k Ý/ÓRÐ
µg��«°à�Ò:ÏÌ´	Ó � ´CÜ��	ÒBhEÐ ÞEà�Ï �
� Î Ý�ÓRÎ·´�Ï�Ò�¶�Ðl} i_´CÞEÐ
Ò	µ Ò1m+ÞEà�ÐáÓ®´	Ül�:Ò1hGÐßÞGà�Ï � Ú:Ú��EmÆÒBh�ÓEÒ	Ü�{�Ð µ.��´ �8Ý�´:ÓRÐ Ö^Þ�hEÐá¶�Ðá´/�:Ò	µ�´	Ü
ÓJk�ÓRÞEÎ_Ï ¥UmÆÒBh+Î$��´CÏYo�Ü
Î	¥�Ó�k�Ó©ÞGÎ_ÏÌÓbq+Ð ÞEà ÏÌ´IÞ�hGÐl�

Λx
�

§�µ³ÞGà�Î�i\Ò:Ï�Ï'Ý�Þ@´IÞEÐ�{	Î=iL´	ÓEÎ uÉÓEÎ_Î	¥du^Ú����1��zJz\¥¤ÞEà�Î��¤Î3´1i\ÎLÏÌ´Cµ"!�¨ ´1i@àsmÆÒBhG¶ Ï�Î_ÞEà�Ò�¶
´/ogoghGÒ���Ð ÏÌ´CÞEÎLÓ ÞGà�Î.Î���´1i�Þ×ÓRÒ:Ü Ý�ÞGÐ Ò:µ�q+ÐßÞGàÌÞEà�Î6ÓEÎ�i\Ò:µ�¶�Ò1h@¶�Î�h$Ð µ�ÞGÐ Ï�Î�´Cµ�¶ Ó�o�´Bi\Î|� Ús���ü�

�b[N\8]��:%��B^gf��30�^gf�`4] `3.
	
^@0]7 f 9�f�^	E

«°à�Î®�¤Î3´1i\ÎLÏ�Î_µ�Ö�¨ ´1i@àgmÆÒ1h@¶�Ï�Î\ÞEà�Ò�¶ ÐáÓ6Ý�µ.i\Ò:µ�¶�Ð ÞEÐ
Ò	µ�´	Ü Ü�k�Ó©Þ@´/p�Ü
Î®Ð
µ ÞEà�Î�i_´:ÓRÎ®Ò/m$ÞGà�Î
i\Üá´	ÓGÓRÐji_´	Ü8p�Ò	Ý�µ�¶�´/h�k�i_Ò	µ�¶�Ð ÞEÐ
Ò	µ/Óyu¾ÞGà�Îyi_´:ÓRÎ

γ = 0
zE� Úg���ü�:��Ò8Ó©Þ$ÓRÞG´/p�Ð Ü
ÐßÞ�k'ÞEà�ÎLÒ1hGÎ_ÏÌÓ¤Ò/m

ÞEà�ÐáÓ°Ï�Î\ÞEà�Ò�¶ChEÎ��8Ý�ÐlhGÎ ÞGà�´IÞ#p�ÒCÞGà Ò1o�Î�h@´IÞGÒ1h@Ó4p�ÎaÓJk�Ï�Ï�Î\Þ�hGÐji_´CÜ#´	µ�¶'o�Ò:ÓEÐßÞGÐl{:Î	¥Up�Ý�Þ3¥�Ð µ
ÞEà�ÎyiL´	ÓEÎ+Ò/m#±Swyx6¥/q×Î×à/´�{	Î+´IÞ$Ü
ÎL´:Ó©Þ$Ò:µ�Î°µ�Ò	µ�Ö�ÓEÎ_Ülm i\Ò	µCÑ©Ýg�:´CÞEÎ°Ò1o�Î�h@´IÞGÒ1h3����ÓJo�Î�i\Þ�hGÝ�Ï
Ò/m#ÓRÝ.i@à�ÒBo/Î�hG´CÞEÒ1h@Ó¤ÐáÓ
Ï�Ò1hGÎbi_Ò	ÏYo�Ü
Ð�iL´IÞGÎL¶#�:��Ò�¥	´:¶�¶�Ð ÞEÐ
Ò	µ�´	Ü�Ð µU{:ÎLÓRÞEÐ��:´IÞGÐ Ò:µ®Ò1mvÓRÞG´1p�Ð
Ü Ð Þ�k
oghEÒBo/Î�hRÞGÐ Î3Ó°Ð
Ó°µ�Î_ÎL¶�ÎL¶·Ð µ·ÞGà�Ð
Ó#iL´	ÓEÎ	�



�LÙ1� Ã����vÄ���Ä��:Á	��ÄIº�

������ÄI¼¾Ë��I»��À�
������/»½¼��:ÁI¹�¼ÉÀ_¹��À�
������/»½¼��	ÁC¹�Ä�º
� ÎaÒ/nvÎ�h+ÓEÒ	Ï�Î�ÞEà�ÎLÒ1hGÎ\ÞGÐ�iL´CÜ�hEÎ3ÓRÝ�ÜßÞ@Ó×´1p/Ò:Ý�Þ°ÞEà�Î¢Ó�o�Î�i�Þ�hG´	Ü�oghEÒBo/Î�hRÞGÐ Î3Ó×Ò/m%ÞGà�ÎaÏÌ´IÖ

Þ�hGÐ�i_ÎLÓ
Λx(γ, hx, n)

´Cµ�¶
Λy(hy, m)

��Õ&Î_Þ Ý�Óyi\Ò:µ�ÓEÐ
¶�Î�h×ÞEà�ÎOÏÌ´IÞ�hEÐl�

Λ = Λ(γ, h, n) := Λx(γ, h, n)

´Cµ�¶ ÓEÝgogo�Ò:ÓEÎ ÞGà�´IÞ
nh = L

�c��ÎymÆÒBhEÏ®Ý�Üá´IÞEÎ.ÞEà�Î6ÏÌ´CÐ
µ'hEÎ3ÓRÝ�ÜßÞ@Ó²´1p/Ò:Ý�Þ0ÞGà�Î�Ó�o�Î�i�Þ�hEÝ�Ï
mÆÒ1h.ÏÌ´CÞ�hGÐ>�

Λ
´	µ�¶�´/o.o�Ülk·ÞGà�ÎLÓEÎ�hGÎLÓEÝ�Ü ÞGÓ+ÞGÒÌÞEà�Î®ÏÌ´IÞ�hEÐji\Î3Ó

Λx = Λ(γ, hx, n)
¥
Λy =

Λ(0, hy, m)
�

Õ&Î\Þ6Ý�ÓSi_Ò	µ�ÓEÐ
¶�Î�h°ÞEà�Î®¶�Ò:Ï�´	Ð µ
Ωq

Ò1m ÞGà�Î�i_Ò	ÏYo�Ü
Î$��o�Ü
´	µ�Î
Cq

i_Ò	µ�ÓEÐ
ÓRÞEÐ
µg�ÌÒ1m ÞGà�Î
Ó©Þ�hEÐ�o

0 < Re q < πL/h
´Cµ/¶ Þ�q×Ò hG´�k�Ó

q = βi
¥
β > 0

´Cµ/¶
q = πL/h + iδ

¥

δ > 0
�&«°à�Î�´	µ�´CÜ�k8ÞEÐjirmÆÝ�µ i�ÞEÐ
Ò	µ

λ =
4

h2
sin2 hq

2L

Ð
Óa´ Ò	µ�Î_Ö^ÞGÒCÖüÒ	µ�Î'Ï�´1ogo�Ð
µg�·Ò/m
ΩqÒ	µ8ÞEÒ

Ωλ r {0, 4/h2}
�×± ÒCÞGÎ�ÞEà/´IÞ ÞGà�ÐáÓ ÏÌ´/ogo�Ð µg� ÞG´CÍ:ÎLÓ ÞEà�Î�o�Ò	Ð
µ8ÞGÓ

q = 0
´	µ�¶

q = πL/h
Ð µ8ÞGÒ ÞEà�Î o�Ò	Ð
µ:Þ@Ó

λ = 0
´Cµ�¶

λ = 4/h2 ¥EhGÎLÓ�o/Î�i�ÞGÐl{:Î_Ü�k	�:��Î�¶�Î_µ�Ò	ÞEÎ
Ωq = Ωq ∪ {0, πL/h}

��«°à�Î®ÎLÐl�:Î_µU{	Î�i�ÞEÒBhGÓ�´Cµ/¶�Î_Ð��	ÎLµU{�´	Ü Ý�ÎLÓ�Ò/m$ÞGà�ÎÌÏÌ´IÞ�hEÐl�
(−Λ)´/hGÎ�Ò1m%ÞGà�Î�mÆÒ1hGÏ uÉÓEÎ_Î:¥�� ÚIÔ���z�â

Ui(q) = sin
qxi

L
, λ(q) =

4

h2
sin2 hq

2L
,

Ðlm
q ∈ Cq r {0, πL/h},

Ui(0) =
xi

L
, λ(0) = 0, Ui(πL/h) =

(−1)n−i xi

L
, λ(πL/h) =

4

h2
.

��Ò1h#hGÎL´	Ü
λ 6= 0

¥
λ 6=

4

h2

u
q 6= 0

¥
q 6=

πL

h

z�¥gq×ÎOà�´�{:Î

Ui(q) = sin
αxi

L
, λ =

4

h2
sin2 hα

2L
,

Ðlm
q = α ∈

(
0,

πL

h

)
,

u^Ù�����z

Ui(q) = sinh
βxi

L
, λ = −

4

h2
sinh2 hβ

2L
,

Ðlm
q = βi, β > 0,

uÉÙ�� ÚBz

Ui(q) = (−1)n−i sinh
δxi

L
, λ =

4

h2
cosh2 hδ

2L
,

Ðlm
q=

πL

h
+iδ, δ > 0.

uÉÙ�� Ù8z

� Î�}�µ/¶ ÞGà�Î|{I´CÜ
Ý�ÎLÓ°Ò1m
q ∈ Cq r {0, πL/h}

´	Ó×ÞEà�Î|hEÒ�ÒCÞ@Ó°Ò/m}ÞEà�ÎOÎ��:Ý/´IÞEÐ
Ò	µ

sin q − γ sin(qξ̃) = 0,
u^Ù�� Ô8z

´Cµ�¶
q = 0

¥IÐlm
γ = 1/ξ̃

¥	´	µ�¶
q = πL/h

¥IÐlm
γ = (−1)n−s/ξ̃

¥/q+à�Î�hGÎ
ξ̃ = s/n = ξ/L

�
��Ò1h6Î�{:Î�h�k

γ
ÞEà�Î�hEÎ®Î$��ÐáÓ©Þ

n − 1
ÓRÝ.i@à {�´	Ü Ý�ÎLÓ

qk
¥
k = 1, . . . , n − 1

Ð
µ
Ωq

¥�p�Ý�Þ
ÞEà�Î�k i_´	µvp�Î'i\Ò:Ï�o�Ü Î�� ´Cµ�¶ Ï'Ý�ÜßÞGÐlo�Ü
Î	�&��mÆÎ�q hGÎLÓEÝ�Ü ÞGÓa´/p�Ò	Ý�Þ�ÞGà�ÎÌÎ_Ð��	ÎLµU{�´	Ü Ý�ÎLÓa´Cµ�¶
Î_Ð��	Î_µU{:Î�i�ÞGÒ1h@Ó;mÆÒBh+ÏÌ´IÞ�hGÐl�

(−Λ)
´/hGÎdoghGÒ�{	Î3¶ Ð
µ � ÚCÔ��"z\�

� SV^ ^ ,+L�0�� ÁIËOÀ��IÀ_Ë��
ξ̃ ∈ (0; 1)

»ÆÅ�À_ËEÀ¢À��:¼áº@»0º�¿�ÈGÅ
γ− = γ−(ξ̃)

ÄI¹vÊ
γ+ = γ+(ξ̃)



−1/ξ̃ 6 γ− 6 −1



1 6 γ+ 6 1/ξ̃


²»ÆÅ�ÄI»&Â\ÁCË�Ä�	 	
γ ∈ (γ−; γ+)

Ä�	 	0À\¼ �8À\¹d��Ä�	)¿�À\º�Á©Â
»¾Å�À¢ÇÌÄI»½Ë�¼��

(−Λ)
ÄIËEÀ ��ÁIº�¼¾»^¼ �IÀ�ÄI¹�ÊÌº�¼¾Ç���	 À��

λk =
4

h2
sin2 hαk

2L
, sin αk − γ sin(αk ξ̃) = 0, k = 1, 2, . . . , n − 1,

ÄI¹�Ê »¾Å�À®È@ÁCË�ËEÀ�º ��ÁI¹vÊI¼¾¹ � À_¼ �:À_¹ �IÀ@È\»�ÁIË@º



���6¸�Ã�À_»¾Å�ÁLÊ6Â\ÁIË����0Á����¢¼¾ÇÌÀ_¹�º�¼ÉÁI¹vÄ
	�� ÄIËEÄ�
GÁ�	)¼ÉÈ����W���
¼¾»ÆÅ������ �LÙ8�

U (k) =
[
sin

αkx1

L
, . . . , sin

αkxn−1

L

]
, k = 1, 2, . . . , n − 1,

ÄIËEÀ 	)¼¾¹�À@ÄCËO¼¾¹�Ê	À ��À\¹vÊ	À_¹�»M
0¼R�¾À���

(−Λ)

¼áº®ÄÌÇÌÄI»½Ë�¼�� ÁRÂ'Ä�º�¼¾Ç�� 	 À'º�»½Ë�¿�È\»½¿�ËEÀW�
� ÁCË

γ = γ−
ÁCË

γ = γ+
»¾Å�À\ËEÀ À �:¼áº�»���Á�º�¼¾»½¼ ��À Ç�¿ 	)»^¼ ��	 À À_¼ �8À\¹d��Ä�	)¿�À�º �
¼¾»ÆÅ;ÁI¹vÀ

À\¼ �8À\¹d��À@È_»üÁCË �}¸\¹ »ÆÅ�¼áº®È@ÄIº\À
(−Λ)

¼áº'¹�ÁC» Ä ÇÌÄI»½Ë�¼���Á©Â¢º�¼¾Ç���	 À®º�»^Ë�¿�È_»^¿�ËGÀ�� � ÁIË
γ+ =

1/ξ̃

°»¾Å�À\ËGÀ À �:¼áº�»^º�Ä º�¼¾Ç���	 À � À_ËEÁ À\¼ �8À\¹d��Ä�	)¿�À

λ1(γ, ξ̃)

#Â\ÁIË

γ+ > 1/ξ̃
»ÆÅ�À_ËEÀ À��	¼áº�»^º

ÁI¹ 	 � ÁI¹�À¢º�¼¾Ç���	 À®¹�À �8ÄI»½¼ ��À�À\¼ �8À_¹ �IÄ
	)¿�À
λ1(γ, ξ̃)

�
� ÁCËÌÀ �IÀ\Ë��

ξ̃ ∈ (0; 1)

°»ÆÅ�À_ËEÀ À �:¼áº�»

γ∗

−
= γ∗

−
(ξ̃)

ÄC¹�Ê
γ∗

+ = γ∗

+(ξ̃)


γ∗

−
< γ−



γ+ 6 γ∗

+


 º@¿�È@Å »¾Å�ÄI»�Â\ÁCËaÄ�	 	
γ ∈ (γ∗

−
; γ∗

+)
ÄI¹vÊ°Â\ÁIËOÄ
	 	%È@ÁIÇ�� 	 À�� À_¼ �8À\¹d��Ä�	)¿�À�ºOÁ©Â6»¾Å�À

Ç�ÄC»^Ë�¼��
(−Λ)

»ÆÅ�À'¼¾¹�À �\¿�Ä�	)¼¾» �
Re λk > 0

¼áº �IÄ
	ß¼ÉÊ ���vÅ�À®À_¼ �:À_¹ �IÄ
	ß¿�À�º®È@ÄI¹ 
@À¢ËEÀ@Ä�	}ÁIË
ÈGÁCÇ���	 À���Â\ÁIË º�¿�È@Å

γ

6ÄI¹vÊ �0ÀÌÅ�Ä\�IÀ�Ä'Â@¿ 	 	²º���º@»�À_Ç ÁRÂ�	)¼¾¹�À@ÄCË ¼¾¹�Ê:À ��À\¹vÊ	À_¹�»¢À_¼ �:À_¹ �

��À@È_»üÁCË@º�
 À��8È@À ��»×º_ÁIÇÌÀ
γ1, . . . , γnc

∈ [max{γ∗

−
,−1/ξ̃}; γ−] ∪ [γ+; min{γ∗

+, 1/ξ̃}]



nc(ξ̃) > 0

 �}Å�À\ËGÀ �0À�Å�Ä	��À ËEÀ@Ä�	0Ç�¿ 	)»^¼ ��	 À·À\¼ �8À\¹d��Ä�	)¿�À\º��
¼¾»¾Å³ÄI¹ À\¼ �8À\¹d��À@È_»üÁCË ÄI¹vÊ

�:À_¹�À_ËEÄ
	ß¼ � À@Ê·À\¼ �8À_¹ �IÀGÈ_»�ÁIË@º®Á©Âa»ÆÅ�À��$Ë@º�»°ÁIËaº_À@ÈGÁC¹�Ê ÁIËEÊ:À\Ë �
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	 M���
�N Q P�� V_h A8P	2$g <
γ−

d γ+
d γ∗

−

VLS 3 γ∗

+
F
R
3:P S g c P	2 c©Q P J�V 2�P d 5 Q PGb©P c©Q PGb©P°P�K T 2 cg S8h D'b©P VLh P T:7 P S � VLh A8P�2 V_S 3

C+

3	P S g c P	2
b©P VLh ` V b c 2$g < V_hßh P T:7 P S � VLh A8P�20`�g�2 T c©T �3P < gLb VLh)h γ F

ξ̃
A��_e A��\F A��LB B��Le A��3H f��Le H��LB B��\F M��Le

γ∗

+ n = 2 − − − − R − − − −

n = 3 − − R − − − R − −

n = 4 − C+ − − R − − R −

n = 6 − − +∞ − C+ − R − −

n = 8
A\M_ZLF HL]3MCA

−
A�K3KLBLF

+∞ C+

[
R R

n = 12 −
Z_F�B A3A�f3f

−
H3M_K�H

− +∞ C+ −

n = 24
]�fIA fLZLZ ]3B_F ]LF3Z M3H_Z Z�f_Z A3A\f\F H3M_K�H

C+

n = ∞
fLeLZ f3H\F fLBL] fLBL] fLB3f fLB3f fLB3f fLB3f fLB3f

γ+

A F K�H A F K3Z B A F K�H H A F K3B A F f A F BLB A F A@F
γ−

[©A F K3H [©A F KLZ [RA [©A F K3H [üH [©A F KLB [©A F f [©A F BLB [RA F A@F
γ∗

−
n = 2 − − − − R − − − −

n = 3 − − −∞ − − − R − −

n = 4 −
[üf_]

− − −∞ − − R −

n = 6 − −
[^B3B

−
[½f3H

− −∞ − −

n = 8
[^FLF F f [üH_e

−
[üH_e F B [½B_F [üfLH

− −∞ R

n = 12 −
[½H3f F f [½H_F F H −

[½H3M
−

[^BLF [½fCA F ZLe
−

n = 24
[½BLZ F F [üH\F F A [üHLH F M [üHLH F Z [üH\F H_F F M [üHLf F H [üHLM [½fCA F ZLe

n = ∞
[½BLe F Z [üH_B F M [üHLH F H [üHLH F F [üH_B F H [üH_B F A [üH_B F A [üH_B F A [½HLB F A

«°à�ÎC{I´CÜ
Ý�Î3Ó'Ò1m
γ−

¥
γ+

¥
γ∗

−

´	µ�¶
γ∗

+

´/hGÎCoghGÎLÓEÎ_µ8ÞGÎL¶�Ð
µ³« ´/p�Ü
Î �CmÆÒ1h�¶�Ð>nvÎ�hGÎ_µ8Þ
{�´	Ü Ý�ÎLÓ°Ò/m)o�´1hG´	Ï�Î_ÞEÎ�hGÓ

ξ̃
´	µ�¶

n = Lx/hx
�

Õ&Î\ÞOÞGà�Î ÎLÐl�:Î_µU{I´CÜ
Ý�ÎLÓaÒ1m×ÏÌ´IÞ�hEÐl� %
m×m

p�Î ¶�ÎLµ�ÒCÞGÎL¶tpUk
{λi}

m
i=1

´Cµ/¶ Ü
Î\ÞOÞGà�Î
Î_Ð��	Î_µU{I´CÜ
Ý�Î3Ó#Ò/m�ÏÌ´IÞ�hEÐl���

n×n
p�Î²¶�ÎLµ�ÒCÞGÎL¶�pUk

{µj}
n
j=1

� ��Î0¶�ÎLµ�ÒCÞGÎ
ÞEà�ÎEi\ÒBh�hGÎLÓ�o�Ò	µ�¶�Ö
Ð µg�®Î_Ð��	ÎLµ8{:Î�i\ÞEÒ1h@Ó
´	Ó

{ui}
m
i=1

´Cµ�¶
{vj}

n
j=1

¥UhEÎ3ÓJo�Î�i\ÞEÐ�{	ÎLÜlk:�:«°à�ÎLµÌÞEà�Î6Î_Ð��	ÎLµ8{I´	Ü Ý�Î3Ó$Ò1m



�LÙ1� Ã����vÄ���Ä��:Á	��ÄIº�

������ÄI¼¾Ë��I»��À�
������/»½¼��:ÁI¹�¼ÉÀ_¹��À�
������/»½¼��	ÁC¹�Ä�º
%

⊗
�
n +

�
m ⊗

��´/hGÎ.ÞGà�Îaµ�Ý�Ï�p�Î�h@Ó
{λi + µj}

m
i=1

n
j=1

¥�ÞEà�ÎaÎ_Ð��	ÎLµU{�´	Ü Ý�ÎLÓ×Ò/m %
⊗
�

´/hGÎaÞEà�Î®µ8Ý�Ï�p�Î�h@Ó
{λiµj}

m
i=1

n
j=1

´Cµ�¶
{ui ⊗ vj}

m
i=1

n
j=1

´/hGÎ¢Î_Ð��	ÎLµU{	Î�i\ÞEÒBhGÓ
mÆÒBhyp/Ò	ÞEà
Ï�´CÞ�hGÐ�i_ÎLÓ�� Ú	Û��ü�
� Îa´/ogo�Ülk�ÞGà�Ð
Óbo.hEÒBo/Ò8ÓRÐ ÞEÐ
Ò	µÌÞGÒ®ÏÌ´CÞ�hGÐ�i_ÎLÓ %

1
´Cµ�¶ %

2
��«°à�Î6ÏÌ´CÞ�hGÐ>�

(−Λy)
Ð
Ó°´

Ï�´CÞ�hGÐ>� Ò/m ÞEà�Î¢ÓEÐ ÏYo�Ü
ÎOÓ©Þ�hEÝ i�ÞEÝ.hEÎ:â�Î_Ð��	Î_µU{I´CÜ
Ý�Î3Ó+´Cµ�¶ Î_Ð��	ÎLµ8{:Î�i\ÞEÒ1h@Ó×´/hGÎ �:Ðl{:Î_µ�p8k

µ(l) =
4

h2
y

sin2 hyαl

2Ly
, V (l) =

[
V

(l)
1 , . . . , V

(l)
m−1

]
,

q+à�Î�hGÎ
V

(l)
j = sin

αlyj

Ly

¥
αl = πl, l = 1, . . . , m−1

�3«°à�Î²ÏÌ´IÞ�hGÐl�
(−Λx)

Ð
Ó ´+ÏÌ´IÞ�hEÐl�
Ò/m¤Ï�ÒBhEÎ�i\Ò:ÏYo�Ü Ðji_´CÞEÎ3¶ ÓRÞ�hGÝ.i�ÞGÝghGÎ	¥�Ð ÞGÓ+ÎLÐl�:Î_µU{I´CÜ
Ý�ÎLÓ+´	µ�¶ ÎLÐl�:Î_µU{	Î�i�ÞGÒ1h@Ó²´1hEÎ��	Ð�{	ÎLµCpUk

λ(k) = λ(k)(γ), U (k) =
[
U

(k)
1 (γ), . . . , U

(k)
n−1(γ)

]
, k < n,

uÉÓEÎ_Î	¥�­4��ÓL�guÉÙ��l��z#!�u^Ù�� Ô8z%´Cµ�¶®Õ&Î_Ï�ÏÌ´r��z��I§ m/´	Ü Ü8ÞGà�Î°Î_Ð��	Î_µU{I´CÜ
Ý�Î3Ó%Ò1m�ÞEà�Î×ÏÌ´IÞ�hEÐl�
(−Λx)´/hGÎ¢ÓRÐ
ÏYo�Ü Î'u q+ÐßÞGà�Ò	Ý�Þ6Ï'Ý�ÜßÞGÐlo�Ü
Î¢ÎLÐl�:Î_µU{I´CÜ
Ý�ÎLÓ	z�¥�ÞGà�Î_µ ÞGà�Î�hGÎOÎ$��ÐáÓ©Þ

n − 1
Ü
Ð µ�Î3´/h Ð
µ�¶�Î_Ö

o/ÎLµ�¶�Î_µ8Þ×Î_Ð��	Î_µU{:Î�i�ÞGÒ1h@Ó_¥�ÒBh$Î_ÜáÓRÎ ÞEà�Î µ�Ý�ÏNp/Î�h0Ò1mvÜ
Ð
µ�ÎL´1h$Ð µ/¶�Î�o�Î_µ�¶�Î_µ8Þ²ÎLÐl�:Î_µU{	Î�i�ÞEÒBhGÓ¤ÐáÓ
Ü Î3ÓEÓ×ÞGà�´Cµ

n − 1
�

� SV^ ^ , K 0 ¸ÉÂ+Ç�ÄC»^Ë�¼��
A1

¼áº�Ä¢ÇÌÄI»½Ë�¼�� ÁRÂ+º�¼¾Ç���	 À6º�»^Ë�¿�È_»½¿�ËEÀ »ÆÅ�À_¹·Ç�ÄC»^Ë�¼ÉÈ@À\º
A1A2



A2A1

ÄC¹�Ê
A = A1 + A2

ÄCËEÀ'Ç�ÄC»^Ë�¼ÉÈ@À\º¢ÁRÂ�º�¼¾Ç���	 ÀOº�»½Ë�¿�È\»½¿�ËEÀ¢ÄC¹�Ê'Å�Ä\�IÀ®»¾Å�Àaº_ÄIÇÌÀ
º���º�»�À\Ç�Á©Â¢À_¼ �8À\¹d��À@È_»üÁCË@º �

U (k,l) = {U
(k,l)
ij }, U

(k,l)
ij = U

(k)
i V

(l)
j , k = 1, . . . , n − 1, l = 1, . . . , m − 1,

ÄI¹�Ê

λ(k,l)(A1A2) = λ(k,l)(A2A1) = λ(k)(γ)µ(l),

λ(k,l)(A1 + A2) = λ(k)(γ) + µ(l), k = 1, . . . , n − 1, l = 1, . . . , m − 1.

�
ÁCËEÁ
	 	
ÄIË����c��§ m
A1

ÐáÓ
´aÏÌ´IÞ�hGÐl�'Ò/m#ÓRÐ
ÏYo�Ü
Î Ó©Þ�hEÝ.i\ÞEÝghGÎ	¥CÞEà�ÎLµ
S

Ð
Ó$´�ÏÌ´IÞ�hEÐl�®Ò1mvÓEÐ
Ï�o�Ü Î
Ó©Þ�hEÝ.i\ÞEÝghGÎ�ÞEÒ�Ò�¥�´	µ�¶

λ(S) =

(
1 − 0.5τλ(A1)

)
(1 − 0.5τλ

(
A2)

)
(
1 + 0.5τλ(A1)

)
(1 + 0.5τλ

(
A2)

) .
u^Ù�� Û1z

� SV^ ^ , ��0 ¸ÉÂ¢ÇÌÄI»½Ë�¼��
A1

¼áº�Ä Ç�ÄC»^Ë�¼���ÁRÂOº�¼¾Ç�� 	 À�º�»½Ë�¿�È\»½¿�ËEÀ�ÄI¹vÊ
Reλ(k) > 0

Â\ÁIË
Ä
	 	

k = 1, . . . , n − 1


»¾Å�À\¹

|λ(S)| < 1
�

�y[ A c��2%�_ fJeC0�9 ;���� %�_.f�� %�]4^ �

§�µÌÞEà�ÐáÓ×ÓRÎ�i�ÞEÐ
Ò	µ%¥Bq×ÎyoghGÎLÓEÎ_µ8Þ0ÞGà�ÎShGÎLÓEÝ�Ü ÞGÓ0Ò/m�i\Ò:ÏYo�Ý�ÞG´CÞEÐ
Ò	µ�´	Ü�Î��Uo�Î�hGÐ
Ï�ÎLµ8ÞGÓL�8«°à�Î�´CÐ
Ï
Ò/m%Î��Uo�Î�hGÐ
Ï�ÎLµ8ÞGÓ×Ð
Ó²ÞGÒ'ÞGÎLÓRÞ×ÞGà�ÎaÝ�ÓG´/�	Î6Ò/m&ÞGà�ÎO�S�6§0Ï�Î\ÞGà�Ò�¶�mÆÒBh°ÓEÒ	Ü�{�Ð µ.�®´No�´/h@´/p�Ò	Ü
Ð�i
oghEÒBp�Ü
Î_Ï q+Ð ÞEà�±Swyx6�

	.ÓEÐ µg� ÞEà�Î��S�6§®Ï�Î\ÞGà�Ò�¶³¶�ÎLÓ�i$hGÐlp�ÎL¶ ´/p�Ò�{	Î:¥}ÞGàghGÎ_Î�o�´/h@´/p�Ò	Ü
ÐjiCoghGÒ1p�Ü ÎLÏ�Ó�q+Ð ÞEà
±Swyx�q×Î�hGÎ ÞGÎLÓRÞEÎL¶&�$«°à�Î�p�Î_à/´�{8Ð
Ò	Ý.h®Ò1m6ÓRÒ:Ü Ý�ÞEÐ
Ò	µ�Ó

u(x, y, t)
ÐáÓÌ¶�Ðln�Î�hEÎLµ8Þ�Ð
µ�ÞGà�ÎLÓEÎ



���6¸�Ã�À_»¾Å�ÁLÊ6Â\ÁIË����0Á����¢¼¾ÇÌÀ_¹�º�¼ÉÁI¹vÄ
	�� ÄIËEÄ�
GÁ�	)¼ÉÈ����W���
¼¾»ÆÅ������ �LÙ1�
ÞEàghGÎ_Î Î$��´CÏYo�Ü
ÎLÓ¢´:Ó

t → ∞
�]� Î�i@à�Ò�Ò:ÓEÎ�mÆÝ�µ.i\ÞEÐ
Ò	µ�Ó

f(x, y, t)
¥
wl(x, t)

¥
wr(x, t)

¥
vl(y, t)

¥
vr(y, t)

´Cµ�¶
u0(x, y)

ÓRÒOÞGà�´IÞ²ÞEà�Î3ÓRÎ ÞEàghGÎ_Î�¶�Ð>nvÎ�hGÎ_µ8ÞGÐ
´	Ü.oghGÒ1p�Ü
Î_ÏÌÓ0à�´�{	Î°ÞGà�Î
ÓRÒ:Ü Ý�ÞGÐ Ò:µ�ÓLâ

1) u1 = x3 + y3 + t3; 2) u2 = ex+y+t; 3) u3 = 2xy sin t,

hEÎ3ÓJo�Î�i\ÞEÐ�{	Î_Ü�k	��­²´1i@à�oghEÒBp�Ü
Î_Ï q°´	Ó+ÓEÒ	Ü�{	Î3¶'q+Ð ÞEà·ÞEà�Î�mÆÒ:Ü Ü
Ò�q+Ð
µg�Yo�´/h@´CÏ�Î\ÞGÎ�h@Ó

ξ1 = 1/4, ξ2 = 1/2, ξ3 = 3/4, Lx = Ly = 1

uÉÓEÒ�¥
ξ̃ = ξ

z\�	«%Î3Ó©ÞEoghEÒBp�Ü
Î_ÏÌÓ)q²Î�hEÎ+ÓEÒ	Ü�{	Î3¶�q+Ð ÞEà ¶�ÐlnvÎ�hGÎ_µ8Þ;{I´CÜ
Ý�ÎLÓ
Ò1m�o/´/h@´CÏ�Î\ÞGÎ�h@Ó
γ

¥
τ´Cµ�¶

h
��±.Ý�Ï�Î�hGÐ�iL´CÜ}Î$�so/Î�hEÐ
Ï�Î_µ8ÞShGÎLÓEÝ�Ü ÞGÓ.´1hEÎ|o.hEÎ3ÓRÎLµ:ÞGÎL¶�mÆÒBh

τ = 10−4 ¥
h = 0.0125´Cµ�¶

T = 2
uÆ�;hGÒ1p�Ü
Î_ÏÌÓ|�O´	µ�¶·ÚBz�¥�´	µ�¶

T = 13
uÆ�;hGÒ1p�Ü ÎLÏ�ÙBz\�

�����
	 M�� 
�N Q P T)SCc PEb � V_h 2 [γm; γM ] F
H&b©g ?8h P 9 A H B

γm ξ = 1/4
[^Z F F [½H3f F [½f3M F ]

ξ = 1/2
[½HLZ F K [^BLF F A [^B�f F Z

ξ = 3/4
[½HL] F Z [½HL] F K [½H3M F ]

H&b©g ?8h P 9 A H B
γM ξ = 1/4

F F K ] F K ALA F M
ξ = 1/2

H F F B F A F F ]
ξ = 3/4

A F ]�A F e H F A

�����
	 M�� 
�N Q P�� V_h A8P	2$g < c©Q Pb2�g h A c©T g S 2 VLS 3 J g 9 `8A cRV_c©T g S8VLh PGb�b©gLb�2 F
H#b©g ?8h P 9 A H B
U(1; 1/2; 2)

K F ZCA\HLf3H����6A K F BLB	ALA�]����+H
U(1; 1/2; 13)

K F F�HLKCA�]����°K
ε

K F ]3KLK3KLe	A��#[^B K F H_]3Z�M_K��#[½H K F eLZ�ML]3f��#[ÉF

«°à�Î6Ï�Ð
µ�Ð
Ï'Ý�Ï
γm

´Cµ/¶ÌÞEà�Î�ÏÌ´/��Ð
Ï'Ý�Ï
γM

Ò1m&ÞEà�ÎOÓRÞG´1p�Ð Ü
Ð Þ�kÌÐ µ8ÞEÎ�h�{I´	Ü
[γm, γM ]mÆÒ1h¤ÞEà�Î �S�6§ Ï�Î_ÞEà�Ò�¶�´/hGÎEo.hEÎ3ÓRÎLµ:ÞGÎL¶®Ð µÌ« ´/p�Ü
Î Ú��	«°à�Î°ÓRÞG´1p�Ð
Ü Ð Þ�k'Ð
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ÏYo�Ü Î|hGÝ�Ü
Î	â�ÞEà�ÎOÎ�h�hGÒ1h+Ò1m¤ÓEÒ	Ü
Ý�ÞEÐ
Ò	µ Ï®Ý�Ó©Þdp/ÎOÞGà�Î'ÓG´CÏ�Î¢´	Ó×ÞGà�´IÞSmÆÒ1h
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λ̃i =
1 − 0.5τλ

(
Ai)

1 + 0.5τλ
(
Ai)

, i = 1, 2.
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