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£6À�¾%W�¾ÄÃ�X�ÇZYFÆtÂ[Y[¿L¿Äµ�#\�Ã	¾ÁµZ\:µ �/Â^]ù¾ÁÃ	Æ}¿`_�Y/a[Ã	ÇÇ Ã4a[�T¿ÄµÃ	�I¿�b3WUYÔÆcY[¿`_�Ã���Â~¿ÄÃ�ÂLÃ:Ç ¶�Yed/YF��f8Ç�b
ÂLµ�#\	À�Ç�	¾Îµ�8¿`Y�\	¾@�TÇ^Y�g8À��T¿ÄµÃ	��Â

v(t) =

∫ 1

0

K(t, s)v(s)ds + f(t), 0 ≤ t ≤ 1,

dh_#Y[¾�Y
f ∈ Cm[0, 1]

�	���
K

µ Â
Cm ÅäÂÄÆ�Ã8Ã	¿`_ Ã:�

[0, 1] × [0, 1] \
��µ ��\I_/��¶8µ�#\��	�

µ �8¿`Y�\	¾@��X�Ç�Y�ÂLµ�#\:À�Ç�	¾Äµ ¿�b;Ã	��¿`_�Y���µ ��\	Ã:���TÇ®�
�(_#Y[� �|ÂÄÃ	ÇÀ�¿ÄµÃ	�
v ∈ C[0, 1]

µ Â
Cm Å

ÂLÆ�Ã�ÃT¿�_�µ ��¿`_#Y½µ �8¿�Y[¾Á¶��	Ç
(0, 1)

X�À�¿6µ ¿ÁÂ]�4Y[¾Áµ¶��T¿Äµ¶�Y3Â+¿�b3W�µ)a[�TÇÇ�bi_/��¶�YjX�Ã	À��/���T¾�b�ÂÄµ��Å
\	À�Ç �T¾Áµ ¿ÁµZY3Â[�Bk µ ¿�_ �vÂÄÀ�µ ¿Á��X�ÇZYla5_/�T�#\�Y;Ã�]�¶`�T¾Áµ��X�ÇZY3Â

t = ϕ(x)
¸

s = ϕ(y)
¸6¿`_#Y

µ �8¿`Y�\	¾@�TÇ:Y2g8À��`¿Áµ Ã:�maF�T�mXUY�¿Ä¾@�T��Â[]ùÃ	¾ÁÆcYF� ÂÄÃ|¿`_��T¿ ¿`_#Y ÂLµ�#\	À�Ç�	¾Äµ ¿Äµ�YFÂ�Ã�]6¿�_#Y ÂÄÃ	ÇÀ�Å
¿ÄµÃ	�

u(x) := v(ϕ(x))
d+µ ÇÇ/XnY�ÂLÀ#W�W�¾`Y3ÂÄÂ`YF�poZÂ[Y�Y!q r.s/]ùÃ	¾½�#YX¿Á�	µ Ç Â5t �T�/�#¸%Æ�Ã	¾�Y[Ã`¶�Y[¾3¸

u(j)(0) = u(j)(1) = 0, j = 1, . . . , m.
�(_#YF¾`Y'µÂ6� ÂLµÆcW�Ç�YjYvu�¿`YF��ÂÄµ Ã:�

u
Ã	�8¿ÁÃ

R
Ã�]

ÂLÀ�a5_
u

�4Yvw/�#YF�xX3b
u(x) = u(0)

]ùÃ	¾
x < 0

�T���
u(x) = u(1)

]ùÃ:¾
x > 1

�~�(_�µ Â
Yvu�¿`YF��ÂLµÃ	�IW�¾`Y3Â[YF¾Ä¶�YFÂý¿�_#Y½ÂÄÆ�Ã�ÃT¿`_��#YFÂÁÂ.�	���yX�Ã	À�����Â:]ùÃ:¾.¿�_#Y½�4YF¾Äµ¶`�`¿Áµ ¶�YFÂF�/��Ç ¿`YF¾Ä�/�`Å
¿Äµ¶�Y[Ç�b	¸Hd�Yza[�	���#Y�aXÃ:ÆcW/Ã8Â[Y

u(x) = ũ(x) + [u(1) − u(0)]x
]ùÃ:¾

0 ≤ x ≤ 1
¸p¿`_�Y[�

ũ(x) = u(x)− [u(1)−u(0)]x
_��:Â0�

Cm ÅäÂÄÆ�Ã�ÃT¿`_y{[Å9WUY[¾ÁµÃ���µ�a(Y�u8¿�Y[��ÂÄµÃ	�6]ù¾ÄÃ:Æ
[0, 1]Ã	�8¿ÄÃ

R
�T���

ũ(m)(x) = u(m)(x)
]ùÃ	¾

0 ≤ x ≤ 1.
�(_�µ Â6Y[����X�ÇZY3Â ¿ÁÃ�¾�Y�W�Ç ��a�Y�¿`_�Y



{Fº�� �����~©Á©[¬���³
	�����/³`¦¨¥/¦����:¯
µ �8¿`YF¾`W�Ã	Ç �`¿Áµ Ã:���.g8À��:ÂLµ Åäµ �8¿`YF¾`W�Ã	Ç �`¿Áµ Ã:� Ã�]

u ∈ C[0, 1]
X*b ¿`_#Y�µ �8¿`YF¾`W�Ã	Ç �`¿Áµ Ã:���.g8À��:ÂLµ Å

µ �8¿`YF¾`W�Ã	Ç �`¿Áµ Ã:� Ã�]
u ∈ BC(R)

Ã	¾
ũ ∈ C ó�Ý�è (R)

Ã:�
R

�	��� X�À�µ Ç �la[Ã	¾Á¾`Y3Â[W�Ã	����µ �#\
aXÃ	ÇÇÃ3aF�`¿Áµ Ã:���.g8À��:ÂLµ Å a[Ã	ÇÇ Ã4aF�`¿ÄµÃ	��ÆcYX¿�_�Ã���Â6]ùÃ	¾�µ�:¿�Y�\:¾Á�	Ç�Y2g:À/�`¿ÄµÃ	�/Â[���-YFÂÄµZ\:��µ ��\I]æ�:Â¡¿
ÂLÃ:Ç ¶�Y[¾@Â[¸�d�Y]�T¾�Y�ÂL¿Ä¾ÁÃ	��\	Ç�b�µ�8¿`YF¾`Y3Â¡¿�YF� µ� ÂÄÆ��TÇÇZY3Â¡¿haXÃ:��ÂL¿Á�T�8¿@Â0µ� YF¾Ä¾ÁÃ	¾�YFÂL¿ÄµÆ��`¿`Y3Â�]ùÃ	¾
µ �8¿`YF¾`W�Ã	Ç �`¿Áµ Ã:���.g8À��:ÂLµ Åäµ �8¿`YF¾`W�Ã	Ç �`¿Áµ Ã:�&�

��� ¿�_#YzW�¾�YFÂ`Y[�8¿�W���WUY[¾ d�Y�a[Ã	��ÂL¿Ä¾ÁÀ�a�¿
2p − 1

W�Ã	µ�8¿'Â[W�Çµ�#Y�g8À��	ÂÄµ Åäµ�:¿�Y[¾�W/Ã:Ç�	�8¿ÁÂ
Q

(p)
h,mf

¸
p ∈ N

¸	]ùÃ	¾�]ùÀ���aX¿ÄµÃ	��Â
f
\	µ¶�YF�'µ����¶�µ)aXµ��µ ¿�b'Ã�]�¿`_#Y+ÂL¿Á�T�/���T¾@�'µ�8¿`YF¾Ä¶`�TÇ

[0, 1]
¸

Â¡¿@�T¾Ä¿Äµ�#\6]ù¾ÄÃ:Æi¿`_#Yj]ùÃ	¾ÁÆ'À�Ç �j]ùÃ:¾+¿`_�Y Â[W�Çµ�#YIµ �8¿�Y[¾�W/Ã:Ç�	�:¿
Qh,mf̄

Ã�] Ã	¾@�4YF¾
m

oæÃ	¾3¸�Ã�]
�4Y�\:¾`Y�Y

m−1
tHd+µ ¿�_'¿�_#YÎÀ���µZ]ùÃ	¾ÁÆ f8��ÃT¿$Â[Y[¿�Ã�]/��Â¡¿�Y�W½ÂÄµ���Y

h > 0
���BY[¾�Y

f̄
µ Â���Â`WnY2aXµ �TÇ

Yvu�¿`YF��ÂLµÃ	��Ã�]
f

Ã	�8¿ÄÃ
R

����� Ã�W�¿ÄµÆ��TÇUY[¾Á¾ÄÃ:¾LYFÂL¿ÄµÆ��`¿`Y6Ã�]
f̄ −Qh,mf̄

o d+µ ¿`_°ÂÄÆ��TÇÇZY3Â¡¿
W/Ã8ÂÄÂÄµZX�ÇZY a[Ã	��ÂL¿Á�	�8¿5týÃ:� ¿`_#Y���Ã�X�Ã	Ç�Y[¶ aXÇ �	ÂÁÂ[Y3Â

W m,∞(R)
�T�/�

V m,∞(R)
µÂBf8��Ã.d+�&¸

ÂLÃ�µ ¿
¾�Y[Æ��Tµ��Â~¿ÄÃ'YFÂL¿ÄµÆ��`¿�Y
Qh,mf̄−Q

(p)
h,mf

Ã	�
[0, 1]

�
��Ã:¾
p ≥ p′ =

µ�8¿
((m+2)/2)

¸
¿`_#YjYF¾Ä¾ÁÃ	¾

Qh,mf̄ − Q
(p)
h,mf

Ã4a�aXÀ�¾@ÂÎ¿ÄÃ�XUY'�:Â[b�ÆcW�¿ÄÃ	¿Äµ)a[�	Ç Ç�b°ÂÄÆ��	Ç Ç�Y[¾�¿`_��	� ¿`_#YjYF¾Ä¾ÁÃ	¾
Ã�]

f̄ −Qh,mf̄
o W�¾ÁÃ`¶8µ �4Y3��¿`_��T¿

f
µÂÔ��Ã	¿Î�jW�Ã	Ç�b���Ã	Æ�µ �TÇ/Ã�]%�4Y�\	¾�Y�Y

m− 1
tX¸:�T�/��¿`_#YF�

¿`_#YIÆ��Tµ�iW��T¾Ä¿�Ã�]~¿`_#Y�YF¾Ä¾ÁÃ	¾
f − Q

(p)
h,mf

µ Âh\�YF�#Y[¾@�`¿�YF��X3b
f̄ − Qh,mf̄

�
��Ã!d/Y W�¾ÁÃ4avY�Y3�|µ � ¿`_#Y µ ��¶�YF¾ÁÂ`Y ��µ¾`Y2a�¿Áµ Ã:�laXÃ:Æ6W/�T¾�YF� ¿ÄÃ

[1, 4]
dh_#Y[¾�Yzw�¾@Â¡¿��T�

Y[¾Á¾ÄÃ:¾/Y3Â¡¿Áµ Æ��T¿`Y Ã�]~¿�_#Yjg8À��	ÂÄµ Åäµ�:¿�Y[¾�W/Ã:Ç�	�8¿(dý�	Â+�#Y[¾Áµ ¶�YF� ��µ¾`Y2a�¿ÄÇ�b �	��� ¿`_#YF��À�Â`YF� ¿ÄÃ
YFÂL¿ÄµÆ��T¿`Yý¿�_#YhY[¾Á¾ÄÃ:¾~Ã�]/¿�_#Y+µ�:¿�Y[¾�W/Ã:Ç�	�8¿���¿`_�µÂ
Ç �`¿Ä¿`YF¾LdÎ�	b�YF����X�Ç�YFÂ ¾�YFÂÄÀ�Ç ¿ÁÂ Ã�]�Ã�W�¿ÄµÆ��TÇ
��a�a[À�¾@��avb�Ã:¾Á�#Y[¾hX�À�¿-d+µ ¿�_�Â¡¿Á¾ÄÃ:�#\	Ç�b Ã`¶�YF¾`Y3Â¡¿Áµ Æ��T¿`YF� oùÃ:¾�À����4Y[¿`YF¾ÄÆ�µ�#YF��t:aXÃ	�/Â¡¿@�T�8¿ÁÂ
µ ��¿`_�Y�Y[¾Á¾ÄÃ:¾�Y3Â¡¿Áµ Æ��`¿�YFÂF�

k Y��	ÇÂÄÃ ��µ Â`a[À�ÂÄÂ
¿`_#Y+Ã�WnYF¾Á�T¿ÄÃ	¾
��Ã	¾ÁÆ�Â Ã�]
Qh,m

�T���
Q

(p)
h,m

µ��¿`_#Y6Â[W���avY
BC(R)Ã�]�X/Ã:À����4Y3� a[Ã	�8¿Äµ��À�Ã	À�Â/]ùÀ���a�¿Áµ Ã:��Â

u
Ã	�

R
Y�g8À�µ�W#WnY3�id+µ ¿�_ ¿�_#YI��Ã:¾ÄÆ

‖u‖∞ = sup
x∈R

|u(x)|.

�(_#Y]�8À�Æ6YF¾Äµ)a[�	Ç#¶`�TÇÀ#YFÂýÃ�]~��Ã:¾ÄÆ�Â
‖Qh,m‖

�	���
‖Q

(p)
h,m‖

]ùÃ:¾+Æ�Ã��4YF¾Á�T¿`Y
m

Ã4a�aXÀ�¾ý¿ÄÃ
XnY�ÂÄÀ�¾`W�¾Äµ ÂLµ�#\:ÇZb�ÂÄÆ��TÇÇZ¸FY	� \��¸

‖Qh,m‖ = 2.142
¸
‖Q

(p′)
h,m‖ = 1.419

]ùÃ	¾
m = 10

¸pµ �
aXÃ	�8¿Á¾Á�:Â¡¿I¿ÁÃIYvu�¿Á¾`YFÆ6YFÇZb WUYFÂÁÂLµÆ�µÂL¿Äµ)azYFÂL¿ÄµÆ��`¿�Y

‖Q
(p′)
h,m‖ ≤ (2m)m µ�pq »�s���µ ¿½Æ'À/Â¡¿

XnY ÂÁ�Tµ � ¿`_��T¿+¿`_#Y'Â`W�Çµ ��Y�\	¾Áµ��ÂýÆ��	b�XUYI��Ã:��Å®À���µ�]ùÃ:¾ÄÆ µ ��q�{T¸�»�s®¸��	����µ ��¿�_#Y a[�:Â[Y]Ã�]
À���µZ]ùÃ	¾ÁÆ \	¾Áµ��Â[¸�¿`_�Ycg8À��:ÂLµ Åäµ �8¿`YF¾`W�Ã	Ç �T�8¿@Â.Ã�]-q�{T¸#»�s0�	¾`Y���µ��UYF¾`YF�:¿']ù¾ÁÃ	Æ5Ã:À�¾]Ã	�#Y3Â[�p�ä¿
Â[Y�Y[Æ�ÂÔ¿`_��T¿

‖Qh,m‖
\	¾ÁÃ.d�Â$ÇÃ�\8�T¾Áµ ¿�_�Æ�µ�aF�TÇÇZb��	Â

m → ∞
X�À�¿hd�Y'_���¶�Y6��Ã��T���	ÇZb8¿Äµ)a

W�¾ÄÃ�Ã�]~Ã�]�¿`_�µÂ(YFÆ6W�µ ¾Áµ�a \:À#YFÂÁÂF�

�(K! #" PnRBV[N$"�%�&('*),+-%`V[N$.0/

k Y-W�¾`Y3Â[YF�8¿0¿�dÎÃjY�g8À�µ¶`�TÇ�Y[�8¿Î�4Y�w���µ ¿ÄµÃ	��ÂÔÃ�]#¿�_#Y21@³Tª43`¦¨¥p³
50687ä«�9�5)¦¨¥p©
Bm

Ã�]Ô¯Tª43	©[ª
mµ ��¿`YF¾ÄÆ�µ��Ã	ÇÃ�\�b�Ã�]/qZ{:¸�».sä¸�Ã	¾+Ã�]��4Y�\	¾�Y�Y

m − 1
µ��¿`Y[¾ÁÆ�µ ��Ã	ÇÃ�\�b�Ã�]/q ·�¸/¹�¸�:2sä�

;2<>=@?BA0?DCE?GFHAJI o Y�u3W�Ç µ)aXµ ¿h]ùÃ	¾ÁÆ'À�Ç ��tXÈ

Bm(x) =
1

(m − 1)!

m∑

i=0

(−1)i

(
m

i

)
(x − i)m−1

+ , x ∈ R, m ∈ N,

dh_#Y[¾�Y	¸��:ÂýÀ�ÂLÀ/�TÇ®¸
0! = 1, 00 :=

Ç µÆ
x↓0x

x = 1
¸
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(

m

i

)
=

m!

i! (m − i)!
, (x − i)m−1

+ :=

{
(x − i)m−1, x − i ≥ 0

0, x − i < 0

}
.

;2<>=@?BA0?DCE?GFHA� où¾�Y�a[À�¾ÁÂÄµ¶�Y-]ùÃ	¾ÁÆ'À�Ç ��tXÈ

B1(x) =

{
1, 0 ≤ x < 1

0, x ∈ R \ [0, 1)

}
, Bm(x) =

∫ x

x−1

Bm−1(y) dy, m = 2, 3, . . . .

� YX¿+À�Â�Ç µ Â¡¿.ÂÄÃ	ÆcY W�¾ÁÃ�WUY[¾Ä¿Äµ�YFÂÎÃ�]�¿`_�Yja[�T¾@��µ���TÇ 6ÔÅ�Â[W�Çµ�#YFÂFÈ

Bm |[i,i+1] ∈ Pm−1 (
W�Ã	Ç�b���Ã	Æ�µ �TÇ ÂýÃ�]
�4Y�\:¾`Y�Y

m − 1), i ∈ Z, Bm ∈ C(m−2)(R),

µZ� Y	�¸
Bm

µÂ+��Â`W�Çµ �#YIÃ�]��4Y�] Y�aX¿j{	¸��4Y�\	¾�Y�Y
m − 1

Ã:�°¿�_#Y��`a[�T¾@��µ���TÇ��-f���Ã	¿+Â`YX¿
Z

¸

B(m−1)
m (x) = (−1)i

(
m − 1

i

) ]ùÃ	¾
i < x < i + 1, i = 0, . . . , m − 1,

ÂLÀ#W�W
Bm = [0, m], Bm(x) > 0

]ùÃ:¾
0 < x < m,

Bm

(m

2
− x

)
= Bm

(m

2
+ x

)
, x ∈ R, Bm

(m

2

)
= max

x∈R

Bm(x),

∫

R

Bm(x)dx = 1,
∑

j∈Z

Bm(x − j) = 1, x ∈ R.

�(K�����.�� V .HN�. P M�N�O . P +�Q % "LN�O

�.ÂÁÂLÀ�ÆcY
m ≥ 3

¿ÁÃyXnYcw�u3Y3�#�&���8¿Ä¾ÁÃ���À�a�Y�¿`_#Yzf���Ã	¿'Â[Y[¿
{jh : j ∈ Z}

¸
h > 0

¸&Ã�]
Â[W�Çµ�#YFÂ
�	���½¿`_#Y+Â`YX¿$Ã�]�µ �8¿�Y[¾�W/Ã:Ç�T¿ÄµÃ	�6f8��ÃT¿ÁÂ

{(k+ m
2 )h, k ∈ Z}

�	��µ¶�Y[���'X/Ã:À����4Y3�
Ã	¾LW�Ã	Ç�b8��Ã	Æ�µ�	Ç Ç�b \:¾ÄÃ.d+µ�#\-]ùÀ���aX¿ÄµÃ	�

f ∈ C(R)
¸�d�Y+ÇÃ�Ã�f�]ùÃ:¾$µ ¿ÁÂ
µ�8¿`Y[¾�W�Ã	Ç �T�8¿

Qh,mfµ ��¿`_�Y ]ùÃ	¾ÁÆ
(Qh,mf)(x) =

∑

j∈Z

djBm

(x

h
− j

)
, x ∈ R,

o1r���{2t

�T�����4YX¿�Y[¾ÁÆ�µ �#YIµ ¿ÁÂBaXÃ3Y���aXµ�Y[�8¿@Â
dj

X3b�¿`_#YIµ�8¿`YF¾`W�Ã	Ç �`¿Áµ Ã:�ia[Ã	����µ ¿ÄµÃ	�/Â

(Qh,mf)
((

k +
m

2

)
h
)

= f
((

k +
m

2

)
h
)

, k ∈ Z.
o1r�� ·�t

� Ã	����µ ¿ÄµÃ	�/Â�o r���{2tÎ�	����o r�� ·�tÔÇ�YF�:� ¿ÁÃ�¿`_#Y�X�µ Åäµ �4w/��µ ¿�Y Â[b�ÂL¿`YFÆ Ã�] Ç µ�#Y3�T¾(Y�g8À��T¿ÄµÃ	��Â
∑

j∈Z

bk−jdj = fk, k ∈ Z,
o1r�� r�t

dh_#Y[¾�Y

bk = bk,m = Bm

(
k +

m

2

)
, fk = fk,h,m = f

((
k +

m

2

)
h
)

, k ∈ Z,
o1r�� »*t



{�{Fº �����~©Á©[¬���³
	�����/³`¦¨¥/¦����:¯

bk = b−k > 0
]ùÃ:¾

|k| ≤ µ, bk = 0
]ùÃ	¾

|k| > µ,
∑

|k|≤µ

bk = 1,

µ :=
µ�8¿

((m − 1)/2) =

{
(m − 2)/2, m

YF¶�Y[�
(m − 1)/2, m

Ã����
}

(
µ�:¿

=
µ �8¿�Y�\�YF¾hW��T¾Ä¿

).

�(_8À/Â:o r�� r*t�µÂ$�IÂ`b�Æ�Æ6Y[¿Ä¾Áµ�a(X�µ Åäµ �#w���µ ¿`Y:X��	����Â[b�ÂL¿`YFÆ d+µ ¿`_�¿`_�YhX��T���6d+µ ��¿`_
2µ+1

�
�(_#Y�ÂÄÃ	ÇÀ�¿ÄµÃ	� Ã�]'Â[b�ÂL¿`Y[Æ o r�� r*tcYvu�µ Â¡¿@Â�X�À�¿ µ Â ��Ã:�8À���µ�g8À#Y�µ�]jd/Y���Ã ��ÃT¿ Â`YX¿ ¿�_#Y
¾`Y3Â¡¿Á¾Äµ)a�¿Áµ Ã:� ¿�_��`¿

|dj |
�	¾`Y X�Ã	À����#YF� Ã	¾.Ã�]$�cW/Ã:ÇZb���Ã:Æ�µ�	Ç \	¾ÁÃ.dý¿`_ �	Â

|j| → ∞
���(_#Y

Ã	��Ç�b�¾�YF�	ÂÄÃ	�/��X�Ç�Y½ÂÄÃ	ÇÀ�¿ÄµÃ	��Ã�] o r�� r*t.µ Â�X��:Â[Y3��Ã:��¿�_#Yzk µZYF�#Y[¾]¿�_#Y[Ã:¾`YFÆk��X�Ã	À�¿�¿�_#Y
¿Ä¾ÁµZ\:Ã	��Ã:Æ6Y[¿Ä¾Áµ�a�Â`Y[¾ÁµZY3Â�dh_�µ�a5_ d/Y�¾�Yv]ùÃ:¾ÄÆ½À�Ç �`¿`Y-]ùÃ	¾ý¿�_#Y �%�	À�¾�Y[�8¿�Â[YF¾Äµ�YFÂý�	Â/]ùÃ:Ç ÇÃ.d�ÂFÈ

�Î¦¨§`©[¥���9�¯`«@«@¦�� 5) 1@¯ ��9E5 ©�����¥�´ ���@©Xª@«
bk

¸
k ∈ Z

¸#«�´>1 � ¬ ��³`¬
∑

k∈Z

|bk| < ∞, b(z) :=
∑

k∈Z

bkzk 6= 0
]ùÃ	¾��TÇÇ

z ∈ C
d+µ ¿�_

|z| = 1,
o r�� ¹�t

¬ ��©½©�� 9�³T¥�«�¦æ¯`¥
a(z) := 1/b(z) =

∑
k∈Z

akzk «[³`¬®¦ «��Î©�« ∑
k∈Z

|ak| < ∞
�

6�b�¿�_#YBk µ�Y[�#YF¾ÎÂÄÃ	ÇÀ�¿Áµ Ã:� Ã�]#¿�_#Y�Â`b�Â¡¿�Y[Æ ∑
j∈Z

bk−jdj = fk, k ∈ Z,
d�Y6Æ6Y3�T�

dk =
∑

j∈Z
ak−jfj , k ∈ Z

�
k µ ¿�_

bk = bk,m
�#Yvw��#Y3��µ �xo r�� »3t�¸�µ�8¿Ä¾ÁÃ���À�avY�¿`_�Y ]ùÀ���a�¿Áµ Ã:��Â

b(z) = bm(z) :=
∑

|k|≤µ

bkzk = b0 +

µ∑

k=1

bk(zk + z−k), 0 6= z ∈ C,
o r�� 	*t

P2µ(z) = P m
2µ(z) = zµbm(z)

où¿`_#Y=a5_��T¾@��aX¿`Y[¾Áµ Â¡¿Áµ�aBW/Ã:ÇZb���Ã:Æ�µ �TÇ#Ã�]
Bm

t
,

o1r�� :�t

a(z) = am(z) := 1/bm(z) = zµ/P m
2µ(z), z ∈ C, z 6= zν , ν = 1, . . . , 2µ,

o r�� �*t
dh_#Y[¾�Y

zν
¸
ν = 1, . . . , 2µ

¸��	¾`Y]¿�_#Y'¾ÁÃ�ÃT¿ÁÂ�Ã�]
P m

2µ ∈ P2µ
¸naF�TÇÇZY3�°¿�_#Y 1 ��³TªÄ³�1[¬�©Xª�¦ «�¬®¦ 1

ªÄ¯F¯T¬æ«�����¾ÁÃ	Æ o r�� 	�t�
Fo1r�� :�t(d/YIÃ�X�Â`Y[¾Á¶�Y]¿�_��`¿6¿ÄÃ�\�YX¿�_#Y[¾Bd+µ ¿�_
zν

�TÇ ÂLÃ
1/zν

µÂ6��a5_��	¾LÅ
��a�¿�Y[¾ÁµÂL¿Äµ)a½¾ÄÃ�ÃT¿3���(_�Y6W�Ã	Ç�b���Ã	Æ�µ �TÇ Â

P m
2µ(z)

d/Y[¾�Y½µ�8¿Ä¾ÁÃ���À�avY3��µ�lq ¹	s0ÂL¿Á�T¾Ä¿Äµ�#\ ]ù¾ÄÃ:Æ
ÃT¿`_�Y[¾:aXÃ:��ÂÄµ�4YF¾Á�T¿ÄµÃ	��ÂF¸��T��� µ ¿:dý�	ÂýÂL¿Á�T¿`YF� µ� q ¹2s&¿�_��`¿I¬���©21 ��³`ªÄ³*1X¬�©[ª�¦ «@¬®¦ 1½ªÄ¯3¯`¬Z«I³TªÄ©
ªÄ©@³
5�³`¥E36«�¦B��9E5 ©*�`¿`_#YF�=a[ÇZY3�T¾ÁÇZb

zν < 0
¸
ν = 1, . . . , 2µ

�	���
zν 6= −1

¸
ν = 1, . . . , 2µ

¸
¿`_�À�Âý¿�_#Y[¾�YIµÂ:Yvu���aX¿ÄÇ�b

µ
a5_��T¾@��aX¿`Y[¾Áµ Â¡¿Áµ�a�¾ÁÃ8Ã	¿ÁÂýµ��¿`_#Y µ�8¿`YF¾Ä¶`�TÇ

(−1, 0)
�T��� ¿`_�Y ¾`Y[Å

Æ��	µ ��µ �#\
µ

Ã:�#YFÂ��T¾�Y'µ�
(−∞,−1)

�pµ � W��T¾Ä¿Äµ)aXÀ�Ç�	¾F¸FaXÃ:����µ ¿ÄµÃ	��Â6o r�� ¹�t.�	¾`Y ]ùÀ�Ç�w/Ç Ç�YF�#�
��Ã	¾+µ��ÂL¿Á�	��avY:¸3]ùÃ	¾

m = 10
o¨¿`_�Y[�

µ = 4
t�d/Y'_/��¶�Y

P 10
8 (z)=

1

9!

[
(z8+1)+502(z7+z)+14608(z6+z2)+88234(z5+z3)+156190z4

]
,

z1 = −0.002121, z2 = −0.043223, z3 = −0.201751, z4 = −0.607997,

z5 = 1/z1, z6 = 1/z2, z7 = 1/z3, z8 = 1/z4.

�(_#Yia[Ã3Y���aXµ�Y[�8¿ÁÂ
ak = ak,m

Ã�]�¿�_#Y Yvu4W��	��ÂLµÃ	�
a(z) =

∑
k∈Z

akzk aF�T� XnYiYvu�Å
W�¾`Y3ÂÄÂ`YF�°¿`_�¾ÄÃ:À#\�_ia5_��T¾@��aX¿`Y[¾Áµ Â¡¿Áµ�a6¾ÄÃ�Ã	¿ÁÂ

zν ∈ (−1, 0)
¸
ν = 1, . . . µ,

X*b°¿`_#Y ]ùÃ:¾ÄÆ½À�Ç �
o a ]¡�Hq ¹.s t

ak =

µ∑

ν=1

zµ−1
ν

P ′
2µ(zν)

z|k|ν , k ∈ Z;
∑

k∈Z

ak = 1,
∑

k∈Z

|ak| =
(−1)µ

P2µ(−1)
.

o1r�� ¼�t
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Qh,mf

�#Yvw��#Y3�iX*b

(Qh,mf)(x) =
∑

k∈Z

dkBm(h−1x − k), x ∈ R, dk =
∑

j∈Z

ak−jfj , k ∈ Z.

� ÇZY3�T¾ÁÇZb
ak

�T¾�Yý¾`Y3�TÇ®¸
ak = a−k

¸
k ∈ Z

¸:�	���
ak

�#Y�a[�	b�Â�Y�u3W�Ã	��Y[�8¿Äµ �TÇÇZb½�	Â
|k| → ∞

�
���:¿Á¾ÄÃ���ÀnaXµ�#\ ¿�_#YI±@´�¥�3	³ ��©[¥�¬�³
5�«�9�5 ¦¨¥�©

Fm(x) :=
∑

j∈Z
ajBm(x − j)

oùµ ¿IÂÁ�`¿ÄÅ
µÂ[w�YFÂ

Fm(i + m
2 ) = δi,0, i ∈ Z

t.�	�����4YF��ÃT¿Áµ ��\
ϕm(x) =

∑
k∈Z

|Fm(x − k)|
oùµ ¿

µÂ]�T� {XÅ WnYF¾ÄµÃ���µ)a�]ùÀ���aX¿ÄµÃ	� d+µ ¿�_�¿�_#Y6W�¾ÄÃ�WnYF¾L¿�b
ϕm(m

2 − x) = ϕm(m
2 + x)

tX¸#µ ¿Iµ Â
YF�	ÂÄµÇZb°Â`Y�YF�°¿�_��`¿

qm := ‖Qn,m‖BC(R)→BC(R) = max
x∈R

ϕm(x) = max
m

2
≤x≤m+1

2

ϕm(x) ≤
∑

k∈Z

|ak|.

��Ã	¾
m ≤ 20

¸8¿`_#YIµ�8¿`Y[¾�W/Ã:Ç�T¿ÄµÃ	�iW�¾ÁÃ3a�YFÂÁÂ/_��	Â(\:Ã8Ã���Â¡¿@��X�µÇµ ¿�b�W�¾ÄÃ�WnYF¾L¿ÁµZY3Â[È

������� <
	�� S ���IJÁ^ N)G�PFf#+FPFf �8J � e��
qm

P[M3� P

k |ak,m|.

m 3 4 5 6 7 8 9 10 20

qm

A " b	A@b A " d[b3V A " CFB3Y A " c	A@Y A " V	A�Y E " BFB3B E " B�CFd E " AÁb`E E " d[c3U
P

k
|ak,m|

E " BFB3B U " B3BFB b " c3B3B�C " dFBFB AFA " c3B A�c " dFU EFV " AFA b�d " CFU b:A@c�E

��Ã	¾
4 ≤ m ≤ 20

¸
qm

w�¿ÁÂ]µ�8¿ÄÃ ¿`_#Y�Æ�Ã��4YFÇ
qm ≤ e

4 + 2
π log m

¸&�T�/�!W�Ã:ÂÁÂLµ�X�Ç�b
qm − ( e

4 + 2
π log m) → 0

�	Â
m → ∞

�#]ùÃ:¾
m = 20

¿`_�µÂ6��µ �FY[¾�Y[�navY µ Â
0.0036

�3k Y
a[�T���TÇ ÂLÃ�Ã�X�Â`Y[¾Á¶�Y�¿`_/�`¿ ∑

k |ak,m+1|/
∑

k |ak,m| → π/2 = 1.5707963268 . . .
�:Â

m → ∞
� ]ùÃ:¾

m = 20
¿`_�µ Â'¾@�`¿Áµ Ã�µ Â

1.570796327
�/�ä¿½µ Â'�!a5_��	Ç Ç�Y[��\�Y�¿ÄÃ aXÃ	�#w�¾ÄÆ

¿`_#Y3Â[Y�YFÆ6W�µ ¾Áµ�a'\:À#YFÂÁÂ[Y3Âý�T���	ÇZb8¿Äµ)a[�	Ç Ç�b	�
��� �T���	Ç Ã�\�b ¿ÁÃI¿`_�Y8��Ã�X/Ã:ÇZYF¶½Â`W���a�Y

W m,∞(R)
¸8µ �8¿Á¾ÄÃ���À�a�Y+¿`_�Y6Â`W���a�Y

V m,∞(R)
¸

m ∈ N
¸BaXÃ:��ÂÄµÂL¿Äµ�#\ Ã�]6]ùÀ���aX¿ÄµÃ	��Â

f ∈ Cm−1(R)
ÂLÀ�a5_ ¿�_��`¿

f (m) ∈ L∞(R)o¨¿`_�Y �4Y[¾Áµ¶��T¿Äµ¶�Y3Â��	¾`Y|À��/�4Y[¾@Â¡¿ÁÃ�Ã�� µ� ¿`_#Y Â`Y[��Â`Y|Ã�]���µ Â¡¿Á¾Äµ�X�À�¿Áµ Ã:��Â�tX�.� ]ùÀ���aX¿ÄµÃ	�
f ∈ V m,∞(R)

Æ��	b�\:¾ÄÃ.d��:Â
|x| → ∞

�#k µ ¿�_ ¿`_#Y�_�Y[Ç�W Ã�]~¿�_#Y �~�	b�ÇÃ	¾/]ùÃ	¾ÁÆ'À�Ç�

f(x) =

m−1∑

l=0

f (l)(0)

l!
xl +

1

(m − 1)!

∫ x

0

(x − t)m−1f (m)(t) dt, x ∈ R,

d�Y]Ã�X/Â[YF¾Ä¶�Y.¿�_��`¿

|f(x)| ≤ ‖f (m)‖∞
1

m!
|x|m + O(xm−1)

�	Â
|x| → ∞.

�:Y[�navY	¸
Qh,mf

µ Â�d/Y[ÇÇ$�4Yvw/�#YF� ]ùÃ	¾
f ∈ V m,∞(R)

� � ÇZY3�T¾ÁÇZb:¸
W m,∞(R) + Pm ⊂

V m,∞(R)
��¿`_�µ Â+µ��aXÇÀ�ÂÄµ Ã:� µ Â�ÂL¿Ä¾Áµ�aX¿F�

������ � ����� �� ¯Tª
f ∈ V m,∞(R)

	
m ∈ N

	0¦¨¬ ��¯ 5�3�«

‖f − Qh,mf‖∞ ≤ Φm+1π
−mhm‖f (m)‖∞,

o r��Z{3º�t
� ��©[ªÄ©

Φm+1
¦ «I¬ ��© � ³`§`³`ª 3 1@¯`¥�«@¬�³`¥/¬,3:© �0¥�© 3 �[



{�{3· �����~©Á©[¬���³
	�����/³`¦¨¥/¦����:¯

Φm =
4

π






∞∑
k=0

1

(2k + 1)m
, m = 2l

∞∑
k=0

(−1)k

(2k + 1)m
, m = 2l + 1

, m ∈ N;

Φ1 = 1, Φ2 = π/2, Φ3 = π2/8, Φ4 = π3/24,

Φ1 < Φ3 < Φ5 < . . . <
4

π
< . . . < Φ6 < Φ4 < Φ2, lim

m→∞
Φm =

4

π
.

��Ã	¾({[Å9WUY[¾Áµ Ã���µ)aL]ùÀ���a�¿Áµ Ã:��Â
f

�T�/�
h = 1/n

d+µ ¿`_6Y[¶�Y[�
n ∈ N

¸`�(_#Y[Ã:¾`YFÆ {Ôµ Â�d�YFÇ Ç
f8��Ã.d+�IoæÂ`Y�Y6q ·.s tX¸��T���°Æ�Ã:¾`YFÃ`¶�YF¾F¸�Y3Â¡¿Áµ Æ��T¿`Yco r���{Fº*t
µ ÂÔ¿`_#YF�°Ã�W�¿ÄµÆ��	Çpµ �°¿`_#Y]Â[YF��Â`Y6Ã�]
¢.Ã:Ç Æ�Ã�\:Ã	¾ÁÃ`¶

n
Å d+µ��¿`_&�� 6�TÆcY[Ç�b	¸3]ùÃ:¾hY[¶�YF�

n
¸�¿�_#Y ¢.Ã:Ç Æ�Ã�\	Ã	¾ÁÃ`¶

n
Å d+µ ��¿`_�Ã�]~¿`_#Y Â`YX¿

{f ∈ W mó�Ý�è (R) : ‖f (m)‖∞ ≤ 1}
µÂ(Y2g:À/�TÇp¿ÄÃ

Φm+1π
−mn−m ¸�Â`Y�Ycq ·	sä�

� a[Ã	ÆcW�Ç�YX¿�Y6W�¾ÄÃ�Ã�]ÔÃ�]Î�(_�Y[Ã	¾�Y[Æ {��T�/� ÂÄÃ	ÆcY=]ùÀ�¾L¿�_#Y[¾�Y3Â¡¿Áµ Æ��T¿`YFÂco1a[�	Â`Y�Ã�]ÔÇ�YFÂÁÂ
ÂLÆ�Ã�ÃT¿�_

f
¸#Y3Â¡¿Áµ Æ��T¿`YFÂ/]ùÃ:¾��4Y[¾Áµ¶��T¿Äµ¶�Y3Â�tÎ�T¾�Y'W�¾`Y3Â[YF�8¿`YF� µ� q 		s®�

�.© ��³Tª4���*� � Ã	ÆcW��T¾�YF��d+µ ¿�_°ÃT¿�_#Y[¾/W�Ã:ÂÁÂLµ�X�Ç�Y���W#W�¾ÁÃ	u�µÆ��`¿Áµ Ã:��Â
Ã�]H]ùÀ���a�¿Áµ Ã:��Â
f
]ù¾ÄÃ:Æ

¶��	Ç À�YFÂ�Ã:� ¿`_#Y½À���µZ]ùÃ	¾ÁÆ�\:¾Äµ �
∆h = {(k + m

2 )h), k ∈ Z}
¸
Qh,mf

b�µ�Y[Ç ��Â.¿`_#YjXUYFÂL¿
��W#W�¾ÁÃ	u�µ Æ��T¿ÄµÃ	��Ã	�|¿`_�Y aXÇ �	ÂÁÂ[Y3Â

V m,∞(R)
�T���

W m,∞(R)
�� 6�TÆcY[Ç�b	¸ ]ùÃ	¾½�!\	µ¶�Y[�

W/Ã8ÂLµ ¿Äµ¶�Y
γ

¸8¿`_�Y[¾�Y6µ Âý�'Â`WnY2aXµ �TÇU]ùÀ���aX¿ÄµÃ	�
g ∈ W m,∞(R)

¸
‖g(m)‖∞ = γ

¸�ÂÄÀ�a5_�¿�_��`¿3¸
]ùÃ	¾ �T�3b;Æ���W�W�µ ��\

Mh : C(∆h) → C(R)
oùÇµ�#YF�	¾�Ã	¾���Ã	��Ç µ�#YF�	¾F¸La[Ã	�8¿Äµ��À�Ã	À�Â�Ã:¾

��µÂ�aXÃ:�8¿Äµ�8À�Ã	À�Â5t�¸�µ ¿:_�Ã	Ç ��Â�o1a ]¡�Ho1r���{Fº�t`t

max{‖g − Mh(g |∆h
)‖∞, ‖(−g) − Mh(−g |∆h

)‖∞} ≥ Φm+1π
−mhmγ.

�:K��lS$" /3V '2M�N�O . P +�Q % "LN�O /

�(_8À/Â[¸�¿�_#Y�k µZYF�#Y[¾.µ �8¿`YF¾`W�Ã	Ç �T�8¿
Qh,mf

Ã�]
f ∈ C(R)

µ Âh\	µ¶�YF� X3b

(Qh,mf)(x) =
∑

k∈Z

( ∑

j∈Z

aj,mfk−j

)
Bm

(x

h
− k

)
, aj,m =

µ∑

ν=1

zµ−1
ν

P ′
2µ(zν)

z|j|ν , j ∈ Z,

dh_#Y[¾�Y
fk = f((k + m

2 )h)
¸
k ∈ Z

�0��Ã	¾
m ≥ 3

d/Y ��W�W�¾ÄÃ	u�µÆ��`¿`Y
Qh,mf

X3b�¿�_#Y
2p − 1

W�Ã	µ�:¿��[´�³�«�¦B7�¦¨¥/¬ä©[ª�9�¯ 5 ³`¥/¬æ«IÃ�]%¿`_�Y ]ùÃ	¾ÁÆ

(Q
(p)
h,mf)(x) =

∑

k∈Z

( ∑

|j|≤p−1

a
(p)
j,mfk−j

)
Bm

(x

h
− k

)
, p ∈ N,

oæ»���{2t

�4YX¿�Y[¾ÁÆ�µ��µ�#\�¿�_#Y(aXÃ3Y���aXµ�Y[�8¿@Â
a
(p)
j,m

]ù¾ÁÃ	Æ
aj,m

d+µ ¿`_ ¿�_#Y/_#Y[Ç�W'Ã�]��6Â`WnY2aXµ �TÇ���µ��UYF¾`YF��avY
a[�TÇ)aXÀ�Ç À�ÂF�

���:¿Á¾ÄÃ���ÀnavY�¿`_#YI¶�Y�aX¿ÄÃ	¾+Â`W���a�Y
s(Z)

Ã�]%X�µ Â[Y2g8À#Y[��a�YFÂ
a = (aj)j∈Z

ÂÄÀ�a5_ ¿`_��T¿

∀r ≥ 0 ∃cr < ∞ : |aj | ≤ cr|j|
−r, 0 6= j ∈ Z,

�T��� µ ¿@Â�ÂÄÀ#X�Â`W���a�Y

s
ï¨ûXñ (Z) = {a ∈ s(Z) : a−j = aj , j ∈ Z} ⊂ s(Z).
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� Ã	��ÂÄµ�#Y[¾ý¿`_�Y ��µ �FY[¾�Y[�navY]Ã�WUY[¾@�`¿ÁÃ	¾@Â

D+ : s(Z) → s(Z), (D+a)j = aj+1 − aj , j ∈ Z
o ]ùÃ:¾`dý�T¾@�°��µ �FY[¾�Y[��a�Y2t

,

D− : s(Z) → s(Z), (D−a)j = aj − aj−1, j ∈ Z
o X���a5f*dý�T¾@�°��µ �FY[¾�Y[��a�Y2t

�T���°¿`_#YFµ ¾.Ã	�#YIÂÄµ�4YIµ��¶�YF¾ÁÂ`YFÂ
J± : s(Z) → s(Z)

¸��4Yvw/�#YF� ]ùÃ	¾
k ∈ Z

X3b

(J+a)k =





k−1∑
j=−∞

aj , k ≤ 0

−
∞∑

j=k

aj , k > 0





, (J−a)k =





k∑
j=−∞

aj , k < 0

−
∞∑

j=k+1

aj , k ≥ 0





.

 .�TÆcYFÇZb:¸��4Y[��ÃT¿Äµ�#\
e = (δj,0)j∈Z = (. . . , 0, 0, 1, 0, 0 . . .)

¸�µ ¿�µÂ(Y3�	Â`b�¿ÄÃza5_#Y2a5f�¿`_��T¿

J±D±a = a, D±J±a = a −
( ∑

j∈Z

aj

)
e,

]ùÃ	¾
a ∈ s(Z).

où»/� ·�t

£6À�¾+Æ��Tµ�°¿ÁÃ8Ã:Ç&µ ÂÎ¿`_#Y Â`Y�a[Ã	��� Ã	¾@�4Y[¾ha�Y[�8¿Ä¾@�TÇ&��µ��FY[¾�Y[��a�Y�Ã�WnYF¾Á�T¿ÄÃ:¾

D = D+D− = D−D+ : s(Z) → s(Z), (Da)j = aj−1 − 2aj + aj+1, j ∈ Z,
d+µ ¿�_�µ ¿ÁÂ�Ã	�#YIÂÄµ�4Y]µ��¶�Y[¾@Â`Y

J = J+J− : s(Z) → s(Z).
��Ã	¾ÁÆ'À�Ç��Y6oæ»�� ·�tÎµÆ6W�ÇZb°¿`_��T¿

a =
(∑

j∈Z

aj

)
e + DJa,

]ùÃ:¾
a ∈ s

ï¨ûXñ (Z),

�T��� X3b°µ����À�aX¿ÄµÃ	�

a =

p−1∑

q=0

γqD
qe + DpJpa, γq =

∑

j∈Z

(Jqa)j , a ∈ s
ï¨ûXñ (Z), p ∈ N.

où»/� r*t

� ��� � � �  �~©X¬
a = (ak,m)k∈Z

�@©�3:© �0¥�© 3 �[
(3.9)

��² ��©[¥
(4.3)

��¯ 5�3�« � ¦¨¬��

γ0 = 1, γq = γq,m =

µ∑

ν=1

(1 + zν)zµ+q−1
ν

(1 − zν)2q+1P ′
2µ(zν)

, q ≥ 1.
oæ»�� »*t

�.©X« 9�© 1X¬®¦¨§`© 5)�	 ¬���© 1@¯F©�� 1[¦æ©[¥�¬Z«
dk =

∑
j∈Z

ajfk−j
¯L±.¬���© ��¦æ©X¥p©Xª6¦¨¥�¬�©Xª�9�¯
5 ³T¥�¬ 1@³`¥ �@©

ªÄ© 9pªÄ©X«X©[¥�¬�© 3�¦¨¥ ¬ ��©$±X¯`ª �

dk = fk +

p−1∑

q=1

γqD
qfk + δ

(p)
k =

∑

|j|≤p−1

a
(p)
j fk−j + δ

(p)
k , k ∈ Z,

oæ»�� ¹�t

� ��©[ªÄ©

δ
(p)
k =

∑

j∈Z

(Jpa)k−jD
pfj , k ∈ Z,

oæ»�� 	�t

a
(p)
j = a

(p)
j,m =

p−1∑

q=|j|

(−1)j+q

(
2q

j + q

)
γq,m, |j| ≤ p − 1.

où»/� :�t



{�{[» �����~©Á©[¬���³
	�����/³`¦¨¥/¦����:¯
�ÎªÄ¯3¯¡± �r�ha�a[Ã	¾@��µ�#\�¿ÄÃ o r�� ¼*t��T�/� où»/� r*t�¸

γ0 =
∑
j∈Z

aj = 1.
� Y[¿�À/ÂBY3Â¡¿@��X�ÇµÂ`_loæ»�� »*t

]ùÃ	¾
q ≥ 1

� ��Ã	¾ý¿�_#Y�X�µ Â[Y2g:À�Y[��a�Y
z(ν) := (z

|j|
ν )j∈Z

d/Y'_/��¶�Y

(J−z(ν))k =
1

1 − zν

{
z−k

ν , k < 0

−zk+1
ν , k ≥ 0

}
,

(Jz(ν))k = (J+J−z(ν))k =
1

(1 − zν)2

{
z−k+1

ν , k ≤ 0

zk+1
ν , k > 0

}
=

zν

(1 − zν)2
z|k|ν .

�(_8À/Â

(Ja)k =

µ∑

ν=1

zν

(1 − zν)2
zµ−1

ν

P ′
2µ(zν)

z|k|ν , k ∈ Z.

6�b°¾`Y�WnY3�`¿`Y3� ��W#W�Çµ�aF�`¿Áµ Ã:� Ã�]~¿�_�µÂh]ùÃ	¾ÁÆ'À�Ç � d/Y'w���� ¿`_/�`¿

(Jqa)k =

µ∑

ν=1

zq
ν

(1 − zν)2q

zµ−1
ν

P ′
2µ(zν)

z|k|ν , k ∈ Z, q ∈ N.
où»/� �*t

��µ �navY ∑
k∈Z

z
|k|
ν =

1 + zν

1 − zν

¸Hoæ»�� »*te]ùÃ	ÇÇ Ã.d�ÂF�
�%Ã�YFÂL¿Á��X�ÇµÂ`_ où»�� ¹�tX¸ d/Y��#Y�Y3� ÂLÃ:Æ6Yi]ùÃ:¾ÄÆ½À�Ç��Y Ã�] ÂLÀ�Æ�Æ��T¿ÄµÃ	�mX3blW��	¾L¿@Â[� ��Ã	¾

a ∈ s(Z)
�	��� �6X�Ã	À��/�4YF��Ã	¾hW�Ã	Ç�b���Ã	Æ�µ �TÇÇZb \	¾ÁÃ.d+µ �#\�Â[Y2g8À#Y[��a�Y

f
¸�µ ¿:_�Ã:Ç��Â

∑

j∈Z

fjD
+aj = −

∑

j∈Z

(D−fj)aj ,
∑

j∈Z

fjD
−aj = −

∑

j∈Z

(D+fj)aj .

��Ã	¾
D = D+D− ¿`_�YFÂ`Y-]ùÃ:¾ÄÆ½À�Ç ��Y]µ ÆcW�Ç�b
∑

j∈Z

fjDaj =
∑

j∈Z

(Dfj)aj ,
∑

j∈Z

fjD
paj =

∑

j∈Z

(Dpfj)aj , p ∈ N.
oæ»�� ¼�t

�hY�aF�TÇÇ µ�#\I¿�_��`¿
e = (ej) = (δj,0)

¸*d/Y.Ã�X�¿Á�Tµ��d+µ ¿`_�¿�_#Y'_#Y[Ç�W Ã�]eoæ»�� r�t0�T���!oæ»�� ¼�t

dk =
∑

j∈Z

ak−jfj =
∑

j∈Z

fk−jaj =
∑

j∈Z

fk−j

( p−1∑

q=0

γqD
qe + DpJpa

)

j

=

p−1∑

q=0

γq

∑

j∈Z

(Dqfk−j)ej +
∑

j∈Z

(Dpfk−j)(J
pa)j

=

p−1∑

q=0

γqD
qfk +

∑

j∈Z

(Jpa)k−jD
pfj .

k Y.¿ÄÃ�Ã�f�µ�:¿ÁÃ½��a�aXÃ:À��8¿$¿`_/�`¿
Djfk−j = Dkfk−j

¸*dh_#Y[¾�Y+¿`_�Y��4Y3ÂLµ�\	�/�`¿ÄµÃ	�/Â
Djfk−j�T���

Dkfk−j
ÆcYF�	� ¿`_��T¿°¿�_#Y Â`Y�a[Ã	���@a�Y[�8¿Ä¾@�TÇ6��µ �FY[¾�Y[�navY

Dfk−j
µ Â°¿Á��f�Y[�pd+µ ¿`_

¾`Y3Â[WUY�aX¿
¿ÄÃ
j

Ã:¾
k

¸T¾�YFÂ`WnY2a�¿Äµ¶�YFÇZbE�	��À#Yý¿ÄÃ]¿�_#YhY�g8À��	Ç µ ¿�b'Ã�]/¿�_#YFÂ`Y���µ��UYF¾`YF��avY3Â[¸�d/YýÆ��	b
Ã	Æ�µ ¿6¿`_#Y�µ���4Yvu4Y3Â

j
Ã	¾

k
X3b

D
�#�(_8À/Â�¿�_#Yjw�¾@ÂL¿-Yvu4W�¾�YFÂÁÂÄµ Ã:� ]ùÃ	¾ÁÆ oæ»�� ¹�tX¸ oæ»�� 	�t(]ùÃ:¾
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dk
µÂ(Y3Â¡¿@��X�Çµ Â[_#Y3�#�/£-X�Â`Y[¾Á¶�µ �#\½¿`_/�`¿(]ùÃ	¾

γq
�T���

a
(p)
j

�4Y�w��#YF��µ� oæ»�� »*tÎ�T�/� oæ»�� :�t�¸�µ ¿
_�Ã	Ç ��Â

fk +

p−1∑

q=1

γqD
qfk =

∑

|j|≤p−1

a
(p)
j fk−j ,

d�Y]Ã�X�¿Á�Tµ� �TÇ ÂLÃ�¿`_�Y Â[Y2aXÃ	�/�°¾�Y�W�¾�YFÂ`Y[�8¿@�`¿ÄµÃ	� ]ùÃ	¾ÁÆ où»/� ¹�te]ùÃ	¾
dk

�
�

� ��� � ��� �� «Á«�´ ��©�¬���³T¬
f ∈ C(R)

¦ « �@¯`´�¥�3:© 3 ¯`ª 9�¯ 5)`¥�¯ �½¦æ³ 5B5)��	ªÄ¯ � ¦¨¥�� ³�«
|x| → ∞

��² ��©X¥�±X¯`ª
i ∈ Z

	
p ∈ N

	$¬ ��©XªÁ© ��¯
5�3°¬ ��© ªÁ© 9pªÄ©�«[©[¥�¬�³`¬®¦æ¯`¥�«

f
((

i +
m

2

)
h
)
− (Q

(p)
h,mf)

((
i +

m

2

)
h
) où»/�Z{3º�t

=

µ−1∑

j=−µ+1

( µ∑

ν=1

zp
ν

(1 − zν)2p

zµ−1
ν

P ′
2µ(zν)

∑

|k|≤µ

bk z|k−j|
ν

)
Dpfi+j

=

µ∑

j=−µ

( µ∑

ν=1

zp
ν

(1 − zν)2p

zµ−1
ν

P ′
2µ(zν)

∑

|k|≤µ

bk Djz
|k−j|
ν

)
Dp−1fi+j

=

µ∑

j=−µ+1

( µ∑

ν=1

zp
ν

(1 − zν)2p

zµ−1
ν

P ′
2µ(zν)

µ∑

k=−µ

bk(z|k−j|
ν − z|k−j−1|

ν )
)
Dp−1D+fi+j ,

� ��©[ªÄ©
µ = int((m−1)/2)

	
bk

³`ªÁ©-3:© �0¥�© 3I¦¨¥
(3.4)

	~³`¥�3
zν
	
ν = 1, . . . , µ

	~³TªÄ©�¬���©
1 ��³`ªÄ³*1X¬�©Xª�¦ «�¬®¦ 1 ªÁ¯F¯T¬æ« �®¬���©IªÄ¯F¯T¬æ«I¯¡±6¬ ��© 1 ��³TªÄ³�1[¬ä©[ª�¦ «�¬Z¦ 1 9�¯ 5)`¥�¯ �½¦æ³ 5

P2µ
��¦¨¥

(−1, 0)
� ��©[ªÄ©@³�«�¬ ��©�¦¨¥E3	©��

j
¦¨¥

Djz
|k−j|
ν

¦¨¥�3`¦ 1@³T¬ä©X« ¬ ��³`¬6¬ ��© 3`¦ �6©XªÄ©[¥�1@©
D = D+D− ¦ «

³ 9�9E5)¦æ© 3 ¬ä¯
z
|k−j|
ν

� ¦¨¬ ��ªÄ©�«�9�© 1X¬Ô¬ä¯
j
�

�ÎªÄ¯3¯¡± � �6À#Y]¿ÄÃyoù»/� ¹�t 
^où»�� 	�tX¸

(Qh,mf)(x)−(Q
(p)
h,mf)(x)=

∑

k∈Z

δ
(p)
k Bm(h−1x−k)

d+µ ¿`_
δ
(p)
k =

∑

j∈Z

(Jpa)k−jD
pfj ;

��À#Y]¿ÄÃyo1r�� »*tý�T�/� oæ»�� ��t�¸

f
((

i +
m

2

)
h
)
− (Q

(p)
h,mf)

((
i +

m

2

)
h
)

= (Qh,mf)
((

i +
m

2

)
h
)
− (Q

(p)
h,mf)

((
i +

m

2

)
h
)

=
∑

k∈Z

δ
(p)
k Bm

(
i +

m

2
− k

)
=

∑

k∈Z

bi−kδ
(p)
k

=
∑

k∈Z

b−kδ
(p)
k−i =

∑

k∈Z

bkδ
(p)
k−i

=
∑

|k|≤µ

bk

( ∑

j∈Z

(Jpa)k−i−jD
pfj

)
=

∑

|k|≤µ

bk

( ∑

j∈Z

(Jpa)k−jD
pfi+j

)

=
∑

j∈Z

( ∑

|k|≤µ

bk(Jpa)k−j

)
Dpfi+j



{�{ 	 �����~©Á©[¬���³
	�����/³`¦¨¥/¦����:¯

=
∑

j∈Z

( µ∑

ν=1

zp
ν

(1 − zν)2p

zµ−1
ν

P ′
2µ(zν)

∑

|k|≤µ

bk z|k−j|
ν

)
Dpfi+j .

�hY�W�¾�YFÂ`Y[�8¿Áµ �#\
Dpfi+j = D Dp−1fi+j = D−Dp−1D+fi+j

�T�/� À/ÂLµ�#\�¿`_#Y ÂÄÀ�Æ�Å
Æ��T¿ÄµÃ	� ]ùÃ	¾ÁÆ'À�Ç ��Y:¸�µ � W��	¾L¿Áµ�a[À�Ç �T¾3¸

∑

j∈Z

ajD
−fj = −

∑

j∈Z

(D+aj)fj =
∑

j∈Z

(aj − aj+1)fj ,

d�Y]Ã�X�¿Á�Tµ� �TÇ ÂLÃ

f
((

i +
m

2

)
h
)
− (Q

(p)
h,mf)

((
i +

m

2

)
h
)

=
∑

j∈Z

( µ∑

ν=1

zp
ν

(1 − zν)2p

zµ−1
ν

P ′
2µ(zν)

∑

|k|≤µ

bkDjz
|k−j|
ν

)
Dp−1fi+j

=
∑

j∈Z

( µ∑

ν=1

zp
ν

(1 − zν)2p

zµ−1
ν

P ′
2µ(zν)

∑

|k|≤µ

bk

(
z|k−j|

ν − z|k−j−1|
ν

))
Dp−1D+fi+j .

�(_#YFÂ`Y�]ùÃ	¾ÁÆ'À�Ç��Y6¿@��f�YI¿`_#Yj]ùÃ	¾ÁÆ où»/�Z{3º�t+ÂÄµ��avY ]ùÃ:¾�¿`_�Y a5_��T¾@��aX¿`YF¾Äµ Â¡¿Áµ�a�¶`�TÇÀ#Y3Â
zν

d�Y
_���¶�Y ∑

|k|≤µ bk z
|k−j|
ν = 0

]ùÃ	¾
|j| ≥ µ

È

]ùÃ	¾
j ≤ −µ,

∑

|k|≤µ

bk z|k−j|
ν =

∑

|k|≤µ

bk zk−j
ν = z−j

ν

∑

|k|≤µ

bk zk
ν = 0,

]ùÃ	¾
j ≥ µ,

∑

|k|≤µ

bk z|k−j|
ν =

∑

|k|≤µ

bk zj−k
ν = zj

ν

∑

|k|≤µ

bk z−k
ν = 0.

�hY�aF�TÇÇp¿`_��T¿+¿ÄÃ�\�YX¿�_#Y[¾hd+µ ¿`_
zν

¸��TÇ ÂÄÃ
z−1

ν

µ Â+�za5_��T¾@��aX¿`YF¾Äµ Â¡¿Áµ�a.¶`�TÇÀ#Y	�
�

������ � ��� �^�� ¯Tª
f ∈ V 2p,∞(R)

	$¦¨¬ ��¯ 5�3�«

‖Qh,mf − Q
(p)
h,mf‖∞ ≤ qm sup

i∈Z

∣∣∣f
((

i +
m

2

)
h
)
− (Q

(p)
h,mf)

((
i +

m

2

)
h
)∣∣∣

≤ qmc(p)
m h2p‖f (2p)‖∞,

où»/�Z{�{2t

� ��©[ªÄ©
qm = ‖Qh,m‖BC(R)→BC(R)

³T¥�3

c(p)
m =

µ−1∑

j=−µ+1

∣∣∣
µ∑

ν=1

zp
ν

(1 − zν)2p

zµ−1
ν

P ′
2µ(zν)

∑

|k|≤µ

bk z|k−j|
ν

∣∣∣.

�ÎªÄ¯3¯¡± � � Ç�YF�T¾ÁÇ�b	¸
Qh,mf −Q

(p)
h,mf = Qh,m(f −Q

(p)
h,mf)

¸��T���!oæ»���{�{	t�]ùÃ	ÇÇÃ.d�Â d+µ ¿`_
¿`_#Y�_#YFÇZW Ã�]%¿`_�Y w�¾ÁÂL¿�Ã	��Y�Ã�]~¾�Y�W�¾�YFÂ`Y[�8¿@�`¿ÄµÃ	�/Â'oæ»���{Fº*t��

�

�.µ��UYF¾`YF�8¿ÄÇ�bj]ù¾ÁÃ	Æ
‖f −Qh,mf‖∞

dh_�µ)a5_�µÂÔÂÄ�T¿ÄÀ�¾@�`¿�YF���`¿
¿`_�Y.��a�aXÀ�¾@��a�b
O(hm)

¸
¿`_#YF¾`Y$µ Â#��Ã6ÂÄ�T¿ÄÀ�¾@�`¿Áµ Ã:�6µ�]¿`_#YeY[¾Á¾ÄÃ:¾

‖Qh,mf−Q
(p)
h,mf‖∞


���a�aXÃ:¾Á��µ �#\Î¿ÁÃjoù»���{�{	t�¸�¿�_#Y
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	½¥�¯`¬��p©[¬æ« {�{�:

��a�a[À�¾@��avb'Ã	¾@�4Y[¾
O(h2p)

\	¾ÁÃ.d�Â d+µ ¿�_
p

µ�]
f

µ Â$ÂLÀ �za[µZYF�8¿ÄÇ�b½¾�Y�\:À�Ç�	¾F�`�ä¿ÔµÂ0¾`Y3�	ÂÄÃ	����X�ÇZY
¿ÄÃ g8À��:ÂLµ Åäµ �8¿`YF¾`W�Ã	Ç �`¿�Yjd+µ ¿`_�¿�_#Y�ÂLÆ��TÇÇ�YFÂL¿

p ∈ N
]ùÃ:¾-dh_�µ�a5_

2p > m
�#�4YF��ÃT¿�Y'µ ¿'X3b

p′
¸�µZ� Y	�¸

p′ =
µ�8¿ (

m + 2

2

)
=





m

2
+ 1, m

Y[¶�Y[�
m + 1

2
, m

Ã����





.

�BYF��ÃT¿�Y��	ÇÂÄÃ
Q′

h,m := Q
(p′)
h,m

¸
a′

j,m := a
(p′)
j,m

�#�6Â-d/Y�Â[Y�Yj]ù¾ÁÃ	Æ5�(_#YFÃ	¾�Y[Æ r XUY[ÇÃ.dI¸
‖f − Q′

h,mf‖∞
�	Â`b�ÆcW�¿ÄÃ	¿Äµ)a[�TÇÇ�b Æ��Tµ�8¿Á�	µ ��Â6¿�_#Y���a�a[À�¾Á��avb�Ã�]

‖f − Qh,mf‖∞
]ùÃ	¾

Cm Å�ÂLÆ�Ã�ÃT¿�_
f

�
 �ÃT¿�Y ¿�_��`¿ �Ig8À��:ÂLµ Åäµ �8¿`YF¾`W�Ã	Ç �T�8¿=aF�T� XnY �4YX¿�Y[¾ÁÆ�µ �#Y3�x]ù¾ÁÃ	ÆrÇÃ3aF�TÇý¶`�TÇÀ#YFÂ½Ã�]

fÂLµ��avY:]ùÃ	¾
x ∈ [ih, (i+1)h]

¸
i ∈ Z

¸:¿`_#Y.ÂÄÀ�Æzµ � où»���{2t
µÂ0¾`Y3Â¡¿Á¾Äµ)a�¿�YF�½¿ÄÃI¿�_#Y:]ùÃ:Ç ÇÃ.d+µ�#\
¿`Y[¾ÁÆ�Â[È

(Q
(p)
h,mf)(x) =

i∑

k=i−m+1

( ∑

|j|≤p−1

a
(p)
j fk−j

)
Bm(h−1x − k).

���v¿`_�µÂ Yvu4W�¾�YFÂÁÂLµÃ	�%¸0µ���4Yvu
k − j

¶`�T¾ÁµZY3Â�XUYX¿�d/Y�Y[�
(i − m + 1) − (p − 1)

�T���
i + (p− 1)

¸��T���
fk−j = f((k − j + m

2 )h)
Yvu4W�ÇÃ	µ ¿ÁÂÔ¶��	Ç À�YFÂÎÃ�]

f
]ù¾ÄÃ:Æ�¿`_#Y�µ �8¿�Y[¾Á¶��	Ç

[(i − m
2 − p + 2)h, (i + m

2 + p − 1)h]
�Î�(_8À/Â

(Q
(p)
h,mf)(x)

µ Âzd/Y[ÇÇ.�4Y�w��#YF� ]ùÃ:¾
x ∈ [ih, (i+1)h]

µ�]
f

µ ÂL\:µ ¶�Y[��Ã	��¿`_#Y+µ�8¿`YF¾Ä¶`�TÇ
[(i− m

2 −p+2)h, (i+ m
2 +p−1)h]

�
��Ç ÂLÃ]¿�_#Y+¿ÄÃ	¿Á�	Ç#Y[¾Á¾ÄÃ:¾

f(x)− (Q
(p)
h,mf)(x)

a[�	�cXnY:Y3Â¡¿Áµ Æ��T¿`YF��ÇÃ4a[�TÇÇ�bj]ùÃ	¾Ô�T�3b
p ∈ N.k YI¾�YFÂL¿Ä¾Áµ�aX¿+Ã	À�¾@Â[YFÇ ¶�YFÂ0¿ÄÃ�¿�_#Yja[�:Â[Y

p = p′
�T�/�

x ∈ [0, 1]
���(_#Y�g8À��:ÂLµ Å®µ�8¿`YF¾`W�Ã	Ç �T�8¿

(Q′
h,mf)(x) =

n−1∑

k=−m+1

( ∑

|j|≤p′−1

a′
j,mfk−j

)
Bm(h−1x − k), 0 ≤ x ≤ 1,

µÂhd/Y[ÇÇ&�4Y�w��#YF� ]ùÃ:¾
f ∈ C(−mh, 1 + mh)

�
������ � ����� �� ¯Tª

m ≥ 3, f ∈ W m,∞(−δ, 1 + δ)
	
δ ≥ mh

	$¦¨¬ ��¯ 5�3�«

max
0≤x≤1

|f(x)−(Q′
h,mf)(x)| ≤ (Φm+1π

−m+qmc′m)hm sup
−δ<x<1+δ

|f (m)(x)|,
où»/�Z{�·�t

� ��©[ªÄ©0±X¯Tª½©[§�©[¥
m
	

c′m =

µ∑

j=−µ

∣∣∣∣∣∣

µ∑

ν=1

zp′

ν

(1 − zν)2p′

zµ−1
ν

P ′
2µ(zν)

µ∑

k=−µ

bkDjz
|k−j|
ν

∣∣∣∣∣∣
,

� ��©[ªÄ©@³�«0±X¯`ª'¯ 3�3
m
	

c′m =

µ∑

j=−µ+1

∣∣∣∣∣∣

µ∑

ν=1

zp′

ν

(1 − zν)2p′

zµ−1
ν

P ′
2µ(zν)

µ∑

k=−µ

bk(z|k−j|
ν − z|k−j−1|

ν )

∣∣∣∣∣∣
.

��¯TªÄ©@¯`§`©Xª 	p±X¯`ª'³T¥� 1@¯
�$9�³*1X¬Ô«�´ ��«[©[¬
M

¯L±
Cm[−δ, 1 + δ]

	$¦¨¬ ��¯ 5�3�«



{�{�� �����~©Á©[¬���³
	�����/³`¦¨¥/¦����:¯

sup
f∈M

max
0≤x≤1

|f(x) − (Q′
h,mf)(x)|

≤ Φm+1π
−mhm max

−δ≤x≤1+δ
|f (m)(x)| + hmεh,m,M ,

où»/�Z{2r�t

� ��©[ªÄ©
εh,m,M → 0

³`«
h → 0

�

�ÎªÄ¯3¯¡± �r� Y[¿0À�ÂeYvu�¿`YF���
f ∈ W m,∞(−δ, 1+ δ) ⊂ Cm−1[−δ, 1+ δ]

À#W�¿ÄÃj]ùÀ���a�¿Áµ Ã:�
f ∈ V m,∞(R)

X3b°Â`YX¿Ä¿Äµ�#\

f(x) =





f−(x), x < −δ

f(x), −δ ≤ x ≤ 1 + δ

f+(x), x > 1 + δ





dh_#Y[¾�Y
f∓

�T¾�Y ¿`_�Y����	b�Ç Ã:¾jW/Ã:ÇZb���Ã:Æ�µ�	ÇÂ½Ã�]
f

Ã�].�4Y�\:¾`Y�Y
m − 1

d+µ ¿`_ Yvu4W��T�/ÂLµÃ	�
avY[�8¿�Y[¾@Â

−δ
�T���

1 + δ
¸�¾`Y3Â[WUY�aX¿Äµ¶�Y[Ç�b	� ��Ã	¾

0 ≤ x ≤ 1
d�Y�_���¶�Y

f(x) − (Q′
h,mf)(x) = f(x) − (Q′

h,mf)(x),

�T���°¿ÄÃ�\�YX¿�_#Y[¾hd+µ ¿`_�¿�_#Y�Y�g8À��	Ç µ ¿�b

f − Q′
h,mf = f − Qh,mf + Qh,m(Qh,mf − Q′

h,mf)

d�Y]Ã�X�¿Á�Tµ�

max
0≤x≤1

|f(x) − (Q′
h,mf)(x)|

≤ ‖f − Qh,mf‖∞ + qm sup
l∈Z

∣∣∣f
((

l +
m

2

)
h
)
− (Q

(p′)
h,mf)

((
l +

m

2

)
h
)∣∣∣ .

6�b �(_#Y[Ã:¾`YFÆ {	¸

‖f − Qh,mf‖∞ ≤ Φm+1π
−mhm‖f

(m)
‖∞.

�.ÂÄµ �#\ ¿`_�Y�Â[Y2aXÃ	�/� �T�/�;¿`_�µ ¾@� ¾�Y�W�¾`Y3Â[YF�:¿@�`¿Áµ Ã:� où»/�Z{3º�t'¾`Y3Â[WUY�aX¿Äµ¶�Y[Ç�b ]ùÃ	¾zYF¶�Y[� �T���
Ã����

m
¸4d/Y�\�YX¿

sup
l∈Z

∣∣∣f
((

l +
m

2

)
h
)
− (Q

(p′)
h,mf)

((
l +

m

2

)
h
)∣∣∣

≤ c′m

{
supj∈Z

|Dp′−1fj |, m
YF¶�YF�

supj∈Z
|Dp′−1D+fj |, m

Ã����
}

.

��À�¾Ä¿`_#YF¾F¸3]ùÃ:¾hY[¶�Y[���T��� Ã����
m
d�Y _���¶�Y	¸�¾�YFÂ`WnY2a�¿Áµ ¶�Y[Ç�b	¸

|Dp′−1f j | = |Dm/2f j | ≤ hm‖f
(m)

‖∞ = hm‖f (m)‖∞,

|Dp′−1D+f j | = |(D(m−1)/2D+)f j | ≤ hm‖f
(m)

‖∞ = hm‖f (m)‖∞,

dh_#Y[¾�Y
‖f (m)‖∞ := sup−δ<x<1+δ |f

(m)(x)|
�/�(_�À�Â
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‖Qh,m(Qh,mf − Q
(p′)
h,mf)‖∞ ≤ qmc′mhm sup

−δ<x<1+δ
|f (m)(x)|

où»/�Z{F»*t

�T��� où»/�Z{�·�te]ùÃ	ÇÇ Ã.d�ÂF�
�%ÃcW�¾ÁÃ`¶�Ycoù»/�Z{2r�t�¸�µ�8¿Ä¾ÁÃ���À�avY]¿�_#YIÃ�WUY[¾@�`¿ÁÃ	¾

Ah,m : Cm[−δ, 1 + δ] → C[0, 1], Ah,mf = h−mQh,m(Qh,mf − Q′
h,mf),

dh_#Y[¾�Y ¿�_#Y Y�u�¿`Y[�/ÂLµÃ	�
f

Ã�]
f

��Ã.diµÂ=X�À�µÇ ¿�À�ÂÄµ�#\�¿�_#Y����	b�Ç Ã:¾jW�Ã	Ç�b8��Ã	Æ�µ�	ÇÂ½Ã�]
fÃ�].�4Y�\	¾�Y�Y

m
� ��Ã	¾

f ∈ Cm+1[−δ, 1 + δ]
¸%d/Y�¿`_�Y[� _���¶�Y

f ∈ V m+1,∞(R)
¸
�T���

ÂLµÆ�µ Ç �T¾ÁÇZb �	Â�où»/�Z{F»*ted�YIÃ�X�¿Á�	µ ��o av]¡���TÇ ÂÄÃioæ»���{�{2t`tý�T�iYFÂL¿ÄµÆ��`¿`Y]Ã�]�Ã:¾Á�4YF¾

‖Qh,m(Qh,mf − Q
(p′)
h,mf)‖∞ = O(hm+1).

�(_8À/Â
‖Ah,mf‖C[0,1] → 0

�:Â
h → 0

]ùÃ	¾
f
]ù¾ÄÃ:Æ

Cm+1[−δ, 1+δ]
dh_�µ)a5_�µÂ
�I�#Y[��Â`Y

Â[Y[¿'µ �
Cm[−δ, 1 + δ]

���ha�a[Ã	¾@��µ ��\ ¿ÁÃ où»/�Z{F»*t�¸
‖Ah,m‖Cm[−δ,1+δ]→C[0,1] ≤ qmc′m]ùÃ	¾��TÇÇ%ÂÄÀ ��aXµ�Y[�8¿ÄÇ�b ÂÄÆ��TÇÇ

h
o ]ùÃ:¾

h ≤ δ/m
tX� 6/b 6ý�T����a5_ 
 ��¿`Y[µ�#_��	À�ÂÔ¿`_#YFÃ	¾�Y[Æ ¸�¿`_�Y

aXÃ	��¶�Y[¾�\�Y[�navY
‖Ah,mf‖C[0,1] → 0

�	Â
h → 0

¿@��f�Y3Â W�Ç��avY/]ùÃ	¾$�	Ç Ç
f ∈ Cm[−δ, 1+δ]

�
¿`_#Y:a[Ã	��¶�YF¾`\�Y[��a�Y0µ Â
À���µZ]ùÃ	¾ÁÆ d+µ ¿`_�¾�YFÂ`WnY2a�¿ ¿ÄÃ

f ∈ M
dh_#Y[¾�Y

M ⊂ Cm[−δ, 1+δ]
µ Â

��aXÃ:Æ6W/��a�¿�Â[Y[¿F�/�(_�µÂBW�¾ÄÃ`¶�YFÂjoæ»���{�r*t/d+µ ¿�_
εh,m,M = supf∈M ‖Ah,mf‖C[0,1] → 0�	Â

h → 0
�
�

�(_#Y!d/Y[µ�\�_8¿ÁÂ
a′

j,m := a
(p′)
j,m = a

(p′)
−j,m = a′

−j,m

¸
j = 0, . . . , p′ − 1

¸0Ã�]]¿�_#Y
g:À/�	ÂÄµ Åäµ �8¿�Y[¾�W/Ã:Ç�	�:¿

(Q′
h,mf)(x) =

∑

k∈Z

( ∑

|j|≤p′−1

a′
j,mf

((
k − j +

m

2

)
h
))

Bm(h−1x − k)

a[�T�cXUYBaXÃ:ÆcW�À�¿`Y3�cX3bioæ»�� :�t�Ã	�navY(]ùÃ	¾eY[¶�YF¾F�*��Ã	¾
m = 3, . . . , 10

¿�_#Y�b��T¾�Y��	ÂL]ùÃ	ÇÇ Ã.d�ÂFÈ

����� � <�� �/H K J  J N � K`_��
a
′

j,m

e�� _¡K J:,.� P���N W N)M`_ JÁ^¡\�e f PFM`_ "
m a

′

0,m a
′

1,m a
′

2,m a
′

3,m a
′

4,m a
′

5,m

U A " E3dFBFB3BFB3B WZB " A�E3d[B3B3BFB
b A " dFB3BFB3BFB3B WZB " EFC3CFC3C3C[c B " B3E3CFC3C3C[c
d A " Y3Y	AÁb`d[c3U WZB " U3CTA�d3E3C[c B " B[b�B3CFV3cFY
Y E " B�d[b	A�YFY�C WZB " YFU3c3d[b:A�C B " A�E3E[V	A�Y3C WZB " B	AFA@b�dFc3U
C E " U	A3A@U	A@U�C WZB " cFB3UFB	A�Y3d B " A@Y�E[V�C3CXb WZB " B	A�dFYTAXCFc
c E " V�EFc3dFc3E3d W¡A " EFdFU[b�B3cFU B " U[b�UFB�CFU3E WZB " B�d[c�CFE3dFc B " B3B[b`C[Y3V3Y
V U " U�dFU3E3E[U�E W¡A " dXb`CXb:A3A@c B " bFb:A@c3V3U3E WZB " B�CFC[b�C3d[b B " B3BFY3UFc�EFU
A@B b " UFb�YFc�E[V�d W®E " UTA3A@U3Y3UFV B " cFB3UFB3VFb�C WZB " A�VTA�c3d3CFV B " B�E[c�CFd3E3E W®B " B3B�E[B3UFV3c

�(_#Y�¶��	Ç À�YFÂIÃ�]
q′m := ‖Q′

h,m‖BC(R)→BC(R)
aF�T� XnY�a[Ã	ÆcW�À�¿�YF�|��a�aXÃ:¾Á��µ�#\ ¿ÄÃ

¿`_#Y ]ùÃ:¾ÄÆ½À�Ç� o1a ]¡��¿�_#Y ]ùÃ	¾ÁÆ'À�Ç � ]ùÃ	¾
qm

µ � �3Y2a�¿ÄµÃ	�yr*t

q(p)
m := ‖Q

(p)
h,m‖BC(R)→BC(R) = max

x∈[ m

2
, m+1

2
]

∑

j∈Z

|Fm,p(x + j)|,
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Fm,p(x) :=
∑

|k|≤p−1

a
(p)
k,mBm(x − k), p ∈ N.

��Ã	¾
m = 3, . . . , 10

¸`¿�_#Y.��À�ÆcYF¾Äµ)a[�	Ç�¶`�TÇÀ#YFÂ0Ã�]
c′m

oZÂ[Y�Y.�(_#Y[Ã:¾`YFÆ r*t
�T�/�
q′m

a[�T�zXUY
]ùÃ	À�����µ���~��X�ÇZY�r��

������� <�� � S �*�IJÄ^ N G@PFf#+3P[f �8J � e��
c
′

m
PFM*�

q
′

m.

m 3 4 5 6 7 8 9 10 20

c
′

m

B " B	A@Y�B " BTA�V B " B	A�d B " BFB3c�d B " B3B3YFB B " BFB3U3B B " B3B�EFE B " BFB	A�B
6.5 · 10−6

q
′

m

A " E3d[B A " U3d[b A " U�E[V A " b3B3U A " U�d[Y A " b	A�U A " U�C[c A " b	A�V A " dTA@b
qm

A " b:AÁb A " dXb�V A " CFBFY A " cTA�Y A " V	A@Y E " BFB3B E " B�CFd E " AÁb`E E " dFc3U

��Ã	¾��Ba[Ã	ÆcW��T¾Áµ ÂLÃ:�&¸�d/Y0¾�Y�aF�TÇÇZY3�I�TÇ ÂLÃ.¿`_#YÎ¶`�TÇÀ#YFÂ~Ã�]
qm = ‖Qh,m‖BC(R)→BC(R)

�
k Y�Â`Y�YÎ¿`_/�`¿
¿`_�Y(g8À��:ÂLµ Åäµ �8¿`YF¾`W�Ã	Ç �`¿Áµ Ã:� W�¾ÁÃ4avY3ÂÄÂ�µ Â�Y[¶�YF�½Æ�Ã:¾`Y+ÂL¿Á��X�ÇZYÎ¿`_/�T��¿`_#Yýµ�8¿`Y[¾ÄÅ
W/Ã:Ç�T¿ÄµÃ	� W�¾ÁÃ3a�YFÂÁÂ[��£6��¿`_�YjX��	ÂÄµ ÂýÃ�]�W�¾`Y3Â[YF�8¿`YF� ��À�ÆcY[¾Áµ�aF�TÇ#¶`�TÇÀ#Y3Â[¸�µ ¿�µ Â���µ �za[À�Ç ¿�¿ÄÃ
Â[Y[¿ �'_3b3W/Ã	¿`_#Y3ÂLµ ÂHdh_�YX¿`_�Y[¾

q′m
µ Â�X/Ã:À����4Y3� Ã:¾�Ã�]/�6Ç Ã�\:�T¾Áµ ¿`_�Æ�µ)ae\:¾ÄÃ.dý¿�_'�	Â

m → ∞
�

¿`_#YIÇ �`¿Ä¿`Y[¾h_3b3W�ÃT¿`_�YFÂÄµÂ+Â`Y�YFÆ�ÂÎ¿ÁÃzXnYIÆ�Ã:¾`Y'W�¾ÁÃ�X���X�ÇZY:�

� T��hNBQ�� % .HR�� .�	 .HN�O

�(_�µÂcdÎÃ	¾�f�dÎ�:Â W/�T¾Ä¿ÄÇ�b ÂLÀ#W�W/Ã:¾L¿�YF� X*b;�ÔÂ¡¿ÁÃ	��µ �T� �4aXµ�Y[�navY ��Ã	À������`¿Áµ Ã:� oæ¾`Y3Â[Y3�T¾5a5_
\	¾@�T�8¿ÁÂý �Ã/� 	@:TºT»��T����¹ �8¹T¼*t��
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