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H ´JI/K�L�µÆÃ
³�´ª±�´�M8¿�¯DÅÆÃNK�LPO+Ã Å�Q Å�Q�´NÂ�Ã
´�Iª´[ºRO+Ã
µÆ´]Ä ÃNL�´K¯	±+±ÆÃ
À�Q8ÅBµÆÃ
³�´

x′′ = −µ2x+ + λ2x−, µ, λ ∈ R, S ¶	�
¶3T
O�Q�´ª±²´

x±(t) = max{±x, 0},
O+Ã ÅUQ Å�Q�´JV8ÅÆ¿�±²È ºâ¸%Ã
K:¿�Á�Ã Ä
Ä
´	WEK	¿�L�³�¯D±�XYI/K�L�³�Ã ÅÆÃNK�L/µ

{

x(0) cos α − x′(0) sin α = 0,

x(π) cos β − x′(π) sin β = 0.
S ¶	�[Z�T

H ´�¯D±²´0ÄNK�K�\�Ã
L�À4]^K	±§ÅUQ�K:µÆ´×Á`¯DÄ
¿�´3µ_K�]
(λ, µ)

]^K	±`O�Q�ÃaI$Q ÅUQ�´×Â�±�K�W�Ä ´KÈbQ/¯	µ ¯,LGK5L8ÅÆ±²Ã Á�Ã ¯DÄ
µcK:Ä ¿�Å²Ã
K5L&�
dfe�g�hji_hak1h^lmibnGo��6Q�´'µÆ´[Å4K�]$¯DÄ
Ä&Á`¯DÄ
¿�´Kµ

(λ, µ)
µF¿pI$Q Å�Q�¯`Å�¯�LGK�L8ÅÆ±²Ã
Á8Ã ¯DÄ&µUK	Ä
¿�Å²Ã
K5Lq]^K:±

Â�±UK5W�Ä
´ªÈ S ¶:� ¶�T�· S ¶:� Z5TB´/r�Ã
µFÅ²µK·�Ã
µsIª¯	Ä Ä
´K³�ÅUQ�´Yt&��u[ 
v £É��¨$wª«­©��yxz]^K:±sWpK:¿GL�³�¯	±UX�Á`¯DÄ
¿�´
Â�±UK5W�Ä
´ªÈ S ¶	�
¶3T�· S ¶	�[Z�T[�
{�L�ÅUQ�Ã µ$Â�¯	Â/´K±|O ´.µcQ�K}O ÅUQ/¯`Å0Å�Q�´.µÆÂ/´3I�Å²±Æ¿�È~K�]#Â�±�K�W�Ä
´ªÈ S ¶:� ¶�T�· S ¶	�[Z�T Ã µ0¯�I/K	Ä
Ä ´3I�ÅÆÃNK�L
K�]>Iª¿�±ÆÁ:´Kµ6¯�L�³�O ´*K5W�Å²¯	Ã
L�ÅUQ�´']^K	±²È'¿�Ä ¯	µ,]^K	±6ÅUQ�´�µÆÂ/´3I�ÅÆ±²¿�È �#�6Q�´fW�±²¯�L�I$Q�´3µ4K�]
Å�Q�´
µFÂ�´�I[ÅÆ±²¿�È ¯	±Æ´�³�´�LGKDÅ²´K³�W�X

F+
n

¯�L�³
F−

n

·�O�Q�´K±Æ´ Å�Q�´ýÄNK}O×´K±�ÃNL�³�´/r ÃNL�³�ÃaIª¯DÅÆ´KµsQ�K}O
È�¯�L�XJ�ª´K±UK8µ°Ã
L ÅUQ�´BÃ
L8Å²´ª±²Á�¯	Ä

(0, π)
Q�¯:µ ÅUQ�´B±²´KµÆÂ�´�I�Å²Ã Á:´+µcK:Ä ¿�Å²Ã
K5L

x(t)
K�] S ¶	�
¶3T[· S ¶:� Z5T

¯�L�³�ÅUQ�´�¿�Â�Â/´K± ÃNL�³�´�r
(+)

µcQ�K}OBµ.Å�Q�¯`Å
x′(0) > 0

·#±²´KµÆÂ/´3I�Å²Ã Á:´ªÄNX
(−)

µcQ�K}OBµ.Å�Q�¯`Å
x′(0) < 0

�



»�Z �����B�`©��ª���3�
�6Q�´.Â�¯	Â/´K±×Ã µ>K	±²À:¯�L�Ã
�K´K³�¯	µ ]^K	Ä
Ä
K}OBµK��V�´�I�Å²Ã
K5LPZ Â�±UK`Á�Ã ³�´Kµ0¯D¿yr�Ã
Ä Ã ¯D±�X�±²´KµÆ¿�Ä Å²µ ¯�L�³

³�´Kµ�I[±²Ã
W�´Kµ�Å�Q�´�ÅÆ´3I$QGL�ÃaM8¿�´�O×´�¿�µÆ´K³�ÃNL Å�Q�´�µF´3M8¿�´ªÄÉ�mV�´3I�ÅÆÃNK�L Z Ã
µN³�´ªÁ�K	ÅÆ´3³�Å�K�È�¯	Ã
L
±Æ´3µF¿�Ä Å²µK·�Ã­� ´	��Å�K Å�Q�´ Iª¯	µÆ´

0 ≤ α ≤
π

2
≤ β ≤ π.

{�L�V�´�I�Å²Ã
K5L�¼PO×´�I�K5L�µÆÃ
³�´K±CK	ÅUQ�´K±
Iª¯	µÆ´Kµ�K�]`K:±²³�´K±ÆÃNL�ÀfK�]

α
¯�L�³

β.®$±UK:Â/´K±FÅ²Ã ´3µYK�]NÅUQ�´
	�¿��[ÃN\ µFÂ�´�I[ÅÆ±²¿�È ]^K	± ÅUQ�´ V8Å²¿�±²È�º�¸&ÃNK	¿�Á8Ã
Ä
Ä ´ Â�±UK5W�Ä
´ªÈ ¯�L�³
]^K	± µÆÂ�´�I[Ã�
pI Iª¯	µÆ´Kµ K�]JWEK	¿GL�³�¯D±�X I�K5L�³�Ã ÅÆÃNK�L�µK· L/¯DÈ�´ªÄNX	·×ÅUQ�´��B´K¿�È�¯�LGL WEK	¿�L�³�¯D±�X
I�K�L/³�Ã Å²Ã
K5L�µK·�ÅUQ�´NÈ�Ã
r�´3³PWpK:¿GL�³�¯	±UXYI/K�L�³�Ã Å²Ã
K5L�µª·�¯	±Æ´sI�K5L�µÆÃ
³�´K±Æ´3³ ÃNL��
¶	·�Z�·�¼��â�
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' ¿�±+ÅÆ´3I$QGL�ÃaM8¿�´NÃ
µ4W�¯	µÆ´K³PK�L�¯ ±²´ªÀ	¿�Ä
¯	±+¿�µÆ¯	À	´sK�]°ÂEK	Ä ¯D±4I�K�K:±²³�ÃNL�¯DÅÆ´KµK��¸&´ªÅ.¿�µ+ÃNL8ÅÆ±�KDº
³�¿�I[´]Å�Q�´ªÈ W�X�ÅUQ�´s]^K:±ÆÈ�¿�Ä ¯	µ

x = ρ sin ϕ, x′ = ρ cosϕ.

�6Q�´ Â�Ã
´�Iª´[ºRO+Ã
µÆ´ýÄ
Ã
L�´K¯D±J]ø¿GL�I�Å²Ã
K5L
f(x) = −µ2x+ + λ2x−,

Ã
L;ÂEK	Ä ¯D±fI�K�K	±@³�ÃNL�¯`Å²´Kµ
Ä
K�K�\�µ+¯:µ

f(ρ, ϕ) =

{

−µ2ρ sinϕ, sin ϕ ≥ 0,

−λ2ρ sin ϕ, sin ϕ < 0.

(*)$+-, � +/.10 �32 ¨ª«
ϕ(t)
�@¨N«54�¨ �D¦8�	¡ ¨76@��¦1w[«É 98`¦*6:8D©]£�8`¡)��«É 98`¦�£;8<6�«54�¨>=
�D��w?4�¬6��©@8��:A

¡ ¨�x S ¶	�
¶3T
ϕ(0) = ϕ0, ρ(0) = ρ0.

�B4�¨DC`  E.¨ª©Æ¨ª¦Ew@¨
ϕ(T ) − ϕ(0)

  £ý ¢¦BC:¨â��¨[¦FC	¨ª¦�«G8�6ý«54�¨ w?4H8`  w@¨I8�6
ρ0 > 0,

«54��D«�  £KJ
�`¦�¬�«É©Æ�MLª¨$wª«N8D©�¬ £@«��`©�«É ¢¦8� �`«$«54�¨]«É jx�¨�xO8}x�¨[¦/«

t = 0
6@©@8}xm«P4�¨RQ$©@£�«S8�66«54�¨]£@«É©Æ�D  �T4�«

¡) ¢¦�¨[£ S ¶:� Z5T*8`¦����H4���£ª¨B��¡
�`¦�¨:J ¨ª¦BC`£ �D«0£�8�x�¨�8`«54�¨ª©]£�«­©Æ�D  �T4�«×¡  ¢¦�¨
x(T ) cosϕ(T ) − x′(T ) sinϕ(T ) = 0.

U ©@8T8<6:� ��X�¿�µFÃNL�À'ÅUQ�´�ÂpK:Ä
¯	±>I/K�K:±²³�Ã
L�¯DÅÆ´3µ|O ´CI�K5L�Á	´ª±ÆÅ0´3M:¿/¯`ÅÆÃNK�L S ¶	�
¶3T
ÅUK'ÅUQ�´C]^K	±²È






ρ′ = ρ sin ϕ cosϕ + f(ρ, ϕ) cosϕ,

ϕ′ = −
f(ρ, ϕ)

ρ
sin ϕ + cos2 ϕ.

¸&´[ÅB¿/µ�±Æ´�O+±ÆÃ ÅÆ´�ÅUQ�´ µF´3I�K�L/³ ´3M:¿/¯`ÅÆÃNK�LpÃNL Å�Q�´s]^K	±²È

ϕ′ = F (ϕ) =

{

µ2 sin2 ϕ + cos2 ϕ, sin ϕ ≥ 0,

λ2 sin2 ϕ + cos2 ϕ, sinϕ < 0.
S Z��
¶3T

�.µ|IK¯�L�W/´6µF´K´/Lf]ø±UK:È S Z��
¶3T�·DÅUQ�´.³�´ª±²Ã Á`¯`Å²Ã Á:´6K�]
ϕ(t)

Ã
µ0Ã
L/³�´ªÂ�´/L�³�´/L8Å K�]
ρ(t).
�4KDÅ²ÃNIª´

ÅUQ�¯DÅ+ÅUQ�´s]ø¿GLpI�ÅÆÃNK�L
ϕ(t)

Ã µ+ÃNL�I[±²´K¯:µFÃNL�À�·�µÆÃ
LpI[´
ϕ′ > 0. �

(*)$+-, � +/.WV �3X £�8`¡)��«É 98`¦
8<6]«54�¨+��©@8��[¡ ¨/x
{

ϕ′ = k2 sin2 ϕ + cos2 ϕ, k > 0,

ϕ(t0) = ϕ0
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  £B�	 ¢�`¨[¦
�[¬

1

k
arctan(k tan ϕ) −

1

k
arctan(k tan ϕ0) = t − t0,

6:8`©
0 ≤ ϕ0 ≤ ϕ ≤

π

2

8`© π

2
≤ ϕ0 ≤ ϕ ≤ π

J �`¦FC� ¢«   £.�D ¢�`¨[¦
�[¬
1

k
arctan(k tan ϕ) +

π

k
−

1

k
arctan(k tan ϕ0) = t − t0,

6:8`©
0 ≤ ϕ0 <

π

2
< ϕ ≤ π.

U ©@8T8<6:� ' L�´]À	´ªÅ²µ6W�XýÃNL8ÅÆ´ªÀ:±²¯DÅÆÃNL�À�ÅUQ�´NÀ:Ã Á:´/L ³�Ã���´ª±²´/L8Å²Ã
¯	Ä#´�M8¿�¯`Å²Ã
K5L Å�Q�¯`Å

t − t0 =

ϕ
∫

ϕ0

dϕ

k2 sin2 ϕ + cos2 ϕ
=

ϕ
∫

ϕ0

dϕ

cos2 ϕ

k2 tan2 ϕ + 1
=

1

k

ϕ
∫

ϕ0

d(k tanϕ)

(k tan ϕ)2 + 1

=
1

k
arctan(k tanϕ)

∣

∣

∣

∣

ϕ

ϕ0

=
1

k
arctan(k tan ϕ) −

1

k
arctan(k tan ϕ0).


 K�L�µÆÃ
³�´ª±�ÅUQ�´JIª¯	µÆ´	O�Q�´/LpÅUQ�´ª±²´�Ã µB¯ Á`¯DÄ
¿�´
ϕ∗ =

π

2

ÃNL Å�Q�´NÃNL:Å²´ª±²Á`¯DÄ
(ϕ0; ϕ).

�6Q�´/L
O×´sQ�¯�Á:´

t − t0 =
1

k

ϕ
∫

ϕ0

d(k tanϕ)

(k tan ϕ)2 + 1
=

1

k

(

π

2
∫

ϕ0

d(k tanϕ)

(k tan ϕ)2 + 1
+

ϕ
∫

π

2

d(k tan ϕ)

(k tanϕ)2 + 1

)

=
1

k

(

lim
ε1→0

π

2
−ε1

∫

ϕ0

d(k tan ϕ)

(k tanϕ)2 + 1
+ lim

ε2→0

ϕ
∫

π

2
+ε2

d(k tan ϕ)

(k tan ϕ)2 + 1

)

=
1

k

(

lim
ε1→0

[

arctan(k tan(
π

2
− ε1)) − arctan(k tan ϕ0)

]

+ lim
ε2→0

[

arctan(k tan ϕ) − arctan(k tan(
π

2
+ ε2))

]

)

=
1

k

(π

2
− arctan(k tan ϕ0) + arctan(k tan ϕ) +

π

2

)

=
1

k
arctan(k tan ϕ) +

π

k
−

1

k
arctan(k tan ϕ0).

�

¸&´[Å×¿�µ0ÃNL8ÅÆ´K±ÆÂ�±²´[Å0ÅUQ�´�V8ÅÆ¿�±ÆÈ º�¸&ÃNK	¿�Á�Ã
Ä Ä
´4WEK	¿GL�³�¯D±�XfI/K�L�³�Ã ÅÆÃNK�L/µ S ¶:� Z5T�K�L ¯NÂGQ�¯:µF´
Â�Ä
¯�L�´	�yH�´�Q�¯�Á:´C]ø±�K	È S ¶	�[Z�T







x(0)/x′(0) = tan α, ϕ0 = α,

x(π)/x′(π) = tanβ, ϕ1 = β + πn,
]^K:±BµcK:È�´

n = 0, 1, 2, . . .
·

O�Q�´ª±²´
ϕ0 = ϕ(0)

¯�L�³
ϕ1 = ϕ(π).
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 �ª´�I$Q�È�¯`ÅUQ�´ªÈ�¯`Å²ÃNIªÃ
¯�LfV���	�¿��[ÃN\ Ã
L��`½Dº­Å�Q*K�]1ZD½`ºÉÅUQ'I[´/L8Å²¿�±UXs]^K:±ÆÈ�¿�Ä ¯`ÅÆ´3³'¯�L�³'µUK	Ä
Á	´3³
¯ L�¿�È'W/´K±qK�]'Â�±�K�W�Ä
´ªÈ�µqO�Q�ÃNI$Q ±Æ´KÄ
¯DÅÆ´ ÅUKxÅUQ�´ ÅUQ�´/K	±�X K�]*L�K�L�Ä
Ã
L�´K¯D± ³�Ã ��´K±Æ´�L8ÅÆÃ ¯DÄ
´�M8¿�¯`Å²Ã
K5L�µ°³�´ªÂ�´/L/³�Ã
L�À	K5L'Å�O�K�Â�¯D±@¯DÈ�´[Å²´ª±@µª�`�6Q�´+µÆ´�I/K�L�³*K	±@³�´ª±°¾.Ã
±²ÃNI$Q�Ä
´[Å|WEK	¿�L�³�¯D±�X
Á�¯	Ä ¿�´�Â�±UK5W�Ä ´KÈ O�¯	µ�I�K5L�µÆÃ
³�´K±Æ´3³ ÃNL ÅUQ�´�WEK�K�\I� 	��â�

H ´�I�K5L�µÆÃ
³�´K±6LGK}O ¯�ÈfK:±Æ´�À	´�L�´ª±@¯DÄ IK¯	µÆ´	���4K	ÅÆÃaI[´6ÅUQ�¯DÅ Å�Q�´ ¾6Ã ±²ÃNI$Q�Ä ´ªÅ6WEK	¿�L�³�¯D±�X
I�K�L/³�Ã Å²Ã
K5L�µ+¯D±²´]Â�¯D±ÆÅÆÃaI[¿�Ä
¯	±6IK¯	µÆ´Kµ�K�] ÅUQ�´*V8ÅÆ¿�±²È���¸%Ã
K:¿�Á�Ã Ä
Ä ´	WEK	¿GL�³�¯D±�XYI�K5L�³�Ã ÅÆÃNK�L�µK�
(*)$+-, � +/.�� � t 8D©.«54�¨�w@��£ª¨

0 ≤ α ≤
π

2
≤ β ≤ π

«54�¨6£É��¨$wª«­©��yx 8�6°��©@8 �ª¡ ¨/x S ¶	�
¶3TKJ
S ¶	�[Z�T*w?8D¦�£�  £�«ä£G8�6�£[¨����`©Æ�D«â¨ �ª©Æ�`¦1w?4�¨�£

(
6:8D©

k = 0, 1, 2, . . . λ > 0, µ > 0 ) :

F+

2k :

[

π

µ
−

1

µ
arctan(µ tan α)

]

+
(k − 1)π

µ
+

kπ

λ
+

[

π

µ
+

1

µ
arctan(µ tan β)

]

=π,

F−

2k :

[

π

λ
−

1

λ
arctan(λ tan α)

]

+
kπ

µ
+

(k − 1)π

λ
+

[

π

λ
+

1

λ
arctan(λ tan β)

]

=π,

F+

2k+1
:

[

π

µ
−

1

µ
arctan(µ tan α)

]

+
kπ

µ
+

kπ

λ
+

[

π

λ
+

1

λ
arctan(λ tan β)

]

= π,

F−

2k+1
:

[

π

λ
−

1

λ
arctan(λ tan α)

]

+
kπ

µ
+

kπ

λ
+

[

π

µ
+

1

µ
arctan(µ tan β)

]

= π.

U ©@8T8<6:� ' L�´�Iª¯�LG
pL�³�µFÂ�´�I[ÅÆ±²¿�È K�]�Â�±�K�W�Ä ´KÈ S ¶:� ¶�T�· S ¶:� Z5TmW�X µcK:Ä Á�ÃNL�À6ÅUQ�´+´3M:¿/¯`ÅÆÃNK�L

ϕ′ =

{

µ2 sin2 ϕ + cos2 ϕ,
Ã ]

sinϕ ≥ 0,

λ2 sin2 ϕ + cos2 ϕ,
Ã
]

sin ϕ < 0

ÅUK	À:´[Å�Q�´ª±�O+Ã ÅUQpÅUQ�´�WpK:¿GL�³�¯	±UX I/K�L�³�Ã ÅÆÃNK�L/µ
ϕ(0) = α

·
ϕ(π) = β.
 K�L�µÆÃ
³�´ª±B¯�µUK	Ä
¿�ÅÆÃNK�L K�] ÅUQ�´ Â�±�K�W�Ä
´ªÈ S ¶	�
¶3T[· S ¶:� Z5T�·GO�Q�ÃNI$Q�Q�¯:µ6LGK �K´ª±�K:µ�ÃNL Å�Q�´

Ã
L8ÅÆ´K±ÆÁ`¯	Ä
(0; π)

���6Q�´�L

ϕ0 = ϕ(0) = α ∈ [0;
π

2
], ϕ1 = ϕ(π) = β ∈ [

π

2
; π].

�6Q�Ã
µ È�´K¯�L�µ×ÅUQ�¯DÅ6]^K	±�¯�L�X
t ∈ (0; π)

¯�µUK	Ä
¿�Å²Ã
K5L
x(t) > 0

���6Q�¿�µ
x(t)

Ã µ�¯�µUK	Ä
¿�Å²Ã
K5L
K�]

x′′ = −µ2x
¯�L/³ ÃNL ÂpK:Ä
¯	±4I�K�K	±@³�ÃNL�¯`Å²´Kµ�µÆ¯DÅÆÃ µ<
/´Kµ

{

ϕ′(t) = µ2 sin2 ϕ + cos2 ϕ,

ϕ(0) = α, ϕ(π) = β.

�>X �6Q�´/K:±Æ´KÈ Z'O×´]À	´ªÅ

t − t0 = π =
1

µ
arctan(µ tan β) +

π

µ
−

1

µ
arctan(µ tan α). S 	�� ¶�T

V�Ã
LpI[´
λ

Ã µ+¯D±�W�Ã ÅÆ±@¯D±�X�ÂpK8µFÃ ÅÆÃ
Á	´sL�¿�È*W�´ª±3·yO ´�À:´[Å

F+

0 = { (µ0, λ) : µ0 is a solution of S 	��
¶3T
} .



���[��©Æ¨�£@£� 98`¦�£76:8`©	t&��u[ 
v��D��¨$w[«É©��yx 6:8D©��/«É��© x A 2  98`���3 ¢¡¢¡ ¨����3U »	»
H Q�´/L ÅÆ±²´K¯DÅÆÃNL�À�ÅUQ�´4IK¯	µÆ´>K�]

x(t) < 0
]^K:±$¯�L�X

t ∈ (0; π)
·�O ´�¿�µF´+¯	Ä
µUK�ÅUQ�´+±²´KµÆ¿�Ä Å

K�]+�6Q�´/K:±Æ´KÈ Z��`V�Ã È�Ã
Ä
¯	±ÆÄNX	·
F−

0 = {(λ0, µ), µ ∈ R
+},

¯�L�³
λ0

IK¯�L W�´ K�W�Å@¯DÃNL�´K³
]ø±UK:È

π =
1

λ
arctan(λ tan β) +

π

λ
−

1

λ
arctan(λ tan α).

�B´�r�ÅsO×´�I�K5L�µÆÃ
³�´K±.Å�Q�´ Iª¯:µF´'K�]
x(t)

Q�¯�Á�Ã
L�À ´�r�¯5I�ÅÆÄNX�K�L�´'�K´ª±�K�·�µÆ¯�X:·�¯DÅ
t = t1¯�L�³

x′(0) > 0
���6Q�´/L ]^K	±

0 ≤ t ≤ t1
O×´'¿�µF´

x′′ = −µ2x
¯�L�³ ÅUQ�´'Ä
´/L�À	ÅUQ K�] Å�Q�´

Ã
L8ÅÆ´K±ÆÁ`¯	Ä
[0; t1]

Ã µK·GW�X �6Q�´/K:±Æ´KÈ Z

t1 − 0 =
1

µ
arctan(µ tan π) +

π

µ
−

1

µ
arctan(µ tan α) =

π

µ
−

1

µ
arctan(µ tan α).

	GK	±
t1 ≤ t ≤ π

·
x(t)

Ã µPLGK�L ÂEK:µÆÃ ÅÆÃ
Á	´	· Å�Q�´ª±²´�]^K:±Æ´ O ´ I�K�L/µFÃ ³�´ª±p¯xµUK	Ä
¿�Å²Ã
K5L K�]
x′′ = −λ2x

¯�L�³qW�X �6Q�´�K	±²´ªÈ Z�Å�Q�´]Ä ´�L�ÀDÅ�QPK�]§Å�Q�´NÃNL:Å²´ª±²Á`¯DÄ
[t1, π]

Ã
µ�´3M:¿/¯DÄ�ÅUK

π−t1 =
1

λ
arctan(λ tan(β+π))+

π

λ
−

1

λ
arctan(λ tan π) =

1

λ
arctan(λ tan β)+

π

λ
.

�6Q�´�µÆ¿�È K�]
Å�O�K ÃNL8ÅÆ´K±ÆÁ`¯DÄ µBÃ µ
π

·#¯�L�³�O ´'À:´[Å6ÅUQ�´ ´�r�Â�±²´Kµ²µFÃNK�L ]^K:±
F+

1 = {(λ, µ)}
·

O�Q�´ª±²´
λ

¯�L�³
µ
Iª¯�LPW�´�K�W�Å@¯DÃNL�´K³q]ø±�K	È

F+

1 :

[

π

µ
−

1

µ
arctan(µ tan α)

]

+

[

π

λ
+

1

λ
arctan(λ tan β)

]

= π.

V�Ã È�Ã
Ä
¯	±ÆÄNX
F−

1

Ã µ�À	Ã
Á	´/LPW�X

F−

1 :

[

π

λ
−

1

λ
arctan(λ tan α)

]

+

[

π

µ
+

1

µ
arctan(µ tan β)

]

= π.

	GK	±B¯�L�X µcK:Ä ¿�ÅÆÃNK�L K�]°Â�±�K�W�Ä
´ªÈ S ¶	�
¶3T[· S ¶:� Z5T�·GO�Q�ÃaI$QPQ�¯	µ+´/r�¯�I�Å²Ä
X
n > 0

�ª´K±UK8µ×ÃNL
ÅUQ�´]ÃNL:Å²´ª±²Á`¯DÄ

(0; π)
·�ÅUQ�´�ÃNL8ÅÆ´K±ÆÁ`¯DÄ

[0; π]
IK¯�LYW�´]³�´�I/K	È�ÂpK8µF´3³ýÃNL

n + 1
µÆ¿GW�ÃNL:Å²´ª±²Á`¯DÄ µ

JT1
:= [0; T1]

·
JT2

:= [T1; T1 +T2]
·
JT3

:= [T1 +T2; T1 +T2 +T3]
·
. . .

·
JTn+1

:=

[
n
∑

n=1

Tn; π] S Å�Q�´�Ä
K}O ´ª±×Ã
L�³�´�rý±²´�]ø´ª±@µ
Å�K'Å�Q�´�Ä ´�L�ÀDÅ�QYK�]%µÆ¿GW�ÃNL8ÅÆ´K±ÆÁ`¯DÄjT×µcK/·	Å�Q�¯`Å�Ã
L ¯�L�X
K�]+ÅUQ�K:µÆ´ µÆ¿GW�ÃNL:Å²´ª±²Á`¯DÄ µNÅUQ�´ µÆÃ À5L K�].¯�µUK	Ä
¿�Å²Ã
K5L ³yK�´Kµ'LGKDÅ�I$Q�¯�L�À:´ S µÆ´ª´ 	§Ã
À�� ¶3T[�m{R]
x(t) ≥ 0

ÅUQ�´�L O ´�¿�µÆ´pÅUQ�´�´3M8¿�¯`Å²Ã
K5L
x′′ = −µ2x,

¯�L�³ Ã
]
x(t) < 0

Å�Q�´/L ÅUQ�´
´�M8¿�¯`Å²Ã
K5L

x′′ = −λ2x
Ã µB¿�µÆ´K³&��H�´'Iª¯�L�I�K	È�Â�¿�ÅÆ´NÅ�Q�´'Ä
´/L�À	ÅUQ�K�]°´3¯�I$Q�µÆ¿GW�ÃNL:Å²´ª±²Á`¯DÄ

W�X ¿�µFÃNL�À ±Æ´3µF¿�Ä Å@µ6K�]§�6Q�´�K	±²´ªÈ Z����6Q�´�ÅUKDÅ@¯DÄ#Ä
´/L�À	ÅUQPK�]°¯DÄ
Ä
n + 1

µF¿GW�Ã
L8ÅÆ´K±ÆÁ`¯	Ä
µ Ã µ
π.�6Q�Ã
µBÃ
µ+¯fW�¯:µFÃ µ�]^K	±+Â�±�K`Á�Ã
L�À�±²´ªÄ ¯`Å²Ã
K5L�µ�W/´ªÅ�O×´K´/L

µ
¯�L�³

λ.H ´ ³�´3I�K:È ÂEK:µÆ´6ÅUQ�´NÈ�¯DÃNL Ã
L8Å²´ª±²Á�¯	Ä#Ã
L�µÆ¿GW�ÃNL8ÅÆ´ª±²Á`¯DÄ µ

T1 =
π

µ
−

1

µ
arctan(µ tan α), T2 = T4 = . . . =

π

λ
, T3 = T5 = . . . =

π

µ
,

Tn+1 =











π

µ
+

1

µ
arctan(µ tan β), n

Ã µ�´ªÁ:´/L
,

π

λ
+

1

λ
arctan(λ tan β), n

Ã µ�K�³�³#·
O�Q�´/L 
�L�³�Ã
L�À ¯�L�¯	Ä
X8ÅÆÃaIª¯	Ä&³�´Kµ�I[±²Ã
Â�ÅÆÃNK�L�µ6K�]§Å�Q�´JW�±@¯�LpI$Q�´Kµ

F+
n S ∀n ∈ N

T��p{�L�Iª¯	µÆ´�K�]
ÅUQ�´�W�±@¯�LpI$Q�´Kµ

F−
n S ∀n ∈ N

T$Å�Q�Ã µB³�´�I/K	È�ÂEK:µÆÃ Å²Ã
K5L Ã µ
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�������p-�&
	��
M P O O�� T �N\ e O�d ��� d e � _�R d Q�� d � \	^ d �:e O ��
 C # C�� a 
 C # J �  $R¤_�P�� d �:^ TKQ�� _�P ^ O@O
� O ^ d �0R)Q�_�P O R Q`_ O ^ 
 TKe (0; π) #

T1 =
π

λ
−

1

λ
arctan(λ tan α), T2 = T4 = . . . =

π

µ
, T3 = T5 = . . . =

π

λ
,

Tn+1 =











π

λ
+

1

λ
arctan(λ tan β), n

Ã
µ�´KÁ	´�L
,

π

µ
+

1

µ
arctan(µ tan β), n

Ã µ�K�³�³
.

H ´�¿�µÆ´.Å�Q�´,]ä¯5I�Å3·:Å�Q�¯`Å ÅUQ�´�µÆ¿�È K�]%ÅUQ�´�Ä ´�L�ÀDÅ�Q�µ>K�]§¯	Ä Ä�ÃNL:Å²´ª±²Á`¯DÄ µ
JT1

·
JT2

·
JT3

·
. . .

·
JTn+1

Ã µ
π

¯�L�³PK�W�Å²¯DÃNL ÅUQ�´*	�¿H�[ÃN\ µÆÂ/´3I�Å²±Æ¿�È ]^K	±+Â�±�K�W�Ä
´ªÈ S ¶	�
¶3T[· S ¶:� Z5T��
�

�49�� =���!_?�� �R#/! #
{�L�Â�±Æ´KÁ�Ã
K:¿�µ$µÆ´�I�Å²Ã
K5L�µ$¯�L�¯DÄNX8ÅÆÃaIª¯DÄ�´�r�Â�±²´Kµ²µFÃNK�L�µ`]^K:± W�±@¯�LpI$Q�´Kµ�K�]�Å�Q�´ 	�¿H�[ÃN\�µFÂ�´�I[ÅÆ±²¿�È
O×´K±Æ´'K�W�Å@¯DÃNL�´K³�ÃNL ÅUQ�´�Iª¯:µF´'K�]

0 ≤ α ≤
π

2
≤ β ≤ π.

¸%´[Å]¿�µsI�K5L�µFÃ ³�´K±.Å�Q�´'Å�Q�±²´ª´
±Æ´KÈ�¯	Ã
L�Ã
L�À IK¯	µÆ´KµK�

� � 0 � (*)$+ ����þ +I,��
0 ≤ β ≤ π/2 ≤ α ≤ π


 K�L�µÆÃ
³�´ª±�ÅUQ�´NÂ�±UK5W�Ä
´ªÈ S ¶	�
¶3T�· S ¶	�[Z�T×¿GL�³�´ª±+Å�Q�´ ¯	³�³�Ã Å²Ã
K5L�¯DÄ#¯	µ²µÆ¿�È�Â�ÅÆÃNK�L ÅUQ�¯DÅ

0 ≤ β ≤
π

2
≤ α ≤ π. S ¼��
¶3T

{�L Å�Q�´NÂpK:Ä
¯	±4I�K�K	±@³�ÃNL�¯`Å²´Kµ�K�L�´�À:´[Å@µ














ϕ′ =

{

µ2 sin2 ϕ + cos2 ϕ,
O�Q�´�L

sin ϕ ≥ 0,

λ2 sin2 ϕ + cos2 ϕ,
O�Q�´/L

sin ϕ < 0,

ϕ(0) = α, ϕ(π) = β, 0 ≤ β ≤ π
2
≤ α ≤ π.

H ´ ¯D±²´NÄ
K�K�\�ÃNL�À ]^K:±6µUK	Ä
¿�ÅÆÃNK�L�µ6µF¿pI$Q ÅUQ�¯DÅ.ÅUQ�´'±²´KµÆÂ/´3I�ÅÆÃ
Á	´]Å²±²¯���´�I[ÅUK	±²Ã
´Kµ�K5L�¯�ÂGQ�¯:µF´
Â�Ä
¯�L�´�µ�Å@¯D±ÆÅÆÃNL�À�¯`ÅNÅ�Q�´ýµ�Å²±²¯	Ã À5Q8Å�Ä
Ã
L�´ O+Ã Å�Q Å�Q�´ý¯�L�À	Ä
´ π

2
≤ α ≤ π

·&±�KDÅ²¯DÅÆ´ ÅUKpÅ�Q�´
¯�L�À:Ä ´

πn ≤ β ≤
π

2
+ πn ∀n ∈ N

]^K:±�ÅUQ�´]Å²Ã È�´NÂ�´ª±²Ã
K�³
t = π.
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�������p-�&������ R � � Tªe R � T[_�R d Q d ��� d e � _�R d Q5� d �
\	^ d �:e O � 
 C # C�� a 
 C # J �  $R¤_�Pý_�P O T����	R)_�R d Q�TKeI d Q��	R¤_�R d Q 
 b # C���� T �

x+

2k

a�� �
x−

2k

#
�������p-�&�� ��� R � � TKe)R � Tª_�R d Q d �:� d e � _�R d Q�� d �
\:^ d �8e O � 
 C # C�� a 
 C # J � � Q�� O ^ _�P O T3�5�:R¤_�R d Q�TªeI d Q��:R¤_�R d Q 
 b # C ��� T �

x+

2k−1

a�� �
x−

2k−1

#
�.¨/x��D©Uv
	����6Q�´�µFÂ�´�I[ÅÆ±²¿�È K�]6Â�±�K�W�Ä
´ªÈ S ¶	�
¶3T[· S ¶	�[Z�T'O+Ã ÅUQ ÅUQ�´p±²´KµFÅÆ±²ÃaI�ÅÆÃNK�L/µ S ¼��
¶3T
±Æ´KÄ
¯DÅÆ´Kµ Å�K�µcK:Ä ¿�Å²Ã
K5L�µ6O�Q�ÃaI$Qp¯	±Æ´N³�´KÂ�ÃaI�ÅÆ´3³pÃ
LD	 Ã À/��Z ¯�L�³ 	 Ã À/� 	��
� +-. . � 0 �
� 6

β < α
J+«54�¨ª¦ £É��¨$w[«É©��yx 8<6.��©?8 �ª¡ ¨�x S ¶:� ¶�TKJ S ¶:� Z5T;4���£�¦B8D�ª©Æ�`¦1w?4�¨�£

F±

0 .

U ©@8T8<6:� {âÅY]^K:Ä ÄNK}OBµY]ø±UK:È
ϕ′(t) > 0

ÅUQ�¯DÅ Å�Q�´ ]ø¿�L�I�Å²Ã
K5L
ϕ(t)

Ã µ È�K�L�KDÅUK5L�ÃaIª¯DÄ
ÄNX
Ã
L�Iª±Æ´3¯	µÆÃ
L�À��/�6Q�´ª±²´�¯D±²´*L�KYW�±@¯�L�I$Q�´Kµ

F±

0

]^K	±�Â�±�K�W�Ä
´ªÈ S ¶:� ¶�T�· S ¶:� Z5T+ÃNL�Å�Q�´fIK¯	µÆ´*K�]
β < α

·�ÅUQ�´ª±²´�]^K	±²´�µUK	Ä
¿�Å²Ã
K5L�µ4K�]$Â�±UK5W�Ä
´ªÈ S ¶:� ¶�T�· S ¶	�[Z�T.³yKYL�KDÅ]´�r�Ã
µFÅK·EO�Q�ÃaI$Q�µ²¯`ÅÆÃ µc]^X
ÅUQ�´�WEK	¿GL/³�¯D±�XYI�K5L�³�Ã ÅÆÃNK�L�µ+¯�L�³qQ�¯�Á	´sLGK��ª´K±UK8µ Ã
LpÅUQ�´NÃ
L8ÅÆ´K±ÆÁ`¯	Ä

(0; π). �

=R8D©@8`¡¢¡
�`©�¬�	����6Q�´K±Æ´]¯D±²´,LGKfW�±@¯�L�I$Q�´Kµ
F±

0

]^K:± Â�±UK5W�Ä ´KÈ S ¶	�
¶3T[· S ¶:� Z5T|O+Ã ÅUQ ÅUQ�´sI�K5L�º
³�Ã Å²Ã
K5L S ¼��
¶3T[�

H ´ À�K	Å°¯�L�¯DÄNX8ÅÆÃaIª¯DÄ8´�r�Â�±²´Kµ²µÆÃ
K5L�µ ]^K:±mW�±@¯�LpI$Q�´KµmK�]�Å�Q�´+µFÂ�´�I[ÅÆ±²¿�È ]^K	± Å�Q�´×Â�±UK5W�Ä ´KÈ
¿GL�³�´K±4I�K�L/µFÃ ³�´ª±@¯`Å²Ã
K5L&·�È�¯�\�Ã
L�À ¿/µF´�K�]§±²´KµÆ¿�Ä Å@µ6K�]
�6Q�´/K:±Æ´KÈ Z�Ê

F+

2k−1
: −

1

µ
arctan(µ tan α) +

(k − 1)π

µ
+

(k − 1)π

λ
+

1

λ
arctan(λ tan β) = π,

F−

2k−1
: −

1

λ
arctan(λ tan α) +

(k − 1)π

µ
+

(k − 1)π

λ
+

1

µ
arctan(µ tan β) = π,

F+

2k : −
1

µ
arctan(µ tan α) +

kπ

λ
+

(k − 1)π

µ
+

1

µ
arctan(µ tan β) = π,

F−

2k : −
1

λ
arctan(λ tan α) +

kπ

µ
+

(k − 1)π

λ
+

1

λ
arctan(λ tan β) = π, ∀k ∈ N.

� � V � (*)$+ ����þ +I,��
0 ≤ α ≤ π/2 � 0 ≤ β ≤ π/2


 K�L�µÆÃ
³�´ª±B¯�µcK:Ä ¿�ÅÆÃNK�LPK�]§Â�±UK5W�Ä ´KÈ S ¶:� ¶�T�· S ¶	�[Z�T>O+Ã ÅUQpÅUQ�´ ¯:³�³�Ã ÅÆÃNK�L�¯	Ä�I�K5L�³�Ã ÅÆÃNK�L
0 ≤ α ≤

π

2
, 0 ≤ β ≤

π

2
. S ¼��[Z�T

{âÅ²µ+Ã
È�¯DÀ	´	K�L ¯ ÂGQ�¯:µF´]Â�Ä ¯�L�´NµFÅ²¯	±FÅ@µ�]ø±UK:È�ÅUQ�´ ¯�L�À	Ä
´
0 ≤ α ≤

π

2

·�¯�L/³ ´�L�³�µ+¯DÅ Å�Q�´
¯�L�À:Ä ´

πn ≤ β ≤
π

2
+ πn

·
∀n ∈ N

]^K	±�Å�Q�´]ÅÆÃ
È�´NÂ/´K±ÆÃNK�³
t = π S µÆ´ª´*	 Ã
À���¼�T[�
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�������p-�&���� UÉQ`_ O ^�\	^ O _FTª_�R d Q d �§_�P O � d � Q��8T ^�� I d Q��	R)_�R d Q���� d ^�\	^ d �:e O � 
 C # C�� a 
 C # J �×d QýT
\ P�T/� O \ e TKQ O a5 $R¤_�P _�P O T3�5�:R¤_�R d Q8TKe�I d Q��	R¤_�R d Q 
 b # J ��� T � α < β

a�� �
α > β

#

�.¨/x��D©Uv��-���+´KµÆÂ/´3I�Å²Ã Á:´ µUK	Ä
¿�ÅÆÃNK�L�µ K�] Â�±�K�W�Ä
´ªÈ S ¶:� ¶�T�· S ¶	�[Z�T O+Ã Å�QhÅUQ�´ ¯	³�³�Ã ÅÆÃNK�L/¯DÄ
I�K�L/³�Ã Å²Ã
K5L S ¼��[Z�T�¯	±Æ´]³�´ªÂ�ÃNI[ÅÆ´K³pÃNLD	§Ã
À���»�¯�L�³ 	§Ã
À������

�������p-�&�� � � R � � TKe)R � Tª_�R d Q d �`� d e � _�R d Q5��_ d
\	^ d �:e O � 
 C # C�� a 
 C # J �  $R¤_�Pý_�P O T3���	R¤_�R d Q�TªeI d Q��	R¤_�R d Q 
 b # J ��� 
 T � x+

2k

a 
 � � x−

2k

#
�������p-�&	� � � R � � Tªe R � T[_�R d Q d ��� d e � _�R d Q���_ d
\:^ d �8e O � 
 C # C � a 
 C # J �  $R)_�Pý_�P O T3�5�:R¤_�R d Q8TKeI d Q��:R¤_�R d Q 
 b # J ��� 
 T � x+

2k−1

a 
 � � x−

2k−1

#

�.¨/x��D©Uv�
/��{R]
β < α S µÆ´ª´S	§Ã
À��ª¼�T�·ªÅUQ�´�L]ÅUQ�´K±Æ´$¯	±Æ´�LGK,W�±²¯�L�I$Q�´3µ

F±

0

K�]�ÅUQ�´×µFÂ�´�I[ÅÆ±²¿�È
]^K	±+Â�±�K�W�Ä
´ªÈ S ¶	�
¶3T[· S ¶:� Z5T�O+Ã Å�Q Å�Q�´JI�K5L�³�Ã ÅÆÃNK�L S ¼/� Z5T��

¸&´[Å�¿�µ%
�L�³ ]^K:±ÆÈ�¿�Ä ¯	µ,]^K	±,W�±²¯�L�I$Q�´KµCK�]
Å�Q�´�µFÂ�´�I[ÅÆ±²¿�È ]^K	±6ÅUQ�´ Â�±�K�W�Ä
´ªÈ�¿GL�³�´ª±
I�K�L/µFÃ ³�´ª±@¯`Å²Ã
K5L&�	� ±@¯�L�I$Q�´3µ

F±

0

K�]#ÅUQ�´ 	�¿H�ªÃ
\�µÆÂ/´3I�ÅÆ±²¿�È ±²´ªÄ ¯`ÅÆ´BÅUK Å�Q�´CIK¯	µÆ´4K�]
α < β

F+
0 : −

1

µ
arctan(µ tan α) +

1

µ
arctan(µ tan β) = π,

F−

0 : −
1

λ
arctan(λ tan α) +

1

λ
arctan(λ tan β) = π.

¸&´[ÅB¿/µ 
�L�³ ¯�L�¯	Ä
X8Å²ÃNIK¯DÄ#´�r�Â�±²´Kµ²µÆÃ
K5L�µ|]^K:±+±Æ´KÈ�¯DÃNL�Ã
L�ÀfW�±²¯�L�I$Q�´KµKÊ
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F+

2k−1
:

π

µ
−

1

µ
arctan(µ tan α)+

(k − 1)π

µ
+

(k − 1)π

λ
+

1

λ
arctan(λ tan β) = π,

F−

2k−1
:

π

λ
−

1

λ
arctan(λ tan α)+

(k − 1)π

µ
+

(k − 1)π

λ
+

1

µ
arctan(µ tan β) = π,

F+

2k :
π

µ
−

1

µ
arctan(µ tan α) +

kπ

λ
+

(k − 1)π

µ
+

1

µ
arctan(µ tan β) = π,

F−

2k :
π

λ
−

1

λ
arctan(λ tan α)+

kπ

µ
+

(k − 1)π

λ
+

1

λ
arctan(λ tan β) = π, ∀k ∈ N.

� � � � (*)$+ ����þ +I,��
π/2 ≤ α ≤ π � π/2 ≤ β ≤ π
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