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Â
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ÎPÌÐÏ4a/Ï:Ó
�GÌÐÂ
Ï	� ÎÛÌ¹Í���Âf\D� Â � |f}x~ú�

��Ï	��ÎÐÂ
�Z\^Ë$��b:Â Ã4\^��Òn\DÎ�`
a = x0 < x1 < . . . < xn = b

[+Â Ì:`jb	Â
Ã�\^����Í�Ò>e-\DË¹Î
zi

Å
i = 1, . . . , n

Å8Â¦� \:�8�{b	Â
Ã�\^�j`�Â
ÎPÌÐÏ4b	Ë@�GÒ �: YÓ Â
�Z\D�	ËxwcÓ Â
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C1 ÎÐÒ�Ï8Ï	Ì�`�mùÍ���c[ÌÐÂ
Ï	�
S

Ï	�
[a, b]

Ï�m�Ì:`Z\6mùÏ	Ë¹Ò

S(x) =
ai + bi

(

x − xi−1

)

1 + di

(

x − xi−1

)

[+Â Ì:`
1 + di(x − xi−1) > 0

mùÏ	Ë
x ∈ [xi−1, xi]

Å
i = 1, . . . , n

Å�ÎPÍ-c�`¿Ì:`��cÌ

xi
∫

xi−1

S(x)dx = zi

(

xi − xi−1

)

, i = 1, . . . , n.
�¦Ä��f}I�

��� �:����Â ÌÐÂ
Ï	�&Å�[]\`Â Òna�Ï:Î�\`Ì�`Z\�e�Ï	Í������GË:poc^Ï	����Â ÌÐÂ
Ï	�/Î

S′(x0) = α, S′(xn) = β
�¦Ä�� Ä��

Ï	Ë
S(x0) = α, S(xn) = β
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mùÏ	Ë;b	Â
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Â
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C1 Ó Â
�Z\3�GË2w�Ó
Â �Z\3�GË�Ë¹�GÌÐÂ
Ï	���	Ó�Î�a�Ó
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��c^Ë�\3�	ÎÐÂ �Zb
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[a, b]

�8ÊU`�Â Î$Â
Òna�Ó
Âq\3Î$Ì:`��cÌ3Å4mùÏ:Ë$Ì:`Z\C\�s�Â ÎPÌ�\^�-c2\
Ï�m�Ì�`Z\«ÎÐÏ	Ó
Í�ÌÐÂ
Ï	�%Å�Â ÌBÂ Î �Z\�c�\DÎ¹ÎÐ�	Ë�p�Ì:`��cÌ

z1 < . . . < zn or z1 > . . . > zn or z1 = . . . = zn
�¦Ä�� È3�

�G��� Ì:`Z\_e�Ï	Í������GË:p»���GÌ¹��`���Ã4\�ÌÐÏ eJ\Cc[Ï:��ÎÐÂ
ÎPÌ�\D�:ÌQ[+Â Ì:`j`�Â
ÎPÌÐÏ4b	Ë@�GÒx���cÌ¹����y \_a�Ë¹ÏcÃ�\3�
Â �v|q}�~�Ì:`��cÌ3Å�Ï	��Ì:`Z\��	Î¹ÎPÍ�Òna�Ì¹Â Ï:��Î��]Ä�� È3�C[+Â Ì�`zc^Ï	��ÎÐÂ ÎÛÌ:\^�8Ì�e�Ï	Í������GË:p����cÌ@��Å/Ì�`Z\¶ÎÐÏGÑ
Ó Í�Ì¹Â Ï:� Ï�m c^Ï	��ÎÐÂ ��\^Ë:\D�omùÏ	Ë¹Ò�\2s�Â ÎÛÌ@Î^�

ÊU`Z\��4c�Ì¹Í��GÓ c[Ï:��ÎPÌÐË¹Í�c�Ì¹Â Ï:��Ï�m�`�Â
ÎPÌÐÏ4a/Ï:Ó
�GÌÐÂ
�Zb Î�a�Ó
Â ��\�c^Ï	Í�Ó ��eJ\`Â Òna�Óf\^Òn\^�8Ì:\D� ÎPÏ:Ó Ñ
Ã8Â
�Zb¶� ��Ï	��Ó Â
�Z\D�	ËBÎtp�ÎPÌ�\DÒ�Ï�m�e��	ÎÐÂicW\Ig8Í��cÌ¹Â Ï:��Î

mi = ϕi(m) :=
δi

hiϕ
((mi−1

mi

)1/2)

+ hi+1ϕ
((mi+1

mi

)1/2)

�¦Ä�� Æ��
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[+Â Ì:` Ì�[�Ï;�	����Â Ì¹Â Ï:���GÓ;\Ig:Í/�cÌÐÂ
Ï	�/Î»Ï4e�Ì¹�	Â ��\D��mùËÐÏ:Ò �]Ä�� Ä4�»Ï	Ëk�]Ä�� �3���0�C\^Ë:\ []\ Òn\D�G�
mi = S′(xi)

Å
i = 0, . . . , n

Å
m = (m0, . . . , mn)

Å
hi = xi − xi−1

Å
i = 1, . . . , n

Å
δi = zi+1 − zi

�G���
ϕ

Â Î Ì:`Z\6mùÍ���c[ÌÐÂ
Ï	�

ϕ(x) =







x2(log x − 1) + x

(x − 1)2
for x > 0 , x 6= 1 ,

0.5 for x = 1 .
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�GÌ�\'Ì�`��GÌ.Ì�`�\'Ë¹Âqb4`:ÌW`��G����ÎPÂ ��\'Ï�m>�]Ä�� Æ4�B��\	���Z\3Î+Ì�`�\ mùÍ���c[Ñ
ÌÐÂ
Ï	��Î

ϕi
��ÊU`Z\6c[Ï	�/��Â Ì¹Â Ï:��Î��]Ä�� Ä��0ÎPÂ
Òna�Ófp
��s Ì:`Z\�Ã��	Ó Í�\DÎ

m0 = α
�	���

mn = β
Å/e�Í�Ì3Å

\	� b��
Å�Ì�`Z\ c^Ï	����Â ÌÐÂ
Ï	�
S(x0) = α

Óf\D�:��Î�ÌÐÏ�Ì:`Z\�\�g8Í��GÌÐÂ
Ï	�

m0 = ϕ0(m) :=
δ0

h1ϕ
((m1

m0

)1/2)

�¦Ä�� �4�

[+Â Ì:`
δ0 = z1 − α

��ÊU`Z\n\�g8Í��cÌ¹Â Ï:�v�¦Ä�� �4��c[Ï:Í�Ó
�zeJ\nc^Ï	��ÎÐÂ ��\^Ë:\D� �	ÎMÎ�a-\Ic[Â �GÓ c^�:Ît\ Ï�m
�]Ä�� Æ��Q[;`Z\DË�\

i = 0
�G���

h0 = 0
Å
z0 = α

�
��Óq\3�GË¹Óqp:Å0Ï	��Óqp Ì�`�\ cD�	Î�\

z1 < . . . < zn
�Z\�\3��Î�Ì:`Z\�ÎÛÌ¹Í���p �G��� [Q\ Ë�\3ÎÛÌ¹ËÐÂic�Ì

Ï	Í�Ë@Ît\DÓ Ã4\DÎ Ì¹Ï�Ì:`��cÌ3�#��ÍZaZa�Ï:Î�\{[]\{`���Ã4\'��b:Â Ã4\^���]�cÌ6Óf\D�:ÎÛÌ3Å���Â,�G\^Ë:\^�8ÌÐÂ ��e�Óq\��UmùÍ���c[ÌÐÂ
Ï	�
f

Ï	�
[a, b]

��ÊU`Z\`�8Í�Ò{eJ\^Ë@Î
zi

�GË:\6cD�GÓic[Í�Ó �cÌ:\D� �	Î

zi =
1

hi

xi
∫

xi−1

f(x) dx, i = 1, . . . , n,

Ì�`Z\Uc[Ï:����Â ÌÐÂ
Ï	��Î]�]Ä�� Ä4�&�GË:\0Ï�m�Ì�`�\ mùÏ:ËÐÒ
S′(x0) = f ′(x0)

Å
S′(xn) = f ′(xn)

�G�����¦Ä�� �4�
�GË:\

S(x0) = f(x0)
Å
S(xn) = f(xn)

�#ÊU`Z\ ÎÛÌ¹ËÐÂic�Ì�Â ��c^Ë�\3�	Î�\«Ï�m `�Â
ÎPÌÐÏ4b	Ë@�GÒ `Z\^Âfb�`8Ì¹ÎDÅ
Â]� \	�

zi < zi+1
mùÏ:ËB�GÓ
Ó

i
Å�Â
Î;b:Í��GË@�G�8Ì:\�\D�&Å3\:� b/� Å�e/p

f ′(x) > 0
mùÏ:ËB�GÓ
Ó

x ∈ [a, b]
�

yz\'�	Ë�\'Â �8Ì�\DË�\3ÎÛÌ:\D� Â
��Ì�`�\>c[Ï:��Ã�\^Ë:b�\D��c2\`Ë@�cÌ:\«Ï�m
(S − f)

Â
��Í���Â,mùÏ:ËÐÒz��Ï	Ë¹ÒzÏ	�
[a, b]

�:Î
h = max1≤i≤n hi

b:Ï3\3Î�ÌÐÏj��\DËÐÏ/�
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yz\¶��\DËÐÂ
Ã�\»Ï	Í�Ë�c[Ï:��Ã�\^Ë:b�\D��c2\'Ë¹�GÌ�\'Ë:\DÎÐÍ�Ó Ì¹Î�e��:ÎPÂ
�Zb Ï	��Ì:`Z\�\DÎPÌÐÂ
Ò��GÌ�\3Î6Ï�m
mi
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ÎBÎ�\�c[ÌÐÂ
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f ′ ∈ Lip α
¬[ªc½�£^ªGµ�©

α ∈ (0, 1]
³c¢�±

f ′(x) > 0
¬[ªc½�³G¯§¯

x ∈ [a, b]
�BÀ�´�©^¢

mi − f ′(xi) = O(hα).

��½Ðª3ªÛ¬ � Ê���^�\
Ki = [f ′(xi)− chα, f ′(xi) + chα]

[+Â Ì:` � ��Í�Ò{eJ\^Ë
c > 0

Â
����\�aJ\^��Ñ
��\^�8Ì.Ï�m

h
�G��� [;`�Âic�`k[+Â
Ó Ó�e-\'Î�aJ\�c[Â���\3� Ó
�GÌ�\^Ë3����`�Ï+[+Â ��b�Ì�`��GÌ

ϕi :
∏n

i=0 Ki → KimùÏ	Ë��GÓ
Ó
i
Å_[]\�Ò¶��psÍ/Ît\ ��Ï�`�Ó Ñ%��Ë¹Ï	Í/[]\^Ë��Zs�\D� a/Ï:Â �8Ì�Ì:`Z\^Ï:Ë�\DÒ �G���YÌ�`�\;Í���Âig:Í�\[Ñ

�Z\DÎ¹Î'Ï�mBÌ�`�\ ÎÐÏ	Ó
Í�ÌÐÂ
Ï	� Ï�mBÌ:`Z\ Î�p�ÎÛÌ:\^Ò
mi = ϕi(m)

Å
i = 0, . . . , n

Å%Ì¹Ï�ÎPÌ¹�GÌ�\¿Ì�`��GÌ
mi ∈ [f ′(xi) − chα, f ′(xi) + chα]

�
��Â
Ë@ÎÛÌ3Å�Óq\^ÌBÍ�Î+�G���	Óqp/��\6Ì:`Z\MÒ¶�GÂ
� cD�	Î�\

i = 1, . . . , n − 1
���.ÎÐÂ
�Zb�Â � Â
�:Ì:\�b:Ë¹�	Ó
Î�Ï�m
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δi =
1

hi+1

xi+1
∫

xi

f(x) dx − 1

hi

xi
∫

xi−1

f(x) dx

Ì�`Z\ Ê���p�Ó Ï:Ël\2s�a��G�/ÎPÂ
Ï	�
f(x) = f(xi) + f ′(xi)(x − xi) + R

ÅC[;`Z\^Ë:\�Â Ì�`�Ï	Ó ��Î
|R| ≤ (L/(1 + α))|x − xi|1+α �	���

L
Â Î�Ì�`�\«Á&Âfa�Î�c�`�Â Ì:� c[Ï	�/ÎÛÌ@�G�8Ì�Ï�m

f ′
ÅZ[]\6b�\[Ì

δi =
1

2

(

hi + hi+1

)

f ′(xi) ±
L

(1 + α)(2 + α)

(

h1+α
i + h1+α

i+1

)

.
� ���f}I�

ÊU`Z\�c^Ï	Òna���c[Ì>[+Ë¹Â Ì¹Â ��b
p = q ± r

Å
�	Î»Í�ÎÐÍ��GÓ¦Å���\^��Ï	Ì�\3Î«Ì:`Z\�Ì�[�ÏGÑ�ÎPÂ ��\3��Â �Z\Ig8Í��GÓ
Â Ì�p
q − r ≤ p ≤ q + r

�
�_\2s�Ì3Å�c[Ï:��ÎPÂ ��\DË�Ì:`Z\�\2s�a��	��ÎÐÂ Ï:�

ϕ
((mi−1

mi

)1/2)

= ϕ(1)+ϕ′(ξi)
((mi−1

mi

)1/2

−1
)

, ξi ∈
(

1,
(mi−1

mi

)1/2)

.
� ��� Ä��

�Q`�Ï�Ï:Î�\
mi = f ′(xi) ± chα Å

i = 0, . . . , n
��ÊU`Z\^� []\MÏ�e�Ì@�GÂ
�

mi−1

mi
− 1 =

mi−1 − mi

mi
= ± 2c + L

f ′(xi) − chα
hα.

� ��� �4�

Á	\[Ì�Í�Î$Ë:\^Ò¶�GË:^�ÅGÂ
�¿�	����Â Ì¹Â Ï:�&ÅGÌ:`��cÌ$Ì:`�Â Î p�Âf\^Ó ��Î
mi−1/mi → 1

�:Î
h → 0

� �.ÎÐÂ
�ZbMÌ�`�\
Ê���p�Ó
Ï	ËU\2s�a��	��ÎPÂ
Ï	��ÍZa ÌÐÏ�Ì:`Z\«Ît\Ic[Ï:���¿��\DËÐÂ
Ãc�cÌ¹Â Ã4\WmùÏ:Ë

(1 + x)1/2 �GÌ.Ç�Å�[]\�Ï4e�Ì¹�	Â �

√
x − 1 =

√

1 + (x − 1) − 1 =
x − 1

2
− (x − 1)2

8(1 + ξ)3/2
, ξ ∈ (0, x − 1).

ÊU`�Â
ÎDÅ���aZa�Ó
Âq\3�¿Â
� Ì�`Z\ cD�	Î�\
x = mi−1/mi

[+Â Ì�` Ì�`Z\�`�\^Ófa Ï�m � ��� �4��Óf\D�:��Î�ÌÐÏ

(mi−1

mi

)1/2

− 1 =
1

2

(mi−1

mi
− 1

)

+ O(h1+α)

= ±
( c + L

2

f ′(xi) − chα
hα + O(h1+α)

)

= ±
( c + L

2

f ′(xi)
hα + O(h2α)

)

.
� ��� È3�

yz\MÒ¶��poc^Ï	��c^Ó Í��Z\6Ì:`��cÌ3Å�Â
� � ��� Ä����G�/��Ì:`Z\^��Â
� �¦Ä�� Æ��[Å�Â Ì_`�Ï	Ó ��Î

ϕ′(ξi) =
1

3
+ O(hα).

� ��� Æ��

 B���	Ó Ï4b	Ï	Í/Î]cD�GÓic[Í�Ó �cÌ¹Â Ï:��ÎUc[Ï:Í�Ó
� eJ\M��Ï	�Z\6mùÏ:Ë Ì�`Z\`Ì:\^Ë¹Ò
ϕ((mi+1/mi)

1/2)
Â
� �]Ä�� Æ4���

Ê���^8Â
�Zb�Â
���¦Ä�� Æ��+Â
�8ÌÐÏ ��c�c^Ï	Í��8Ìn� ���f}I�B�G���v� ��� Ä��[Å � ��� È3�[Å�� ��� Æ4�;[+Â Ì�`�Ì�`Z\DÂ Ë6c[Ï:Í���Ñ
Ì�\^Ë:a��	ËPÌ@Î]mùÏ	Ë

mi+1
ÅZ[]\�Ï4e�Ì¹�	Â �

ϕi(m) =

1
2

(

hi + hi+1

)

f ′(xi) ± L
(1+α)(2+α)

(

h1+α
i + h1+α

i+1

)

1

2

(

hi + hi+1

)

±
(

hi + hi+1

)

(1

3
+ O(hα)

)( c + L
2

f ′(xi)
hα + O(h2α)

)
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=
f ′(xi) ± 2L

(1+α)(2+α)h
α

1 ±
(1

3
+ O(hα)

)(2c + L

f ′(xi)
hα + O(h2α)

)

=
(

f ′(xi) ±
2L

(1 + α)(2 + α)
hα

)(

1 ±
( 2

3c + L
3

f ′(xi)
hα + O(h2α)

))

= f ′(xi) ±
((2

3
c +

(1

3
+

2

(1 + α)(2 + α)

)

L
)

hα + Mh2α
) � ��� �4�

[+Â Ì:`�c2\^ËÐÌ¹�	Â �
M > 0

��\�a-\D����Â
�Zb�Å4`�Ï+[Q\DÃ�\DËDÅ�Ï	�
c
Å
L

�G���
f

��y \_`���Ã4\�Ì�`Z\BÂ
��c^Ó Í�ÎÐÂ
Ï	�
ϕi(m) ∈ Ki

Âqm

2

3
c +

(1

3
+

2

(1 + α)(2 + α)

)

L + Mhα ≤ c,

[;`�Âfc�`%Å�Â � Ì¹Í�Ë¹�&Å�Ì¹��^�\3ÎUa�Ó
�4c2\6mùÏ:Ë.ÎPÍ��jc^Âq\D�8ÌÐÓfp¿Ó �GË:b�\
c
��\	� b��
Å�Â
� Ì�`Z\>c^�	Î�\

α = 1
Å�mùÏ:Ë

c > 2L
���	����ÎÐÒ¶�GÓ
Ó

h
�

ÊU`Z\We�Ï	Í������GË:pjc[Ï:����Â ÌÐÂ
Ï	�
S′(x0) = f ′(x0)

��Ï ��ÏGÌ+�Z\�\D�¿�	�/p��	���GÓfp�ÎPÂ Î��G���o[Q\
��\D�	Ó e�ËÐÂf\��-p�[+Â Ì:`

S(x0) = f(x0)
Óf\D�:��Â ��b»Ì¹Ïk�]Ä�� �4�[��ÊU`Z\^� Â Ì_`�Ï	Ó ��Î

δ0 =
h1

2
f ′(x0) ±

L

(1 + α)(2 + α)
h1+α

1

�G����[+Â Ì:` Ì�`Z\�`Z\DÓqa Ï�m�Ì:`Z\�\2s�a��	��ÎPÂ
Ï	�

ϕ
((m1

m0

)1/2)

= ϕ(1) + ϕ′(ξ0)
((m1

m0

)1/2

− 1
)

, ξ0 ∈
(

1,
(m1

m0

)1/2)

,

[Q\�b�\^Ì]mùÏ:Ë
ϕ0

Ì:`Z\MÎÐ�	Ò�\������	ÓGmùÏ	Ë¹ÒlÏ�m�Ì�[�Ï	ÑúÎÐÂ
�Z\D�j\3ÎÛÌ¹Â Ò¶�cÌ:\j� ��� �4�[��ÊU`�Â
Î;c^Ï	Òna�Óf\[Ì:\DÎ
Ì�`Z\�a�Ë¹Ï�Ï�mÛ�

�

������� ���	� ��¨3®	®�ª�£^©
f ′′ ∈ Lip α

¬[ªc½ £^ªcµ¶©
α ∈ (0, 1]

³G¢�±
f ′(x) > 0

¬[ªG½�³G¯§¯
x ∈ [a, b]

�BÀ�´�©^¢
mi − f ′(xi) = O(h1+α).

��½Ðª3ªÛ¬ � Á	\^Ì+Í�Î;[+Ë¹Â Ì:\�\Ig8Í��cÌ¹Â Ï:��Î��]Ä�� Æ4�0Â
� Ì�`Z\6mùÏ:ËÐÒ

Fi(mi−1, mi, mi+1) = himiϕ
((mi−1

mi

)1/2)

+ hi+1miϕ
((mi+1

mi

)1/2)

= δi,

i = 1, . . . , n − 1,
� �������

Â �8ÌÐË¹Ï���Í�c^Â �Zb¶�GÌ�Ì:`Z\«Î¹�GÒn\�ÌÐÂ
Ò�\6mùÍ���c�Ì¹Â Ï:��Î
Fi

���]p¿Ê���p�Ó Ï:ËU\2s�a��G�/ÎPÂ
Ï	��[Q\�\3ÎÛÌ@��e�Ó
Â
Î�`

δi =
hi + hi+1

2
f ′(xi) +

h2
i+1 − h2

i

6
f ′′(xi) + O

(

h2+α
i + h2+α

i+1

)

.
� ��� �4�

 �ÌBÓq\�m§Ì_`��G��� ÎÐÂ
�Z\�Ï�m � ���	���Q[]\MÍ�Î�\6Ì:`Z\«Ê���p8Ó
Ï	ËU\�s/a/�G��ÎÐÂ Ï:�

Fi

(

mi−1, mi, mi+1

)

= Fi

(

mi, mi, mi

)

+ F ′
i

(

mi, mi, mi

)

hi +
F ′′

i

(

ξλ

)

2!
h

2

i
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[+Â Ì:`
hi = (mi−1 −mi, 0, mi+1 −mi)

Å�ÎPÏ:Òn\
λ ∈ (0, 1)

�G���
ξλ = (mi, mi, mi) +

λhi
���_\DË�\{[Q\ `/��Ã�\«�cÌ6Ï	��c�\

Fi(mi, mi, mi) = 1
2 (hi + hi+1)mi

�#��Ï:��c2\DËÐ��Â �Zb�Ì:`Z\
Ì�\^Ë¹Ò([+Â Ì�`

F ′
i

[]\ c^�	Ófc^Í�Ó
�GÌ�\

∂Fi

∂mi−1
=

hi

2
ϕ′

((mi−1

mi

)1/2)(mi−1

mi

)−1/2

[;`�Âfc�` b	Â
Ã�\3Î ∂Fi

∂mi−1
(mi, mi, mi) = 1

6hi
�	����ÎPÂ
Ò�Â Ó �GË¹Óqp []\ Ï4e�Ì¹�	Â �xÌ�`Z\ Ãc�GÓ
ÍZ\

∂Fi

∂mi+1
(mi, mi, mi) = 1

6hi+1
�����

F ′′
i

[]\M��c�Ì¹Í��GÓ
Ófp��Z\�\3� Ï	��Ófp

∂2Fi

∂m2
i−1

=
hi

4mi−1

(

ϕ′′
((mi−1

mi

)1/2)

− ϕ′
((mi−1

mi

)1/2)(mi−1

mi

)−1/2)

�G���«ÎÐÂ
Ò Â
Ó �GË%��\DËÐÂ
Ãc�cÌ¹Â Ã4\ ∂2Fi

∂m2
i+1

���We�Î�\^Ë¹Ã�\�Ì:`��cÌ3Å�e/pMÁ	\DÒ Ò¶��}:ÅDÂ Ì�`�Ï	Ó ��Î
mi ∈ [c1, c2]

[+Â Ì:`
c1, c2 > 0

mùÏ	ËBÎÐÍ ��c[Âf\^�8ÌÐÓfp�ÎÐÒ¶�GÓ
Ó#Ãc�GÓ
ÍZ\DÎ Ï�m
h

��ÊU`�Â Î;b	Â
Ã�\3Î

λmi−1 + (1 − λ)mi, λmi+1 + (1 − λ)mi ∈ [c1, c2].

 ;m§Ì�\DË.ÎPÌ¹�G�/���GË@��cD�GÓic[Í�Ó �cÌ¹Â Ï:��Î][Q\�cD�G�lc[Ï	�-c[Ó
Í���\�Ì�`��GÌ

F ′′
i (ξλ)

2
h

2

i = hiαi

(

mi−1 − mi

)2
+ hi+1βi

(

mi+1 − mi

)2
,

[;`Z\^Ë:\
αi

�	���
βi

�GË:\6e/Ï:Í�����\3�#��ÊU`�Í�ÎDÅ�Ì�`Z\MÓf\2m§Ì_`/�G��� ÎÐÂ
��\`Ï�m�� ���	����Ë:\D��Í�c�\DÎ�Ì¹Ï

1

6
himi−1 +

1

3

(

hi + hi+1

)

mi +
1

6
hi+1mi+1

+ hiαi

(

mi−1 − mi

)2
+ hi+1βi

(

mi+1 − mi

)2
.

� ��� É4�

��� �:����Â ÌÐÂ
Ï	�&Å�Í/ÎPÂ
�Zb Ì�`Z\6mùÏ:ËÐÒ»Í�Ó ��\

f ′(xi) − hif
′′(xi) = f ′(xi−1) + O(h1+α

i ),

f ′(xi) + hi+1f
′′(xi) = f ′(xi+1) + O(h1+α

i+1 )

Óq\^ÌBÍ�ÎU[+ËÐÂ Ì�\�� ��� �4���	Î

δi =
hi

6
f ′(xi−1)+

hi + hi+1

3
f ′(xi)+

hi+1

6
f ′(xi+1)+O

(

h2+α
i +h2+α

i+1

)

.
� ���q}3Ç4�

�BÏ+[ � ��� É4� �	��� � ���f}DÇ3�Qa-\DËÐÒ�Â Ì+ÌÐÏ ÌÐË@�G��ÎtmùÏ	Ë¹Ò�� ��������ÌÐÏ Ì�`�\6mùÏ	Ë¹Ò

λi

(

mi−1 − f ′(xi−1)
)

+ 2
(

mi − f ′(xi)) + µi(mi+1 − f ′(xi+1)
)

= −6λiαi

(

mi−1 − mi

)2 − 6µiβi

(

mi+1 − mi

)2

+ O
(

h1+α
) � ���q}4}I�

[+Â Ì:`
λi =

hi

hi + hi+1

�G���
µi = 1 − λi

�
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���¿Ì:`Z\ c^�:Ît\`Ï�m e/Ï:Í������	Ë�p�c[Ï	�/��Â Ì¹Â Ï:�
S(x0) = f(x0)

[+Ë¹Â Ì:\n�¦Ä�� �4���	Î

F0(m0, m1) = h1m0ϕ
((m1

m0

)1/2)

= δ0 .
� ���q}�Ä��

�_\^Ë:\6[Q\`Í�Î�\`Ì�`�\�\2s�a��G�/ÎPÂ
Ï	��Î

δ0 =
h1

2
f ′(x0) +

h2
1

6
f ′′(x0) + O

(

h2+α
1

)

=
h1

3
f ′(x0) +

h1

6
f ′(x1) + O

(

h2+α
1

)

�G���

F0(m0, m1) = F0(m0, m0) + F ′
0(m0, m0)h0 +

F ′′
0 (ξλ)

2!
h

2

0

[+Â Ì:`
h0 = (0, m1 −m0)

�	���
ξλ = (m0, m0) + λh0

�8����Ì:`Z\.Ó �	ÎPÌ mùÏ:ËÐÒ»Í�Ó ��[Q\W`���Ã�\

F0(m0, m0) =
h1

2
m0,

∂F0

∂m1

(

m0, m0

)

=
h1

6
,

F ′′
0 (ξλ)

2
h

2

0 = h1α0(m1 − m0)
2,

[;`Z\^Ë:\
α0

Â Î;e�Ï	Í����Z\D�#��ÊU`�\�\Ig8Í��cÌ¹Â Ï:� � ���f}3Ä��0Ì@��^�\3Î�Ì�`Z\6mùÏ:ËÐÒ

2
(

m0 − f ′(x0)
)

+
(

m1 − f ′(x1)
)

= −6α0

(

m1 − m0

)2
+ O

(

h1+α
1

)

.
� ���q}I�4�

�We�Ît\DËÐÃ4\`Ì�`��GÌ.Ì:`Z\ �:ÎÐÎÐÍ�Òna�Ì¹Â Ï:�
f ′′ ∈ Lip α

b	Í��	Ë¹�	�:Ì:\�\3Î
f ′ ∈ Lip 1

�G��� Ì:`Z\^�%Å
e3p�Á	\^Ò�Ò¶�l}	Å

(mi − mi−1) = O(h)
Ï:Ë

(mi − mi−1)
2 = O(h2)

mùÏ:ËB�GÓ
Ó
i
�

��Ï	��ÎÐÂ
�Z\^Ë¹Â �Zb6��Ï+[;Ì:`Z\;\�g8Í��GÌÐÂ
Ï	��ÎU� ���q}4}I���G��� � ���q}I�4��[+Â Ì:`»Â Ì¹Î0�G���	Ó Ï4b	ÍZ\��cÌ
xn

�	Î
�.Ó
Â ��\D�GË$Î�p�ÎÛÌ:\^Ò [+Â Ì�` Ë�\3ÎtaJ\�c[Ì�ÌÐÏ

mi−f ′(xi)
Å
i = 0, . . . , n

Å�[Q\ �����»Ï	Í�Ì�Ì:`��cÌ�Ì:`Z\^Ë:\
Â
Î«Ì�`Z\¿��Â
��b	Ï	�/�GÓ$��Ï:Ò Â
���	��c2\�Â
�;Ë¹Ï+[BÎ^�&�.Ï+[Q\DÃ�\^Ë3Å�Ì�`�\�c[Ï:����Â ÌÐÂ
Ï	�

S′(x0) = f ′(x0)b	Â
Ã�\DÎ«Ì�`Z\¿ÌÐË¹Â Ã�Â �GÓQ\�g8Í��cÌ¹Â Ï:�
m0 − f ′(x0) = 0

[;`�Âic�`da�Ë:\DÎ�\^Ë¹Ã�\DÎMÌ�`Z\�a�ËÐÏ4a-\DËPÌ�p�Ï�m
��Â
��b	Ï:���GÓ#��Ï:Ò Â
���	��c2\:��ÊU`�Â
Î_p8Âf\^Ó ��Î

mi − f ′(xi) = O(h1+α),

[;`�Âfc�`kc^Ï	Òna�Óf\[Ì�\3Î�Ì�`Z\�a�ËÐÏ�Ï�mÛ�
�

�.©^µ�³G½ ��� �8����ÎÛÌ:\D�:�¿Ï�m�\2s���c[Ì]e�Ï	Í������GË:p�c[Ï:����Â ÌÐÂ
Ï	��Î
S(x0) = f(x0)

�	���
S′(x0) =

f ′(x0)
Â Ì Ò���pjeJ\`Í�Î�\D�¶Ì:`Z\^Â
ËUa-\DËPÌ¹Í�Ë:e-\3�¿Ã4\^Ë@ÎPÂ
Ï	��Î

S(x0) = f(x0) +O(h1+α
1 )

�G���
S′(x0) = f ′(x0) + O(hα

1 )
Â
��Á	\DÒ Ò¶�k}:Å/�:Î;[Q\DÓ Ó

S(x0) = f(x0) + O(h2+α
1 )

�G���
S′(x0) = f ′(x0) + O(h1+α

1 )
Â
� Á�\^Ò�Ò¶��Ä��

�_L�� S O��#�	R	�"��OCX
� 
  4PZY�� � P(�� 

����Ì:`�Â ÎBÎt\Ic�Ì¹Â Ï:��[]\6\DÎPÌ¹��e�Ó Â Ît`�Ì�`�\ c[Ï	��Ã4\^Ë:b�\^�-c2\.Ë@�cÌ:\`Ï�m�Í���Â,mùÏ:ËÐÒu��Ï	Ë¹Ò

‖S − f‖∞ = max
a≤x≤b

|S(x) − f(x)|

mùÏ	Ë
S
eJ\^Â
�Zb�Ì�`�\ Ó
Â
�Z\D�	ËxwcÓ Â
�Z\D�	Ë»Ë@�cÌ¹Â Ï:���GÓ Î�a�Ó Â
�Z\l`�Â ÎÛÌ¹Ï�a�Ï	Ó �G�8Ì ÌÐÏ;�AmùÍ���c�Ì¹Â Ï:�

f
�:Î

[��:Î���\3Î�c^ËÐÂfeJ\D�¶Â
� �/\Ic�Ì¹Â Ï:� Ä������¿�:����Â ÌÐÂ
Ï	�&Å8Ì:`Z\�c^Ï	��Ã�\DË�b4\^��c�\BË@�cÌ�\6Ï�m ‖S′ − f ′‖∞
Â Î

Ï�e�Ì@�GÂ
�Z\D�#�
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������� ����� ¡[¢»¤ù´�©B³c£@£@¨�µ.®�¤¦¥°ªc¢�£�ªÛ¬���©[µ µ�³ ��� ½Ð©[£]®�©@·[¤¦¥§¼c©[¯)¾�¸%ªP¬���©[µ µ¶³��
	.¥§¤/´�ªG¯ ±�£
‖S′ − f ′‖∞ = O(hα)

� ½¹©�£¦®�©¹·^¤¦¥§¼�©^¯)¾�¸ ‖S′ − f ′‖∞ = O(h1+α)
	 �

��½Ðª3ªÛ¬ � Á	\^Ì+Í�Î+Ë:\�c^�	Ó ÓJmùË¹Ï	Ò |q}x~%Ì�`Z\MË:\�a�Ë:\DÎ�\^�8Ì@�cÌÐÂ
Ï	��Ï�m `�Â
ÎPÌÐÏ4a/Ï:Ó
�GÌÐÂ
�Zb¶Îta�Ó Â
�Z\

S(x) = zi + hi
mi−1

((

mi−1

mi

)1/2

− 1
)2

log
(mi−1

mi

)1/2

− hi
mi−1

((

mi−1

mi

)1/2

− 1
)(

1 + x−xi−1

hi

((

mi−1

mi

)1/2

− 1
))

mùÏ	Ë
x ∈ [xi−1, xi]

�/ÊU`�Â
ÎUb:Â Ã4\DÎ

S′(x) =
mi−1

(

1 + x−xi−1

hi

(

(mi−1

mi

)1/2 − 1
)

)2 .

��Â
Ë@ÎÛÌ3Å/Óf\[Ì
f

ÎÐ�GÌÐÂ Î�m�p Ì:`Z\»�:ÎÐÎÐÍ�Òna�Ì¹Â Ï:��Î.Ï�m�Á	\DÒ�Ò���}	�Jyz\�`���Ã4\�mùÏ	Í��/��Â
��Â Ì¹ÎWa�ËÐÏ�Ï�m
Ì�`��GÌ

A =
(mi−1

mi

)1/2

− 1 =
1

2

(mi−1

mi
− 1

)

+ O(h1+α)

�G����[Q\�^���Ï+[sÌ�`��GÌ
A = O(hα)

��ÊU`�Í�ÎDÅ�[Q\�`���Ã4\

S′(x) =
mi−1

1 + 2x−xi−1

hi

A + O(h2α)
= mi−1

(

1 − 2
x − xi−1

hi
A + O

(

h2α
)

)

= mi−1 −
x − xi−1

hi

mi−1

mi

(

mi−1 − mi

)

+ O
(

h2α
)

.
�°È��f}I�

�.ÎÐÂ �Zbn`Z\DË�\�Ì:`Z\MË�\�a�Ó ��c2\DÒn\^�8Ì¹Î
mi−1 = f ′(xi−1) + O(hα)

�	���

mi−1 − mi = f ′(xi−1) + O(hα) − (f ′(xi) + O(hα)) = O(hα)

ÌÐÏ�b4\[Ì:`Z\^Ë;[+Â Ì�`
mi−1, mi ∈ [c1, c2]

mùÏ:ËBÎPÏ:Ò�\
c1, c2 > 0

Å�[]\MÏ�e�Ì@�GÂ
�

S′(x) = f ′(xi−1) + O(hα), x ∈ [xi−1, xi].
�°È�� Ä��

�We8Ã�Â
Ï	Í�ÎÐÓfp	Å
f ′(x) = f ′(xi−1) + O(hα)

Å
x ∈ [xi−1, xi]

Å��G�/�¿Ì:`�Â Î;[+Â Ì:` �ùÈ�� Ä��]b:Â Ã4\DÎ
Ï	�Z\«Ï�m�Ì:`Z\»�:ÎÐÎ�\^ËÐÌÐÂ
Ï	�/Î Ï�m
Á	\^Ò�Ò¶�����/�/\�c^Ï	����Óqp:Å-c[Ï:��ÎÐÂ
��\DË+Ì�`�\{c^�:Ît\MÏ�m

f
Î¹�cÌÐÂ Îtm�p8Â
�Zb

Ì�`Z\«�:ÎÐÎÐÍ�Òna�ÌÐÂ
Ï	�/Î Ï�m�Á�\^Ò�Ò¶��Ä�� �.Ï+[YÍ�Î�\`Â � �ùÈ/�q}��0Ì�`Z\MË:\�a�Ó ��c�\^Òn\^�8Ì@Î

mi−1 = f ′(xi−1) + O(h1+α),

mi−1

mi
=

f ′(xi−1) + O(h1+α)

f ′(xi) + O(h1+α)
=

f ′(xi) + O(h)

f ′(xi) + O(h1+α)
= 1 + O(h),

mi−1 − mi = f ′(xi−1) + O(h1+α) −
(

f ′(xi) + O(h1+α)
)

= −hif
′′(xi−1) + O

(

h1+α
)

.

�We�Ît\DËÐÃ4\��	Ó
ÎÐÏ Ì�`��GÌDÅ��GÌ Ì�`�Â Î+Ì¹Â Òn\	Å
A = O(h)

�G����Ì�`�\MË�\DÒ��	Â ��Â �Zb Ì:\^Ë¹Ò�Â � �°È��f}I��Â Î
O(h2)

��ÊU`�\^�l[Q\6`���Ã4\
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S′(x) = f ′(xi−1) + (x − xi−1)f
′′(xi−1) + O(h1+α), x ∈ [xi−1, xi].

ÊU`�Â
Î_[+Â Ì:`�Ì:`Z\«Ê���p8Ó
Ï	Ë]\2s�a��	��ÎÐÂ Ï:�

f ′(x) = f ′(xi−1) + (x − xi−1)f
′′(xi−1) + O(h1+α), x ∈ [xi−1, xi],

Â Òna�Ó
Âq\3Î Ì�`�\MÏGÌ�`�\^ËB�	Î¹Î�\^ËÐÌÐÂ
Ï	�¿Ï�m�Á�\^Ò�Ò¶������ÊU`Z\6a�Ë¹Ï�Ï�m�Â Î_c^Ï	Òna�Óf\[Ì�\:�
�

yz\«ÎÐÍ�Ò�Ò¶�GË¹Âq��\.Ì:`Z\�\DÎPÌÐÂ
Ò¶�cÌ�\3Î Ï�m�Óq\DÒ�Ò��:Î Â � Ì:`Z\6mùÏ	Ó
Ó Ï+[+Â
�Zb»Ì�`Z\DÏ	Ë:\^Ò �

��� ��� � � � �-� �/¨3®	®�ª�£^©
f ′(x) > 0

¬[ªG½ ³G¯§¯
x ∈ [a, b]

³G¢�±
f ′ ∈ Lip α

¬[ªc½�£^ªcµ¶©
α ∈ (0, 1]

�BÀ�´�©^¢ ¤ù´�©M´�¥ £�¤�ª¹®�ªc¯ ³G¤]¥§¢���£¦®�¯)¥§¢�©
S

£[³G¤]¥ £���©�£ ‖S − f‖∞ = O(h1+α)
�&¡ù¬¹¸

¥§¢�³	±:±c¥§¤¦¥°ªc¢�¸
f ′′ ∈ Lip α

¸
α ∈ (0, 1]

¸
¤ù´�©^¢ ‖S − f‖∞ = O(h2+α)
�

��½Ðª3ªÛ¬ � ÊU`Z\6`�Â ÎÛÌ¹Ï�a�Ï	Ó �cÌ¹Â Ï:� c^Ï	����Â ÌÐÂ
Ï	�

1

hi

xi
∫

xi−1

S(x) dx =
1

hi

xi
∫

xi−1

f(x) dx

Â
Îo\�g8Í�Â
Ã��	Óq\D�8Ì�ÌÐÏ ∫ xi

xi−1
(S(x) − f(x)) dx = 0

Å [;`�Âic�` Â
Ò�a�Ó Âf\DÎ�Ì�`Z\A\�s�Â
ÎPÌ�\D��c2\�Ï�m
ξi ∈ (xi−1, xi)

ÎPÍ�c�`�Ì�`/�cÌ
S(ξi) = f(ξi)

��ÊU`Z\^Ë:\2mùÏ:Ë�\:Å�Â Ì_`�Ï:Ó
��Î

S(x) − f(x) =

∫ x

ξi

(S′(s) − f ′(s)) ds.

 .Î¹ÎPÍ�Ò�Â
�Zb ‖S′ − f ′‖∞ ≤ Mhβ mùÏ:ËBÎPÏ:Òn\
M > 0

Å�[Q\6`���Ã4\WmùÏ:Ë
x ∈ [xi−1, xi]

∣

∣

∣
S(x) − f(x)

∣

∣

∣
≤

∣

∣

∣

x
∫

ξi

∣

∣

∣
S′(s) − f ′(s)

∣

∣

∣
ds

∣

∣

∣
≤ Mhβ|x − ξi| ≤ Mhβ+1.

���:ÎPÂ
�Zb ��Ï+[YÏ:��Á	\^Ò�Ò¶�n��[Q\6b�\^Ì+Ì�`Z\«�:ÎÐÎ�\^ËÐÌÐÂ
Ï	��Ï�m�ÊU`Z\^Ï:Ë�\DÒ�}	�
�

�UL	� V � �	R-YtX
����

�� 4P  

yz\�`�Â ÎÛÌ¹Ï�a�Ï	Ó �cÌ�\3��Ï	�¶Ì:`Z\�Â �8Ì�\DËÐÃc�	Ó
[0, 1]

Ì:`Z\_mùÍ��-c�ÌÐÂ
Ï	�
f(x) = sin x

ÌÐÏ>c^Ï	� �/ËÐÒ Ì�`Z\
`�Âqb4`Z\DÎPÌ Ì�`Z\DÏ	Ë:\[Ì¹ÂfcD�GÓ#Ë@�cÌ�\ O(h3)

�	��� �GÓ ÎPÏ»Ì�`Z\�a�Âq\Ic2\�[+Â Î�\ g:Í/�	��Ë@�cÌ¹ÂfcCmùÍ���c[ÌÐÂ
Ï	�

f(x) =

{

−0.5x2 + x for 0 ≤ x ≤ 0.5,

0.5x2 + 0.25 for 0.5 ≤ x ≤ 1,

`���Ã�Â �Zb
f ′ ∈ Lip 1

���BÏ+[]\^Ã4\^Ë3Å�Ì�`Z\ Ó
�:ÎÛÌ{mùÍ���c�Ì¹Â Ï:� Â Î»ÎÐÍ�c�`�Ì�`/�cÌ
f ′′ ∈ Lip α

��Ï3\3Î
��ÏGÌU`�Ï	Ó �jmùÏ:Ë���Ï»Ï:�Z\

α ∈ (0, 1]
��ÊU`�Í�Î^Å/`Z\DË�\.Ì�`Z\`Ë@�cÌ:\ O(h2)

c^Ï	Â
��c[Â ��\DÎ][+Â Ì�`¿Ì�`�Ï8Ît\
a�Ë�\3��Âic�Ì�\3� e3p�ÊU`Z\^Ï:Ë�\DÒ�}	�

ÊU`Z\MÒn\DÎ�` [ �	Î ��Ï	��Í���ÂqmùÏ	Ë¹Ò�Ï�m�Ì�`�\�mùÏ	Ó
Ó Ï+[+Â
�Zb�mùÏ	Ë¹Ò ��Ê���^�Â �Zb
h = 1/n

ÅZc2\D�:Ì¹Ë¹�	Ó
^8��ÏGÌ¹ÎU[]\^Ë:\�c^�	Ófc^Í�Ó
�GÌ�\3���:Î
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xn

2
=

1 + h

2
, xn

2
−1 = xn

2
− h, xn

2
−2 = xn

2
−1 − h, xn

2
+1 = xn

2
+

h

10
.

 B��Ï	Ì�`Z\DË+Ï	�Z\3ÎU[Q\DË�\MÎ�a���c�\D��Í���ÂqmùÏ	Ë¹Ò Ófp�Ï:��Ë:\DÎPÌ;a��GËÐÌ¹Î Ï�m�Ì:`Z\MÂ �8Ì:\^Ë¹Ã��	Ó]Å�Â¦� \	�

xi = ixn

2
−2/(n/2− 2), i = 1, . . . , n/2 − 3,

xn

2
+1+i = xn

2
+1 + i(1− xn

2
+1)/(n/2− 1), i = 1, . . . , n/2− 2.

yz\»Í�Ît\3� Ì�`�\>e�Ï	Í��/���GË:p c^Ï	����Â Ì¹Â Ï:��Î>�¦Ä�� Ä��_[+Â Ì:`
α = f ′(x0)

�G�/�
β = f ′(xn)

�
ÊU`Z\��@Ì¹ËÐÂ ��Â ��b:Ï	���	Ó��6��Ï:��Ó Â
�Z\3�GË6Î�p�ÎÛÌ:\^ÒuÌÐÏ¿�Z\[Ì�\DËÐÒ�Â
�Z\MÌ:`Z\'Ãc�GÓ
ÍZ\3ÎBÏ�m

mi
c^Ï	��ÎÐÂ ÎÛÌ¹Â �Zb

Ï�m	\�g8Í��GÌÐÂ
Ï	��ÎC�]Ä�� Æ��M[��:Î0ÎÐÏ	Ó
Ã�\D��e/p �_\�[ ÌÐÏ	��� Î0Ò�\^Ì�`�Ï��#��ÊU`Z\W\^Ë¹ËÐÏ:Ë¹Î ‖S−f‖∞
[Q\DË�\

c^�GÓic[Í�Ó
�GÌ�\D� ��a�a�ËÐÏ�s�Â
Ò¶�cÌ�\DÓqp¶Ï:�¿Ì:\^��mùÏ:Ó
� Ë:\ ����\D��b	Ë¹Â
� �	Î

εn = max
1≤i≤n

max
0≤k≤10

|(S − f)(xi−1 + khi/10)|.
�;\DÎÐÍ�Ó Ì¹Î+Ï�m���Í�Òn\^Ë¹ÂfcD�GÓ�Ì:\DÎPÌ¹Î+�GË:\6a�Ë:\DÎ�\^�8Ì�\3�¿Â
��Ê���e�Óq\3Î6}M�G��� Ä��

���	��
 =
�	� WQ& 'MN¹a R)I�T^i aÛN !%&8i b�!  h^a
f(x) = sin x 0

n
H X \ F3A \Df X A^H

εn 1.15 · 10−4 1.46 · 10−5 1.84 · 10−6 2.30 · 10−7 2.87 · 10−8

ε2n/εn

K 0 H3K^f K 0 CD\ X K 0 C3HDH K 0 C3CD\

���	��
 =���� WQ& 'MN¹a R)I�T^i aÛN !%&8i b�!  h^a�_ R N I N ) R"! N�� &8TI. a T^bÛR)I  &:Q8I¹bÛR h Q�0

n
H X \ F3A \Df X A^H

εn 7.39 · 10−4 1.79 · 10−4 4.41 · 10−5 1.09 · 10−5 2.71 · 10−6

ε2n/εn

f 0 XDX K f 0 J3K X f 0 JDf3J f 0 J�A X

������� �	��� �	��� ����� �G�
�6Í�Ë;[�Ï:Ë�^j[ �	Î+ÎÐÍZaZa�Ï	ËÐÌ�\3�oe/p¶Ì:`Z\M�0ÎPÌÐÏ:��Â
�	����c[Âf\^��c�\M��Ï	Í������cÌ¹Â Ï:��b:Ë¹�	�8Ì � �cÇ	È��

��� � ��R ��OCX
�  
� X�� ��0"!�R"!�IÐO N¹a TDQ/.$#G0&%�'úT�0(� h Q h b h Q8R)I@R b $`_:aÛN ! N¹a �GR)Q �+a T[bÛR h Q�T^i�! _ i)R)Q N O8R"!úb h3_�h i T^bÛR h Q�0*)&+
,�-/.1032&4 +�5 06087 +�9�: 4<; + d �&=3>(?°A�@ d/X C3g.E»ADJDH d A^J3J3g 0� A � ��0A!�R"!�IPO N¹a dB# 0A%�'�T�TDQ3.DCW0 L/aÛh !%! ' TDQ8Q�0 8 hI'Mh Q h b h Q N !�O8T _�N¹Z°_	aÛN ! N¹a �GR)Q � ! _ i)R)Q N
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