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Abstract. By using classical uncertainty principles for the Fourier transform and
composition properties of the Kontorovich-Lebedev transform, analogs of the Hardy,
Beurling, Cowling-Price, Gelfand-Shilov and Donoho-Stark theorems are obtained.
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1 Introduction

The Kontorovich-Lebedev transformation is defined as follows (cf. [9, 15, 18,
19, 20])

/ Kiz(y)f(y) dy, = > 0. (1.1)
The kernel of the transformation (1.1) is a particular case of the modified Bessel

function K, (z) [4], which in turn, is an independent solution of the differential
equation

d
z ——|—z—u—(z + pH)u = 0.
z z

When p =iz, x € R,z =y > 0, then K;,[f] is real valued and even function
with respect to z. If f € La(Ry;ydy), then Ky [f] € La(Ry; zsinh wa dx) (see
[18, 19]), and the Parseval formula holds

/xsmh (rx) | Kz [ ]| = % / )y dy. (1.2)
0 0

In this case integral (1.1) converges in the mean square sense and can be writ-
ten, making necessary truncations at zero and infinity. Moreover, the inverse
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transform has the form

2

yfly) = = /000 xsinh e K, (y) K. [f] dz, (1.3)

where integral (1.3) is in the mean square sense with the necessary truncation
at infinity.

On the other hand, if f € Li(Ry; Ko(y)dy), where Ky(y) is the modified
Bessel function of the index zero, then inversion formula (1.3) can be interpreted
at each Lebesgue point of f (see in [20]) as

4 oo
yfly) = = lim x sinh ax cosh %Ki (y)Kiz[f] dx. (1.4)

T2 asZ - J,

If also Ki.[f] € L1(Ry;2cosh &F dx), then we can pass to the limit in (1.4)
under the integral sign and we get (1.3) in Lebesgue integrable sense.

The modified Bessel function has the following asymptotic behavior

K2 = (£) o) s (L5)

and near the origin
2R, (2) = 27 D)+ (1), 2 — 0, p # 0, (L6)
Ko(z) = —logz+ O(1), z—0. (1.7)

Meanwhile, when x is restricted to any compact subset of R, and 7 tends to
infinity we have the following asymptotic (see, [18], p. 20)

2m\ /2 N 27 1
Ki-(x) = — ] e sin Z—f—rlog?—T 1—|—O(;) , T —00. (1.8)

The modified Bessel function can be represented by the integrals of the Fourier
and Mellin types [4, 12, 15, 18, 20|, respectively

K, (x) :/ e~ TSN cosh pu du, (1.9)
0
K, (z) = 1 (f)”/w e—t=Sn—1 gy
Yo \2) ’
L TT o .
sinh TKi (z) :/ sin(x sinh u) sin Tudu, (1.10)
0

cosh %K”(a:) = / cos(z sinh u) cos Tudu.
0

The main aim of the paper is to establish the so-called uncertainty principles
for the operator (1.1), which say that a nonzero original and its image under
transformation (1.1) cannot be simultaneously too small in the pointwise or
integrable decay. This comes as a generalization of the classical Heisenberg
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uncertainty principle. It was extended to the Fourier transform in [5, 6, 7, 11].
The corresponding principles have been proved also for the Jacobi transform
[2, 10], the Y-transform [1], the Dunkl transform [13] and recently for the
Hankel transform [14, 17].

The structure of the paper is as follows: in Section 2 we will prove Hardy’s
type theorem for the Kontorovich-Lebedev transformation, which will give as a
corollary the corresponding Hardy uncertainty principle. Section 3 of the paper
will be devoted to the Beurling, Cowling-Price and Gelfand-Shilov theorems.
Finally in Section 4 we will prove the Donoho-Stark theorem.

2 Hardy Uncertainty Principle

Hardy’s classical theorem for the Fourier transform [6, 16] says, that if | f(y)| <

m2
Ce=" and |(F.f)(z)| < Ce %, a > 0, then f(y) is a multiple of e~%¥". Here
C > 0 is a universal constant, which is different in distinct places and

= \/%/000 f(y) cos(xy) dy, (2.1)

is the cosine Fourier transform.
Let us suppose that transformation (1.1) admits the following series expan-
sion with respect to an index of the modified Bessel functions

Kiz|f] = W(;’E/?) ian {Ki(%ﬂz) (g) + Kiz—n) (g)] ;a>0, (22)

where > |o,| < co. We have

Theorem 1. Let K, [f] satisfy (2.2) and |f(y)] < Ce=%. Then fly) is a

. 92
multiple of e” 4a .
Proof. Taking (1.9), we find
Ki(z 1n) (g) = /0 e 2Coshuog (g + n) u du. (2.3)
Hence }Ki(%-i-n) (%)} < Ky (%), and clearly series (2.2) is uniformly convergent
on R,. Moreover, we can calculate the cosine Fourier transform of the function

cosh(mz/2) K;;[f] by changing the order of integration and summation. Indeed,
using (2.3) we obtain

F,(cosh mt CZan —|—K( —n) 4 cos(xt) dt
2 2

= — Zan/ Kt _n) ) + Kt ) (a)} et dt

= 21 (e 5 cosh(2) Z au, cos(2zn).
n=0

Math. Model. Anal., 13(2):289-302, 2008.
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Therefore
| F.(cosh(rt/2) Kit[f]) (2)] < Ce™%osh(2) — 0 (e*“i“h%) .

Further, it is easily seen under conditions of the theorem and asymptotic be-
havior of the modified Bessel function (1.5), (1.7), that f € L1 (Ry; Ko(y) dy).
Moreover, by virtue of the asymptotic formula with respect to an index (1.8),
we verify that Ky, [f] € L1(Ry;x cosh &f dx). Consequently, calling (1.3), (1.4)
we find
i) = - / xsinh ? cosh W—;Km(y)Km[ f] dz. (2.4)
0

T2

However, since sinh %F K, (y) is bounded for any y > 0 (see (1.8)), we take the
representation (1.10) and substitute it in (2.4). As a result we obtain

yf(y) = —2 lim / xcosh [f]/ sin(y sinh u) sin(zu) du dz
T4 N—oo
— lim dvdx
= Nl_m/xcobh [f]/ sin(yv) sin(x log(v + +1))T—|—1'

Via Abel’s test we observe, that the latter integral is uniformly convergent with
respect to « € [0, N]. Thus inverting the order of integration, we come out with

bln y’U T ‘ . 5
2 7r2 R NeEwi s xCOSh — Kiz[f]sin(zlog(v + Vo2 + 1)) dr dv.
(2.5)

Moreover, the integrability condition K;.[f] € L1(Ry;xcosh 5 dr) and the
Abel test allow us to pass to the limit under the integral sign in (2.5). Hence
returning to the old variables we get

yf(y)= i/ sin(ysinhu)/ x cosh %Kw[f] sin(ux) dx du
0 0

4 [ee) o0
=—— sin(ysinhu)i/ cosh EKm[f] cos(ux)drdu.  (2.6)
0 du J, 2

T2

We note, that the differentiation under the integral sign in (2.6) is motivated
by the uniform convergence by u € R of the latter integral with respect
to x. Hence, integrating by parts in (2.6) and eliminating the outer terms
owing to the Riemann-Lebesgue lemma we take into account (2.1) to derive
the representation

22
7 Jo

Appealing to the above estimates and the value of an elementary integral, we

fly) = cos(y sinh u) cosh uF,(cosh(mt/2) K[ f]) (u)du.
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find for any complex variable z, |z| = r,
lf(2)] < C’/OOO cosh(rsinh u) cosh u|F,(cosh(mt/2) K [f])(u)| du
<C /OOO cosh(r sinh ) emasinh® u o och o du
= C/OOO cosh(rt)e_atz dt = Ceé.

Thus f(y/z) is an entire function, which is O(e%) for all z € C and f(\/y) =

2
O(e~4s),y € Ry. Therefore according to [16], Theorem 128, f(y) = Ce ™ 4a.
Theorem 1 is proved. O

Corollary 1. Under conditions of Theorem 1

Kizlf] = C sech(nz/2) Ky o (g) — 0@ %), & — foo.

2
Proof. Indeed, substituting the value f(y) = Ce~ % into (1.1) we just call the
relation (2.16.8.3) from [12], Vol. 2, to get the result. The required asymptotic
behavior at infinity immediately follows from (1.8). Corollary 1 is proved. O

Remark 1. As we see, K;,[f] from the corollary admits the representation (2.2)
with ag 20, a, =0, n=1,2... .

As a consequence we are ready to state an analog of the Hardy uncertainty
principle for the Kontorovich-Lebedev transformation (1.1).

Corollary 2. Let | f(y)| < Ce ", b> +- Then f(y) = 0.
This principle can be formulated in terms of composition Fi.(cosh(nt/2) K[ f]).
Corollary 3. One cannot have both

[f()| < Ce=™", a >0, |Fo(cosh(nt/2)Ku[f])(x)| < Ce b5h* 2 p >0,
where ab > 1 unless f(y) = 0.

As a consequence of Theorem 1 and Corollary 1 we get

Corollary 4. Let | f(y)| < Ce®", a > 0 and |F,(cosh(nt/2)Ky[f])(z)|
. 1
< Cembsinh®z > 0 where 0 < ab < 1 If | Kip[f]] < Cem*, x>0,

c> %T, then f(y) = 0.

Math. Model. Anal., 13(2):289-302, 2008.
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3 Beurling, Cowling-Price and Gelfand-Shilov Theorems

The Beurling condition related to the cosine Fourier transform (2.1) says (cf.
[7]), that if f € L1(R4;dy) and

/ / (x)]|e™ da dy < o0, (3.1)
Ry JRy

then f = 0. Here we will prove an analog of the Beurling theorem for the
Kontorovich-Lebedev transformation (1.1).

Theorem 2. Let f € L1(Ry; Ko(y)dy) and

/ / ) K [f]) Koly) d dy < oo, (3.2)
R, JR,
then f = 0.

Proof. We can assume that f(y) # 0 on a set of the positive measure Ko (y)dy,
for otherwise there is nothing to prove. Since representation (1.9) for the
modified Bessel function yields the inequality K, (y) > Ko(y), condition (3.2)
implies

oo>/R+ /R+|f(y)K¢z[f]|Km(y)dxdyZ/R+ |f ()| Ko(y) dy/R+ K[ f]] da.

Therefore K;;[f] € L1(Ry;dz). The latter condition guarantees the existence
of the cosine Fourier transform of K,[f]. We will show that

(F.Kalf] \f / eV £ () dy (3.3)

Indeed, denoting by h(\) the right-hand side of (3.3) we find

|dA<\f/ [t |dydx—\f/|f ) Ko(y) dy < oo.
R, JRy

So h € L1(Ry;d\) and (F.h)(x) can be now easily calculated by using (1.9)
and Fubini’s theorem. Thus we obtain

(Fbe) = [ cosaon [T e ot g dyin = [ Kil)f ) duikinlf]
0 0 0
Since Ki;[f] € L1(R4+;dx) the inversion theorem for the cosine Fourier trans-

form gives (F.K;[f])(A\) = h(\) and we establish equality (3.3).
Let us verify the Beurling condition (3.1) for K;,[f], (F.Ku[f]). We have

/ / |Km[f](FcKit[f])()\)|e“d:cd)\<\/27r/ / | Kz f]| coshz\
h —ycoshA x T ; T 0.
/ eV ()] dy d dA V2 / / F @) Kl ) Kaly) de dy <
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Thus K;;[f] = 0. Combining with (3.3) the latter condition yields

/ VA f(y)dy = 0, A € R, (3.4)
0

for any f € L1(R4; Ko(y) dy). We will show that in this case f = 0. In fact,
choosing any g > 1 we treat the left-hand side of equality (3.4) as the Laplace
integral (Lf)(cosh \), where

(L)) = / T e () dy,

which is zero via (3.4) at least at the countable set of points satisfying the
condition cosh A, = Ao +jn, j > 0,n =1,2,... . Moreover, since (see (1.5),

(1.7))

oo

e—ycosh)\n|f(y)|dy <00, n= 1,27... s

then by virtue of [3], Chapter I we get that f(y) = 0 almost for all y € Ry, i.e.
f =0 in the Lebesgue sense. Theorem 2 is proved. O

Let us prove an analog of the Gelfand-Shilov uncertainty principle for the
transformation (1.1). Indeed, it was shown in [5] that if

/ |f(y)]e™" /P dy < oo, (F.f) ()1 dz < oo,

with 1 < p,g < oo, p™' +¢ ' =1 and ab > 1/4, then f = 0. We have
accordingly

Theorem 3. Let 1 < p,q < oo, p~t +q 1t =1, [q] be an integer part of ¢ and

gy, Uatn) my
FOPle w7 dy<oo, [ |Kulflle”/Pdr <o (35)
Ry Ry

Then f =0.

p q
Proof. By using the Young inequality zy < T Y and representation (1.9)
p q

for the modified Bessel function we derive

oo o0
K, (y) = / e Yeosht cosh pudu < / e ycoshutau gy,
0 0

oo a 1 o0 ud
<l [ e gy = o (/ - )“C“h“*qdu- (3.6)
0 0 L

Meanwhile,
1 . 1
/ e—ycoshutu?/q g, - e/ e"veoshugy, < eKo(y),
0 0

/ efycoshquuq/qdu < ([q] + 1)/ efycoshquu[‘I]'*'lu[q] du.
1 1

Math. Model. Anal., 13(2):289-302, 2008.
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w2(gl+1)
Therefore an elementary inequality coshu > ' gives the following

(2([g] + 1))!

estimation of the latter integral

/ €7yCOShu+%dU, < ([q] + 1)/ e—ycoshu—i—u q] du
1 1

oo 2+
< (lq] +1)/ ¢ o T ld gy,
1

_ /m o T 0 gy < O e+ ().
1 VY

Combining with (3.6) and taking into account the asymptotic formulas (1.5),
(1.7), we obtain the estimate

e~ IP I () < eKoly) + e+l ) %e@([qm))!/(m

Consequently, with conditions (3.2), (3.5) and since via (3.5) we have that
f € Li(Ry; Ko(y) dy), it yields

/}RJF/]R+ [f| Kz (y) dz dy

<C |Kim[f]|€zp/pd$/ |f(y)|e(2([q]+1))!/(4y)ﬂ

Ry Ry VY
=C | |Kulflle"? do / [ ) PN gy < oo,
Ry Ry

Applying Theorem 2 we get that f = 0. Theorem 3 is proved. O

Finally in this section we establish the Cowling-Price theorem for the Kontorovich-
Lebedev transform (1.1). This will be an analog of the following result for the
Fourier transform (2.1) (cf. [11]: if 1 < p,q < co and

2 2
e f(x + Heb)‘ F.f)(\ } < 00
K )‘LP(R+) (FH) Lq(Ry)
with ab > 1/4, then f = 0. We have
Theorem 4. If
2 2 2
ar” pe. ‘ < ’ H 6b%/y 2 ‘ < ,
‘ ] Lp(Ry) > ‘ &) Li(Ry) >

where p € [1,00) and ab > 1/4, then f = 0.

Proof. Indeed, choosing ag, by such that 0 < ag < a 0 < by < b, agby > 1/4
we easily find, that

aox® + boy? > 2v/apby zy > zy.



Uncertainty Principles for the Kontorovich-Lebedev Transform 297

Furthermore, with the Holder inequality it gives

< 00,
Lp/(R+)

[ iKalflle do < e Kl
Ry

‘e—(a—ao)rz

Ly (R+)

where p’ is the conjugate exponent (p~! + p/~! = 1). Taking (3.2) we deduce
similar to (3.6)

[ [ sl K dody
< / Kaalfll e da [ 1] [ et dudy
Ry Ry 0
1 e}
1z + e—ycoshu+b0u2 du dy.
‘Kalll], /R+|f(y)l</0 /) y
But

(/ / )6 ycoshqubou du<C’K0 +2/ — ”Z— wdu
1

<C

= CKoly +/Ooe vty < 0 aslle
1 VU
Hence as in Theorem 3
2 e60%/y
[ ] rwsaniswaa <cleganl, sz i
=l walsl], e e,

Thus the Beurling type condition (3.2) holds, and by virtue of Theorem 2 f = 0.
Theorem 4 is proved. 0O

4 Donoho-Stark Theorem

It is shown in [19], when f € Lo(Ry;ydy), then Ky [f] € Lo(Ry;zsinh 7wz dx)
and vice versa. Moreover, by virtue of (1.2)

T
||Ki$[f]HL2(]R+;wsinh7rw dz) — E||f||L2(R+;ydy)

and the Kontorovich-Lebedev integrals (1.1), (1.3) can be interpreted accord-
ingly in the mean convergence sense with respect to the related norm

N
Kiulf] = g(2) = Lim.y oo / a0y

N .
fly) = 321.1.m.N%0/ msmth””(y)Km[f] d. (4.1)
™ 0

Math. Model. Anal., 13(2):289-302, 2008.



298 S.B. Yakubovich

Let X = [0,X], Y = [1/Y,Y] the Lebesgue measurable sets and |X|, [Y| be
their Lebesgue measures. Denoting by Px the operator

g(x), ifzeX

(Pxg)(z) = {0 if2dX

we have

19 = Pxgll Lo, o sinh o dzy < €%

and this means that ¢ is ex-concentrated on the set X. Plainly ||Px|| =
Another auxiliary operator is given by the formula

QYg / sz dya

where f is the reciprocal inverse Kontorovich-Lebedev transform (4.1). If h =
Qvyyg the transform (4.1) h(y) is equal to

7 o f(y)a inyY,
hy) = {0, ify¢Y.

Meanwhile by Parseval’s equality (1.2) we find

A V2
|7 -7 = 2= g = Quol Ly o o) (4:2)

La(Rysy dy)

and f is e-concentrated on Y if, and only if, ||g — QvIll 1, (R, 0 sinh rz da) < EY-
Moreover, we can show that ||Qy|| = 1.

Now we are ready to prove the following analog of the Donoho-Stark un-
certainty principle (cf. [8]).

Theorem 5. Let g is ex-concentrated on X = [0,X] and its Kontorovich-
Lebedev reciprocity f is ey-concentrated on Y = [1/Y,Y]. Then

77/4 /21
P2 [¥] 2 T2 - (e o+ )12 (4.3
where I'(2) is Euler’s gamma-function.

Proof. Without loss of generality we suppose that Y > 1. Since g is ex-
concentrated on X integral (1.3) exists as a Lebesgue integral and is uniformly
convergent with respect to y € Y. Hence we calculate the following composition
of operators (PxQyg)(z). Indeed, we derive

(PxQyg)(z) = P / Ky / tsinh mt K (y)g(t) dt dy

2 d “
= —PX/ tblnh?Ttg /Kzr 1t y)gydt:/’(:(l‘,t)g(t) dt
0
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where
itSIDhﬁt/K' ()K()@ ife <X
K(r.t) = § 72 g |
0, ifx>X.
Further,

||PXQY9||L2(]R+,ISinhTrz dx) S ||PXQYH Hg||L2(]R+;r sinh 7z dx)
and the norm of composition PxQy does not exceed its Hilbert-Schmidt norm

which is equal to

1/2

/ / .t 2ocsmhwx dt due '
tsinh 7t

Therefore,
h
% x sinh d

||PXQY||L2 (Ryszsinh e dz) = / / x,t ¢ 1nh it
o xsinh

. 4.4

/ / ‘tsinh 7t dt dr (4:4)

But the inner integral with respect to ¢ in (4.4) can be calculated by the Par-
@1 as the Kontorovich-Lebedev transform

seval equality (1.2), regarding ;7=

(1.1) of
2 Kaly) ey

)

ply) =97 vy
0, ify¢VY.

dy

Consequently,
o dt 2

Kz, ) ——— == | K2 (y)—=
/O K@ O g~ = s m(y)y

and we come out with

//xsmh7m:K2 )%dm (4.5)

Applying twice the Schwarz in-

||PXQYHL2 (Ry;zsinhwz da:)
Let us estimate the right-hand side of (4.5).

equality we obtain
1/2
1
y) dx

1/2
//xsmhmcK2 )dyd <%(Y—?) /xsmhmc(/K
T

1/2
32 /Y] 2 4
< 2\/_|X| VY| (/ /smh rr Ky, )dydw) .

On the other hand by relation (2.16.52.17) from [12] Vol. 2, and the Parseval

equality for the sine Fourier transform we find

[e'e] 3 o0
/ sinh® 7z K7 (y) de = % / JZ (2y sinh(u/2)) du
0 0

Math. Model. Anal., 13(2):289-302, 2008.
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where Jy(z) is the Bessel function of the first kind. Consequently, employing
relation (2.12.31.2) from [12] Vol. 2, and the Holder inequality we get

2f|X|3/2\/|Y (//Smhng4 )dydx) 1/2
: \/%DSP/Q\/M (/Y /000 J§ (2ysinh(u/2)) du dy>1/2

1/2
1 *° dv dy
= —|XP2V/|Y // JE (v) —L—
\/5| | | |< v Jo O( ) U2+4y2

|X|3/2\/m ﬁ S 21}@ 1/2
<SR (L) a0)

- b (] )"

21 7/4\/_ v \/g
- F2(1/4)| X[3/2[|7/® </ @)1/8 F2(1/4)| X|¥/2|Y].
- 7/4 2 7/4

277/4\/6 Y Y 27/4\/6

Thus combining with (4.4) we derive finally the inequality

P s < LD wisapypre,
H XQY|‘L2(R+,$S1nhﬂ1}dI)— /—2\/67'('7/8' | | |

But [|PxQy||1o® swsinhrzdzr) < 1, and therefore, I — PxQy is invertible in

Ly(Ry; zsinh mz dr) when |X[3/4|Y|Y/2 < %1;/8. Moreover,

n

Z Z r(1/4)
—1 < n < 3/4 1/2
H(I PXQY ” & OHPXQ ” m 7/8 |X| |Y|

/o /67 7/8
V2/6r7/8 — I'(1/4) |X|3/4|Y|1/2

However,
I = Px + P \xPxQy + PxQr_,\vy + Pr,\x

and the orthogonality Px and Pg_ \x gives
2 2
||PXQR+ \YgHLQ(R+;$ sinh 7z dx) + ||P]R+\X9HL2(R+;$ sinh 7z dx)
= [|PxQr \v9 + P \x9l17, (&, 2 sinh 7 da)-
Taking into account that || Px|| = 1 we find

Hg”%2(R+;zsinhﬂrdm) < ||(I - PXQY)71H2”(I - PXQY)9H2L2(]R+;rsinh7rrdr)
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_ /2\/67.(.7/8
= \VavBr /s — T(1/4)XF/A] 2

2
) [ ||PXQ]R+\Y9”2L2(]R+;r sinh 7z dx)

V2/6x7/8 ) ’

2/6r7/% — (1/4)|X[/4|Y /2

+ ||PR+\Xg||%2(R+;QJSil’lhﬂ'ﬂ?dﬂ:)} < <

X |:HQR+\Y9”2L2(]R+;rSinhTrz dx) + |‘PR+\X9||%2(R+;zsinhﬂz dz):| :

Now since g is ex-concentrated then || Pr,\x9l|1,(R iz sinh madz) < €x. Further-
more, since f is ey-concentrated then owing to (4.2) we have the estimate
|Qr \YII|Lo(R sz sinh 7o de) < €v. Therefore considering g of unit norm we ar-
rive at the inequality

1< V2v/6r7/
= \VavBrs - rayxpey )

which is equivalent to (4.3). Theorem 5 is proved. O

2
) @1 e),
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