MATHEMATICAL MODELLING AND ANALYSIS
VoLUME 13 NUMBER 2, 2008, PAGES 251-261
(© 2008 Technika ISSN 1392-6292 print, ISSN 1648-3510 online

ROBUST NUMERICAL METHOD FOR A
SYSTEM OF SINGULARLY PERTURBED
PARABOLIC REACTION-DIFFUSION
EQUATIONS ON A RECTANGLE !

L. SHISHKINA and G. SHISHKIN

Institute of Mathematics and Mechanics
Russian Academy of Sciences, Ekaterinburg 620219, GSP-384, Russia

E-mail: Lida@convex.ru;shishkin@imm.uran.ru

Received September 30, 2007; revised November 22, 2007; published online May 1, 2008

Abstract. A Dirichlet problem is considered for a system of two singularly per-
turbed parabolic reaction—diffusion equations on a rectangle. The parabolic bound-
ary layer appears in the solution of the problem as the perturbation parameter e
tends to zero. On the basis of the decomposition solution technique, estimates for
the solution and derivatives are obtained. Using the condensing mesh technique and
the classical finite difference approximations of the boundary value problem under
consideration, a difference scheme is constructed that converges e-uniformly at the
rate O (Nf2 ln2N—|—NO_1)7 where N = ming Ns, s = 1,2, Ng+ 1 and Ny + 1 are the
numbers of mesh points on the axis zs and on the axis ¢, respectively.

Key words: initial-boundary value problem, problem on a rectangle, perturbation
parameter e, system of parabolic equations, reaction—diffusion equations, finite dif-
ference approximation, parabolic boundary layer, decomposition solution technique,
a priori estimates, e-uniform convergence.

1 Introduction

In the present paper, finite difference approximations for a Dirichlet problem
are considered for a system of two singularly perturbed parabolic reaction—
diffusion equations on a rectangle. The highest-order derivatives in the differ-
ential equations are multiplied by the perturbation parameter £2; the parameter
e takes arbitrary values in the open-closed interval (0,1]. For € = 0, the system
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of the parabolic second-order equations degenerates into a system of ordinary
differential equations. Equations in the system are coupled by terms that do not
include derivatives. For small values of €, a parabolic boundary layer appears
in a neighbourhood of the boundary. Using the condensing mesh technique and
the classical finite difference approximations of the boundary value problem,
we construct a difference scheme that converges e-uniformly. A description of
such a method one can found, e.g., in [1, 2, 5, 7, 9].

To analyze conditions that ensure the required smoothness of the solution
of the boundary value problem, and when deriving a priori estimates, and
justifying the convergence of the special difference scheme, we apply a technique
similar to that of [12] which considers a system of singularly perturbed elliptic
equations on a rectangle with the vector perturbation parameter €. Here, unlike
[12], the perturbation parameter ¢ is scalar.

2 Problem Formulation. The Aim of Research
2.1. In the domain G-
G=GUS, G=Dx(0,T), (2.1a)
where D is the rectangle!
D=DUI, D=Dpy={x: 0<z,<ds, s=1,2}, (2.1b)

we consider the Dirichlet problem for a system of singularly perturbed parabolic
equations

Lu(z,t) = f(x,t), (x,t)€q, (2.2a)
u(z,t) = e, 1), (z,t)ebs. (2.2b)

Here S = S*|JSo, where S* and Sy are the lateral and lower parts of the
boundary S, St = I" x (0, T], So = So;

Lu(z, t) = L(e)u(x, t) = {52 Ly —C(x, t) — P(x, t) %} u(z, t),

LY 0 9?
L2=(02 L%)a L%:Za_mg’

s=1,2

1
[ c | p'(x, t) 0
ot = ( Aw, 1) (1) ) Pt = ( 0 P 1) ) ’
and u(z, t), f(z, t) and ¢(x, t) are vector functions, for example,
u(z, t) = (u'(z, ), u'(z, )", (2, 1) €G.

I The notation L.k (é(j‘k),M(]-'k)) means that these operators (domains, constants) are
introduced in formula (j.k).
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We shall use both the vector form of the boundary value problem and the scalar
form

L'a(z,t) = f'(z,1), (v,1)€G,
, , ) (2.2¢)
u(z,t) = " (x,t), (z,t)€sS, i=1,2,
where the operator L? = Lzz.zc) is defined by the relation
L'u(z, t) = Liu'(z, t) — Z c(x, t)yu! (z, t) — p'(x, t) ﬁul(x t).
) ) ) 3 3 at 3

j=1,2
The functions ¥ (z, t), p'(z, t), f*(x, t), and @' (z, t) are assumed to be suffi-
ciently smooth on the set G and on the boundary S, respectively. Assume also
that the following conditions are satisfied?

po <p'(z, t) <p° (x,t)€G, po>0; (2.3a)
iz, t) >co, mci(x, t) > | (x, t)], (x,t)€q, (2.3b)
ij=1,2, i#j, co>0, m=mgs <l

The parameter ¢ takes arbitrary values in the open-closed interval (0, 1].

=e? Ly —c(x, t) — p'(a, t) 0

7@ o
ot’

(2.4) (z,t)eCG, i=12, (2.4)
that include the differential part of the operator Lé2.2c) are monotone, moreover,

the elements of the matric C(o0y(x,t) have the strong diagonal dominance.
Such properties of the operator L, 2) allow us to estimate the solution using
the data of the problem (2.2), (2.1).

u € C*(@) that is continuous on G and satisfies the differential equation
(2.2a) on G and the boundary condition (2.2b) on S.

We assume that the solution of the problem is sufficiently smooth.

When ¢ tends to zero, a parabolic boundary layer appears in a neighbour-
hood of the set ST.

2.2. Even in the case of the scalar reaction—diffusion equation, the classi-
cal difference schemes cannot produce e-uniformly convergent solutions (see,
e.g., [9]). Boundary value problems for systems of parabolic equations on a
strip were considered, for example, in [10, 11] (for reaction—diffusion equations
in [10], and for convection—diffusion equations in [11]); problems for systems in
domains with piecewise smooth boundaries have not been studied.

Our aim for the boundary value problem (2.2), (2.1) is to construct a
difference scheme that converges e-uniformly.

3 Preliminary Considerations

3.1. Let us formulate the conditions imposed on the data of the problem (2.2),
(2.1) that guarantee the required smoothness of the solution.

2 Here and below M, M; (or m) denote sufficiently large (small) positive constants which
do not depend on € and on the discretization parameters.
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We denote by Ij, I' = |JIj, j = 1,2,3,4 the sides of the rectangle D; the
sides I, I'sy1o are orthogonal to the xs-axis, for s = 1,2; the sides I} and %
pass through the point (0,0), moreover, the I'; are closed sets; I'° is the set of

corner points. Set
S;=1;x(0,T], j=1,...,4 (3.1a)

We denote by S¢ the set of “edges”, i.e., S¢ is formed by taking pairwise in-
tersection of the faces in the parabolic boundary S (i.e., the lateral sides and
lower basis of the set G):

S¢ = Sste|Jsg, (3.1b)

where SL¢ and S§ are the set of the lateral and lower “edges” respectively:

Le _ | |4 c c _ Q. .
S% = Ujm1 S50 S50 = 5N Si1,

I (3.1¢)
5825 ﬂSo, Sj+1251 fOT j=4.

We give a definition of a compatibility condition on the set 58(3'1), following
to [4]. Set ¢y(x) = ¢(z,t), (x,t) € Sp. Let the function ¢(x,t), (z,t) € S,
satisfy the condition ¢(-,0) € C(D) (¢, € C(D)), and for the function
p(x,t), considered on §L, the derivatives (9% /9tko) o (x,t), where (x,t) € S,
are defined for kg <1/2,1lp =1+ a, I > 0 is the integer, € (0,1). Using the
function ¢, (x) prescribed on the set Sy and the equation (2.2a), we find the
derivative in ¢ of the function u(z,t) on So. We denote it by (9/90t) ¢y 1—o ().
Furthermore, differentiating the equation (2.2a) in x1, 2 and ¢, we find the
derivatives in ¢t up to order kg < [I/2], where [a] is the integer part of the number
a > 0; we denote these derivatives by (9% /0t*) ¢, _o(z), € D. We say that
the data of the boundary value problem satisfy a compatibility condition on the
set S§ guaranteeing the continuity of the derivatives in ¢ up to order Ky of the
function u(z, t), or, briefly, the problem data satisfy a compatibility condition
on S§ for the derivatives in t up to order Ky [4], if one has the condition

oo oo .
Diko p(r,t) = Dtko SOO,t:O(x)v (z,t) € S5, 0 < ko < Ko. (3.2)

Under the conditions given above, we have Ky < [I/2], where [/2] is the integer.
In the case when the data of the problem (2.2), (2.1) satisfy the conditions

Ciazy, P, £ € H'WH@), 1) >0, (3.3a)

pe S, peH"HNS), @eC(S).  (33b)

i=1,2,3,4, 1®>2 aec(0,1),
then the solution of this problem satisfies the inclusion (see [3, 4]):
u€ Hl(3)+°‘1(G) NH*(G), where 1® =min[l™ +2,1?] oy € (0,1).

Let
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the data of the problem (2.2), (2.1) on the set S§
satisfy compatibility conditions, (3.3¢)
for the derivatives in t up to order [IM) /2], 1) <16,

Thereby, the derivatives in ¢ satisfy the inclusion

ko

S U E H*(G), ko< Ko, where Ko< [IW/2], 1 = 18.)3)-

3.2. If the data of the problem (2.2), (2.1) satisfy the condition (3.3) with
1M =@ =W =742 >0, (3.4a)

and also the conditions

0 Pz, t)=0 0 Cla, 1) =0, (z,t)€ E
oofrony T 0 adbadp T REET
1<k<2/2]=1) for 1>4 (3.4b)

for1 <3 (1 >0), restrictions to the derivatives
of the matriz-functions P(x, t), C(z,t), (x,t)€ §LC, are not imposed;
ak
Dt Ok

8k1 3k2 —Lc
ﬁw(x,t)=ﬁcp(m,t)=0, ki, ke <1+2, (z,t) €S8,
1 2

flz, £) =0, k<I,
(3.4¢)

then one has u(-, t) € C'*2+%(D), t € [0, T], that implies the following inclu-
sion [3, 4]: B
uc HT2 (@), (3.5)

3.3. We shall assume that the following condition holds (we call it the con-
dition (3.6)):

The data of the problem (2.2), (2.1) satisfy the conditions (3.3), (3.4)
that guarantee the smoothness of the solution of the boundary value
problem on G, i.e. the inclusion (3.5). When constructing a priori
estimates for the regular and singular components of the solution
in representations (4.1), (4.8), (4.14) (from Section 4), the follow-
ing condition is assumed to be fulfilled in addition to the conditions

(3.3), (3.4): B B
C1(2.2); P, fe Hll+a(G)a "ZBS Hl1+a(Sj)7 pE O(S)a (36)
3’“ —Lc
—f(z,t) =0, (x,t)e S, k<l
ooy =0 @) 1
8k1 3k2 —Lc
T, t) = z,t)=0, (z,t)eS , ki, ko<l l1>1,
8x’f1 Pz, 1) 6x§2 ez, 1) (z, 1) 1, K2 1, b1
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that guarantee the smoothness of the regular and singular compo-
nents of the solution.

The actual values of [ and [; are specified where it is required. The fulfilment
of other conditions in addition to (3.3), (3.4), (3.6) is not assumed.

4 A Priori Estimates of Solutions

4.1. Let us give some estimates that are obtained using main terms in the
asymptotic expansion of the solution (see, e.g., [6, 9]).
Write the solution of the problem as the sum of the functions

u(z, t) =U(x, t) + V(z, t), (z,t) €Gq, (4.1)

where U(z, t) and V(z, t) are the regular and singular parts of the solution.
The function U(z, t), (z, t) € G, is the restriction to G of the function U°(z, t),

(z,t) € GO, where the set @O, i.e., the extension of G beyond the §L, includes
G along with its mg-neighbourhood; G'=D"x [0, T]. The function U°%(z, t)
is the solution of the problem

LUz, t) = %, t), (x,t) €GO, (4.2)

Uz, t) = @, t), (x,t) €S
Here L° and fO(x, t), (z, t) € @0, are smooth continuations of the operator
L(2.9) (that preserve the properties (2.3)) and of the function f(x, t); the func-
tion @%(z, t), (x,t) € SY, is chosen sufficiently smooth; ¢°(z, t) = ¢(x, t),
(x,t) € Sp. Assume that the functions f°(x, t) and ¢%(z, t) are equal to zero

outside an m;-neighbourhood of the set G, m; < mg. The function V(z, t) is
the solution of the problem

L(z.z) V(x, t) = 0, (33, t) S G,
V(z, t)=p(z, t) — Uz, t) = py(z, t), (x,t)€S8.

(4.3)

4.2. Let us give estimates of the regular and singular components in the
representation (4.1) of the solution of the boundary value problem.

4.2.1. Now we estimate the regular component of the solution. We represent
the function U(z, t) as the sum of the functions

U(z,t) = Zgkuk(x, t) + vy (2, t) = U (a,t) + V(o 1), (z,t) €G, (4.4)
k=0
corresponding to the representation of the function U%(x, t), (z, t) € @O, which
is the solution of problem (4.2):

U, t) =Y U(a, ) +vi(x, 1), (z,0)€C .
k=0
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The functions UY(z, t), (z, t) € @0, i.e., components in the decomposition of
the regular part of the solution, are solutions of the problems

—0
L(4.5) U(O)(ma t) = fo(xv t)a (33, t) €G \585 (45)
U(O)(:E, t) = 900(x7 t), (CC, t) € 587
_ —0
e {Las) ~ Ly} Uh@. D), (@) €T\ 8§,

Ud(z,t) = 0, (x,t)e Sy, k>0,

L5 Up(z, t)

Liys) = L?4.2)|5:0 = —C%ax, t) — P(x, t) %
In the case of the condition (3.6), where
I>K—-2, 1 >K+2n, (4.6a)
=[(K+1)/2]33 —2, K=>4, (4.6b)

one has U° € HX+%(G"); for the function U(z, ¢), we obtain
ak—‘rkg

— Uz, t)| < M [14+e5F2] ) (2,t)eG, k+2k <K. (4.7
Ok 9k otko (@) [ J @ 0 (4.7)

4.2.2. Let us consider the decomposition of the singular part.

In our constructions, we shall use a function V%(z, t) (an approximation
of V4.1)(w, t)) as the singular term of the decomposition of the solution. We
construct the function V¢(z, t) as the sum

4

Z (z, ) + V(i j4n (@, 1], (z,t) €G, (4.8)

Jj=1
where V; i1y (z, t) = V(14) (2, t) for j = 4. Here V) (z, t) and V; j11)(z, )
are the functions describing the one-dimensional and the corner parabolic bound-
ary layers in a neighbourhood of the sides S; and the edges S5 ; ., = S; () Sj+1,
respectively, where S;(Sj;1 = Sf, for j = 4. The functions V;)(z, t) and
Vi i+1)(z, t), (z, t) € G, are the restrictions to G of the functions V?j)(x, t),
(z,t) € G(;) and V(J jﬂ)(x, t), (z, t) € G(j, j+1). Here

Gy =D x[0,T), Gjji1) = Djjrn) x [0, T;

the set E(j) (the set E(J—JH)) is the part of the set D’ , which along with the

D belongs to the half-plane (the quarter-plane) whose boundary pass through
the side I'; (the sides I'; and I}j41).
The function V?j (z,t), (z,t) € G, is the solution of the problem

LOVy(x, 1) =0, (x,1) € G,

4.9
A% = . t t) €S, 1 =1,2,3,4 49
(])(x7 ) (P(J)(xﬂ )7 (CE, ) € ), J y 4y Oy Xy

Math. Model. Anal., 13(2):251-261, 2008.
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where L0 = L(()“); 20 (z,t), (x,t) € S), is a sufficiently smooth function
that satisfies the condition

So(j)(xv t) = SDV(xa t)v (33, t) € Sj USO (49b)

The function VOj) (z, t) exponentially decreases when moving away from the
set S(j); (from the side of the boundary S;) that includes ;).

The function V9

G in (@, t), (2, 8) € G(j jy1), is the solution of the problem

LV, (@, t) =0, (x, 1) € G(j, j+1),

V)

\2 t) = ; t t) € Sy .:1234.(4.1031)
(J’J+1)(IE, ) <p(j7]+1)(x, )7 (x7 ) (J7J+1)7 J 9 LAy Iy Iy

i, 1) (@, 1), (w, 1) € S( ji1), is a sufficiently smooth function that satisfies
the condition

So(j,j+1)(xa t)=py(z, t) - So(j)(xv t) — 80(j+1)(33a t),  (4.10b)
(33, t) S Sj USj-i-l'

The function V?j_ j +1)(x, t) exponentially decreases when moving away from
the set S; () Sj41-

4.2.3. Let us estimate the singular components in the representation (4.8).

Having an estimate of the problem (4.9) in the extended domain G;) (the
main term in the expansion of the form (4.4) of the function V?j) (x, 1), (x, t) €
Em, is a solution of the boundary value problem for a singularly perturbed
vector one-dimensional parabolic equation), for the function V ;) (z, t), (2, t) €
G, in the case of the conditions (3.6), (4.6), we obtain the estimate

akJrko

ks _
Dk 9k ko V(e t) < M0 exp (=me™tr(z, 1), (4.11)

(2, 1) €G, k+2ky <K, j=1,2,34.

Here 7(z,I7;) is the distance from the point x to the set I, k() = ky for
J = 1,3, while k(jy = ks for j = 2,4, and m is an arbitrary constant from the
interval (0, mg), where mg = 05/2(1 — m(z.g))l/Q, for co = co(2.3)-

4.2.4. Let us estimate the function V(; ji1)(, t) in the domain G(j ji1).
Here, we need more smoothness of the components U(z, t), V(;(z, t) com-
pared with the smoothness required for the estimates (4.7), (4.11). Assume

that the data of the boundary value problem satisfy the condition (3.6), where
I>K-2, L >2K-1; (4.12)

this condition is stronger than the condition (4.6).
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Taking into account estimates similar to (4.11), for the solution of the prob-
lem (4.10), we find the estimate

5k+ko
Dt dxk2 otho

(x,t)€G, k+2k <K, j=1,234, m=mu. (413)

Vi i@ t)] < Me ¥ exp ( —me tr(z, ;N Fj_l,.l)),

4.3 Let us give a decomposition of the solution of the boundary value prob-
lem that will be used in the following construction.

The solution of the boundary value problem (2.2), (2.1) can be represented
as a sum similar to (4.1):

u(z, t) = Uz, t) + Vi(x, t), (z,t)€q, (4.14)

where U‘(i4,14) (z, t) = Uy (z, t) + U (x, 1), V?4.14) (x,t) = Vfl4,8) (x, ).
The additional component U*(x, t) appears because the components of the
function Vl(j4.1 n (z, t) were constructed as solutions of boundary value problems

in domains that are extensions of G. For the function U*(z, t), (z, t) € G, in
the case of condition (4.12), we have the estimate

5k+ko

———U*(x, t
DN dxk2 otho (= 1)

< M, (v,t)€G, k+2k <K. (4.15)

For the component U?4.1 2 (z, t) in the decomposition (4.14), taking into
account the estimates (4.7), (4.15), we obtain

8k+k0

s d
o oo O ()

< M [1+e5772]) (2,t) €G, (4.16)

k+2k) < K.

For the components of the singular component V?(x, ¢) in the decomposition
(4.8), the estimates (4.11), (4.13) hold.

Theorem 1. Let the data of the boundary value problem (2.2), (2.1) satisfy
the conditions (3.6), (4.12), where K > 4. Then the solution components
Vi, t), Vi, i+ (x, t), for j =1,2,3,4, and U%(x, t) in the decompositions
(4.8), (4.14) satisfy the estimates (4.11), (4.13) and (4.16).

5 Finite Difference Scheme

5.1. When constructing a finite difference scheme for the problem (2.2), (2.1),
we use a classical finite difference approximation on rectangular meshes (see,
e.g., [8]). On the set G we introduce the grid

éh th X W, Eh = Wi X Wa. (5.1)

Math. Model. Anal., 13(2):251-261, 2008.
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Here W, and wy are, in general, arbitrary nonuniform meshes on the intervals
[0, ds] and [0, T respectively. Set bt = xit1 -zt 2l 2l € G, hy = max; b,
h = max,hs, s = 1,2, and h¥ = tFT1 — ¢k ¢tk b+l ¢ Gy hy = maxy hY.
Assume that the condition h < MN~!, h;y < MN(;1 is fulfilled, where N =
ming Ng, s =1,2, Ng+ 1 and Ny + 1 are the number of nodes in the meshes
ws and Wy, respectively.

To solve the problem, we use the implicit scheme on the grid G:

Az(x, t) =f(z, t), (x,t)€Gr, z(z, t)=p, t), (z,t)€ S (5.2)

Here Gn=GNGhr, S =SNG,
Az(z, t) =e* Ayz(z, t) — C(x, t)z(x, t) — P(, t) 5;2(, 1),

A5 0
Ay = ( ° 1) , Ab = Z Orszsy  z(x, t) = (2'(, t), 2°(x, t))T,
0 A2 s=1,2

(z, t) € Gy Here dzszs v(w, t)vgszs(z, t), for s = 1,2, and §7v(x, t) are the cen-
tral second- and the backward first-order difference derivatives on nonuniform
meshes [8].

5.2. We study the convergence of the scheme (5.2), (5.1) using the maximum
principle [8] and under the assumption that the solution of the boundary value
problem (2.2), (2.1) satisfies the estimates of Theorem 1.

Note that the operators

Ay =2 AL =i, t) = p'a, )0, (0, 8) €Gh, i=1,2,  (53)

that approximate the operators Lg;) 4)» are monotone [8].

Let us construct a special finite difference scheme for the problem (2.2),
(2.1). On the set G we introduce the mesh

éh = Eh X wo, ﬁh = E}? - wls X EQSa (54)

where @, is a uniform mesh on the interval [0, 7], and @7 = @7 (o) is a

piecewise uniform mesh on the interval [0, ds]. The mesh step-sizes of T2 are

constant on the sets [0,05], [ds — 0s,ds] and [0s,ds — 0], and are equal,

respectively to RY = 404N 1 and r? — 2(ds — 205)N; 1. The value oy is
defined by

os = 05(e, Ng) = min [4_1d5, MglnNS] , s=1,2, M= 2m(7£11)'

To solve the problem (2.2), (2.1), we use the difference scheme (5.2) on the

grid (5.4). Taking into account the estimates of Theorem 1, we establish the
e-uniform convergence of this scheme

lu(z, t) —z(z, t)| < M[N2I®N+N;'], (2,t)€Gh. (5.5)
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Theorem 2. Let the components in the decompositions (4.8), (4.14) of the so-
lution of the boundary value problem (2.2), (2.1) satisfy the estimates of The-
orem 1 for K = 4. Then the solution of the difference scheme (5.2), (5.4)
converges to the solution of the boundary value problem e-uniformly. The dis-
crete solution satisfies the estimate (5.5).

The authors are grateful to the participants of the 12th International Con-
ference MM A2007 (Trakai, Lithuania, 2007) for interesting helpful discussions.
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