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Abstract. We consider an impedance boundary-value problem for the Helmholtz
equation which models a wave diffraction problem with imperfect conductivity on a
union of strips. Pseudo-differential operators acting between Bessel potential spaces
and Besov spaces are used to deal with this wave diffraction problem. In particu-
lar, these operators allow a reformulation of the problem into a system of integral
equations. The main result presents impedance parameters which ensure the well-
posedness of the problem in scales of Bessel potential spaces and Besov spaces.
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1 Introduction

The diffraction of waves by regions in a plane is an important topic in scattering
theory from both mathematical and engineering points of view, and has been
subjected to numerous past investigations. We refer to the survey paper [6]
and to the book [3] for a description on the background of these problems.
From the mathematical point of view (depending on the kind of boundary
conditions in use and on the geometry of the problem), different studies have
been made about the type of the spaces which are more appropriate to deal with
such kind of problems (cf. [1, 2, 6] and the references therein). In fact, a great
part of the mathematical interest in this kind of problems is devoted to the
question of finding out the largest set of possible spaces where the existence of
a unique solution, and continuous dependence on the given data will be shown.
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Within this goal, it is relevant to mention that for the real (non-complex)
wave number case some of the known techniques fail (e.g., certain integral
representations constructed by the Wiener-Hopf method for the complex wave
number case have no sense in the real wave number situation).

The aim of this work is to analyse the problem of plane wave diffraction
by a union of strips. The problem will be formulated in both cases of real and
complex wave numbers, and worked out in a framework of Bessel potential and
Besov spaces with general integrability and smoothness indices. In addition,
impedance conditions will be assumed on both faces of the union of the strips.
We will provide new results on the possible smoothness orders and integrability
parameters of Bessel potential and Besov spaces for the well-posedness of the
announced problem. Thus, the present work improve the known corresponding
results in two directions: generalization of the geometrical situation (several
strips instead of only one), and generalization of the spaces in consideration
(having Bessel potential and Besov spaces with general smoothness and inte-
grability indices). Therefore, we improve for instance the results of [2] where
only the one strip geometry was considered and in Hilbert Bessel potential
spaces.

2 The Impedance Boundary Value Problem for the Union
of Strips

In this section we introduce the general notation, and present the mathematical
formulation of the diffraction problem.

Let m be a positive integer number. We will work within the framework of
Bessel potential H;(R™) and Besov B,  (R™) spaces (for s € R, 1 < p < o0,
and 1 < g < 00). We refer to [7] for the general properties of these spaces. For a
given 2 C R™, we will also work with H;(Z), and denote by ﬁ;(@) the closed

subspace of H,(R™) whose elements have supports in Z. The corresponding
Besov spaces on Z will be also used. In addition, we will consider the local
Besov and Bessel potential spaces.

Let n be a positive integer number. Considering the Cartesian axes Ozyz,
we assume throughout this work that the material is invariant in the z-direction.
Therefore, in effect, the geometry of the problem is two-dimensional, which
leads us from strips to finite intervals. Thus, let us consider

2:=R*\ {(z,0) eR?*|z € X},

where X :=|ag, a1[U---Ulan—1,a,[ for 0 = ap < a1 < az < -+ < a, < 00, and
study the problem of existence and uniqueness of an element u € Lo(R?), with
ujo € Hy,.(£2), such that

0? 0?

+ ot —
{ul—ngruO = ht

S on X, (2.2)
uy +ig ug = h”
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where the wave number k # 0 is given, as well as o= € C, and the Dirichlet
and Neumann traces are denoted by u(jf = UJy—+0 and uf = —(0u/0Y) = 10

respectively. The elements h* € H, 1 2(E) are arbitrarily given since the
dependence on the data is to be studied for well-posedness. Note that the
conditions in (2.2) are understood in the distributional sense.

Later on (as mentioned in the Introduction) we will also consider this prob-
lem in a larger framework where the solution is studied in both Bessel potential
and Besov spaces within a larger range of integrability and smoothness space
parameters.

We recall that we will deal with both situations of a dissipative and a
non-dissipative medium reflected by the conditions Smk # 0 and Smk = 0,
respectively. Thus, for the real wave number case (k € R) it is natural to require
that the eventual solution of (2.1)—(2.2) should also satisfy the Sommerfeld
radiation condition at infinity

0

aaﬂ@%ﬂ%h@%=ﬁWﬂ2)ﬁrubﬁm,

u € Som(§2) :
see, e.g., [3]. Therefore, in what follows it is assumed that for a real k we have
a radiating u, while for a complex k it follows that u exponentially decays at
infinity.

Let ry denote the restriction operator to X (in corresponding spaces of
Besov or Bessel potentials). Note that the conditions (2.1)—(2.2) lead to the
following transmission conditions on R\X: uj —uy = 0 and uj —u; = 0.
Thus, when computing

Rt —h™ =re(uf —uy) — rg(ig"’uar +i0 Uy ),

we conclude that we necessarily need to have a compatibility condition between
the data:

Wt —heergHy YA(X). (2.3)

This occurs because from the transmission conditions on R\ X and (2.2) it
(

follows u” —uj € f]{l/z(ﬂ), and also due to igtryud +io rsu, € H21/2 X)

(which does not change the space in (2.3) because Hgl/g(E) — rgﬁ;1/2(2) is
continuously embedded).

From now on we will refer to Problem ., as the one characterized by
(2.1), (2.2), (2.3) and the Sommerfeld radiation condition at infinity, in the
case of k € R, and by (2.1), (2.2) and (2.3) in the case of k ¢ R.

3 Uniqueness of Solution

Let us assume that X is a part of some smooth and simple curve S which
separates the space R? into two disjoint domains 2 and 2~ = R\ 2+, such
that 2% is a bounded domain and S = 902% (cf. Figure 1). In this case, we will
denote by n(z) = (n1(z),n2(z)) the outward unit normal vector at the point
z €5 =00" (see Figure 1).
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Figure 1. The geometry of the problem.

Theorem 1. (i) If Imk = 0, Reo™ > 0, then the homogeneous Prob-
lem Prmp (i-e., Problem Py in the particular case of hE = 0) has only the
trivial solution u = 0 in the space Hy,,.(£2) N Som({2).

(i) If Smk # 0, and one of the following situations holds:

(a) (Rek)(Smk) >0, Reo™ >0

(b) (Re k)(Smk) <0, Rep™ <0

(c) ISmkE| > [Rek|, Sme* >0

(d) Rek=0, Reo" #0, Sme > (Sme")Reo™)/(Reo™)
(e) Rek =0, Reo” #0, Sme" > (Sme )(Reo")/(Reo™)
() Rek#0, o =0, RNep™ #0, Smpe" #0,

(Smk)® — (Rek)® — 2(Re k) (Sm k) (Sm ot)/(Re o) >0
(g) Rek#0, o7 =0, RNeo #0, Smo #0,
(Smk)® — (Rek)® — 2(Re k) (Smk)(Smo~)/(Reo™) >0,

then the homogeneous Problem Pimp has only the trivial solution w = 0 in the
space H3($2).

Proof. (i) Let us first consider the case of Smk = 0, Re p* > 0. Take R to be
a sufficiently large positive number and let B(R) be the disk centered at the
origin with radius R, such that 2 C B(R). We define 25 := 2~ N B(R), and
consider u to be a solution of the homogeneous problem “;,, . Then, Green’s
formula for v and its complex conjugate @ (in the domains 25 and 27) yields

/7 (1Yl - #2Juf?) do = —<[anu]g,[u]g>s+/ Bpu i dS,

fois OB(R)

/m (1Vul? - K2Jul?) de = ([Ouult, [u])s,
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where the symbols []* denote the non-tangential limit values on S from 2*
and (-,)g, (,") s denote the duahty brackets between the dual spaces H, ? (S)

and Hy (S), or Hy *(X) and HE (X), or Hy * (&) and H (X).

Note that the interior regularity in {2 of solutions of the Helmholtz equation
(2.1) gives us [u];r\f =[u ]5\2 and [0y u]S\E = [8nu]s\2 Then, by summing
up the last two integral equations given in 2% and 25, we obtain

/ (|Vu|2 - k2|u|2) de = (uf,uf), — (uy,ug ), —|—/ Opuu dS
OB(R)
ntueg

=io" (ug, ug ), +io” <u5,ug>2+/ OpuudS.  (3.1)
OB(R)

Now, since we are assuming the parameter R to be sufficiently large, we can
apply the Sommerfeld radiation condition on the circle 9B(R). Let us now
separate the imaginary part of the equation (3.1), and use the fact that u €
Som(2) implies u(z) = @(|z|~ %) as |z| — co. We therefore obtain

Re g+/ lud [2dX + Re Qi/ lug |2dX + |/€|/ lul?> dS = O(R™Y),
s b dB(R)

which yields limp o [55(p) lul* dS = 0, due to the conditions e ot > 0.
Consequently, from the Rellich—Vekua Theorem [8], it follows that u = 0 in (2.

(ii) For the second case, we can repeat the same reasoning as in the case
(i) up to the step of formula (3.1). Additionally, since Smk # 0, the solution
u € H}($2) of the Helmholtz equation exponentially decays at infinity and so
it follows

/Q (IVul? = 2 Jul?) do = io* (uf uf ) . + 0™ (ug, ug )

when passing (3.1) to the limit as R — oo. From the real and imaginary parts
of the last identity, we obtain

/(|Vu|2+((Sm k)? — (Re k)2)|u|2)dx:—$m 0" (ug,ug ) ;—Smo (ug,ug )y
2

—2(Re k) (S / lul? dz = Re o (ud >E+§Regf<ua,ua>2.

In conclusion, for each of the conditions (a)—(g), it follows from the last two
identities that u =01in 2. O

4 The Integral Form of the Solutions

In the present section we will use pseudodifferential operators, acting between
Bessel potential and Besov spaces, for studying the solution of the original
problem. Without lost of generality, we will assume that k£ > 0 when in the
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case of a real wave number (the complementary case of k£ < 0 runs with obvious

changes).
Let us denote the standard fundamental solution of the Helmholtz equation
(in two dimensions) by I'(z,k) = —4 O(l)(k|a:|), where f!()(l)(k|m|) is the

Hankel function of the first kind of order zero. Recall that the fundamental
function I'(z, k) satisfies the Sommerfeld radiation condition (for a real positive
k), and it has the following logarithmic singularity in the neighbourhood of the
origin I'(z,k) = —5=1In w7+ O(|z|?In|z]), [z| < & (cf. [3, §3.4]). Then the
corresponding single and double layer potentialb are of the form V(¢)(x) =
fg r—=1{, )¢( )ds T ¢ E and W - fE JZ - y,k)](p(y)dS,
x ¢ X, where 1) and ¢ are dens1ty functlonb

Note that by the standard arguments of the Green identities we obtain the
following integral representation of a radiating solution u € Hj,,.(£2)NSom({2)
of the homogeneous Helmholtz equation (cf. [8])

Jloc

£ [ {up @ =) ) = D = 1) o] * } d

) u(x) for ze€ 0%, (41)
Sl 0 for xeQF '

In addition, by summing up (and taking into account the continuity relations

= [u] . = and [0, u] [Onu] <), we derive that

+ +
[U]S\f S\E S\T ~ S\E)

) = / {10n I (@ =y, k)] (u@)]" = [w@)] ™) —I(z =y, k) ([Ongyuy)]
— [Onu)] ") }dS = W(ug —ug)(z) = V(uf —uy)(z), ze, (4.2)

which holds for a solution u € H21710C((2) N Som({?2) when k is a positive real
number, as well as for a solution u € H3(£2) of the Helmholtz equation when
k is a complex (non-real) wave number.

Let us now recall some mapping properties of the above single and double
layer potentials (cf., e.g., [4] and [5]), in Bessel potential and Besov spaces with
indices se R, 1 < p<oo,and 1 < ¢q < oo

V' H3(S) — Hy 2 (27) N Som(€27) [H3(S) — Hy 2 (24)]
B,(S) — Ho P (20 nSom(27) (B (8) — Hy (01
LB (S) = B\ E (@) nSom(2) [Bs,(9) - By (2]
W s H3(S) — Hy 2(027) N Som(27) [H3(S) — Hy 5 (21)]
B3, (8) — H2(27)nSom(@7)  [B3(8) — Hy (@)
B3, (S) = Booh () nSom(27)  [Bi,(S) — By’ (27)]

(4.3)
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for a real positive wave number k, and

Vo H(S) - Hy TR () W H3(S) - HyTE(0F)
s+14+1 sl
Bs (S) — H, 7(02F) . Bs,(S)— H, P(0F)  (44)
s+1+1 sl
By o(S) = Bpg " (£2%) 0 Bpo(8) = Bpg” (%),

for a complex (non-real) k. For ¢ € H, %(S) and ¢ € ~2% (S), the following
jump relations are also well-known

V@)E = V)s = 2@%),  [0.V@)s = [FL + 7] (),

WO = 44 @ B~ OW s = 2
where I denotes the identity operator, and
AW = [ M=y huis . zes, (46)
H (@) = [ ou T =9 b()as 25, (47)
A @) = [ a2 RS . =€, (48)

L(p)(z) = IE%SGH(z) /S[an(y)f’(y —x,k)|e(y)dS, ze€S. (4.9)
Note that in our geometry, after restricting the above J# and JZ* to X they
became to be zero operators and so they will not make significant influence in
the invertibility study. Therefore, they are omitted in below considerations.

Theorem 2. Let s € R, 1 < p < 00, and 1 < ¢ < oo. The operators (4.6)
and (4.9) considered now on X are pseudo-differential operators of order —1
and 1 (respectively) which can be restricted/extended to the following bounded
mappings:

re 0 H3(XD) — HEVL(D) [és (2)43531(2)}, (4.10)

re  HITU(E) - HI(Y) [E;j;l(x)ﬁf;;q(z)}. (4.11)

In addition:

(i) The operator rx I : f];(E) — H3TY(X) is Fredholm if and only if

1
5 (and 1<¢<0). (4.12)

(i1) The operator ry.%L : ﬁ;“'l(ﬂ) — H3(X) is Fredholm if and only if (4.12)
holds true.

Math. Model. Anal., 13(2):183-194, 2008.
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(iii) The operator rs I : 557(1(2) — BtY(X) is Fredholm if (4.12) holds
true.

(iv) The operator rx.L : Eszl(ﬂ) — By (X) is Fredholm if (4.12) holds

Ds
true.

(v) All the operators in (4.10) and (4.11) are invertible provided that (4.12)
holds true.

The last result was derived using the methods detailed presented in [5, §5]
(the proof is omitted for a matter of brevity).

5 Existence and Regularity of Solutions on Bessel Poten-
tial and Besov Spaces

In the present section, for the spaces Hy or By ,, with 1 < s =1+€ < 2,

1 <p<oo,and 1 < g < oo, we will analyze the existence of a solution of the
corresponding Problem %, , in the above indicated form

u(z) = W(p)(x) = V(¥)(x), zel2, (5.1)

where the unknown densities ¢ and ¥ are related to the source u and its normal
derivative by the following equations (cf. (4.2)):

p=uf —uy , Y=uf —uy. (5.2)

The boundary conditions (2.2) (together with (2.3)) can be equivalently
rewritten in the form

uf —uy —iotud —ioTuy = fo
on X, (5.3)
uf —iotud = h

1 el 1
where fo :=hT —h™ € rxH, *(X) [rxBpq" (X)) and f1 := h' € Hy, "(X)

e—1

[Bp,q" (X)], with 0 < € < 1. Then, the representation formula (5.1) together
with the jump relations (4.5) and the boundary conditions (5.3) lead to the
following system of equations on X with unknown ¢ and ):

ro{l —igt[dlp — Y] —io~[-3Ip — Y|} = fo
re{ Lo+ 31 —iot[Elp — AP} = fi.

For the matter of notation abbreviation, let us introduce the operator

(5.4)

I+iot st +io~ A  —iot(3I)+io (31)
A =
it Z —io*(31)
and @ := (¢, )", F := (fo, 1) . Then, from (5.4), we have
red®=F on X, (5.5)
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where
~e—1 ~et1-1 ~e—1 ~6+177
B e Hy V(D) x By HE) (Bry (5) x By P (D)
and e 1 1 el 1
Fe(reHp 7(X) x Hy () [(reBpg” (X)) X Bp,g” (X))
Theorem 3. Let e =0, 1 <p < oo, and 1 < g < 0.

(i) If Smk =0 and Re o™ >0, then Problem Py has a unique solution
in the space H) ., .(2)NSom(R2) [B} , 1,.(£2) NSom(82)], which is representable
in the form (5 1) with the densities ¢ and 1 defined by the uniquely solvable
pseudo-differential equation (5.5).

(i1) If Smk # 0 and one of the conditions (a)—(g) of Theorem 1 is satisfied,
then Problem Ppmp has a unique solution in the space H)(£2) [B} ,(£2)], which
is representable in the form (5.1) with the densities ¢ and v defined by the
uniquely solvable pseudo-differential equation (5.5).

Proof. We will analyse the invertibility of the matrix operator

1 1

1 _1 ~_1 1
reoo/ : Hp P (X)X H P(X) = (ryHp, P(X) x Hy P (X)) (5.6)
~_1 ~1-1 ~_1 _1 ’
By (£) % Byy” (2) = (rsBpg (X)) x By (£) .
Due the compact embeddmgs H1 1/]D(E)f—>H 1/]D(Z'), E;;l/”(z)%é,;;/p(x),
H,% 1/p(Z') — rng 1/]D(Z'), B;1)7q1/p(2) — rng_,q/p(Z‘), and to the mapping
properties (4.10), the operators in use

11 1 11

1 1
rel :Hy "(X)—reH, " (X)), rxl:H, *(X)— Hp"(X),

~1—1 ~_1 ~1—1 _1

Tl Bp gt (X) = reBp g (X), rel:Bpg"(X)— Bpg(X),
1 —_ 1

1 1 1 _1
rodHy, " (X)) —rsH, " (X)), red:Bpl(X)—ruBpd(X)

are compact. Therefore, (5.6) is a compact perturbation of a triangular matrix
operator with the invertible operators rxI and ry.% in the main diagonal (cf.
(5.7) below). Consequently, (5.6) is a Fredholm operator with zero index. Then
Theorem 1 implies that Kerryo/ = {0}, and therefore the equatlon (5.5) is

unlquely solvable for arbitrary F € (rsH, (Z‘)) x H, (Z‘) [(rngq (X)) x
Bi (). O

Theorem 4. Let (i) Smk = 0 and Reo* > 0, or (i) Smk # 0 and one of
the conditions (a)—(g) of Theorem 1 be satzsﬁed If the boundary data satzsfy

the conditions (h+ hyeH, " (2) x H, " () Byt T(5) x Byr ()],
Wt —h~ ergH, ot (2 [rngﬂ (X)), for0 < e< %—% and 2 <p <4 (see

Figure 2), then the solution u of the corresponding Problem Pimp possesses the
following regularity

u € H;Jfoec( ) N Som(£2) [B;J;EIOC( ) N Som(£2)], in the case (i),

1+e 1+e ..
ue H,™(2) [ByL(2)], in the case (ii).

Math. Model. Anal., 13(2):183-194, 2008.



192 L. P. Castro and D. Kapanadze

A

NI
\\\\;’
N2

/
1
1

1

1
1
1l
y

Figure 2. The regularity and integrability index region.

Proof. The solvability result follows from Theorem 3. As for the regular-
ity result, due to the continuity results in (4.3)—(4.4), and the representation
formula, it is sufficient to show that

~—1ie ~1-14e ~— 1 ~1-14e
(W) e Hy " (X)) x Hp " (X) [Bpg (X)X Bpg" (X))

The operator &/ can be written as & = % + T, where

I 0
B = < 5 g ) , (5.7)

ot +o ) (o — o)
T = (Tj)ji=1.2 := ( - o + '
1ot H —5071

Due to Theorem 2, we have that

~—L1¢ ~1-14¢ ~—Ll¢ —1e
rs# o Hpy? (Y)xHp " (X)—(reHy? (X)) xHp " (2)

~_—14 ~1—14 ~—14 i
Byi (2)x Byy" (D) = (reBpi () x Bpg (%)
is an invertible operator for every € € (% — %, %—%), l<p<oandl<g< .

Indeed, the inverse is provided by the formula

( %)_1 < by 0 )
[ G T A

We will now study the operator T'. When o~ + o7 = 0 and/or o™ = 0, some
of the entries of the matrix operator 1" are zero, and the below considerations
are even simpler. In here, we will therefore consider in detail the most usual
case when all entries are different from zero.
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Due to the mapping properties of Theorem 2, and to the compact embed-
dings

H;—l/ere(E) SR 7“2]:7;71/’)(2), B;ll)’;l/erE(E) SR TEE;;}I/;)(E)’

~1—1/p+e e >1— € €e—
roH, T(D) o HEYP(E), reBl Vrte(x) < BSVP(E),

it turns out that the operator rxT is compact. Moreover, the entries 711,
T2, To1, and Tho are pseudo-differential operators of orders —1, 0, —1 and 0,
respectively (see, Theorem 2).

Therefore, from ry@® = F, we obtain @ = (r52) 'F — (rsB) 'rsT9,

i.e.,

= 4Lofo— Lo (reTi —rxTizp),
v = (Tzf)_l(—%fo +f1) = (rel)  (rsTo — %TETMW

_ 1
— (7’292”) 1(7"2T22 — §T2T12)<p.

The last equality for v, together with

~q_1 ~_ 1 ~1_1

(,9) € Hy * () x Hy *(2) [Byd () x Bpg™ ()],

N . . ~—14
and the continuity properties of rx7i; and rxThe, imply ¢ € Hy, " E(Z‘)

~—2+ R . .
[Bp.& (X)]. Taking into account this result for the last equality of ¢, and
noting that .Z~' is a pseudo-differential operator of order —1, we obtain

1 1. ~1_ 1.
Y E H; Chl (X) [B,l,,q“’Jr (X)] and this concludes the proof. O
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