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Abstract. We consider a second order nonlinear differential equation with nonlocal
(integral) condition. The spectrum of it differs essentially from the known ones.
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1 Introduction

Investigations of Fucik spectra started in the 1960s. Let us mention the work
[3] and the bibliography therein. Of the recent works let us mention [4, 5, 6].
The Fucik spectra have been investigated for the second order equation with
different two-points boundary conditions. There are fewer works on the higher
order problems.

Our goal is to get formulas for the spectra (A, 1) of the second order bound-
ary value problem (BVP)

, —(a + V)2 t2|g|?on, if >0, 1)
T = 1.1
—(a + 1)A2F2|z|22, if 2 <0,

(ae > 0) subject to the boundary conditions

1
z(0) =0, /x(s) ds = 0. (1.2)
0

The spectra is obtained under the normalization condition |2/ (0)| = 1, because
otherwise the problem may have a continuous spectra.
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We try to extend investigation of Fuc¢ik type spectra in two directions. The
first one considers the classical equation with integral boundary condition ([7]).
The second direction deals with equations of the type

o = —pf(xh) + Ag(z™),

the good reference for it is the work [6].

This paper is organized as follows. In Section 2 we present results on the
Fucik spectrum for the problem z” = —p22t + A2z~ with the boundary con-
ditions (1.2). In Section 3 we consider problem (1.1) with Dirichlet conditions.
In Section 4 we provide formulas for Fuc¢ik spectrum of the problem (1.1),
(1.2). This is the main result of our work. Our formulas for the spectra are
given in terms of the functions S, (t), which are generalizations of the lemnis-
catic functions [8] (sl¢ and clt), and their primitives I, (¢). The formulas for
relations between lemniscatic functions and their derivatives are known from
[2]. The specific case of a = 1 is considered in details as an example.

2 Fucik Equation with the Integral Condition
Consider the second order BVP
o = —plat 4+ N2, A >0, (2.1)

where 27 = max{z,0}, 2= = max{—z,0}, subject to the boundary conditions

z(0) =0, /x(s) ds = 0. (2.2)
0

DEFINITION 1. The Fuéik spectrum is a set of points (A, ) such that the
problem (2.1), (2.2) has nontrivial solutions.

The first result describes decomposition of the spectrum into branches F;"
and F;” (i =0,1,2,...) for the problem (2.1), (2.2).

o0
Proposition 1. The Fudik spectrum > = |J Fii consists of a set of curves

+
=0

F ={(\ p)| 2'(0) > 0, the nontrivial solution x(t) of the problem

has exactly i zeroes in (0,1)},

F- ={(\p)|2'(0) <0, the nontrivial solution x(t) of the problem

has exactly i zeroes in (0,1)}.
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+oo
Theorem 1 [[7], section 2]. The Fucik spectrum Y = |J E for the problem
i=1

(2.1), (2.2) consists of the branches given by

%N (2 — 1) peos(A— AT 4 i)
F;g—lz{(/\au) - ( )

_T

[ o ) =0,
m (- D7 im o am
n <1, —>1},
u+ AT u+A
2i4+ 1A 2ip Acos(u — E& 4 i)
P = (o B2 Aol )
ZirZ <, (2+1)W+Z—W>1},
I A 1 A
_ 2ip (20— 1A Acos(p — E& 4 i)
Fyi :{()\,N)‘ \ —( A A =0,
noo H .
Gl L L+ 1)
I AT T A ’

o atA T

ATi .
~ 2+ 1)p  2ix  pcos(A + i)
F;, :{(/\7/0’ 7( )

:O7
A oo A .
Zi%<, ’—W+7(’+1)7T>1},
I A 1 A

where 1 = 1,2, .. ..

Visualization of the spectrum to this problem is given in Figure 1.
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6
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Figure 1. The Fudik spectrum for problem (2.1), (2.2).
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3 Spectrum for the Fuc¢ik Type Problem with Dirichlet
Conditions

Consider the equation
—(a+ Dp2et2|z?oz, if x>0,
—(a+ 1)AN2F2 2o if 2 <0,

with the boundary conditions

2(0) =z(1) =0, [2/(0)] =1, (3.2)
where av > 0, A\, u > 0.
+oo
Theorem 2 [[6], subsection 3.2.1]. The Fucik spectrum Y = |J F* for
=0

the problem (3.1), (3.2) consists of the branches given by

Ff={0240}, By ={4em},
Fi‘fl:{(/\,u)‘ i22a +i21;1a = 1},
ri={ o] G+ 02+ 1),

Foiy = {(/\aﬂ)’ iZia +i2f\1a = 1},

B = {oun| 22+ 0% =1},

1,2,....

1
ds .
where Aa :/ﬁ, 1=
0
Visualization of the spectrum to this problem is given in Figure 2.

Remark 1. To simplify our formulas we consider equation in the form (3.1),
but in the work [6] the authors consider the equation 2" = —pz™ + Az ™.

4 Spectrum for the Fuc¢ik Type problem with Integral
Condition

4.1 Some auxiliary results

The function Sy, () is defined as a solution of the initial value problem

{{E” _ _(n+ :[)x2n+17
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Figure 2. The Fudik spectrum for problem (3.1), (3.2).

where n is a positive integer.

Functions Sy, (t) possess some properties of the usual sin¢ functions (notice
that Sp(t) = sint). We mention several properties of these functions which are
needed in our investigations. The functions S, (t):

1. are continuous and differentiable;

ds
V1= g2nt2’

1
2. are periodic with the minimal period 4A4,,, where A, = /
0

3. take maximal value +1 at the points (47 + 1)A,, and minimal value —1
at the points (4i — 1)A4,, (1 =0,£1,£2,...);

4. take zeroes at the points 2iA,,.

For boundary value problems with the integral condition the following re-
mark may be of value. Let us consider

L = [ su

This function is periodic with the minimal period 44, and can be expressed
in terms of the so called hypergeometric functions.

Remark 2. A solution of the problem

2 = —(TL 4 1)72"+2|x|2nx,
2(0) =0, 2/(0)=1.

can be written in terms of Sy, (t) as z(t) = S, (vt) /7.

Math. Model. Anal., 13(1):87-97, 2008.
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4.2 The spectrum
Consider the problem

—(o + Dp2ot2| g2, if x>0,
o [las "
—(a + 1)A2F2| g2, if 2 <0,
1
£(0) =0, / w(s)ds =0, |2'(0)] = 1, (4.2)
0

where av > 0, A\, u > 0.

+oo
Theorem 3. The Fucik spectrum Y. = |J Fi= for the problem (4.1), (4.2)
i=1

(3
consists of the branches given by

2i10 A,

A
Ff={ 0] 11a(240) — (-)50240) 4§10 - =220 2id.)= 0,

24, . 24,
1+

2A, 24, . 1}

1) <1, : >
(i—1)< HH— Yl

Fi={ O] i210(240) ~ 15 10(240) + 21 (0~ 2522~ 2iag)—0,

A A

24, . 2A.. 24, . 24, .
< -
PSS SR+ /\z>l},
A 20 A
)

F2_ifl:{(/\hu)‘ Z.%Ia(2Aa) - (i_l)gla(ZAa) + ;Ia(,u

~ 2iA4)=0,

2Aa(_ 1)_’_2140[_<1 2Aa_+2Aa,>1}
1 )\z_, MZ )\z ,

A

2iM.,
Fr={(vm)| i51(240) - i 1a(240) + fr a2

— 2iA4)=0,

24, . 2A.. 24, . 24,
i+ 1 <1 HZ+

i<, (z'—|—1)>1},

where i =1,2,....

Proof Consider the problem (4.1), (4.2). It is clear that x(¢) must have zeroes
in (0,1). That is why F- = . We will prove the theorem for the case of Fy; ;.
Suppose that (A, ) € F; | and let 2(t) be a respective nontrivial solution of
the problem (4.1), (4.2). The solution has (2i—1) zeroes in (0, 1) and 2'(0) = 1.
Let these zeroes be denoted by 7, 75 and so on.
Consider a solution of problem (4.1), (4.2) in the intervals (0,71), (1, 72),
.., (m4-1,1). Notice that |z'(;)] =1 (j = 1,...,2i —1). We obtain that
problem (4.1), (4.2) in these intervals reduces to the eigenvalue problems. So
in the odd numbered intervals we have the problem

.73// — —(OZ + 1)u2a+2$2a+1
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with boundary conditions x(0) = x(71) = 0 in the first such interval and with
boundary conditions x(72;—2) = x(72;—1) = 0 in the other ones, but in the
even intervals we have the problem

33” — —(OZ 4 1)A2a+2x2a+1

with boundary condition x(72;—3) = x(72;,—2) = 0 in each such interval, but for
the last one the only condition is z(72;—1) = 0. In view of (4.2) the solution
x(t) must satisfy the condition

T1 T3 T2i—1
/x(s) ds + /x(s)ds +... 4 / x(s)ds
0 T2 T2i—2

1

:‘]Qx(s)ds+fx(s)d8+...+ / o(s)ds|. (4.3)

T3 T2i—1

Since z(t) = So(pt) in the interval (0,71) and xz(71) = 0 we obtain 7 =

2A
2. Analogously we obtain for the other zeroes
1

24, | 2Aa _p24a , 244
T2 = 1 2\ ) T3 = 2\ ’
2A, 2A,
7'21,2—(7;—1) m —l—(i—l)T,
244 _ 24,
T2i—1 = 1 +(Z—1) \ .

In view of these facts it is easy to get that

. T3 Ts T2i—1
1
/a:(s) ds = /a:(s)ds = /x(s) ds=...= / x(s)ds = EIQ(2AQ).
0 T2 T4 T2i—2
Therefore
T1 T3 T2i—1 1
/x(s) ds + /x(s) ds+ ...+ / x(s)ds = iEIaQAa).
0 T2 T2i—2
Now we consider a solution of the problem (4.1), (4.2) in the remaining
intervals. Since z(t) = —So (At — A1) in (71, 72) we obtain
T T4 To T2i-2 1
/x(s) ds = /a:(s) ds = /a:(s) ds=...= / x(s)ds = —EIQ(ZAQ).
T1 73 75 T2i-3

Math. Model. Anal., 13(1):87-97, 2008.
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But in the last interval (79,1, 1) we obtain

1

1 24, . .
/ x(s)ds = FIQ (A= . o).

T2i—1

It follows from the last two lines that

’/ ds+/ ()ds+...+77_2x(s)ds+ /1 x(s)ds}

= (- 1) L (240) Lo (3 - AP

In view of this equality and (4.3) we obtain

1 24, )
)\2 ( U O‘Z)'

i—5Ia(240) = (i — (244) —

1
D=1
Multiplying it by uA, we obtain

2iAAn
1

210 (244) — (2_1)A 2(24,) + Ia()\— —2iA,) =0.  (4.4)

Considering the solution of problem (4.1), (4.2) it is easy to prove that

20, 2Aa 24 24,
= 1 )

Toi_1 <1< 79 or

This result and (4.4) prove the theorem for the case of F,; ;. The proof for
other branches is analogous. H

Remark 3. If o = 0 we obtain problem (2.1), (2.2). The spectrum of this
problem is given in Figure 1.

4.3 The example for a =1

Now we consider the problem (4.1), (4.2) for the case of @ = 1. It can be
written as

"= outadt 2023, A >0,
(4.5)

where 23+ = max{z3,0}, 2>~ = max{—23,0}.
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Theorem 4. The Fucik spectrum of the problem (4.5) consists of the branches
given by

2iNt (20— 1um parctancl(A— A2 — 2Ai)

F2er’71 = {()\aﬂ)’

wd N 4 X ,
24 2A 24 24
— -1 —<1 i—+i—>1
ZM—F( ))‘_,ZM+Z)\>}’
FZ:{()\,M)‘ (2i+DAm _ 2ipm  Narctancl (i — pii — 24i) |
M 4 A4 L
2A 2A 2A 2A
ZMJH)\ (l+)u+2/\ }7
- = 2ipm (2 —1Am  Aarctancl (p — p2di — 245) B
Fiia ={vm) N 4 o 4 P =0,
2A 2A 2A 2A
—1)— +i— < 24
2 +1 2i\ parctancl (A — X244 — 24
sz:{(,\,u)‘wﬁ_Lﬁ_ ( - ):07
2A 2A 24 24
——ti—- =1, +1)—1
zu+A zu+(z+)A }
1
S .
where cl (t) is the lemniscatic cosine function, A = / M’ —1,2,....

Proof We will prove this theorem only for F,; ;. The proof for other branches
is analogous. It is well-known that Sy (¢) = sl (¢), where sl¢ is the lemniscatic
sine function. It is known (see, [1]) that

t

/slsds = % — arctanclt.
0

Thus we obtain
7r T
L(2A) = Z —arctancl2A = i arctan(—1) = 21,

2iNA 2iNA
A 2iA) = — — arctancl (A — i
% 4 %

(A — — 2iA).

Math. Model. Anal., 13(1):87-97, 2008.
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Using these expressions, equation from Theorem 3 can be written as

2iNA
i2024) - (- 1)Enea) + Lo - 22 i)
1 A A
AT . umTop T 2i\A .
—2lu4 2(i 1))\4 + )\(4 arctancl (A 2iA))
2007 (2i—Dum p 2INA
— S 2 Y 1(A— —2iA))= 0.
1 3 1 )\arctanc (A iA)=0

Visualization of the spectrum to this problem is given in Figure 3.

I

124]

8A

1A

Figure 3. The Fudik spectrum for problem (4.5).

Remark 4. If o = 0, then we obtain problem (2.1), (2.2). The spectrum of this
problem is given in Figure 1. These spectra are structurally identical.

Remark 5. Let us mention also that the proof of Theorem 4 may be conducted
in the same way as for Theorem 3.
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