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Abstract. In the paper non-local boundary value problems for a one class of com-
posite type equation with Laplace operator in the main part has been investigated.
Using the methods of energy integrals and integral equations, theorems of the unique-
ness and existence of a classical solution were proved.
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1 Introduction

The first investigation of the boundary—value problems for the simple com-
posite type equation of the third order goes back to G. Hadamard [16] and
O. Sjostrand [25], the operator of that equation represents the composition
of Laplace operator with an operator of the partial derivative with respect to
one of the independent variables. Later many works have appeared such as R.
Davis [6], V.V. Daynyak and V.I. Korzyuk [7], T.D. Dzhuraev [9], V.I. Korzyuk
and N.I. Yurchuk [18], L. Wolfersdorf [26]. They were devoted to the study of
this equation and more general composite type equations. It should be noted
that A. Bouziani [2, 3], V.I. Korzyuk and N.I. Yurchuk [18], L. Wolfersdorf [26],
give information on the applied aspects of the composite type equations of the
third order.

Note that the third order partial differential equations make a base of many
mathematical models for various physical and mechanical situations. Many
problems associated with the dynamics of the soil moisture and subsoil waters
[22], spreading of acoustic waves in a weakly heterogeneous environment [24]
are reduced to local and non—local problems for a third order equations. For
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example, equation

o ([ 02 0? 0

~ a3 1tT53 t — t) = t

ot (aIEQ + ay2>¢(x’y> )+ﬁam¢(fﬂay, ) f(x,y, )
describes the motion of planetary waves in the S—plane [5], where ¢(z, y,t) is a
stream function, defined for the velocity vector v = (v1,v2), where vy = —,,

vy = g, B = 2|820|cos(0/Rp), 0 is the angle of width place, Ry is a radius of
Earth, {2y is frequency rotation of the fluid, f(z,y,t) is the influence of the
forced strength.

The work of T.D. Dzhuraev and Y. Popelek [10] was devoted to the questions
of classification and problems of reduction to a canonical form of the third order
partial differential equation

Aumxm + Buzzy + Cuxyy + Duyyy = F(l‘, Y, Uy Ugy Uy, Uggy Uzy, uyy)a (11)

where A, B,C and D are given functions with respects to = and y. If in the
every point of the domain the characteristic equation

_ %

T dr

of the equation (1.1) has one real and two complex conjugate roots, then it can
be reduced to the following form

AN —=BN4+CA—D =0, A

(aa% + ﬁé%) (Upg + Uyy) = F1(2, Y, Uy Ug, Uy, U, Uy, Uy )- (1.2)

In this paper, we will investigate boundary value problems with non—local
conditions for the equation (1.2), when Fj is linear function of u, us, Uy, Uz,
Ugy, Uyy. Investigation of non-local problems is interesting on theoretical side,
because they consist of many local problems. Non-local boundary conditions
for evolution problems have various applications in chemical engineering, ther-
moelasticity, underground water flow and population dynamics and etc., see
for example [2, 3, 8, 22, 23].

We remark that equation (1.2) often is called the composite type equation.
Boundary—value problems for equations of third order with non—local boundary
conditions are investigated by A. Bouziani [2, 3], A. Bouziani and M.S. Temi
[4], M. Denche and A.L. Marhoune [8], T.D. Dzhuraev and O.S. Zikirov [11, 12],
O.S. Zikirov [27] and many references therein.

The present paper is devoted to the study of a non—local problem with the
Bitsadze—Samarskiy type conditions for a third order equation of composite

type.

2 Statement of the Problem and Uniqueness of the Solu-
tion

In the rectangular domain D = {(z,y) : 0 < z < p, 0 < y < ¢}, we consider
the third order composite type equation

(02 + 52 ) () + L = £ 2.)
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related to one of canonical forms quoted in [10]. Here a and (§ are some
constants, moreover o> + 32 # 0, and L be linear differential operator of the
second order

LU = G(I, y)u;c;c + 2b(xa y)umy + c(x, y)uyy + a (x’ y)ui + bl ($, y)uy + C1 ($, y)u

Coefficients and the right side of equation (2.1) are given real-valued functions
in the domain D. Without loss of generality, we assume a > 0, 8 > 0, but
a?+ 32 #£0.

In the present paper for the equation (2.1) the following non-local conditions
are considered.

Problem 1. Spp. Find a function u(z,y) in the domain D, which is defined
for (z,y) € D, continuous with its first derivative in the closed domain D and
satisfies equation (2.1) in D and also boundary conditions

a) if af # 0, then the following conditions are posed:

u(0,y) = 1(y), ulp,y) = e2(y), 0<y<g (2:2)

u(z,0) = P1(z), u(z,q) = v2(), 0<xz<p  (23)
M (Y)uz(0,9) + A2 (Y)ua(p, y) = ¢3(y), 0<y<gq  (24)
p1()uy (2, 0) + pa()uy (2, q) = ¥s(), <z<p; (2.5

b) if 8 = 0, then conditions (2.2)—(2.4) are fulfilled;

(2.
c) if & =0, then conditions (2.2), (2.3) and (2.5) are realized, where \;(y),
wi(x), (7=1,2), ¢i(y), ¥i(x), (i =1,2,3) are known functions, moreover

A(y) +A3(y) #0, pi(x)+ ps(x) #0.
The data satisfies the following compatibility conditions:

©1(0) = 1(0), @1(q) = ¥2(0), ¥1(p) = ¢2(0), w2(q) = Ya(p),
AL(0)3(0) + A2(0)¢; (p) = 93(0),  1(0)p;(0) + p2(0)¢) (g) = 3(0),
M (@)1(0) + A2(q)y () = 93(q), 11 (D)9a(0) + p2(p)pa(q) = ¥3(p).

Remark 1. Depending on disposition of the characteristics Sz — ay = const of

the operator aa— +0 90 the problem S, includes different local and non-local
x

problems for the equation (2.1).

We state the following designations to further usage. Through C’i%” [a, b]

we designate a set of functions ¢(t), given in the segment [a,b] and also [(t —
a)(b—1)]*"2p(t) € C(OM[a,b], 0 < h < 1.If in this set of functions we introduce
the norm

le@lln1/2 = [V (E = a)(b = t)p(®)llcn,

where || - ||cn is a norm in the space C(%™)[a, b], then the obtained normalized
space will be a Banach space [13]. A detailed definition of the spaces C'""[a, ]
and C*(D) can be found, for example in [1].

Math. Model. Anal., 14(3):407-421, 2009.
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DEFINITION 1. A function u(x,y) from the class V" (D) N C3(D) is a clas-
sical solution of the problem S,g, if it satisfies equation (2.1) and boundary
conditions (2.2)—(2.5).

We can show that for problem S, 3 the case o < 0 can be reduced to the
case aff > 0 by changing the independent variable t = 1 — 7. For definiteness
we set a >0, 5 > 0.

Assumption 2.1 For all (z,y) €
C(x,y) € CI(D) n 02(D)7 al(I,y),b1($
and

D, we assume that a(z,y), b(x,y),
,y) € C(D)NCY(D), ei(z,y) € C(D)

1) a(z,y)& + 2b(x, y)én + clz,y)n* > co (&2 +n?), V& n € D,
2) agy + 2byy + Cyy — @1 — b1y +2¢1 <0, V(z,y) € D,

3) [ M) > Ae(w) [, [ pa(e) [>] pa() |-

Assumption 2.2. For all (z,y) € D, we assume f(z,y) € C(LM (D),
h h

3(2), pa(w) € CSQ’L’[o,p] e3(y), Mily) € 0§22’L’[07q1, i=1,2,0<h<l

In Assumptions 2.1, 2.2 and in the rest of the paper, we assume that c;,
7=20,1,2,...,11, are positive constants.

In this paper, the existence and uniqueness of a classical solution of the
problem S,3 are demonstrated. We use the methods of energy integrals and
integral equations in order to prove the unique solvability of the considered
problem.

Theorem 1. Let Assumption 2.1 be fulfilled. Then a classical solution of the
problem S,p is unique.

Proof. 'We show that homogeneous problem S,g, i.e.

has only a trivial solution. We prove this fact by using the integral identities.
We multiply equation (2.1) by function u(zx,y), and integrate the obtained
result along the domain D

0 0
//u(a% + ﬂa—y)(um + uyy) dedy + //uLudfcdy =0.
D D

Obvious identities exist:
0 0 0
(Oé$ +ﬁ )(uxm +uyy) = (Oé$ +ﬁa—y) (quac +uyy)
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1
u(a(x, Y)uze + 26(2, Y)Uzy + (@, Y)Uyy) = {auuz + buuy — 5(% + by)uﬂ

9
Ox
) L : 2 +2b ;
+6_y uux+cuuy—§(x+cy)u — (aug + 2buguy, + cuy,)

1
+ E(am + 2byy + cyy)u2,

[a%(aluf 4 (%(blu)ﬂ

N | =

u(ar(z, y)uz + b1(z, y)uy + c1(z, y)u) =

1
— E(au + b1y — 201)u2.

Applying integration by parts to the left part of the last equality and using
boundary conditions (2.2)—(2.3), we get

36 [ [0~ wd(z.0)de + 5o [ [20) - 20.)]ay
0

0

+ //(aui + 2bugzu, + cui)dmdy
D
1
~3 //(aM + 2byy + cyy — Q12 — b1y + 201)u2d:ydy =0. (2.6)
D

If A1 (y) # 0, u1(x) # 0, then from the conditions (2.4) and (2.5) we find

A2(y)
A1(y)

_ pa(x)

Uz(oay) - Ml(x)uy(x7Q)

ua:(pvy)a ’U,y(IL',O) =

Then (2.6) has a form

%5/ [(1 - iigﬂ@(fc,q) dz + %a/ {1 - uf(x)}ugi(p,y) dy
0 0

+ / /(aui + 2bugu, + cui) dxdy
D

1
~3 //(am + 2byy + Ccyy — @1z — b1y + 201)u2 dxdy = 0.
D

It follows from Theorem 1 that in the last expression every item is non—negative.
Hence we can conclude u(z,y) = 0 in the domain D. Thus homogeneous equa-
tion (2.1) with homogeneous conditions (2.2)—(2.5) has no non—trivial solutions
and therefore a solution of the non-local problem S,3 is unique. O

Remark 2. In the cases \;(y) # 0, As—;(y) =0, uj(z) =0, puz—;(x) #0,j =1,2
the problem S,z is not solvable, because characteristics Sz — ay = 0 of the
equation (2.1) divide the domain D into two parts, in one of which the given
conditions are not sufficient for determining a solution of the problem S,z and
in the other they are unnecessary.

Math. Model. Anal., 14(3):407-421, 2009.
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3 Reducing the Problem S,3 to the Integral Equation

Existence of the solution of the problem S,s for the simplified equation, where
Lu=0and f(z,y) =0, has been studied in [11]. Consider the equation

(O‘é% + ﬁ%) (Uzz + Uuyy) = g(2,y) (3.1)

with homogeneous conditions (2.2)—(2.5). Through v (z) we denote an unknown
mean of derivative u,(x,0) if y = ¢, and through ¢(y) we denote a mean of
uz(0,y) if z = p. Let the domain is such that ¢ < 3/a. Then if we suppose

g + Buy = v(z,y), (32)
then we get from the equation (3.1) that
Vga + Uyy = g(m, y) (33)

According to (3.2) and using the boundary conditions (2.2)-(2.5) we get

0(0,y) = AQEZ%( ), o(py) = ap(y), (3.4)
= (m) VT = i

We shall solve problem (3.3)—(3.5) using the suggestion that ¢(y) and ¢ (x) are
continuous and integrable. Moreover,

2 o0) = B0, -3 o
_ ﬁZngw(I)) = ap(0), ap(q) = B (p).

On the basis of (3.2), problem (3.1), (2.2)—(2.5) is reduced to the definition
of the solution of equation (3.3) with boundary conditions (3.4)—(3.5) in the
domain D. The regular solution of the last problem is represented by formula

p
. ﬁ aG l‘ y 57 _ NQ(&) aG(l‘,y,f,O)
oay) = 2 O/ e T e e
o IG(z,y;p,m)  Aa(n) 0G(z,y;0,1m)
+%O‘O/[ T WS RT: M")dn

where G(z,y;&,m) is the Green’s function of the Dirichlet problem for the
Laplace equation in rectangular [19].
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In the domain D we solve the problem

g + Puy = v(z,y),
u(0,y) =0, wu(z,0)=0.

Its solution can be represented as

lup(z,y), if 0<x <

u(w,y) = 7 (3.7)
u2(m,y), if By ngpa

where

Y

QI'—‘
I L

«

QI'—‘

—Bz/

Y
/ v Gy Ghti6a)dr ysesm (9
0

Substituting expression (3.7) into (3.8) and (3.9) and changing the order of
integration we get

8 o |

- 1i(2,y; OV (€) dé + — [ Kai(z,y;n)e(n) dn

2 0/ 27r0/

—}// (2, ;€ m)g €, m) dedn, i = 1,2, (3.10)
D

where

Yy
N oG a a w2(§) 0G « a,

2(z,y)

(3.11a)

Yy
. ) oG a o A2(n) 0G a o« ]
K2z($,y777)—/ [85 ( 6y+ﬂt t;p, ) M) OE ( ﬂy—l—ﬂt £0 77) dt,

2(z,y)

(3.11b)

Ki(z,y;§,m)= / G(I—gy +

5 Et,t;«ﬁ,n)dt, 2(z,y) = (Q—i)<y—§x), i=1,2.

g

z(z,y)

(3.11¢)
Relatively to the function (3.10) the following statement is true.

Math. Model. Anal., 14(3):407-421, 2009.
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Lemma 1. If g(x,y) € CUM(D), v(x) € C197[0,p], ¢y) € C1)5"[0,4], 0 <
h < 1, then the function (3.10) and its first order derivatives are continuous in

the domain D, satisfies the equation (3.1) and boundary conditions u(0,y) = 0,
u(z,0) = 0.

Proof.  'We consider the function Ky;(z,y;&). We see that
OG(x,y:&m) _ y—n

an (=82 + @y —n*

Then it follows that

y
P t—q p2(§) t
Ku(m,y,f)(/) [(m—%y+%t—€)2+(t—q)2+u1(£) ((Jc—%y+%t—€)2+t2> dt.
z(z,y
(3.11)
Calculating the last integral for i = 1 we get
N p2(§)
Ko, 5:6)= gy 10|06 +Hu—a)? 22 s n o=+
+k11(1’7y;§)a
where
ke (, y:€) =
 ap S -+ W—a) () Fl@—8&+y
e+ ) O (o gy - Sy—a  mE Mg %y}
o R () y—ho—5¢
* S L g sy—a)  m© M E g - %y}
3 p p2(§) g
4(0&2 + 52) |:1n |€2 + (y - ax )2| + M(f) 1 |€2 + (y _l‘)Ql}
Calculating (3.11) for i = 2 we get
2
Kia(o.3:6) = oty [0 = 6% + (v = 0?1 + zj—glnl(z@? + ]
+ k2(2,956),
where
kl?(m7y;§) =
. op @O+ W—a (¢ gl@—8+y
2 + ) [arctan @—0) - %(y . + MG arctan 7(30 myI %y}
af S@—8&—(Zy+a) (¢ S(x—%y—§)
+ S L g Sy—a) m© M @ -2y )
B2 a p2(8) a
T e = Gy =07+ el — Sy 7]
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Function ky;(x,y;€), when = £, y = g and y = 0 is continuous and bounded,
and Okii(z,y;€) Oki(x,y;€)

are continuous and bounded for all x # £, y # ¢

Ox ’ oy
and y # 0, and for x — £, y — ¢ and y — 0 the estimate takes place
Okii(@,y:8) | _ v |Oku(z,y:8) | _ 2
ox o’ oy o’
where 12 = (v — £)? + (y — n)?. Using the equality
OG(eyi&n) _ a—¢
¢ (=82 + @y —mn?
functions Ko;(x,y;n) are integrated similarly
2 A2(n)

Koi(z,y;m) = m In|(z —p)*+ (y —n)?| + mln|$2 + (y—n)zl}

+ koi(z,y5m),  (3.12)

ka1 (z,y;m) =
af g@=—p+ -1 ) T+ (y—aq)
s LT (= Sy—a) ) ey — )
af (y—n)—éx—%p A2(n) yfn)—gm
S 7 LT o Yy B W0 R g )
_ o’ 2 P2 A2(n) _ﬁ N2
T T | = e sy D)l
kao(z,y3m) =
. op g@=—p+W-1 @ g7+ (y—q)
s LT Sy—a) ) ey )
af S@—p)—%y—1 oy Sr— Sy -1
- S [ ) - Sy—m ) L =Dl
a’ a 2 2, A2(n) @ 2 2
*W{hﬂ(x*ﬁy*ﬁ) +1 |+)\1(n)1n|(95*5y) +n) |}~

The function ko;(z,y;7n), when = 0, = p and y = 7, is continuous and
bounded, and aklz‘(%y;ﬂ, Ok1i(z, y; §)
ox oy

x # 0,z #pandy # 7, and for  — 0, x — p and y — 7 the following
estimate takes place

are continuous and bounded for all

‘8k2i(:c,y;n)‘ e ‘akzi(x,y;n)‘

C4
< —.
or r oy r

Similarly we prove that functions K;(x,y;£,n), ¢ = 1,2 can be estimated as

Kol &) < 05| 5@ =)+ (v —m)| Wl =7+ (v =)l +eo, (313)

Math. Model. Anal., 14(3):407-421, 2009.



416 0.S8. Zikirov

and derivatives Ky, (z,y; €, 1), Kiy(x,y; &, n) are continuous for all z # &, y # n,
and if x — &, y — n they have the logarithmic singularity. These facts follow
from the expressions (3.11c) and (3.13).

Consequently, the inclusion u;(z,y) € CM (D) C3(D), i = 1,2 follows
from the theory of harmonic potentials [21] and from the conditions of Lemma 1.
If we differentiate (3.10) with respect to z and y we get that u,;(x,y) satisfies
equation (3.1). O

We search for a solution of problem S,g given in the form of (3.10). As-
suming that functions g(z,y), ¥ (z), ¢(y) satisfy the conditions of Lemma 1 we
get the function given in (3.10) satisfies all conditions of the problem. To prove
this result, we pass to the limit y — ¢ at « = 1 and x — p at ¢ = 2. Taking
into account the continuity of (3.10) we get the following integral equations to
determine the functions ¥ (z) and ¢(y):

P q
- % /Kn(w,q;f)w(é‘) g + % /Kzl(z,q;n)v?(n) dn = &1(x), 0<z<p,
0 0

(3.14)

P q
- / Kot (p, 55 )0(€) d + o / Koa(p, ys n)p(n) dn = Ba(y), 0 <y <q,
0 0

here

(@) = 5= [[ Ko ngteon) dedn
D
1
Da(y) = o— [ | Kalp,y;€,m)9(&,m) dédn.
27 é/

It is easy to note that the kernels K11(z,¢; &) and Kaa(p, y;n) of the integral
equations (3.14) and (3.15) have a logarithmic singularity at = £ and y =7
respectively, and for them estimates given below are valid. Also, Ko (z, ¢;n),
Ki2(p,y;§), P1(x), P2(y) are continuously differentiable functions. This fact
follows from Lemma 1 and inequality (3.13).

In the class C1"(D) (N C3(D) the homogeneous problem (3.1), (2.2)-(2.5)
with respect to 1(x) and ¢(y) is equivalent to the system of integral equations
(3.14)(3.15).

4 Existence of the Solution of Integral Equations

In this section we study question on existence of a solution of the system of
the integral equations (3.14)—(3.15) There are various methods for proving the
existence of a solution of the first kind Fredholm integral equations. Here we
use the proof, which is based on a particular inversion of integral operators
[14].
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Consider the equation (3.14). By splitting the kernel of the equation into
regular and singular parts, we write integral equation (3.14) as

—%/ [1n|x—€|+k11($af)}w(€)d§:F(x), (4.1)
0
where
kﬂ%ﬂﬁgbﬂwaﬂqﬂ+%%m%m&
F(l.) _ 042 +62

2
5 451(93)*0‘—2 Kar(z, ¢;m)e(n) dn.
B 23 0/

From the conditions of Lemma 1 it follows that function k;(x, &) and its first
derivatives are continuous and function F(z) € C(:™[0, p].

Lemma 2. If F(z) € CWM0,p], then the unique solution 1) (x) of the integral
equation (4.1) exists in the class CS;)[ , D)

Proof. Let us assume that solution ¥ (z) of the equation (4.1) exists in the
class of functions, which satisfy Holder’s condition in closed interval without
endpoints, and around the endpoints this solution can be represented as

()

¥le) = a(p—ax)

where 1, () satisfies Holder’s condition. So we represent the equation (4.1) as

1 p
~ or [ le = v©d = i) (42)
0
Filz) = Fa) + o= [ b () de.
0

The explicit solution of equation (4.2) is well-known [14, 21] and it can be
written by means of the resolvent of the kernel In |z — ¢| for p # 4:

- Vi —DF.( 1 ()dt
Vo) = - 471' x —x) / t—x + P/4 Vilp—1)

According to [17] function F(x) € CM[0, p], for ¢ (x) € OO0, p]. Let us set
an unknown function v, (z) = ¢¥(z)\/x(p — x). We get the following integral
equation relative to the function v, (x) which is equivalent to the equation (4.1)
(15, 17).

p

M1 1'75 / B
+O/ NGO Ve(§)de + O/Nl(x,n)w(n) dn = P3(x), (4.3)

Math. Model. Anal., 14(3):407-421, 2009.
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where

k1t§dt \/ Yk, (8, €)dt
M, €) = 47r2 1np/4 Vilp —1t) t—x }
0

o« Klgtq, )dt Vi( —tKuxtqndt
Nl(x’mi( ) lnp/4/ / }

273 t—x

@3(1’) = —

1+ 1 r Vi — )@ (t
w2 32 [1np/4 ﬁ / t—x }

Analogously we inverse the main part of the integral equation (3.15) for ¢ # 4.
We get the equivalent integral equation of the second kind:

q
Ma(y,m)

| It *

where ¢.(y) = \/y(q — y)¢(y),

pu(z) + d77+/Nzy§ pO)dE = Ba(y),  (44)

Ms(y,n) = 4i2{1n;/4 \IC;%CZTT / q_TkaTndT}
N9 = () [ /i) ) [ e p;T_anT / Km; prB),
q ,7
ba(y) = *%QQ;BQ [m ;/4 m / — @2 }

It is shown in [20, 21] that the Fredholm alternative on solvability is appli-
Ml(x’g) M2(y777)
VEP =8 V(g —n)

Equations (4.3), (4.4) and problem S,z are equivalent, thus their solvabil-
ity in the class of functions satisfying the Holder condition follows from the
uniqueness Theorem 1.

After defining functions ¢ (x) and ¢(y), we get that a solution of the equa-
tion (3.1) satisfying homogeneous boundary conditions (2.2)—(2.5) looks like

cable to equations (4.3)—(4.4) with kernels

1
2w é/

P(z,y;€,m) = ﬁ/:x ) [G1 (93* %er %tat;faﬁ)

- s(x - %y + %t,t;g,n)} dt
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and S(z,y;&,n) is almost defined kernel, depending on the Green function
G1(z,y;€,m) and its derivatives. This solution is continuous with any order
derivatives at (z,y) € D. It is easy to show that function (4.5) at any g(x,y) €
CLM) (D) satisfies equation (3.1) and homogeneous conditions (2.2)-(2.5) [9].

Now we select g(z,y) so that function (4.5) satisfies equation (2.1). Since
g(z,y) € CHM(D), then derivatives uy, Uy, Upr, Usy, Uyy, (AU),, and (Au),
exist, they are continuous in the domain D and

0 0
(Of% + ﬂa_y) (Uzz + Uyy) = 279(5573/)'

Substituting (4.5) into (2.1) we get the following integral equation

g(z,y) = % ///C(fc,y;&n)g(&,n) dédn + f(x,y), (4.6)
D
62 . 82 .
Kz, y:¢m) = alz, y)ip(g’;é’ ) 2b(, y)ip(g;f;’ &)
O*P(z,y;&, OP(z,y;&,
+ C(fc,y)4(2y% &) 4 al(fc,y)—@az S
+0a(o) PESE o) P, 6.

Tt is easy to show that function P(x,y;,n) satisfies inequalities

C
Px(:c,y;&n)) <crlnfr], |Pra(z,y;6m)| < ﬁ

We note that the iterated kernel is square integrable. Thus instead of the
equation (4.6) we consider integral equation with iterated kernel

g(z,y) =/ Ko (z,y;§,m)9(&,n) dédn + fi(x,y), (4.7)
D
Koz, y;&m) = [ K(x,y;s,t)K(s,t;&,1m) dsdt
If
I

Since }K(x,y;f,nﬂ < ¢g/|r|, then we get [20]:
"Cz(ﬂf,y;ﬁm)‘ < ciolnr + ey
Consequently the Fredholm theorem is valid for the equation (4.7). Let us note

(see, [9]) that the integral equation (4.7) (and problem S,g) has the unique
solution if the following condition takes place

é/é/’@(ﬂ%y;&n) dadydedn < 1.
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Solving equation (4.7) we find g(z,y) € C(»") (D) and function u(x,y). It is
easy to check that function u(z,y), that is determined by formula (4.5), belongs
to the class g(x,y) € C(HM(D) at CM(D)NC3(D). O

Hence, we get the following theorem.

Theorem 2. Let Assumptions 2.1 and 2.2 be fulfilled. Then the classical solu-
tion of the problem S,z exists.

This solution can be represented as (3.10), where 9 (x), ¢(y) and g(z,y)
are already known functions. So existence of the solution of non—local problem
Sag is proved.
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