MATHEMATICAL MODELLING AND ANALYSIS ISSN 1392-6292 print
Volume 14 Number 3, 2009, pages 391-397 ISSN 1648-3510 online
Doi:10.3846/1392-6292.2009.14.391-397 www.vgtu.lt/mma/
© Vilnius Gediminas Technical University, 2009

New Type of Difference Sequence Spaces of
Fuzzy Real Numbers

B. C. Tripathy'! and A. Baruah?

' Mathematical Sciences Division; Institute of Advanced Study in Science
and Technology; Paschim Boragaon
2 Department of Mathematics; North Gauhati College; College Nagar
LGarchuck; Guwahati-781035; India
2Guwahati-781031; India
E-mail(corresp.): achuta_math@rediffmail.com
E-mail: tripathybc@yahoo.com;tripathybc@rediffmail.com

Received March 20, 2007; revised November 6, 2007; published online July 15, 2009

Abstract. In this paper we introduce the natation difference operator A,,(m >
0, an integer) for studying properties of some sequence spaces. We define the se-
quence spaces 5 (An), ¢F'(An), ¢&(Am) and investigate their properties like solid-
ness, convergence free, symmetricity, completeness.
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1 Introduction

The concept of fuzzy set was introduced by Zadeh [11]. Bounded and con-
vergent sequences of fuzzy numbers were studied by Matloka [6], where it was
shown that every convergent sequence is bounded. Later, different classes of
sequences of fuzzy numbers have been studied by Esi [2], Tripathy and Nanda
[10], Savas [7], Fang and Hung [3], Choudhary and Tripathy [1], Tripathy and
Borgohain [8].

Let D denote the set of all closed and bounded intervals X = [a1,a2] on
the real line R. For XY € D we define

d(X,Y) = max(|la; — b1|, |ag — ba|) where X = [a1,a2], Y = [b1, ba].

It is known that (D, d) is a complete metric space.
Let I =10,1]. A fuzzy real number X is a fuzzy set on R and is a mapping
X : R — I associating each real number ¢ with its grade member ship X ().
A fuzzy real number X is called convex if

X(t) > X(s) A X(r) =min(X(s), X(r)), where s <t <.
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A fuzzy real number X is called normal if there exists 9 € R, such that
X(to) = 1. A fuzzy real number X is said to be upper semi-continuous if for
each e > 0, X ~1([0,a + €)), for all a € I and given £0, X ~1([0,a + ¢)), is open
in the usual topology of R.

The set of all upper-semi continuous, normal, conver fuzzy numbers is de-
noted by R(I). The a-level set of a fuzzy real number X, for 0 < a < 1 denoted
by X is defined as X® = {t € R: X(t) > a}. The 0-level set is the closure of
strong 0—cut.

For each r € R, 7 € R(I) is defined by

) 1, ift=r,
r(t) = :
0, ift#r.

The absolute value | X| of X € R(I) is defined by (see for instance Kaleva and
Seikkla [4])

0, for t < 0.
Let d: R(I) x R(I) — R be defined by

d(X,Y)= sup d(X,Y).
0<a<l1
Then d defines a metric on R(I) (Matloka [6]). The additive identity and
multiplicative identity in R(I) are denoted by 0 and 1 respectively.

In this paper we have introduced the classes of the difference sequences
(A, cE(Ay) and (5 (A,,) of fuzzy real numbers. We have shown that
these are complete metric spaces. We have investigated different properties
like solidness, symmetricity and convergence free of these spaces.

IX|(t) = {max{X(t),X(t)}, for t >0,

2 Definitions and Preliminaries

Throughout the article w®, ¢, ¢f', ¢L denote the classes of all, convergent,

null, bounded sequence spaces of fuzzy real numbers.

A fuzzy real valued sequence {X,,} is said to be convergent to the fuzzy real
number X, if for ¢ > 0, there exists n, € N such that d(Xj, X) < ¢, for all
k > no (Matloka [6]).

A sequence space ET" is said to be solid (or normal) if (X3) € EF implies
that (axXy) € BT for all sequences of scalars (ay) with |ag| < 1, for all k € N.

Let K = {k1 < k2 < ...} € N and EF be a sequence space. A K-step
space of B is a sequence space )\ﬁF ={(X,) € w : (X,) € EF'}.

A canonical preimage of a sequence { X} € )\f{F is a sequence {Y,,} € w!
defined as

X,, if nekK,
Yn _ n .
0, otherwise.
A canonical preimage of a step space A%F is a set of canonical preimages of
all elements in A%F, i.e. Y is in canonical preimage of )\f(F if and only if V is
canonical preimage of some X € )\}%F.
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A sequence space EF is said to be monotone if it contains the canonical
preimages of its step spaces.

A sequence space EX is said to be convergence free if (Y3,) € E¥' whenever
(Xr) € BEF and Y3 = 0 whenever X, = 0.

Kizmaz [5] defined the difference sequence space for crisp set. This concept
was further generalized by Tripathy and Esi [9] as follows. Let m > 0 be an
integer then Z(A,,) = {(zx) € w : (Apzr) € Z}, for Z = ¢,cp,loo where
Ap X = Tk — Tim, for all k € N. For m = 1, the spaces (o (A), c(A), co(A4)
are studied by Kizmaz [5|. The idea of Kizmaz [5] was applied by Savas [7]
for introducing the notion of difference sequences for fuzzy real numbers and
study their different properties.

We introduce the following difference sequences of fuzzy real numbers of
Tripathy & Esi [9] type as follows. Let m > 0 be an integer then,

Z(Ap) = {(Xx) € W : (A Xy) € ZY, for Z =cF el 05,
where A,,, X = X — Xgpm, for all K € N.

3 Main Results

Theorem 1. The sequence spaces ct'(Ay,), ¢k (A, and (5 (A,,) are complete
metric spaces by the metric

m
Z Xka Yk + Sup d(Akaa AmYk)
k=1

Proof. Let (X') be any Cauchy sequence in (£ (A,,) where X' = (X}) =
(X1, X35, X5,...) € tE(A,) for each i € N. Then for given ¢ > 0, there exist
ng € N such that

m
p(X1Y7) = d(X}, YY) +supd(A X}, AnY]) <e, fori,j>mng.  (3.1)
k=1

Hence
m
ZJ(X,i,X,z) <e, foralli,j >ngand k=1,2,3,...m
k=1
(Xi,Y]) <e, foralli,j >mngand k =1,2,3,.

= d
= (X ,i) is a Cauchy sequence in R(I) for k =1,2,3,...m
= (X}

) is a convergent sequence in R(I) for k=1,2,3,...m

Let lim X,i = X} (say) for k =1,2,3,...m. Again from (3.1)

j—o0

d(AnXi, AnXl) <e, for i,5>ng for ke N
— (A, X]) is a Cauchy sequence in R(I) for all k € N
= (AmX,z) is a convergent sequence in R([) for all k € N.
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Let hm AnX? =Y, for each k € N. Since lim X! = Xy, for k = 1,...m,
k k

j—0o0

then _hm X,c = X}, exist for each k € N. For all i > ng, we have

J—0o0

lim zm:J(X,g,Xﬂ zm: d(X}, X)) <e,
k=1

J—0o0

lim d(An (XL, Am X) d(AmXi, AnXy) <

j—o0
Hence for all ¢ > ng, it follows that

supd(A, XL, AnXy) < e
k
Thus for all 7,j > ng we obtain

Zd Xk,Xk)Jrsupd(A Xi ApXp) <26 = p(X',X) < 2,
k=1

ie. X' — X, asi— oo in ¢f (A,,) follows. For i > ng, we have
supd(Aka, 0) < supd(Aka,A X+ supd(A Xi,0) < oo.
This completes the proof. 0O

Result 2. The spaces cf'(A,), ek (Ay) and (5 (A,,) are not solid in gen-
eral.

Proof. The result follows from the following example:

Ezample 1. Consider the sequence (X,,) defined by

t 1 1
w’ for —1—=<t<0,
n+1 n
Xn(t) = M, for0<t<1+l,
n+1 - = n
0, otherwise.
For m = 3 we have that
24+ 2n? 3 1
tn® + 2n° 4+ 3nt + 8n + ’ for —9_ L _ <t<o,
2n2 4+ 8n +3 n n+3
g2 2
A3 X, (t) = tn® — 3tn + 2n +8n+3’ for0<t<2+1+ 1 7
2n2 +8n+3 n-+3
0, otherwise.

Now lim AzX,, = X, where

n—oo

t+2
%, for —2<t<0,

X(t) = ? for 0<t<2,

)

0, otherwise.
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Thus (X,,) € c¢f'(A3). Now consider the sequence of scalars (a,) defined by
1, forn=3k—2, for k€ N,
(an) = .
0, otherwise.
Then (Oéan) = {Xl, (), (), )(47 (), (), X7, 6, (), X107 .. } But
(A304an) = {X1 — X4, (_), (_),X4 — X7,(_),(_), .. } ¢ CF(Ag).

Hence ¢ (A,,) is not solid.
O
Similar examples can be constructed for the other spaces.
Result 3. The space cf'(A,,), ek (An) and (5 (A,,) are not symmetric in

general.

Proof. The result follows from the following example.

Ezample 2. Let m = 1, and consider the sequence X = {A, B, A, B, A, B, ...},
where

4
l, for —4<t<0, ?, for —5<t<0,
_J)4—t _ —t
A= 0 for 0 <t <4, , B= 5T, for 0 <t <5,
0, otherwise. 0, otherwise.

Now consider the re-arrangement (Y;,) of the sequence (X,,) as
(V) ={A,A,B,B,A A, ..} &cF'(A), but (X,,) € F'(A).

Hence cf'(A,,) is not Symmetric for any m € N.
O

Similar examples can be constructed for the other spaces.

Result 4. The spaces ct'(Ay,), ek (An) and 05 (A,,) is not convergence
free.

Proof. The result follows from the following example.

Ezample 3. Consider the sequence (X,,) defined as follows

t 1 1
w) for —1—=<t<0,
n+1 n
_ 1—nt 1
Xn(t) = u, for0 <t <14 —,
n+1 n
0, otherwise.
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Now we obtain

t 2 2 2 t 1
n* 4+ 2n°+ 3n Jr8n+37 for —2_ = _ <t<0,
22 + 8n + 3 noon+3
— 2— 2
AgXn(t) = ZInZ = Snt #2n #8n+3 o g pcopl 1
% + 81 + 3 no n+3
0, otherwise

and lim A3X,, = X defined as follows

n—oo

t+2

%, for —2<t<0,
X(t) = ? for 0 <t <2,

0, otherwise.

Thus (X,,) € c¢!'(A3). Now consider

t
ﬂ, for —n <t <0,
n
Yah) =<2t f0<t<n,
n
0, otherwise,
where PR 3
i, for —2n -3 <t <0,
2n+3
_J2 3—t
AgYo(t) =203 =0 <t <an+3,
2n+3
0, otherwise.

Clearly (Y,,) € cf'(A3). Therefore the space ¢f'(A3) is not convergence free.
O

Similar examples can be constructed for other spaces.

4 Conclusions

Following the notion of difference operator 4,,, introduced by Tripathy and Esi
[7], the difference sequences cf'(A,,), ¢ (An) and (£ (A,,) of fuzzy numbers
have been introduced. It is shown that these classes of sequences are complete
metric spaces. It is observed that these classes are neither solid nor convergence
free nor symmetric. The introduced notion of difference operator can be applied
for studying many other classes of sequences of fuzzy numbers.
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