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space. The results presented in this paper improve and extend the corresponding
results announced by many others.

Key words: Strong convergence; Equilibrium problem; Quasi-¢-nonexpansive map-
ping; Variational inequality.

1 Introduction and Preliminaries

Let E be a real Banach space with the norm || - || and C be a nonempty closed
convex subset of E. Let J be the normalized duality mapping from E into 22~
given by

Jr={a" € B": (x,2") = ||zlll|l="|, ||| = |l="[I}, Vx e E,

where E* denotes the dual space of E and (-, ) the generalized duality pairing
between F and E*. It is well known that if £* is uniformly convex, then J is
uniformly continuous on bounded subsets of E. Moreover, if E is a reflexive
and strictly convex Banach space with a strictly convex dual, then J~! is single
valued, one-to-one, surjective, and it is the duality mapping from E into E*
and thus JJ ! = Ig- and J~1J = I, see |9, 27| for more details.

Recall that a mapping A : C — E* is said to be monotone

(x —y, Az — Ay) >0, Vax,y e C.
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Recall that a mapping A : C' — E* is said to be a-inverse-strongly monotone
if there exists a positive real number « such that

(Ax — Ay, © —y) > oAz — Ay||?, Va,y € C.

Recall also that a monotone mapping A is said to be maximal if its graph
G(A) = {(z, f) : f € Ax} is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping A is maximal iff for
(x,f) € EX E* (x —y, f —g) >0 for every (y,9) € G(A) implies f € Ax.

Let @Q be a natural map from F into E**. Then the topology for E* induced
by the topologizing family Q(E) is the weak® topology of E*. An operator A
from C into E* is said to be hemi-continuous if for all z,y € C, the mapping
f of [0,1] into E defined by f(t) = A(tz + (1 — t)y) is continuous with respect
to the weak® topology of E*.

Next, we consider the following variational inequality problem for the mono-
tone mapping A : C' — E*: find an u € C such that

(Au, v —u) >0, YveC. (1.1)

We denoted by VI(C, A) the set of solutions of the variational inequality prob-
lem (1.1). From Takahashi [27], we have the following statement.

Remark 1. Let C' be a nonempty convex subset of a Banach space F and let A
be a monotone and hemi-continuous operator from C' into E* with C' = D(A).
Then the set VI(C, A) is closed and convex. Further, if C' is compact, then
VI(C, A) is nonempty.

Problem (1.1) is connected with the convex minimization problem, the com-
plementarity problem, see [11, 17, 27| for more details.

Let f be a bifunction from C' x C to R, where R denotes the set of real
numbers. The equilibrium problem is to find p € C' such that

fp,y) >0, VyecC. (1.2)

The set of solutions of (1.2) is denoted by EP(f). Given a mapping T : C —
E*, let f(z,y) = (Tx,y — x) for all z,y € C. Then p € EP(f) if and only if
(Tp,y —p) >0 for all y € C, i.e. pis a solution of the variational inequality.
Numerous problems in physics, optimization, and economics can be reduced
o (1.2). Some methods have been proposed to solve the equilibrium problem,
see, for instance, [4, 10, 16].

For solving the equilibrium problem for a bifunction f : C x C — R, we
may assume that f satisfies the following conditions:

(A1) f(z,2) =0 for all z € C;
(A2) f is monotone, ie. f(x,y) + f(y,x) <0 for all z,y € C;
(A3) for each x,y,z € C we have . li(r)ri_of(tz + (1 —-t)x,y) < f(z,y);

(A4) for each z € C, y — f(x,y) is convex and lower semi-continuous.
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Let U ={xz € E: ||x|| = 1}. A Banach space FE is said to be smooth if the
limit
t —
ety ~ o]
t—0 t

(1)

exists for all z,y € U. It is also said to be uniformly smooth if the limit
(I') is attained uniformly for x,y € U. The norm of E is said to be Fréchet
differentiable if, for any « € U, the limit (I") is attained uniformly for all y € U.
The modulus of smoothness of E is defined by

1
p(r) = sup { Sl +yll + e —yl) — 1: my e X, ol =1, gl =7},

where p : [0, 00) — [0, 00) is a function. It is known that E is uniformly smooth
if and only if lir% p(1)/7 = 0. If E is uniformly smooth, then .J is uniformly

norm-to-norm continuous on each bounded subset of E.
The modulus of convexity of E is the function 0 : (0, 2] — [0, 1] defined by

r+y
2

o(e) =inf {1 = |2 el = llgll = 1, o =yl = €}

E is said to be uniformly convex if and only if d(¢) > 0 for all 0 < ¢ < 2. Let
p > 1, then FE is said to be p-uniformly convex if there exists a constant ¢ > 0
such that 6(e) > ceP for all € € [0,2]. Observe that every p-uniformly convex
space is uniformly convex. It is well known (see for example [29]) that

LP(P) or WY is p— un.iformly convex .if p>2;
2 — uniformly convex if 1< p <2.

Next, assume that E is a smooth Banach space. Consider the functional
defined by

$(a,y) = ||zl* = 2(z, Jy) + |yl?, Vz,y € E. (1.3)

Observe that in a Hilbert space H, functional (1.3) reduces to ¢(z,y) = ||z —
y||?, x,y € H. Alber [1] recently introduced a generalized projection operator
Il& in a real Banach space which is an analogue of the metric projection in
Hilbert spaces. The generalized projection Il : E — C'is a map that assigns
to an arbitrary point € E the minimum point of the functional ¢(z,y) in C.
That is, Ilcx = &, where Z is the solution to the minimization problem

d(Z,z) = inf ¢(y,x). (1.4)

yeC

Existence and uniqueness of the operator Il follows from the properties of the
functional ¢(z,y) and strict monotonicity of the mapping J (see, for example,
[1, 2,9, 14, 27]). In Hilbert spaces, Il = Pc. It is obvious from the definition
of function ¢ that

(lyll = llz)* < ¢y, 2) < (lyll + ll=[)?,  Vo,y € E. (1.5)

Math. Model. Anal., 14(3):335-351, 2009.
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Remark 2. If E is a reflexive, strictly convex and smooth Banach space, then
for z,y € E, ¢(z,y) = 0 if and only if z = y. It is sufficient to show that if
¢(z,y) = 0 then © = y. From (1.5), we have ||z|| = |ly||. This implies that
(z, Jy) = ||z||*> = ||Jy||*>. From the definition of J, one has Jx = Jy. Therefore,
we have x = y; see [9, 27] for more details.

Let C be a closed convex subset of E, T" a mapping from C into itself. A
point p in C is said to be an asymptotic fixed point of 7' [21] if C' contains a
sequence {x,} which converges weakly to p such that lim ||z, — Ta,|| = 0.

n—oo

A point p in C is said to be a strongly asymptotic fixed point of T [30] if C
contains a sequence {x, } which converges strongly to p such that

lim ||, — Tz,| = 0.
n—oo

In this paper, F(T') denotes the set of strongly asymptotic fixed points of

—~

the mapping T', F(T') denotes the set of asymptotic fixed points of the mapping
T and F(T) denotes the set of fixed point of the mapping T, respectively.

DEFINITION 1. Recall that a mapping 7" from C into itself is said to be rela-
tively nonexpansive [5, 6, 8, 15] if

(i) F(T) = F(T) # 0;
(i) ¢(p,Tx) < ¢(p,z) Vx e C,pe F(T).

The asymptotic behaviour of a relatively nonexpansive mapping was studied
in [3, 5].

DEFINITION 2. Recall that a mapping T from C' into itself is said to be rela-
tively weak nonexpansive [30] if

(i) F(T) = F(T) # ;
(i) ¢(p, Tx) < ¢(p,x) Va e C,pe F(T).
DEFINITION 3. Recall that T is said to be ¢-nonexpansive [19] if
o(p,Tx) < ¢p(p,x), YxeC,pe F(T).
DEFINITION 4. Recall that T is said to be quasi-¢-nonexpansive [19] if
F(T)#0, op,Tx) < ¢(p,x), Vo e CpeF(T).

Remark 3. The class of quasi-¢-nonexpansive mappings is more general than
the class of relatively weak nonexpansive mappings and the class of relatively

nonexpansive mappings which require strong restrictions: F(T) = F(T') and
F(T) = F(T).

We have the following implications A = B = C, where A denotes the
class of relatively nonexpansive mappings, B denotes the class of relatively
weak nonexpansive mappings and C denotes the class of quasi-¢-nonexpansive
mappings, respectively.

Next, we give some examples of quasi-¢-nonexpansive mappings.
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Ezample 1. (Qin et al. [19]). Let E be a uniformly smooth and strictly convex
Banach space and A C E x E* is a maximal monotone mapping such that
its zero set A~10 is nonempty. Then, J, = (J + rA)~1J is a closed quasi-¢-
nonexpansive mapping from E onto D(A) and F(J,.) = A~10.

Ezample 2. (Qin et al. [19]). Let IIc be the generalized projection from a
smooth, strictly convex, and reflexive Banach space E onto a nonempty closed
convex subset C' of E. Then, II- is a closed quasi-¢-nonexpansive mapping
from E onto C with F(II¢) = C.

Recently, many authors studied variational inequality problems, fixed point
problems and equilibrium problems by hybrid projection algorithms in the
framework of Hilbert spaces and Banach spaces, respectively; see, for instance,
[7, 12, 13, 18, 19, 20, 23, 25, 26, 28, 30| and the references given therein.

In 2004, Tiduka, Takahashi and Toyoda [12] introduced the following hybrid
projection algorithm in a real Hilbert space:

x1 =a € C chosen arbitrarily,
Yn = Po(xn — MAxy),
Cn={2€C:|lyn— 2| < lwn — 2|},
Qn={z€C:(xy,—2z,x—x,) >0},
Tpy1 = le, 20, Vn2>1,
where A : C — H is inverse-strongly monotone mapping. They proved that
the sequence {z,} generated by above iterative algorithm converges strongly

to Pyy(c,ay(z) provided that VI(C, A) # 0, where Py (¢ 4y is the metric pro-
jection from C onto VI(C, A).

In [13], Iiduka and Takashi obtained an analogue result in the framework
of Banach spaces. To be more precise, they proved the following result.

Theorem 1. Let E be a 2-uniformly convexr and uniformly smooth Banach
space and let A be an operator from E into E* which satisfies the conditions

(1) A is inverse-strongly monotone,
(2) A=1(0) # 0.
If {\.} is chosen so that A\, € [a,c?a/2] for some a with 0 < a < c2a/2, then
the sequence {x,} generated by the following process
r1 =z € C,
Yn = J_l(an - )\nAxn)a

Xn = {Z er: ¢(Z7yn) < ¢(27xn)}7
Y,={z€ E:{(x, -z Jo—Jx,) >0},
Tp+1 = x, ny,z, VYn>1,

converges strongly to Il 1)z, where 1/c is the 2-uniformly convex constant
of E and Il 5-1(q) is the generalized projection from E onto AH0).

Math. Model. Anal., 14(3):335-351, 2009.
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Recently, Zegeye and Shahzad [30] improved Theorem 1 by considering the
following hybrid projection algorithm:

xg € K chosen arbitrarily,

yn = Heo[J 1 (Jxn — ApAzy)], 20 = Tyn,
Hy={veK:pz) < ov,y0) < d(v,20)},

H,={veH, 1NWu_1:0,2,) <v,yn) < (v, 2,)},
Wo=K, Wy,={veW,_1NH,_1:{xy,—v,Jxg— Jr,) >0},
Tpt1 =y, nw,ro, Yn>1.

To be more precise, they obtained the following result.

Theorem 2. Let E be a real uniformly smooth and 2-uniformly convexr Banach
space with dual E*. Let K be a nonempty, closed and convex subset of E. Let
A: K — E* be a v-inverse strongly monotone mapping and T : K — K be a
relatively weak nonexpansive mapping such that VI(K, A)YNF(T) # (). Assume
that || Az|| < ||Az — Ap|| for allz € K andp € VI(K, A). Let

0<ag<a, §b0:702/2,

where ¢ is some constant. Then the sequence {x,} generated by above hybrid
projection algorithm converges strongly to Il p(1y~v (K, a)To, where the operator
I'prynvi(k,a) is the generalized projection from E onto F(T)NVI(K, A).

Very recently, Qin, Cho and Kang [19] studied the so-called equilibrium
problem for a bifunction f in a Banach space which includes Takahashi and
Zembayashi [28] as a special case, see [28] for more details. More precisely, they
proved the following result.

Theorem 3. Let C' be a nonempty and closed conver subset of a uniformly
convexr and uniformly smooth Banach space E. Let f be a bifunction from
C x C to R satisfying (A1)—(A4) and let T, S : C — C be two closed quasi-¢-
nonexpansive mappings such that F(T)N F(S)NEP(f) # 0. Let {x,} be a
sequence generated by the following manner:

xg € E  chosen arbitrarily,

Cy=C, z=I1¢xo,

Yn = J HanJzy + BnJTxn + ynJSxy),

un € C such that f(u,,y) + %(y — Up, Jup — Jyn) >0, VyeC,
Cr1 ={2 € Cn : ¢(2,un) < d(2,20)},

xg, Vn>1,

Tn+1 = HCn+1

where J is the duality mapping on E. Assume that {a,}, {6n} and {y,} are
three sequences in [0, 1] satisfying the restrictions:

(a) an+ Bn+vm =1;

(b) liminf a, B, > 0, liminf a7y, > 0;
n—oo n—oo



Convergence Analysis on Hybrid Projection Algorithms 341

(¢) {rn} C [a,00) for some a > 0.
Then {xy} converges strongly to Il p(rynp(s)nEP(f)T0-

In this paper, motivated and inspired by the research going on in this di-
rection, we introduce a more general hybrid projection algorithm (see below)
to find a common element of the set of solutions of equilibrium problem (1.2),
the set of solutions of variational inequality problems (1.1) and the set of fixed
points of a quasi-¢-nonexpansive mapping in the framework Banach spaces.
The results presented in this paper mainly improve the results of [13] and [30].

In order to prove our main results, we also need the following lemmas.

Lemma 1. [14] Let E be a uniformly convex and smooth Banach space and let
{z,} and {y,} be two sequences of E. If ¢(xy,yn) — 0 and either {x,} or
{yn} is bounded, then x, —y, — 0.

Lemma 2. [1] Let C be a nonempty closed convex subset of a smooth Banach
space E and x € E. Then, xo = I[lcx if and only if

(o —y,Jo — Jxg) >0, VyeC.

Lemma 3. [1] Let E be a reflexive, strictly convex and smooth Banach space,
let C' be a nonempty closed convex subset of E and let x € E. Then

oy, Icx) + ¢(Ilcx,z) < ¢(y,x), VyeC.

Lemma 4. [19] Let E be a uniformly convex and smooth Banach space, let C
be a closed convex subset of E, and let T be a closed and quasi-¢-nonexpansive
mapping from C into itself. Then F(T) is a closed convex subset of C.

Lemma 5. [4] Let C be a closed convex subset of a smooth, strictly convez,
and reflexive Banach space E, let f be a bifunction from C x C' to R satisfying
(A1)—(A4), and let r > 0 and x € E. Then, there exists z € C such that

1
f(z,y)—i—;(y—z,]z—Jx) >0, VyeC.

Lemma 6. Let C' be a closed convexr subset of a uniformly smooth, strictly
convex, and reflexive Banach space E, and let f be a bifunction from C x C to
R satisfying (A1)—(A4). For r >0 and x € E, define a mapping T, : E — C
as follows:

1
Tz = {z eC: f(z,y)+ ;(y —z,JJz—Jx), Vye€ C’}.
Then the following hold:
(1) T) is single-valued;
(2) T is a firmly nonexpansive-type mapping, i.c., Vr,y € E,

(Tyx =T, JTrx — JTyvy) < (Trx =T, Jx — Jy);

Math. Model. Anal., 14(3):335-351, 2009.
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(3) F(T) = EP(f);

(4) EP(f) is closed and convex;

(5) T is quasi-¢-nonexpansive.
Proof. Tt follows from Lemma 5 that T, is well-defined. From Lemma 2.8 of
Takahashi and Zembayashi [28], we see that (1)—(4) hold. From [28], we also
see that T, is relatively nonexpansive. From definition of quasi-¢-nonexpansive

mappings, we see that T, is quasi-¢-nonexpansive. This completes the proof.
O

Lemma 7. [28] Let C be a closed convex subset of a smooth, strictly convez,
and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(A1)-(A4), and let v > 0. Then

¢(q, Trx) + ¢(Tra,x) < ¢(q,x), Va € E,q € F(T).

Lemma 8. [3| Let E be a 2-uniformly convex Banach space. Then we have
2
lz =yl < ZlIJz = Jyll, Va,yeE, (1.6)

where J is the normalized duality mapping of E and 0 < ¢ < 1.

We denote by N¢(x) the normal cone for C' at a point z € C, that is
Ne(z) == {2 € E* : (x —y,z*) > 0,Vy € C}. The following lemma is
important for our main results.

Lemma 9. [22] Let C be a nonempty closed convex subset of a Banach space

E and let A be a monotone and hemi-continuous operator of C' into E. Let
Q C E x E* be an operator defined as follows:

Qu = Ax + Nez, if z€C,
7o, if v ¢ C.

Then @Q is mazimal monotone and Q~1(0) = VI(C, A).
Albert [1] studied the following functional V' : E x E* — R defined by
V(z,x*) = ||z||* — 2(z,z*) + ||z*||?, Vz € E,z* € E*.
From the definition of the functional V, we see that V(z,2*) = ¢(x, J~1z*).

Lemma 10. [1] Let E be a reflexive, strictly convex and smooth Banach space
with E* as its dual. Then

V(z,z*)+2(J '2* —z,y*) < V(x,2* +y*), Vo e E,z*y* € E*
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2 Main Results

Theorem 4. Let C' be a nonempty and closed convex subset of a 2-uniformly
convex and uniformly smooth Banach space E. Let f be a bifunction from C'xC
to R satisfying (A1)—(A4), A an a-inverse-strongly monotone mapping from C
into B* and T : C — C a closed quasi-¢-nonexpansive mapping. Assume that
R=FT)NEP(f)NVI(C,A) #0. Let {x,} be a sequence generated by the
following manner:

xg € E  chosen arbitrarily,

C,=0C,

x1 = Ic, xo,

yn = [T (Jxp — AAzn)], 20 = Tyn,

Up € C such that f(un,y) + =y — U, Ju, — J2,) >0, VyeC,

Tn

C(n-f—l = {U e Chp: (b(v,un) < ¢(U>Zn) < ¢(Uayn) < ¢(U,l‘n)},
Zo, vn > 0;

Tpt+1 = HCn+1

where J is the duality mapping on E and {r,} is a positive number sequence
such that {r,} C [a,00) for some a > 0. Assume that ||Az| < ||Ax — Ap|| for
allz € C andp € VI(C,A) and 0 < 3 < N\, < /2, for all n > 1, where c is
the constant defined by (1.6). Then {x,} converges strongly to Ilgxg.

Proof. From Remark 1, Lemma 4 and Lemma 6, we see that (2 is closed and
convex. First, we show that C,, is closed and convex for all n > 1. It is obvious
that C7 = C' is closed and convex. Suppose that C} is closed and convex for
some k € N, where N denotes the set of positive integers. Since

dv,ug) < P(v,z,) <= 2(v,Jz, — Juy) < szH2 — ||uk||2, (2.1)

we have that Dyyq = {v € Ck : ¢(v,ug) < (v, 2;)} is closed and convex. It is
easy to see that Dyy1 is closed. Next, we show that Djy; is convex. Indeed,
for any vy, ve € Dj41, we see that v; and ve € Cj and satisfy (2.1). That is,

2(v1, Tz — Jup) < |zell* = Jlux® (2.2)

and
2(va, Jz — Juy) < ||zkH2— HukHQ (2.3)

For any ¢ € (0.1), multiplying (2.2) by ¢ and adding to (2.3) multiplied by 1 —¢
yields
2(tvy + (1 — t)v, Jz — Jug) < ||ze||* — [Jusl/?. (2.4)

Sin Cj, is closed and convex by assumption, we have that tv; + (1 — t)vg € C,
which combines with (2.4) shows that tv; + (1 —t)vy € Djy1. This proves that
Dy41 is closed and convex. From

$v, 2c) < Plv,ye) = 2w, Jyp — Ja) < lyell® = [z,

Math. Model. Anal., 14(3):335-351, 2009.
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we also have that Fy1q := {v € Cy : (v, z1) < ¢d(v,yx)} is closed and convex.
In a similar way, we can prove that Fi1q := {v € Cj : ¢(v,yx) < ¢(v,zk)} is
closed and convex. Noticing that

Crkt1 = Dit1 N Egy1 0 Feya,

we see that Cj41 is closed and convex. Then, for all n > 1, C,, is closed and
convex. This shows that Il¢, ,  xo is well defined. Notice that w, =T, z, for
all » > 1. From Lemma 6, one has that T, is quasi-¢-nonexpansive mapping
for each n > 1.

Next, we prove that F' C C,, for allm > 1. F' € Cy = C is obvious. Suppose
F C Cy, for some k € N. Then, for Yw € F C C}, from Lemma 8, Lemma 10
and the condition 0 < \,, < 02a/2 for all n > 1, one has
d)(wv uk) = ¢(wv T”"kzk) < ¢(wv Zk):¢(w7 Tyk)§¢(wv IIc [Jﬁl(JxkakAl‘k)])
< qb(w, Jﬁl(Jmk — )\kAxk)) = V(w, Jxp — A Azy)
< V(w, Jrp — M Az + )\kAl‘k) — 2<J_1(J£L'k — )\kAl‘k) —w, )\kAIL'k>
< ¢(w, mp) — 2M(J 7 (g — A Axy) — a, Azy)

— 2\ {xp — w, Az, — Aw) — 2\ (z, — w, Aw)

S ¢(w,mk) - 2>\k<J_1(Jl‘k - )\kAl‘k) - J_IJIL'k, Al‘k> - 2)\]4)4”/13% - A’LU||2
< (b(w,xk) + 2)\k||J71(J$k — )\kAxk) — J71J$k||||A$kH — 2)\k04||A$k — AwH2

< ofw,7x) + N ATk — Awl? — 2ol Amy — Awl® < b(w,m),  (25)
which shows that w € Cjy1. This implies that F© C (), for all n > 1. From
ry = Ilc, o, one sees
(X — 2, Jxg — Jxp) >0, Vze Oy (2.6)
Since F' C C,, for all n > 1, we arrive at
(xn —w,Jxg — Jan) >0, Yw e F. (2.7)
From Lemma 3, one has

¢(1’n71'0) = gf)(chl‘o,l‘o) < (ﬁ(ﬂ),l’o) - ¢(w7mn) < (ﬁ(ﬂ),l’o),

for each w € F C C), and for all n > 1. Therefore, the sequence ¢(x,,,xq) is
bounded.

On the other hand, noticing that z, = Ilc,x¢ and z,11 = Ilc, 70 €
Cht1 C Cy, one has

O(Tn,x0) < P(xni1,20), Vn>1

Therefore, {¢(z,, x0)} is nondecreasing. It follows that the limit of {¢(x,,,z0)}
exists. By the construction of C),, one has that C,, C C,, and z,, = II¢,, 20 €
C,, for any positive integer m > n. It follows that

d)(xmvxn) = ¢(zm7HC'er0) < ¢(1’m71’0) - ¢(HCV,L:E07:E0)
= ¢(xm, o) — ¢(xn, o). (2.8)
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Letting m,n — oo in (2.8), one has ¢(z,,x,) — 0. It follows from Lemma 1
that x,, — x, — 0 as m,n — oo Hence, {z,} is a Cauchy sequence. Since E is

a Banach space and C is closed and convex, one can assume that

xn —p€C, (n— ).

(2.9)

Next, we show that p € F(T'). By taking m = n+ 1 in (2.8), one arrives at

lim ¢(xp41,2,) =0.
n—oo
From Lemma 1, one has
lim ||2n+1 — 2] = 0.
n—oo
Noticing that =, 41 € Cj11, we obtain
¢(xn+1aun) < (b(xn-f—hzn) < (b(xn-f—layn) < (b(xn-f—la-rn)-
It follows from (2.10) that
lim ¢(xn+17un) = lim d)(antlvzn) = lim ¢(mn+17yn) =0.
n—oo n—o0 n—oo
From Lemma 1, one has
lim (i1 — ] = Tim [zni1 — zall = Tim i1 — goll = 0.
n—oo n—oo n—o0

Notice that
lzn — Yull < ll2n — Togr || + |21 — yall-

It follows from (2.11) and (2.12) that
nlingo |2 — yn]l = 0.
It follows from (2.9) that

Yn — Py,  QAS N — OO.

On the other hand, one has

”Tyn - yn” < ”Tyn - xn—i—l” + Hxn—i-l - ynH = Hzn - xn—i—l” + Hxn—i-l -

From (2.12), one arrives at
lim || Tyn —ynl| =0
n—oo

and it is easy to get p € F(T') from the closedness of T

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Yn|-

Next, we show that p € VI(C, A). Let @ be the maximal monotone operator

defined by Lemma 9:

Qv = Ax + Nex, if x€C,
T, if x¢C.
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For any given (z,2') € G(Q), we see that 2’ — Az € Nex. Since y, € C, by
the definition of Nox, we have

(x — yn, 2’ — Az) > 0.

On the other hand, from y,, = II¢[J "' (Jx, — ApAz,)] and Lemma 2, we obtain
that
<l‘ — Yn, Jyn - (Jl'n - )\nAl‘n» > O’

from which it follows that

<£L’ — Un, M +A£L’n> > 0.
ATL
Therefore, we have

(z = yn,2)
2 <:L' — Yn, A:L'>
> (2= yn, A2) — (3 — g, 2T | Az

ATL

Jyn — Jx
= <$ — Yn, Az — Ayn> + (T = Yn, AYyn — Axn> —(z — Yn, %>
Jyn, — Jx

> <$ = Yn, AYn — Axn> - <$ — Yn, %> (2.15)

Since A is a-inverse strongly monotone, we have
1
HAyn - Axn” < a”yn - xn”
Thanks to (2.13), we obtain
lim ||Ay, — Az,| = 0.
n—oo

From (2.15), we arrive at (x — p,z’) > 0 . Since A is maximal monotone, we
obtain that p € A=1(0) and hence p € VI(C, A).
Next, we show p € EF(f). Notice that

[un = zn || < llun = Tnall + |Tns1 — za-
It follows from (2.11) and (2.12) that
lim ||u, — 2] = 0. (2.16)
n—oo
Since J is uniformly norm-to-norm continuous on bounded sets, one obtains
lim ||Ju, — Jz,|| = 0. (2.17)
n—oo
Noticing uy, = 1), 2, and Lemma 7, for each w € F, one has

¢(una Zn) = ¢(T7'7,,Zna Zn) < (b(wwzn) - (b(w)TrnZn)
< plw, xn) — P(w,up) = 2(w, Jun — Jzn) + |20 ]|* — [lunl®
< 2fjwll[[Jun — Jzpll + ([[2all + [[unl)lzn — unl-
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From (2.16), (2.17) and Lemma 1, one arrives at
[t = 2] — 0, (n — o0). (2.18)
From the assumption r,, > a, one sees

im NS = Janll o (2.19)

n—00 Tn

Since uy, = 1), 2,, one obtains

1
f(unay)+_<y7unv<]un*t]zn>207 Vyec

Tn

From the (A2), one arrives at

Tn T'n

By taking the limit as n — oo in above inequality and from (A4) and (2.19),
one has

fly,p) <0, VyeC.

For 0 <t < 1andy € C, define y = ty + (1 — t)p. Noticing that y,p € C, one
obtains y; € C, which yields that f(y:,p) < 0. It follows from (A1) that

0= f(ye,yt) <tf(ye,y) + (1 =) f(ye,p) < tf(ye, )

That is, f(yt,y) > 0. Let ¢ | 0, from (A3), we obtain f(p,y) > 0, for Vy € C.
This implies that p € EP(f). This shows that p € F.
Finally, we prove that p = I[Tpxo. By taking limit in (2.7), one has

{(p—w,Jxg — Jp) >0, YweF.

At this point, in view of Lemma 2, one sees that p = IIpxy. This completes
the proof. 0O

Remark 4. The highlight of Theorem 4 is as follows:

(a) We consider a more general nonlinear mapping, i.e. quasi-¢-nonexpansive
mapping. To be more precise, we relax the strong restrictions F(7T) =

F(T) and F(T) = F(T) on the mapping T’; see [5, 6, 14, 30] for more
details;

(b) We remove the redundant iterative step ”Y;,” in [13| and ”W,,” in [30];

(c) We consider three hot problems of fixed point problems, variational in-
equality problems and equilibrium problems. In [30], the authors only
studied fixed point problems and variational inequality problems. In [13],
the authors only consider variational inequality problems.

As some applications of Theorem 4, we have the following results.
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Corollary 1. Let C' be a nonempty and closed convex subset of a 2-uniformly
convex and uniformly smooth Banach space E. Let A an a-inverse-strongly
monotone mapping from C into £* and T': C' — C be a closed quasi-¢-nonex-
pansive mapping. Assume that F(T)NVI(C, A) # 0. Let {z,} be a sequence
generated by the following manner:

xg € £ chosen arbitrarily,

C,=0C,

x1 = ll¢, xo,

Yn = Hc[J N Jzn — AAxy)], 20 = Tyn,
Crni1={v e Cy:d(v,2n) < (v, yn) < d(v,2p)},
rg, Vn >0,

Tn+1 = HCn_H

where J is the duality mapping on E. Assume that ||Az| < ||Az — Ap]| for
all z € C and p € VI(C,A) and 0 < A, < CQT”‘, for all n > 1, where c is the
constant defined by (1.6). Then {x,} converges strongly to ITprynv1(c,a)%o-

Remark 5. Corollary , which includes the results of liduka and Takahashi [13] as
a special case, mainly improves and extends the corresponding result announced
by Zegeye and Shahzad [30] in the following sense:

(1) Improve the mapping T from the relatively weak nonexpansive mapping
to the quasi-¢-nonexpansive mapping. To be more precise, we relax the
strong restriction F(T') = F(T).

(2) From computation point of view, we remove the iterative step ”W,,”; see
[30] for more details.

In the framework of Hilbert spaces, the following result can be deduced
from Corollary 5 immediately.

Corollary 2. Let C be a nonempty and closed convex subset of a real Hilbert
space H. Let A an a-inverse-strongly monotone mapping from C into H.
Assume that VI(C, A) # 0. Let {z,} be a sequence generated by:

xo € H chosen arbitrarily,

C, =C,

x1 = Pe, xo,

Yn = Po(xn — MAxy),
Crnp1={veCn:llv—ynll <llv—2zall},
Tni1 = Po, w0, Vn >0,

where Pg, , is the metric projection from C' onto Cp,11. Assume that || Az|| <
||[Az — Ap|| for all z € C'and p € VI(C, A) and 0 < A, < a, for all n > 1. Then
{zn} converges strongly to Py r(c,a)%o.

Remark 6. Corollary 2 is an improvement of the corresponding results an-
nounced by Iiduka et al. [12]. We remove the redundant iterative ”Q,” in
their iterative algorithms.
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Corollary 3. Let C' be a nonempty and closed convex subset of a 2-uniformly
convex and uniformly smooth Banach space E. Let f be a bifunction from
C x C to R satisfying (A1)—(A4), A an a-inverse-strongly monotone mapping
from C into E*. Assume that EP(f) NV I(C, A) # 0. Let {x,} be a sequence
generated by the following algorithm:

xg € E chosen arbitrarily,

C,=0C,

x1 = I¢, @,

yn = He[JH(Jxn — ApAzy)],

un € C such that f(un,y)+ %(y — Up, Jup, — Jyn) >0, VyeC,
Cny1 ={v € Cy : d(v,up) < d(v,yn) < d(v,x,)},

xo, Vn >0,

Tn+1 = HCW,_H

where J is the duality mapping on E and {r,} is a positive number sequence
such that {r,} C [a,00) for some a > 0. Assume that ||Az| < ||Ax — Ap|| for
all z € C and p € VI(C,A) and 0 < A, < ‘270‘ for all n > 1, where ¢ is the
constant defined by (1.6). Then {z,} converges strongly to ITgp(s)nvi(c,a)To-

Proof. By taking T' = I, the identity mapping, in Theorem 4, we can conclude
the desired conclusion easily. 0O

In Hilbert spaces, Corollary 3 reduces to the following result.

Corollary 4. Let C' be a nonempty and closed convex subset of a Hilbert space
H. Let f be a bifunction from C'x C to R satisfying (A1)—(A44), A an a-inverse-
strongly monotone mapping from C into H. Assume that EP(f)NVI(C, A) #
(. Let {x,} be a sequence generated by the following algorithm:

xg € E  chosen arbitrarily,

C, =C,

z1 = Pe, xo,

Yn = Po(xn — MAxy),

uy, € C such that f(un,y) + 7-(y — U, un —yn) >0, Vy € C,
Crny1 ={v € Cp 1 [[v—upll < |lv —yull < [lv —znll},

Tny1 = Po, ., 70, Vn >0,

where {r,} is a positive number sequence such that {r,} C [a,c0) for some
a > 0. Assume that |Az|| < ||[Az — Ap|| for all x € C and p € VI(C, A) and
0 <A, <a, foralln>1. Then {x,} converges strongly to Pgp(s)nvi(c,a)To-
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