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Abstract. We consider a mechanical model which describes the frictionless unilat-
eral contact between an electro-elastic body and a rigid electrically non-conductive
foundation. For this model, a mixed variational formulation is provided. Then, using
elements of the saddle point theory and a fixed point technique, an abstract result is
proved. Based on this result, the existence of a unique weak solution of the mechanical
problem is established.
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1 Introduction

In this paper we study a frictionless unilateral contact problem involving the
piezoelectric effect. The piezoelectricity can be described as follows: when
mechanical pressure is applied to a certain classes of crystalline materials
(e.g ceramics BaT'iOs, BiFeQOs), the crystalline structure produces a volt-
age proportional to the pressure. Conversely, when an electric field is ap-
plied, the structure changes his shape producing dimensional modifications
in the material. Actually, there is a big interest into the study of piezoelec-
tric materials, this type of materials being used in radioelectronics, electro-
acoustics and measuring equipments. In the same time, due to the fact that
the parts of the equipments are in contact, the interest for the contact prob-
lems is increasing. The literature concerning this topic is very rich, see for
example [10, 11, 14, 15, 16, 22, 23, 24| for modelling in piezoelectricity and
[5, 6, 13, 17, 20, 25| for the modelling and the analysis of the contact pro-
cesses. Some theoretical results for contact models taking into account the
interaction between the electric and the mechanic fields have been obtained in
7, 18, 19, 21].
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In this paper we use a mixed variational formulation of the piezoelectric
contact problem, which consists one of the traits of the novelty of the present
paper. For details concerning the mathematical tools we refer to [1, 2, 3, 4, 6,
12]. The main motivation of this approach is that in the last years this type of
formulation in contact mechanics is preferred from numerical point of view, see
for example [7, 8, 9]. The present paper follows [7] where a frictional bilateral
contact problem for electro-elastic materials was treated.

The rest of this paper is organized as follows. In Section 2 we provide
some notation and preliminaries. In Section 3 we describe the physical setting,
formulate the mathematical problem and state the main result, Theorem 1. In
Section 4 we provide an abstract result, Theorem 2, then we prove Theorem 1.
The last section contains some conclusions and comments.

2 Notation and Preliminaries

Let us denote by S? the space of second order symmetric tensors on R3. Every
element in R? or S will be typeset in boldface and by "-" and | - | we denote
the inner product and the Euclidean norm on R? and S3, respectively. Thus,

w-v=u;, [v|=@ )Y o -1T=0ym, |T|=(T 7)Y

w,veR? o,7eS
Here and below, the indices i and j run between 1 and 3 and the summation

convention over repeated indices is adopted.

Let £2 C R3 be a bounded domain. We introduce the following functional
spaces on {2,

H={u=(u)| uel*Q)}, H={o=I(0y)| 0ij =05 € L*(2)},
Hi={uecH| e(u)e H}, Hi={oc€H| Dive € H},

where

e(u) = (gij(u)), eij(u) = %(Um’ +uji), Dive = (o).

Here and below the index that follows a comma indicates a partial deriva-
tive with respect to the corresponding component of the independent variable.
The spaces H, H, H; and H; are real Hilbert spaces endowed with the inner
products,

(u,v)g = /Quivi dr, (u,v)m, = (u,v)g + (e(u),e(v))n,
(o, T)n = /QUijTij dz, (o,7)n, = (o, 7))+ (Dive,Divr)y.

The associated norms on the spaces H, H, Hy and H; are denoted by | - || &,
- I, Il - |l ey and || - |2, , respectively.

Let us assume that the boundary of {2, denoted by I" is Lipschitz continuous.
We denote by m the unit outward normal vector on the boundary, defined
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a.e. In order to simplify the writing, everywhere below, for every field (scalar,
vectorial or tensorial) we will use the same notation in order to indicate his
Sobolev trace on I

For a vectorial field v, we denote by v,, and v, the normal and the tangential
components on the boundary, defined as follows:

Vp =V N, V; =70— U,N.

For a regular (say C?) stress field o, the application of its trace on the boundary
to m is the Cauchy stress vector on. Furthermore, we define the normal and
tangential components of the Cauchy vector on the boundary by the formulas

on=(on)n, o,=0on—o,n
and we note that the following identity takes place
oNn-v=0,0,+0; V,. (2.1)

Finally, we recall the useful Green’s formula

(,e(v))n + (Dive,v)g = / on-vda Yv e H;. (2.2)
r

For a proof of the formula (2.2) and for more details related to this section, we
send the reader to [5].

3 The Model and the Statement of the Main Result

We consider an elasto-piezoelectric body that occupies the bounded domain
2 C R3, in contact with a rigid electrically non-conductive foundation. We
assume that the boundary I is partitioned into three disjoint measurable parts
I't, Iy and I3, such that meas(I}) > 0 and I3 is a compact subset of I'\T';.
Let us denote by ng3 the restriction of n to I's. The body {2 is clamped on I7,
body forces of density f act on {2 and surface traction of density f5 act on I.
Moreover, we assume that I3 is the potential contact zone and we denote by
g : I's — R the gap function. By gap in a given point of I's we understand the
distance between the deformable body and the foundation measured along of
the outward normal n. Let us consider a second partition of the boundary I" in
two disjoint measurable parts I, and I}, such that meas(I},) > 0 and I}, D I5.
On I, the electrical potential vanishes and on I, we assume electric charges of
density ¢o. Since the foundation is electrically non-conductive, and assuming
that the gap zone is also electrically non-conductive, g2 must vanish on I';5. By
qo we will denote the density of the free electric charges on f2.

We denote by u = (u;) the displacement field, by o = (o;) the stress
tensor, by ¢ the electric potential field and by D = (D;) the electrical field.
We start the modelling writing the universal equilibrium equations

Dive+ f,=0 in {2, (3.1)
div D = q, in {2
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326 A. Matei

In order to describe the behavior of the materials, we use the constitutive law
o=Ce(u) +E"Vy in £ (3.3
D =~¢e(u)—BVy in {2, (3.4)

where C = (C;j15) is the elasticity tensor, £ = (&;;;) is the piezoelectric tensor
and B3 is the permitivity tensor. We use here £" to denote the transpose of the
tensor &,

Eo-v=0-& v, Vo € S%, v e R3,

and we notice that " = (£})) = (&) for all 4, j,1 € 1,3. Such kind of electro-

mechanic relations can be found in the literature, see, [24].
To complete the model, we prescribe the mechanical and the electrical
boundary conditions. According to the physical setting we write

u=0 on Iy, on=f, on Iy, (3.5)
o=0 on I,, D-n=qg on I} (3.6

To model the contact process, we use the Signorini condition with non-zero
gap. In addition, we assume that the contact is frictionless. Consequently, we
can express mathematically the frictionless contact condition as follows

o, =0, 0,<0, u,<y, Un(“n - g) =0 on I3. (37)

Knowing the displacement field w and the electric field ¢ we can compute
the stress tensor o and the electric displacement D using (3.3) and (3.4),
respectively. Therefore, the displacement field w and the electric field ¢ are
called the main unknowns.

To resume, we consider the following problem.

Problem 1. Find the displacement field w : 2 — R? and the electric potential
field ¢ : £2 — R such that (3.1)—(3.7) hold.

In order to study this problem, we make the following assumptions:

e For
C = (Cijls) ;2 x §3 — §3, Cijls = Cijsl = Clsij c LOO(Q) (3.8)

there exists m¢ > 0 such that Cijis€ije15 > mc |e|?, Ve € S3, a.e. on £2,
where

E = (Ewk) 2 2 x SS — RB, gijk = Eikj c LOOQ). (3.9)
e For the permitivity tensor
_ . 3 3 _
B=(B) : xR =R, B, =08 € L) (3.10)

there exists mg > 0 such that 3, E;E; > mg|E|*, VE € R?, a.e. on (2.
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Concerning the mechanical and the electrical data we will assume
fo € L3(2)3, fy,€ L3(11)3, qo € L?(R2), qu € L*(I}). (3.11)
Moreover, there exists ge,t : 2 — R such that

geztEHl(Q>a Gext =0 on I, gethOOHF\Fh g = Gext ON I3, (312)

the unit outward normal to I3, ns, is assumed to be constant. (3.13)

Based on these assumptions, we will give a mixed variational formulation of
this mechanical problem, using the Hilbert spaces,

V={veHlv=0on I}, W={pec H' ()Y =00onT,}, V=VxW.

We consider the inner products (-,-)y : V xV — R, (-, ) : W x W — R and
(,-)y : V x V — R defined as follows

(e(u), E(v))Hv (507 MJ)W = (vgp, vu))Hv (314)
(u’ ’U)V + (90) w)W

(’LL, v)V
v

(fl” )\7

Let us remember the Korn inequality: there exists cx = cx(£2,17) > 0 such
that
lle(@)|l# = cx||v| ay, Yo e V.

Furthermore, the following Poincaré’s type inequality takes place: there exists
cp =cp(£2,I,) > 0 such that

lellzzo) < cplVellizzays, Yo € W.

Consequently (V, (-, )v, [ - [[v), W, (-;)w, [ - [lw), and (‘7’ ('7')\77 - ”\7)’ are
Hilbert spaces.

Keeping in mind (3.1) and (3.3), the Green’s formula (2.2) yields for all
veV

/ Ce(u) ~€(v)daz+/ Ee(v) - Vodr = / fo- vdach/ on-vda. (3.15)

fo) fo) fo) r

Next, multiplying (3.4) by Vi, for all ¥ € W, we deduce
/Es(u)-vwdx—/ﬂVgo-deaU: D-n—/diva. (3.16)
fo) 2 a0 Q

Subtracting (3.16) from (3.15) and keeping in mind (3.2), (3.5) and (3.6), we
obtain, for every (v,v) € V,

/QCe(u)-e(v)d:ch/Qé'e('v)~Vgpd:c—/9€s(u)~Vz/;d:c+/Q,BVga-V1/)dx

:/f0~vdac+ f2~vdaf/ qgwdaJr/qowd:ch/ on-vda.
0 I, Iy ] I’

Math. Model. Anal., 14(3):323-334, 2009.
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Since o = 0 on [}, taking into account (2.1) we can write

/a‘n-vda:/ opUpda, YvevV.
Fg FB

Let us consider a : V x V — R the bilinear form,
a(w, 0) == / Ce(u)-e(v)dr +/ Ee(v) - Vodr
2 2
—/ Ee(u)- dex—i—/ BVy-Vidx
10 0

for all u = (u,p), v = (v,79) € V. Moreover, using the Riesz representation
theorem, we define f € V such that for all © = (v,¢)) € V,

(}', 17)‘7:/(2f0~vdx+ ; f2~'vdaf/r qgwdaJr/Q qo ¥ dx.

Consequently, using the Green formula (2.2), we deduce that
a(a,d) = (f, )¢ +/ Onn, YOEV. (3.17)
I3

In order to provide a mixed weak formulation, we define a dual Lagrange
/
multiplier A € D := ([Hl/Q(Fg)P) such that

A\ v)p, = —/ Opn Vpds, Yo e [HY2(I3)]?, (3.18)
I's

where [H'/2(I3)]? denotes the space of restrictions of traces of all functions be-
longing to V' and (-, -) , denotes the duality pairing between D and [HY2(I3)]?.
Moreover, we define a bilinear form b: V' x D — R, as follows

b(®, p) = (p,v)r,, Vo= (v,9)) €V, peD. (3.19)

Using (3.19), keeping in mind that the Sobolev trace operator is linear and
continuous and taking into account (3.14), we deduce that there exists M, > 0
such that

b(v, p)| < My||ol[¢[lpllp- (3.20)

In addition, using the properties of the Sobolev trace operator, it can be shown
that there exists a > 0 such that

b(i
inf sup M > a. (3.21)
HED.BA0D Hey po,, o]y llello

Furthermore, we introduce a set as follows,

A={peD: (uv)p <0 YveK}, (3.22)
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where
K= {oe [HAI)] v, <0 on I3},

We note that XA € A and, using the assumption (3.13), we deduce that ge,t+ng €
V., gns being the trace of g.,+m3 on I75.

Taking into account the definition of X, (3.18), the definition of b(, -), (3.19),
and the definition of A, (3.22), we get:

b(ﬂ'v A) = <)‘79n3>F3a b(ﬁa ”’) § <”’agn3>F37 VM €A
Thus, denoting by §.,; := (gextns, Opw) € V we can write
b(ﬁ’ )‘) = b(gext’ A)’ b(flﬂu’) < b(gext’ N)a V[,L €A (3'23)

Keeping in mind (3.17), (3.23) we obtain the following weak formulation of
Problem 1.

Problem 2. Find @ € V and A € A, such that

a(@,®) +b(®, ) = (f, o)y, V€V,
b(@, = A) Sb(Gegrs b —A); Y EA

The main result of this paper is the following.

Theorem 1. Assume that (3.8)—(3.13) hold. Then, Problem 2 has a unique
solution (@, \) € V x A. Moreover, if (@, A) and (@, X*) are two solutions of
Problem 2 corresponding to the data (f, §.,;) € VXV and (}*, ) EV XV,
respectively, then

@ —a@*(lg + A= XNp <CUF = F llg + 1Gewr — Gineller)
where C = C(C, &,8,a, M) > 0.

The proof of this theorem will be presented in the next section; it follows by
using an abstract result, Theorem 2.

4 An Abstract Result and Proof of Theorem 1

Let (X, (-, )x, || - llx) and (Y, (-, -)y, || - |]v) be two Hilbert spaces and let us
consider two bilinear forms as follows: a(-, -) : X x X — IR is non-symmetric
and (a) there exists M, > 0 such that

la(u, )| < Ma|lullx[v]x, VYu,veX, (4.1)
(b) there exists m, > 0 such that
a(v,v) > mg ||v||%, Yo € X, (4.2)
and b(-, ) : X x Y — IR, for which (c) there exists M} > 0 such that

b(v, )| < Mpllvl|x|[ully, YveX, pey, (4.3)

Math. Model. Anal., 14(3):323-334, 2009.
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(d) there exists a > 0 such that

inf sup _blo ) > a. (4.4)

REY,n#0y yeX v#£0x [vllxllelly —

Let A C Y be a closed, convex set that contains Oy. We consider now the
following problem:

Problem 3. For given f, g € X, find u € X and A € A such that
a(u,v) +b(v,\) = (f, v)x, Yo € X, (4.5)
b(ua B )‘) < b(ga B )‘)a VN €A (46)

We emphasize that the bilinear form a(-, -) is non-symmetric. Consequently,
Problem 3 is not a saddle point problem. Moreover, we are interested here in
the case g # Ox. An analysis of the particular case ¢ = Ox can be found in |7].

The following result holds.

Theorem 2. Let f,g € X and assume that (4.1)—(4.4) hold. Then, there exists
a unique solution of Problem 3, (u,\) € X x A. Moreover, if (u1, A1) and
(u2, A2) are two solutions of Problem 3, corresponding to the data functions
f1,91 € X and fa,g92 € X, then there exists K = K (o, mq, My, Mp) > 0 such
that

ur —uallx + A1 = A2fly < K(If1 = fallx + llgr — g2l x)- (4.7)

Proof. Let ag(-, ) and ¢(+, -) be the symmetric and the antisymmetric part of
a(-, -), respectively,

ap: X x X =R ao(u, v) := (alu, v) + a(v, u))/2, Yu,ve X,
c: X xX =R clu,v):=(alu,v) —alv, u)/2, Yu,veX.

For a given r € [0, 1], we introduce the following bilinear form
ar: X x X =R a,(u, v) :=ap(u, v) +re(u, v), Yu,velX. (4.8)
We observe that for each r € [0, 1],
ar(u,u) = mallully,  lar(u,v)] < 2Mollullx|lv]lx, Yu,veX.
Furthermore, we note that for all u, v € X,
lao(u,v) < Mallullxlollx,  le(uw,v)] < Mallulxllolx, Vo€ X.

Let us consider the following auxiliary problem.
For given f,g € X, find v € X and A € A, such that

ar (u,v) +b(v, A) = (f, v)x, Vo € X, (4.9)
blu, u—A) <b(g,pu— ), VY e A (4.10)

The rest of the proof will be constructed in several steps.
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Step 1. If r = 0, Problem (4.9)—(4.10) has a unique solution. Indeed, if
r = 0, Problem (4.9)-(4.10) is equivalent to the saddle point problem: find
u € X and A € A such that

Llu, p) < L(u, \) < L(v, N) Yoe X, pue A,

where £ : X x A — IR is the functional defined as follows:

L0, 1) = ga(v,0) — (F0)x + b{o, 1) — b(g, )

According to [4], the previous saddle point problem has at least one solution.
Consequently, Problem (4.9)—(4.10) has at least one solution. In fact, keeping
in mind (4.4), (4.9) and (4.10) we deduce that Problem (4.9)—(4.10) has a
unique solution (u,\) € X x A. Indeed, let us consider (u', A\!) and (u?, \?)
two solutions of Problem (4.9)—-(4.10). Keeping in mind (4.9) we can write

a(u' —u? u? —ul) +b(ut —ut N2 - A =0. (4.11)

Using now (4.10) we deduce that b(u! — u% A2 — A!) < 0. Combining this
inequality with (4.11) we obtain u! = u%. Moreover,

b(v, \' =A%) = —a(u —u?,v), YoecX.

Using now the inf-sup property (4.4) we find A! = \?, that concludes Step 1.

Step 2. Let us assume that for given f, g € X there exists a unique solution
of Problem (4.9)—(4.10), (u, \) € X x A. If (u1, A1) and (uz, A2) are solutions
of Problem (4.9)—(4.10) corresponding to two given data (f1,g) € X x X and
(f2,9) € X x X, respectively, then

a-+mg +2M,
Jur — uallx + [ A1 = Aelly £ ———+

[f1 = fallx- (4.12)

a

Indeed, using (4.9) and (4.10) we can write

ar (u1 —ug, up —uz) = (f1 — fo, ur —uz)x + b(ur — uz, A2 — A1),
b(ur — uz, A2 — A1) < b(g, A2 — A1) +b(g, A1 — A2).

From this relations, taking into account (4.1), (4.2) and (4.4) and keeping in
mind (4.9) we get (4.12), that concludes Step 2.

Step 3. Let 7 € [0,1). Assume that for given f, g € X there exists a unique
solution of Problem (4.9)—(4.10) with » = 7, (u, A\) € X x A. Then, for given
fyg € X there exists a unique solution (u, \) of Problem (4.9)—(4.10) with
r € [T, 7+ to] C [0, 1], where

am,

0<t 1. 4.13
< O<Ma(a+ma+2Ma)< ( )

Indeed, given f,g € X, we define the mapping 7 : X x 4 — X x A as follows
T(w, &) = (u, A)

Math. Model. Anal., 14(3):323-334, 2009.
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if (u, A) is the unique solution of the problem

ar (u,v) +b(v,A) = (Fs, v)x, Vo € X,
b(UﬂN*)‘) Sb(gvuiA)v VNEAa
(FS,U)X:(f,U)X—(S—T)C(U},’U), TSSST+tOS1-
Taking into account (4.13), we deduce that 7 is a contraction. Using the
Banach Fixed Point Theorem, we conclude that 7 has a unique fixed point.

Let (u*, A\*) be the unique fixed point of the operator 7. Using the definition
of 7', we deduce

ar(u*,v) + b(v,\*) = (Fs, v)x, Vo e X, (4.14)
b(u™, pw—A") <b(g,pu— ), VpeA, (4.15)
(Fs,v)x = (f,v)x —(s=7)c(u*,v), 7<s<7+ty <1 (4.16)

Using now (4.14), (4.15) and (4.16) we deduce that (u*, A*) is a solution of
Problem (4.9)-(4.10) with r = s, s € [7,7 + to]. In order to justify the unique-
ness, let us assume that Problem (4.9)-(4.10) with r = s, s € [7,7 + to] has
two solutions (u1, A1), (u2, A2) € X x A. Consequently, we can write

as(ur —ug,ur —ug) < b(g, A2 — A1) +b(g, A1 — A2),

and from this, as(u1 — ua, u; —u2) < 0. Taking into account the X-ellipticity
of as, we find u; = ue. Moreover, using (4.4), we deduce that \; = Ay that
concludes Step 3.

Step 4. Using Step 3 a finite number of times, we deduce that Problem
(4.9)—(4.10) admits a unique solution (u,\) € X x A for r = 1.

Step 5. In order to get (4.7), let us consider the data f1,91 € X and
f2,92 € X. Taking into account (4.5) and (4.6), we can write

a(ur — uz,ur — u2) < (f1 — fa,u1 —u2)x +0(g1 — g2, A2 — A1).
Moreover, keeping in mind (4.1)-(4.4), we deduce
mallur —u2|% < [Ifi = follxllur — w2l x + Mllgr — gallx A1 = Aolly, (4.17)
all]Adr = Aelly < Mallur — uslx + /1 = fallx- (4.18)
Using (4.17), we can write

||f1—f2|\§(+k1|\u1—u2|\§( Mg — g2l | kollh — Aoll¥
2k 2 2ky 2 ’
where k1, ko are strictly positive constants that will be chosen later. Combining

the last inequality and (4.18) we deduce

k1 kQMGQ) 9 ( 1 ke Ml72||gl *QQH%(
- — — — < (— — _— =
(ma 2 042 HUI UQ”X - 2]€1 * 042 2k2

Choosing ki, ke such that (m, — k1/2 — kaM?2/a?) > 0, we deduce that there
exists ¢* = ¢*(a, mq, My, Mp) > 0 such that

lur — ual|x < c*(|f1 = follx + [lg1 — 92l x)- (4.19)

Mg [lur—usl% <

= Il +
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Finally, combining (4.18) and (4.19) we deduce (4.12). O
Using Theorem 2 we can prove Theorem 1.

Proof.  |Proof of Theorem 1]. Let us consider X =V, Y = D, and A given by
(3.22). Obviously, A is a non-empty, closed, convex subset of H and Op € A.
Using (3.8)—(3.10) we deduce that there exists M, = M,(C,E,8) > 0 and
me = mq(C,B) >0 such that the bilinear form a(-,-) satisfies

la(w, v)| < Ma|allv||o]ly, Va,v eV,

a(w,w) > mq ||la]?, Vae V.

Taking into account (3.20) and (3.21) we deduce that the bilinear form b(-, )
satisfies (4.3) and the inf-sup property (4.4). Consequently, Theorem 1 is a
straightforward application of Theorem 2. O

5 Conclusions and Comments

We provided a mixed variational formulation for a frictionless unilateral contact
problem involving electro-elastic materials. The main advantage of this type of
formulation consists in the fact that it offers the possibility to use modern nu-
merical techniques in order to write efficient algorithms for the approximation
of the weak solution. This approach allows to approximate simultaneously the
displacement field, the electric potential and the normal stress field.

A continuation of the study performed in this paper can be the writing of
a discrete mortar formulation of Problem 1. Working on appropriate product
spaces and following [9], mortar techniques with dual Lagrange multipliers can
be applied in order to get an optimal a priori error estimate.
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