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Abstract. We propose a new a posteriori rule for choosing the regularization pa-
rameter « in (iterated) Tikhonov method for solving linear ill-posed problems in
Hilbert spaces. We assume that data are noisy but noise level § is given. We prove
that (iterated) Tikhonov approximation with proposed choice of « converges to the
solution as 6 — 0 and has order optimal error estimates. Under certain mild assump-
tion the quasioptimality of proposed rule is also proved. Numerical examples show
the advantage of the new rule over the monotone error rule, especially in case of rough

0.
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1 Introduction
In this paper we consider linear ill-posed problems
Au = f, (1.1)

where A € L(H, F) is a bounded operator with non-closed range R(A) of A
and H, F' are infinite-dimensional real Hilbert spaces. We assume that instead
of exact data f there are given noisy data fs € F with || f5 — f]| < ¢ and known
noise level 6. The well-known methods for solving ill-posed problems are the
Tikhonov method

Ug = (ol + A*A)"LA* f5 (1.2)
and iterated variant of this method
Ugy = Uagmy Ua,i = (OZI+A*A)_1(O[’U,QJ',1 +A f5), (i=1,2,...,m). (1.3)
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Note that approximation (1.2) is a special case of (1.3), where m = 1 and for
initial approximation us o = 0 is used. For applying methods (1.2), (1.3) the
important problem is a proper choice of the regularization parameter o« = a(9).

Well-known rules for parameter choice in methods (1.2), (1.3) are the dis-
crepancy principle [8, 19, 20], the modified discrepancy (MD) rule [1, 11, 12],
the monotone error (ME) rule [18], rule R1([13, 14, 15]). In this paper we
propose a new rule. In numerical experiments we get typically smaller error of
approximations (1.2), (1.3) than by using the other rules, particularly in case
of rough estimates of the noise level. Both, the rule R1 and the proposed rule
are applicable also in the case, when problem (1.1) has solution only in the
least squares sense (f & R(A), but A*f € R(A*A)).

In this paper in Section 2 we consider rules for a posteriori choice of a. For
the proposed rule the convergence and order optimality are proved in Section
3. The quasioptimality properties of the new rule are studied in Section 4. In
the final section numerical results are given.

2 Rules for Parameter Choice

Before considering parameter choice rules we remind, that approximations
(1.2), (1.3) have the following form

Ug = Uo + go (AT A) A (f5 — Aug),

where the generating function

Ga.m(A) = % [1 - (aiA)m] (2.1)

satisfies conditions

sup [VAga(N)| < a2 a >0, (2.2)
0<AL||A* Al

sup ML= Aga (V)| <pa?, 0<p<m. (2.3)
0<A<|[A* Al

Here v, = (2)"(1—2)""" and v, = 1/2 for the Tikhonov method and

'y*:\/ﬁincgsemzf
We introduce notations
By = a?(al + AA)"Y2 B, =a'?(al + A*A)7Y/2,
Do =a 'ATPBL, |A*| = (AA)'2.

In the following we consider rules for the choice of the regularization parameter
a = «(9) for guaranteeing the convergence of the regularized solution

[ta@s) —usl| =0 as 6 —0,

where u, is a solution of problem (1.1) nearest to the initial approximation wug.
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Let b = const > 1. Then in the discrepancy principle, in MD rule and in
ME rule the corresponding regularization parameters ap, ayp and ap/p are
chosen as solutions a = «(9) of equations

[ Aua — fs| = bs,

||Ba(Aua - f6|| = (Aua,erl - f57 Aua,m - f5)1/2 = b57
||B04(Aua — f5||2 _ (Aua,m - f57Aua,m+1 - f5)

= = b0,
[ Ba(Aua — fs|| [Ata,m+1 — fol
respectively. The ME rule has the properties
d
HUOUME - U*H < HUOUMD - U*H, @Hua - U*H >0 Vae (aME’OO)’
therefore app > qopr = argmin{||uq — u«||,a > 0}. Usually app < 1 and

Oopt = 0§ With some ¢ > 1.

Our extensive numerical experiments presented in [2] have suggested the use
of MEE rule with parameter ay g = ol and we have obtained the average
error ratio ||Ua,, py — Usll/ | Uan » — Ul = 0.8.

We remind also rule R1 with & =1/2 (see [15]).

Rule R1. Let by, by be the constants with by > by > 77(:}2;1()77/;:1)). Let

ola) = HD;/QBQ(AU& — f5)||- Choose «(d) such that p(a(d)) > b1é and
o(a) < bod for all a < (9).

Note that in [3] a modification of rule R1 is given, which guarantees con-
vergence ||uq(s5) — u«|| — 0 (§ — 0) also in case || fs — f]|/0 < c for § — 0, where
¢ is an unknown constant.

If u, —ug € R((A*A)P/2), the order optimal error estimate ||u, — uqy|| =
O(6PP*+D) holds true for the range p € (0,2m — 1], if a is chosen by the
discrepancy principle, and for the larger range p € (0,2m], if « is chosen by
the MD, ME or by the R1 rule.

To introduce a new rule, we denote

fo = (14l A2, 5, = @%
kol Da’* Ba(Aua — f3)|* _ KallA* B2 (Aua — f5)||?
IDY?B2(Auq — f3)| Vol ABE(Auq — fo)l
FollA* (Auami1 — f5)]1?
Va (AA* (Atg mir — f5), Auamsz — f5)'/

d(a) :=

Rule R2. Let b > ﬁf Jam We choose the regularization parameter a =
a(d) as the smallest solution of the equation

d(a) = bs. (2.4)

Math. Model. Anal., 14(2):187-198, 2009.
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To show that this equation has a solution, let us consider function d(«a). It is
obvious that
Jim_d(a) = || A7 A" (Auo — f5)l]-

On the other hand, since HaHDé/2|| < 1 and Dé/Q = Dé/QQ, where @ is the
orthoprojector FF — R(A), we have

Fal| Da* Ba(Aua—f5)|? _ kall Da* (Aua — f5)||| Da* B2 (Aua — fo)|
| D& B2 (Aua = f5)| 1D B2 (Aua— 1)

= Kall D/ *(Aua — f5)ll = Kall Dy Q(Aua — f5)]| < |Q(Aua — o)1

d(a) =

therefore
1Q(Auq sy — f5)l| = bd. (2.5)

As proved in [14] limOHD:;/Q(Aua — f5)]l = 0. On the base of the inequal-
ity d(a) < f<aO¢||Di/2(Aua — f5)|l we obtain lin%) d(a)) = 0. Therefore in case

5 < ||A||7H|A*(Aug — £5)|| the new rule guarantees the choice of a.

In order to avoid the instability in computing problems in finding the small-
est solution of (2.4) for all a > 0, we recommend to find the smallest solution
for a > (7.8/M)?, where M is the upper estimate of ||u. — ug|.

From the following inequality

Ha||Dé/QBa(Aua - f§)”2

d(a) =
) D& B2(Aua — f5)]|

DY?B.,(Au,, —
| Ao =IOl 5 o 1DY2Bo(Aua — 1))

- ’iaHDé/2Ba(Aua - f5)||
|D&*B2(Aua — f5)|

we have

kol DY 2By (Aug — f5)|| <05, a < a(é). (2.6)

Note that for numerical realization of rule R2 additionally iterated approxima-
tions uq,m+1 and uq,m42 may be replaced by linear combinations of approxi-
mations g, with different parameters . These ideas for rules MD, ME and
R1 are realized in [16].

3 Convergence and Order Optimality

Theorem 1. Let Qf € R(A), ||fs — f|| < 0 and the parameter a(d) be chosen
by Rule R2 with b > 1. Then ||ugsy —u«| — 0 (6 — 0) and in case ug —u. =
AP, o] < o we have

[Ua(s) — uxl| < co'/ PGP/ 0 < p < 2m — 1. (3.1)

To prove this theorem we need the following auxiliary result, which was proved
in [15] (Lemma 3).
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Lemma 1. Let «(d) be such a parameter that for each o < «(0) the inequality
|DY2B> 1 Aw|| < ¢, weH, ¢>0

holds. Then «(d) < apg, where «g is a parameter, for which the function

—2m 1)
o(a) = | B2 wl + 2me

NG
has a global minimum.
Proof.  [Proof of Theorem 1] We introduce notations @ := ug — s, f := f5— f.

From the representation ug, — u. = Fimﬂ + Ga.m(A*A)A* f and from (2.2) it
follows that

—2m__ « 7 —2m__ 1)
ua(s) — usll < By @l + | ga(s),m(A"A)A* fI| < || B, @l +%m- (3.2)

At first we estimate ||§2mﬂ|| Since

DY2B.(Aug — f5) = DY?B>™+1 Ay — DY/2 B> 17,

a(@m+1)/231/2 N
(a0 + \)1/2+(Em+1)/2 < 1/2.2m+19;

IDY?BI™ 1 Fl <6 sup
0<A<|| A2

it follows from inequality (2.6) that
IDY 2B Adtl| < (brg' +F1/2,2m+1)0 < (0+F120m41)0, o < a(d).

Use of Lemma 1 with ¢ = b+ 712 241, W = U gives

—=2m __ —=2m__ —=2m__ ~ .
[Bas)Ull < By 8l < [[Ba, @l +2m(b+71/2,2m+1) = inf o(a).

1)
/O a>0

Since ir;fo o(a) — 0 as § — 0, the convergence HEZ&%H is proved. If w, — ug
az

has source-like representation, then due to (2.2), (2.3) the estimate

inf o(a) < ¢/ PTV D0 <p <2m
a>0

is valid. From (2.5) it follows that ||B§’(’;‘S)AE|| > (b —1)d. Analogously to the

proof of convergence and order optimality in discrepancy principle (see [19, 20])
the last inequality gives

4] 4]

— 0 and

0 < dpgl/(zwrl)(;p/(erl)7 0<p<2m-—1.
20) a0) o

a

We note that numerical examples and results of Section 4 show that prob-
ably the estimate (3.1) holds with 0 < p < 2m.

Math. Model. Anal., 14(2):187-198, 2009.
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4 On the Quasioptimality of Rule R2

In this section we show that the choice of o by rule R2 in methods (1.2), (1.3) is
under certain conditions weakly quasioptimal (see [15]) in sense that the error
estimate (3.2) also holds, if the right hand side there is replaced by its infimum
over a > 0, multiplied by a constant.

We denote

—2m__ N T
te(a) == |[By @l|* + cllga,m (A" A) A" F]*.

Let {F\} denote the spectral family of the operator AA*. From (2.1) follows
that

[A” Al
d —2m__ 9 d —1 4% —Om— — -1 —2m —12
@HBQ ul| = . (e " A*A+1)""u,u) = = (@™ " A+ 1)"="d|| F |
0
5 A" Al 5
- (@™ A+ 1)2" g Pyl = 22 (A" A(a™ A A + 1) 7> 1, )
a a
0
2 omgl 412
= 5 [1Ba"" Aul”. (4.1)
Lemma 2. If
ro 21D 2B AU > Vem|| DY B, @€ [ag,en]  (4.2)

then the function t.(«) is monotonically increasing in the interval [ag, aq].

m—+1
Proof. From (2.1) follows that Z-gam()) = —2% (%5 . Using this

equality and the equality g m(A*A)A* = A*gq m(AA*) (see [19, 20]) we have

dgaym(A*A)A*f B A*dga_,m(AA*)T
do N do

_ m * R2m—+277

This equality and the inequality ga,m,(A\) < 2 (QLH) (see (2.1)) give

1d - + dga,m(A*A)A* ]

—— A*A)AS|* = ATAA f, ————————

53 1004 AT = (g0, (47 )77, om0
_ _m A* AA* a A*BQm-l-Q_ _ _m A* 1/2 AA* Bm+1_ 2
- 042( goz,m( )f’ o f) - 042 || ga,m( ) o fH

2
m _
> —$||A*B§+mf||2-

This inequality and equality (4.1) give

1 m Ml A— cmy mT
St(@) = [ BEm Aw|2 — 2 AT BET2).

o?
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Since ||a~t|A*|2B2|| < k% we have
2m
te(a) =2 —5 {“i

>2m{2
— |k
2 o |fa

1 1/2 2 2
(Glaes) mortam| = lase7]
o a

Dy B — wgtem|[ DY BET| .

Therefore in case (4.2) the function ¢.(«) monotonically increases in the interval
[ao, 041]. O

In the following, we need the condition
|DL/2B2 (Aue — fi)l| = | DY? B2 4w — DY2BE27T| > | DY B2+ 7|
Va > a(d). (4.3)

This condition is satisfied in special cases, if the error of the right hand side
f = fs — f is such that (F\@, f) < 0, VA > 0. Numerical experiments show
that for most severely ill-posed problems in case of uniform distribution of
error f the condition ||Dé/zBi (Aug — f5)|| > c« ||Dé/zBim+27|| is fulfilled with
constant c, ~ 1.

Lemma 3. If condition (4.3) holds and for a > «(d) the equation (2.4) has
1 /b

the unique solution with b > 2 then the function t.(a) with ¢ = — (5 - 1) is
m

monotonically increasing for a > a(9).
Proof. From the equality
DY2B.(Aug — f5) = DY?B2™+1 Ay — D}/2B¥m+1¥
it follows that
| DY/ Ba(Auq — f3)|? < 2 (|DY 2B ATl + | DY B2 7))

This inequality together with condition (4.3) gives

1/2 Hom — 1/2 poma1
mIIDi/?Ba(Aua—f6)|\2<2fia(l\Da/ B2+ AT|1? + || D/ B2 +1fHQ)

d(a)= < —
| D& B2 (Aua — £5)] | Dal> B2 27|
(4.4)
Assume now that o > «(0). Then from (2.4), (4.4) we conclude that

b - _
ol | D&/ 2B ATl|? > S8\ D2 BY 2 F|| — ol DY BETF.

To continue this estimation, we use the inequalities | B, | < 1, ||Dqo|l < 1,
w2 DY2BE | < k32 IDY A BRI DY BE T F| < | DY BT

1D BT IP = (D2 B 27, F) < 1D B 77|l < | D2 B 218

Math. Model. Anal., 14(2):187-198, 2009.



194 T. Raus and U. Hamarik
and get

w212 B ATl > \/b/2 =1 | DY/ BLT .

The monotonical increase of the function t.(a) with ¢ = - (2 —1) follows now
from Lemma 2. O

Theorem 2. Let Qf € R(A), ||fs — fl| <. Let the condition (4.3) hold and
let the parameter a > «(9) be the unique solution of the equation (2.4) with
b > 2. Then the quastoptimal error estimate

sy = uell < C(b,m) inf () (4.5)

—om 1)
holds, where (o) = ||Bi al| + ’Y*ﬁ,

_ m b/2—1
C(b, m) = 2\/%([7 + ’)/1/2,27”_;’_1) + \/ID&X ([)/27_1’ /m )

Proof. We denote by «. the global minimum point of the function ¢.(«) with

c= 2L (2 —1). If a(0) is the unique solution of the equation (2.4) then accord-

m
ing to Lemma 3 «(d) > . From the representation

Uo — Uy = BT + gam(ATA)A*F
it follows that
ltas) — well < I BesyTl + llga(s).m(A*A)AT]. (4.6)
Denoting ¢ = min(c, 1) and ¢ = max(c, 1) we have
e e() < BTl + [l g (A" A)ATI? < 0%((0),

therefore

* A * * A * OC*
1905).m (A" A)ATFI| < [|gasm(A"A)ATF]| < \/

To estimate the first summand in (4 6) we use the inequality (2.6) which allows
us to use Lemma 1 with ¢ = br ! + Y1/2,2m+1, w = u and we get

1nf1p . 4.7

IQIQI

—2m__ —2m 1)
B2y al < 1oy @l < [Bonl +2m(b+F1/2.2m41)

5

- )
= mf ||B u|| +2m(b+’71/2,2m+1)ﬁ

< 2v/m(b + F1/2,2m+1) Olg% ().
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Summation of the last inequality and (4.7) gives asserted estimate (4.5). O

The quasioptimality of the rule (2.4) is proved under the special condition
(4.3) for f, but remains an open problem in the general case. Note, that
quasioptimality guarantees best convergence rates on all solution sets, including
sets from [5, 6, 7, 9, 10, 17].

The results of Theorems 1, 2 were proved for constant b > 2. The following
Theorem 3 shows, that under certain additional conditions the quasioptimality
of Rule R2 holds also for smaller b. Numerical experiments show that for
constant b smaller values than indicated in Rule R2 may be used.

Theorem 3. Let Qf € R(A), ||fs — fl| < 0. Let « = () be chosen by Rule
R2. Let the inequality d(a) > bd, b > 2/-@&15%/4777”1, a € [a(d), a1] hold, where

oy is the parameter, for which ||Ba(Aua — f5)|| = (14 \/7%71/2,2m+1) 0. Then
[uags) = ul < C(b,m) f P(a).

5 Numerical Experiments

We solved test problems from [4] with discretization parameter 100, the other
parameters had standard values. Instead of exact data f, a randomly per-
turbed data fs was used with error || f — f5|| = d, where the values of § were
10~C+HD2| f|l, i = 1,...,11 and the values of d were 1, 0.7 and 0.3. In case
d < 1 the noise was overestimated: actual noise ||f — f5|| was smaller than its
estimate . The problems were regularized by the Tikhonov method using a-
values a; = ¢*, i = 0,1,..., ¢ = 0.9. In the model equations the exact solutions
are known. We found o+ as o with the smallest error:

e, = well = mindfua, —usl}-

We solved these problems 10 times using ME rule with constant b = 1.01, the

MEE rule and rule R2 with constants b = b1 := 1.013;7,,, = 1.01% and

b =052 := 0.7&'%/471. We also used the combination of the ME and R2 rules
with b = b2 taking the minimal value from these parameters: ap;ppr2(d) =
min{ayg(d), ar2(d)}. In Tables 1-3 the averages and maxima (over all ¢
and 10 runs) of the error ratios r = |[uq(s) — |/ Ua,,, — us|| are given with
parameter in numerator from the corresponding rule.

In case of exactly given noise level ¢ (see Table 1) the MEE rule gave the
best results, the rule R2 with b = b1 gave worse results than the ME rule and
the rule R2 with b = b2 gave in half of our problems better results than the
ME rule. The combination of the ME and R2 rules gave better results than
ME and R2 rules. In case of overestimated ¢ (see Tables 2, 3) the rule R2 with
both constants b is better than the ME rule and MEE rule (if d > 1, parameter
a$,p with ¢ > 1.1 would be better than al;) and gave in most cases a smaller
parameter than the ME rule.

We recommend the new rule (or its combination with ME rule or with MEE
rule) especially in case of roughly estimated noise level §.

Math. Model. Anal., 14(2):187-198, 2009.
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Table 1. Error ratios in case of ||f — f5|| = 4.
ME MEE R2 b=bl  R2 b=b2  R2&ME
Problem Avg Max Avg Max Avg Max Avg Max Avg Max
baart 1,54 2,49 142 232 1,83 3,00 1,66 2,93 1,53 2,49
baart2 3,02 943 1,9 6,73 3,14 12,81 2,51 9,32 243 9,32
deriv2 1,13 1,49 1,03 1,25 1,11 1,33 1,05 1,20 1,05 1,20
foxgood 2,40 11,34 1,68 9,23 3,40 20,41 2,85 19,08 2,32 11,34
gravity 1,44 2,07 126 1,88 1,56 2,49 1,37 2,07 1,35 1,99
heat 121 1,40 1,02 1,14 1,13 156 1,04 122 1,04 1,22
heat2 1,22 1,55 1,12 1,33 1,05 1,55 1,03 1,20 1,03 1,20
ilaplace 1,26 2,06 1,16 1,67 1,34 230 127 2,14 125 2,05
phillips 1,31 2,32 1,20 2,11 1,25 1,96 1,14 1,76 1,14 1,76
shaw 1,56 4,56 1,41 4,19 1,73 4,56 1,61 454 1,52 4,54
spikes 1,01 1,02 1,01 102 1,01 1,05 1,01 1,04 1,01 1,02
wing 1,21 1,66 1,17 1,66 1,27 1,77 1,24 1,77 1,20 1,66
average 1,52 3,45 1,29 2,88 1,65 4,57 148 4,02 141 3,32
Table 2. Error ratios in case of ||f — fs|| = 0.706.
ME MEE R2 b=bl R2 b=b2 R2&ME
Problem Avg Max Avg Max Avg Max Avg Max Avg Max
baart 2,16 3,22 2,00 3,11 2,01 3,10 1,84 3,07 1,84 3,07
baart2 8,32 28226 5,76 23,13 4,08 18,90 3,25 17,13 3,25 17,1
Deriv2 1,75 4,07 1,19 228 1,16 1,61 1,08 1,37 1,08 1,37
foxgood 5,12 19,74 3,83 18,73 3,80 17,06 3,20 15,88 3,20 15,9
gravity 2,57 5,17 2,31 449 19 4,07 1,70 3,46 1,70 3,46
Heat 1,58 2,17 1,18 1,85 125 1,82 1,11 1,36 1,11 1,36
Heat2 1,80 2,71 1,12 1,91 1,12 1,78 1,04 1,32 1,04 1,32
ilaplace 1,68 3,92 1,54 3,24 1,556 3,65 148 342 148 3,42
phillips 2,02 4,33 1,83 4,67 141 243 1,25 197 125 1,97
shaw 1,95 3,50 1,81 336 1,76 291 1,64 2,79 1,64 2,79
spikes 1,01 1,06 1,01 1,06 1,01 1,06 1,01 1,03 1,01 1,03
wing 1,27 1,78 1,24 1,78 1,25 1,78 1,24 1,78 1,24 1,78
average 2,60 6,66 2,07 580 1,86 5,01 1,65 4,55 1,65 4,55
Table 3. Error ratios in case of || f — f5]| = 0.36.
ME MEE R2 b=bl  R2 b=bh2  R2&ME
Problem Avg Max Avg Max Avg Max Avg Max Avg Max
baart 2,32 4,40 2,18 4,34 2,07 338 187 3,31 187 331
baart2 13,52 62,25 9,22 28,88 6,17 22,10 5,03 20,66 5,03 20,7
Deriv2 2,45 8,17 1,58 4,50 1,39 2,29 1,28 1,74 1,28 1,74
foxgood 8,69 35,08 6,60 26,07 5,71 22,61 4,71 21,59 4,71 21,6
gravity 3,59 7,41 3,28 8,09 2,58 4,55 226 391 226 3091
Heat 2,19 3,35 1,58 281 1,62 235 1,39 1,80 1,39 1,80
Heat2 2,92 5,04 1,49 3,92 1,50 3,18 1,28 2,48 1,28 248
ilaplace 1,89 3,52 1,74 3,06 1,69 3,18 161 3,01 1,61 3,01
phillips 2,83 5,38 2,55 580 1,84 3,07 1,60 2,55 1,60 2,55
shaw 2,30 4,64 2,13 4,17 1,99 419 1,85 4,11 1,85 4,11
spikes 1,02 1,05 1,02 1,05 1,01 1,05 1,01 1,03 1,01 1,03
wing 1,29 1,82 1,25 1,82 1,25 1,82 1,24 182 125 1,82
average 3,75 11,84 2,89 7,88 240 6,15 2,10 5,67 2,10 5,67
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