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On v— Hilfer Fractional Derivative 565
1 Introduction

Fractional calculus has grasped the attention of many researchers through re-
cent decades as it is a solid and growing work each in the theoretical and applied
concept. Several researchers tried to suggest various kinds of fractional oper-
ators that deal with derivatives and integrals of non-integer orders and their
applications, (for more details see [1,17,18,22,24]). There are some articles that
presented studies about theory and analysis of - fractional differential equa-
tions, we mention here some works on fractional differential equations including
y—fractional derivative with respect to another function (see [2,3,16,19,20,25]
and references therein). Recently, Kilbas et al. in [18] introduced the proper-
ties of fractional integrals and fractional derivatives of a function with respect
to another function. Some of generalized fractional integral and differential
operators and their properties were introduced by Agrawal in [4]. On the other
hand, Furati and Kassim, [15] studied the existence, uniqueness and stability of
global solutions for a Cauchy-type problem involving Hilfer fractional derivative

DPu(t) = f(tu(t), 0<a<1,0<B<1, t>a,
L7 u(a?) =uq, v=a+B—ap.

a

Very recently, Sousa and Oliveira [9] proposed a t¢— Hilfer fractional oper-
ator and extended few previous works dealing with the Hilfer [15,17]. More-
over, they discussed some important qualitative properties of solutions such
as existence, uniqueness, dependence continuous, and stability results, see
[8,10,11,12,13,14].

In the same context, Harikrishnan et al. [16], studied the existence and
uniqueness results of fractional pantograph differential equations with ¢—Hilfer
fractional derivative and nonlocal conditions

DI u(t) = f(t,ult), Mu(t), 0<A<1, te (ab],

Iu(t) e = Zciu(n), 7 € (a,b],
=1

where 0 < a<1l,0<g<land y=a+ [ —af.

Motivated by above work, in this paper, we prove the existence, unique-
ness, and Ulam-Hyers—Rassias stability of solutions of a nonlinear fractional
integro-differential equation with nonlocal condition and —Hilfer fractional
derivatives of the form:

DYyt = f (t,u(t), / th(t,s,u(s))ds) ,te(ab], (L)
0
I u(t) i = 0 + 9(0), a <7 =a+8—ap, (1.2)

where 0 < a < 1,0 < 8 < 1, u, is a constant, ngrﬂub(,) is the generalized Hilfer
fractional derivative introduced by Sousa and de Oliveira in [9], Ii: T (1) is the
1—fractional integral in the sense of Riemann-Liouville, f : (a, 0] xR x R — R

and g : C([a,b],R) — R are appropriate functions with g(u) = > ;" cpu(Ti),
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Tk € (a,b), ug € R, 7, (k =0,1,..,m) are prefixed points satisfying a < 7, <
To < oo < Top < b, ¢ is real numbers, and K : D x R —> R is contlnuous on
D= {(t,s):a<s<t<b}. For brevity let us take Hu(t fo (t,s,u(s))ds.
The plan of this paper is as follows. In Section 2, we prebent some bablC
definitions, preliminary facts that will be useful throughout the paper. In
Section 3, we list the hypotheses and obtain an equivalent integral equation of
the Cauchy type problem (1.1)—(1.2) in weighted space. Further, we prove the
existence of solution of the problem (1.1)—(1.2). The uniqueness result, Ulam-
Hyers and Ulam-Hyers-Rassias stability to such equations in the weighted space
Ci—~:pla, b] are discussed in Section 4. In Section 5, we investigate Mittag
operational matrix to approximate any finite integration. An example with
numerical results is provided in Section 6. Finally, the conclusions are given.

2 Mathematical preliminaries

In this section, we introduce some notations, definitions, and preliminary facts
related by fractional calculus. The following observations are taken from [9,18].
The two-parameters Mittag-Leffler function is given by:

Z 7AL,I/>07ZG]R. (2.1)
— uk—!—

where I'(+) is the Euler Gamma function. We consider the weighted spaces
Cypla,b] and C7. [a, b] as follows
Cywla,b] = {h: (a,0] = R: (P(t) — ¢(a))"h(t) € Cla, b},
mola bl = {h: (a,b] = R h(t) € C"a, b; A (t) € Cyiyla, b]},
where 0<y<1, n€N, with the norms ||h||C%w[a7b] =max{|(¥(t)—1(a))h(t)],
tela, b}, and bl o = 250 11 gy + (100
particular, if n = O we have C9. [a,0] = C..y[a, b].

n) || Corvlad]? respectively. In

DEFINITION 1. ( [18]) Let a@ > 0 and % be an increasing function, having a
continuous derivative ¥’ on (a,b). The left-sided fractional integral of a function
h with respect to 1 on [a, b] is defined by

ISV h(t) / V(s — ()" " h(s)ds, t > a
provided that Iaa;w is exists. Note that when ¥(t) = ¢, we obtain the known

classical Riemann-Liouville fractional integral.

DEFINITION 2. ( [6]) Let o > 0, n be the smallest integer greater than or equal
to a and h € LP[a,b], p > 1, let ¢ € C™[a,b] an increasing function such
that ¢'(t) # 0, for all t € [a, b]. The left-sided ¢—Riemann-Liouville fractional
derivative of h of order « is given by
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DEFINITION 3. ( [5]) The left-sided ¢—Caputo fractional derivative of function
h e C"a,b (n—1< a<n=|a]+ 1) with respect to another function 1) is
defined by

DXYh(t) = IRl (8),

where [a] denotes the integer part of the real number a, hg}l (t)= <¢/1(t) %) h(t)
and 1 as in Definition 2.

The fractional derivative that we will deal in our work is a Hilfer type
operator and it is defined by the following definition.

DEFINITION 4. ( [9,20]) Let 0 <« < 1,0 < 3 <1 and h,¢ € C'[a,b] be two
functions such that ¢’(t) # 0, for all ¢ € [a,b]. Then the left-sided —Hilfer
fractional derivative Dgf ”p(-) of a function h of order « and type [ is defined
by
afipy oy _ pB—ayy (1 A\ a-p)a-ayy
DY h(t)y =1 " (wl(t)dt> I VY h(t).

On the other hand, we have

DRty = 1P DY), ¢ > a, (2.2)

where DI (1) = () 1571 h(t) and 7 = a + 8 - aB.

Lemma 1. ([18]) Let a, f > 0. Then we have the following semigroup property
IS99 n(t) = ISP Vh(t), t> a.
Lemma 2. ( [9]) Let a > 0,0 < <1 and 0 <y=a+8—-af <1 If
h € L'(a,b) and Dfil_a);wh(-) exists on L'(a,b), then
DI R(t) = 1P DIV R (1) ¢ e (a,b).

Moreovere, if h € Cy_yyla,b], Ifilfa);wh € Cf_.4la, 0], then Dg‘;ﬂwlﬁwh(-)
exists on (a,b] and
DPYINYR(t) = h(t), t € (a,b].

Lemma 3. ( [3)) Let 0 < a < 1,0< < 1landy=a+p—af. Ifh €
Cl_,.pla,b] then
[V DYYR(t) = 1Y DOPYR(t), DYYIPh(t) = DI h().

Proposition 1. ([18]) Let ,6 > 0 and t > a. Then v —fractional integral and
derivative of a power function are given by

;) 6—1 _ F<6) _ a a+d—1
L [(0) = (@] = ey W —v(@ (23)
and DY [(t) —(a)]* ' =0, 0<a < 1.

Math. Model. Anal., 24(4):564-584, 2019.
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Lemma 4. ( [2,8]) Let 0 < a <1, 0< <1, and v =a+ 5 —af and let
Y € Cla,b] an increasing function such that ¢'(t) # 0, for all t € [a,b]. Then
I%Y () is bounded from Cy_ny[a,b] into Ci—_r.yla, b).

Lemma 5. ( [2]) Let o > 0, 0 < v < 1,v¢ as in Definition 4, and h €
Ci—~pla,b]. If o > 7, then I;ﬁwh € Cla,b] and I:ﬁwh(a) = lim+1;ﬁwh(t) =0.
t—a

Theorem 1. ( [9,21]) Let h € Cy_.ya,b], and Ii:a;wh € Cl_ yla,b], 0 <
a<l,0<~v<1. Then

I'7%%h(a)

IS DI h(E) = h(t) — =5

[(t) — w(a)]‘k1 , for allt € (a,b).

Theorem 2. ( [18]) (Banach fized point theorem) Let (X,d) be a nonempty
complete metric space with T : X — X is a contraction mapping. Then map
T has a fized point.

Theorem 3. ( [7]) (Krasnoselskii’s fixed point theorem) Let X be a Banach
space, let £2 be a bounded closed convex subset of X and let Ty, Ty be mapping
from 2 into X such that Tyx + Toy € 2 for every pair x,y € 2. If Ty is
contraction and Ts is completely continuous, then the equation Thix + Tox = x
has a solution on 2.

Lemma 6. ( [8]) (Gronwall’s lemma) Let x,y, be two integrable functions and
h continuous, with domain [a,b]. Let ) € Cta,b] an increasing function such
that ¢'(t) # 0,Vt € [a,b]. Assume that x and y are nonnegative and h is
nonnegative and nondecreasing. If

2(t) < y(t) + h(t) / F(5) (1) — $(5))° L (5)ds,

then, for all t € [a, b],we have
t o k
s <yt + [ 3 PO )00 - v uioyis. 2
¢ k=1

3 Existence result

In this section, we obtain an equivalent integral and existence result of the
problem (1.1)—(1.2) in weighted space of continuous functions by means of
fixed point theorem of Krasnoselskii. Firstly, we introduce the weighted spaces

CEXWB [a’ b] = {h € Cl—’Y;w[aabL ngrﬁ;ll)h € Cl—’Y;w[a7b]}’

-7
C7_, yla.b] = {h € C1_ry[a,b], DI’ h € Cy_yiyfa, b]},

where v = a4+  — af. Since Djjf;wh = Iff_a);wDZj:ph it is obvious that,

Oy, yla,b] € C77 a,b).
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Theorem 4. Let 0 < a < 1,0 < <1 and v = a+ 5 — af. Assume that
fCou(s), Hu(+)) € Ciyyyla,b] for any u € Cr—yyla,b]. Ifue C)_ . [a,b] then
u satisfies the problem (1.1)—(1.2) if and only if u satisfies the integral equation

—WU(a -1 c Tk
u(t) = () g( ) ZF(I;)/ O (Tks )R (s)ds + uq
k=1 a
1 b
“rm/ﬂ Qw(t,s)h(s)ds, (3.1)

where 5 (7., s) := ¢’ (s) [ (k) — ¥ ()], h(s) :=f(s,u(s), Hu(s)) and
0# B:=T(7) = Tp, ex [b(m) — (@)
Proof. (=) Let u € C7___,[a,b] be a solution of the problem (1.1)-(1.2).

We prove that « is also a solution of Equation (3.1). From the definition of
Ccl o w[a, b], Lemma 4, and using Definition 4, we have

1 d e
11 ¥y € C1—+pla,b] and D3 Yu = (1//(75) dt) ]iJrWDu € Cy_ryfa,bl.
Since ¢ € C'[a,b] and using definition of C”. [a,b], it follows that Ii:wwu €
Ct_ o w[a, b]. Hence by utilize Theorem 1, then for each ¢ € (a,b], we can write

Ii:%wu(a)

Iv;wa 1) = u(t) —
at at u( ) u( ) F("}/)

[(t) — p(a)] " (3.2)

By hypothesis, D;ﬁwu € C1_,pla,b], using Lemma 3 and Equation (1.1), we
have
IV DYPu(t) = 1% DSV u(t) = 197 h(t). (3.3)

Comparing Equations (3.2) and (3.3), we see that

Ii;’y;wu(a)
0=

Now, we substitute t = 75 in (3.4) and multiply by ¢, we can write

[ (1) = (@) + I h(D). (3-4)

eI 77 u(a)

I'(v)

The last equality with the nonlocal condition (1.2), gives us

cru(Ty) = (1) — (@)™ + e IS h(r).

Iy chu ) +ua7?) Z eI h(Th) + ua

k=1

(3.5)

Substituting (3.5) into (3.4), we conclude that wu(t) satisfies (3.1).
(<=) Assume that v € C]_ @, b] satisfying the integral equation (3.1).
First, we prove that u also satisfies the problem (1.1)—(1.2). To this end,

Math. Model. Anal., 24(4):564-584, 2019.
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apply the fractional derivative operator DZIZ’ on both sides of (3.1). Then from
Lemma 3, Proposition 1 and Definition 4, we get

DY¥u(t) = DEIT (). (3.6)

Since u € C]__.,[a,b], and by definition of C7__  [a,b], we have D;’ﬁ’u €
Ci—pla,b]. The last inclusion with (3.6) gives

DLyl PUmewy — pl i By _ pBU=ely o ¢y ula,b], (3.7)

where Dij’ = w/l(t) di. Also, since h € C1_.p[a,b], by Lemma 4,

10 % e 0y la, bl. (3.8)

It follows from (3.7) and (3.8) and the definition of C}__

[a, b], that
1-8(1—a);
[P0 h e ol la,b).

Thus, h and Ii:ﬁ(l_a);wh satisfy the conditions of Theorem 1. Hence, by

applying the operator Ifil_a);w on both sides of (3.6) with using Theorem 1
and Lemma 2, we obtain

Ifil_a);wDZf}U(t) _ Iff‘“);waf““);wh(t)
Ilfﬁ(lfa);wh(a)

= h(t)— 2t ) — h(a))PETY T = h(),

()~ 2 ) — (@) (0

where Ii:’g(l_a);wh(a) = 0 is implied by Lemma 5. Comparing the last equality

with (2.2), we get Dj;ﬂ”pu(t) = h(t), which means that (1.1) holds. Next, we
show that if u € C]__,[a, b] satisfies (3.1), it also satisfies the condition (1.2).

To this end, we multiply both sides of (3.1) by Ii:w’b and use Proposition 1,
Definition 1 and Lemma 1, we have

. r - T
]i+“fa¢u(t) = % ZFC(];)/ Oy (ks s)h(s)ds + uq
k=1 @
1 ¢ a—vy+1
+m/ @w (t,S)h(S)dS

Since 1—v < a+1—7, Lemma 5 can be used when taking the limit as t — a,

Ck

1—7; _ F(V) - T @
I' % u(a) 2 (o) /a O (T, s)h(s)ds + uq

(3.9)

@ B

Substituting t = 7, into (3.1), we have

[(1) — ¥(a)]"
B

m Ck - X
k=1 I'() Jg @w(Tk,S)h(s)ds + ug

u(mg) =

1 ™
—l—m/a Oy (T, s)h(s)ds.
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Then, we derive

3 cru(Ty) = o " 0% (1, s)h(s)ds
2 o ,;Fm)/a ol
< 1430 F ) vl ]+ 30 F ) - vl
k=1 k=1
I'(v) e Tk ()
:B;F(Z)/a % (k, s)h(s)ds + [ 5 _1}%

Which gives

_ r "¢
2 cxun) e = 2> 75

k=1

/a b &5 (74, 8)h(s)ds + u] (3.10)

It follows (3.9) and (3.10) that I'7 " u(a) = Y3, cxu(my,) + . The Theorem
is proved completely. O

Now, we need to the following hypotheses:

(A1) Let f: (a,b0] x R xR — R be a function such that f(-,u(-), Hu(-)) €
Cﬂ(l_a)[a, b] for any u € C1_.[a, b], and there exists M > 0 such that

1=7y59
[f(t ur, v1) = ft uz,v2)] < M [Juy — ug| + |vr — va],
for all ¢t € (a,b] and u;,v; € R (1 = 1,2).

(A2) Let £ : D x R — R is continuous on D and there exists L* > 0 such
that

¢
|Huy — Hug| < L* |uy — ug|, where Hu(t) = / K(t, s,u(s))ds,
0

for all t € (a,b] and uy,us € R.

Theorem 5. Assume that the hypotheses (A1) and (A2) are fulfilled. Then
there exists at least one solution for the 1— Hilfer problem (1.1)-(1.2) in the

space C|__.,[a,b] C Cffy;w[a, b], provided that

m
Ck

I — T )— aa — CLQB(P%O[)
o= [;B[w( W)= (@)]* + [(b)—(a)] ] (o)

where 0 # B is defined as in Theorem 4, and B(-,-) is a Beta function.

(M+ML*) <1, (3.11)

Proof. We use the Krasnoselskii’s fixed point theorem to prove the exis-
tence of solution u in the weighted space Cffwb[a,b]. Define the operator
T : Ci—yyla, b] = C1_yy[a,b] by

[$() — (@]

(Tu)(t) = 3 Ll F(l;)/a S5 (T, 8) Fu(s)ds + uq
1 b
+m A Oy (t, s)Fu(s)ds, (3.12)

Math. Model. Anal., 24(4):564-584, 2019.
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where F,, (s ) = f( u(s), Hu(s)). Consider the ball B, = {u € Ci_+.4([a,b] :
lullg, .., <7} F(s) = Fols) := f(s,0,0), M* = |H(0)| and r > £, where
o<land
p o= |3 % W) - v + ) - vl
k=1

N § 1
X1l + MM/ T (0 +1)] + 7 lual.

Now, we need to analyze the operator T' into sum two operators T7 + T> as
follows

Tyu(t) = o) —g(a)] § Lzz:l Fc(l;) /aTk O (T, ) Fu(s)ds + ua}

Tyu(t) = ﬁ / (1, 5) Fu(s)ds.

The proof will be given in several steps.
Step 1: We prove that Tiu + Tov € B, for every u,v € B,..
For operator T7, by our hypotheses, we have

[0 - v@)] ™~ Tuto)| < =3 s [ estnn 1.6 - )

1R Jds+ gl < 5 Y- 75 [ 059 0(e) - vl
1
[<M+ML*>||u||cl s+ 1 Fles oy |ds + = [ual
Ck « *
+ gé e ), cumMAras

where we used the formula

[Fo(s)l = 1f(s)] < [(s) = (@) [ flles -

From Definition 1 and Proposition 1, we get

[0(t) - (@) Tau()| < ng Fas wln) — v(a)
{ ML) e, + A }
1 c @l e
B‘Ua|+z k—+1)MM ds.

As 0 <y <1, then
[ () — P(a)]”

RO (3.13)
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hence, for every u € B,., we find that

T, ., < > %[5 7.
k=1 L
MM* L1
+F(04+1)] [(7) — ¥(a)]” + B |tal - (3.14)
As for operator Ts, by using the previous hypotheses, we have
60 vl Tavte)] < PEZOLL Foge
< [175) = Fao)] + 7o) s < PET— [agie
< () = w@ ™ (M + L) folle, + [P, Jds
90 = 6@ [ ot oarar s
+ / o8 (t, ) MM*ds.

In view of Proposition 1 and Equation (3.13), then for every v € B,., we get

ITole, ., < [Bﬂ&?)(M +mrye+ |,
MM* a
o) O - vl (315)

By definitions of ¢ and r with (3.14) and (3.15), we get

ITvu+ Toolle, < |Trulle, , +|Tovle,  <or+p<r

-7

This proves that Thiu + Tov € B, for every u,v € B,..
Step 2: We prove that the operator T3 is a contration mapping on B,.. By
the preceding assumptions, then for any u,v € B,., and for ¢ € (a, b], we have

™ cp 1 o
></a @¢(t,s)|]-'u(s)—]-'v(s)|ds§k_lBp(a)/a 8 (t, )

x [(s) — (@) M [nu—vncl oL vl ] ds

i Ck —1+a
< (M+ML*) Y — K - .
< F(a) + kZ:l B ¥(a)] [ v”cl,wp
This gives with (3.13) that
B(y,a) S | o
[Tyu—T1vl| o, o S T(o) (M+ML¥) E (@] [lu=vll¢, -

k=1

Math. Model. Anal., 24(4):564-584, 2019.
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The operator T; is contraction mapping due to assumption (3.11).
Step 3: We show that the operator T, is completely continuous on B,..
From the continuity of F,,, we conclude that the operator T is continuous.
Now, we prove that (T5B,) is uniformly bounded. Indeed, it is enough to show
that for some r > 0, there exists a positive constant ¢ such that || Toullo, <.
According to Step 1, for u € B,., we know that

. < (Bt |,
MM* a
+F(a+1)} W) — d(a)]” =,

which is independent of ¢ and w. This means that ||T2u\|clﬂ_w < /lie. Tyis
uniformly bounded on B,.. Moreover, we prove that (75B,.) is equicontinuous
in B,.. Let uw € B, and t1,t2 € [a,b] with ¢; < t2, we have

[[6(t2) = ¥(@)]' ™ Taulta) — [b(t1) — (@) Tau(tr)
[(t2) = ¥(a)]""

<

/ C 08 (t2, 8) B(s) — (@)

(a)
X max [16(5) = (@) Fuls)| ds
I I ) A AN (@
o [ estt s ) — vta)

X max ‘[w(s) —p(a)]" ]—"u(s)‘ds

s€la,b]
< 1Bl uinn g I102) = 9(@) = [btr) = (@)

Observe that the right-hand side of the above inequality is independent of
u. Thus, using the continuity of ¢, |ta — t1| — 0 implies that
[(ts) — ¥(a)]" ™7 Toults) — [(t1) — p(a)]' ™" Tgu(tl)’ — 0. This proves that
(T5B,) is equicontinuous. In view of Arzela-Ascoli Theorem, it follows that
(T5B,) is relatively compact. As a consequence of Theorem 3, we conclude
that the problem (1.1)—(1.2) has at least one solution in Cj_y[a, b].

Finally, we show that such a solution is indeed in C?_wp[a? b]. By applying

D;ﬁw on both sides of (3.1), we get
DY u(t)=DYY IV h(t) =D 7 f(t, u(t), Hu(t)=D """ f(t, u(t), Hu(t).

Since f(-,u(-), Hu(~))€C1ﬁ£{/?$)[a, b], it follows by definition of the space
Cfﬁlﬁf) [a, b] that D\ u(t)€C)_;[a, b] which implies that u(t) € Cl_,.pla, 0]
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4 The Ulam-Hyers-Rassias stability

In this section, we will investigate the various types of stability results of the
problem (1.1)—(1.2). The stability results are based on the Banach fixed point
theorem.

Theorem 6. Assume that hypotheses (A1) and (A2) are fulfilled. If o < 1.
Then, the problem (1.1)-(1.2) has a unique solution, where o is defined as in
Theorem 5.

Proof.  Consider the operator T' : Ci_y.pla,b] = Ci_yp(a,b] defined as in
Equation (3.12). In view of Theorem 5, we know that the fized points of T
are solutions of problem (1.1)—(1.2). Now, we prove that T has a unique fized
point, which is a solution of problem (1.1)-(1.2). Indeed, by hypotheses (A1)-
(A2), Proposition 1 and Equation (3.18), then for u,v € C1_.p[a,b], t € (a,b],
we have

() = ¥(@)]' 7 Tult) = () — (@] To(t)] < 3% ﬁ
k=1
b [W(t) — ()]

O3 (1) [9(s) = $(@)] ™ u = vll, ., ds

L (M 4 ML) [p(1) = ()
(

| et e - v

I'(@)
s Ck a «@
< u=vll, ., ds < | 30 Fu(n) = (@) + [w(b) = (@) |
k=1
B(y,@)
M+ ML* — .
X F(Ck) ( + )”’LL ’UHCI_,Y;w
This gives, |Tu—Tvlle, < olu—vlg,__ . Since o < 1, the operator

T : Ci_ywla,b] = Ci_yla,b] is a contraction mapping. Hence by Banach
fized point theorem, it follows that T has a unique fized point, which is a solution
of problem (1.1)-(1.2). O

Now, we study the Ulam-Hyers stability, and Ulam-Hyers-Rassias stability.
Let ¢ >0, u€ C]__  la,b] and @ € C1_,,y[a,b], such that

‘D:f’”’ﬂ(t) - ]-'g(s)‘ <e te(ab] (4.1)
‘Djf’wﬂ(t) - fﬂ(s)‘ < ed(t), t € (a,b], (4.2)
|DEPV() — Fals)| < @), te (), (4.3)
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where Fy(s) := F(t,u(t), Hu(t)).

DEFINITION 5. The problem (1.1)-(1.2) is Ulam-Hyers stable if there exists
a real number Cr > 0 such that, for each ¢ > 0 and for each solution
u € C]__,[a,b] of Inequality (4.1), there exists a solution u € C7__[a,b]
of problem (1.1)—(1.2) with

() — u(t)] < Cre, L€ (a,0].

DEFINITION 6. The problem (1.1)—(1.2) is generalized Ulam-Hyers stable if
there exists ¢ € C(RT,RT), ©(0) = 0 such that, for each ¢ > 0 and for
each solution u € C]__,[a,b] of Inequality (4.1), there exists a solution u €
C}_. ., la,b] of problem (1.1)—(1.2) with

1—vy;9
[a(t) —u(®)| < ple) te (a,b].

DEFINITION 7. The problem (1.1)—(1.2) is Ulam-Hyers-Rassias stable with re-
spect to & € Cy_y.p)a,b], if there exists a real number Cr ¢ > 0 such that,
for each € > 0 and for each solution u € C|__. [a,b] of Inequality (4.2), there
exists a solution u € C7__ [a,b] of problem (1.1)~(1.2) with

la(t) — u(t)] < Craed(t), te (a,b].

DEFINITION 8. The problem (1.1)—(1.2) is generalized Ulam-Hyers-Rassias sta-
ble with respect to @ € Ci_y;y[a,b], if there exists a real number Cr g > 0
such that, for each solution u € C]_ Wb[a, b] of Inequality (4.3), there exists a
solution u € G} [a, b] of problem (1.1)~(1.2) with

la(t) — u(t)] < Crad(t), te (a,bl.

Theorem 7. Assume that the conditions (A1) and (A2) are satisfied. Then
the problem (1.1)—-(1.2) is Ulam-Hyers stable.

Proof. Let e > 0 and let u € C]__ [a,b] be a function which satisfies the

inequality (4.1) and let u € C¥777¢[a,b} the unique solution of the following
integro-differential equation

DYu(t) = Fu(s), 0<a<1, 0<B<1, te€ (b, (4.4)

(1) o =1V o =uat Y cu(m). 7 € (0,8, 7 = atf—ap.
k=1
(4.5)

In view of Theorem 4, we get

IR A
u(t) = A, + F(a)/a Oy (t, 8)Fu(s)ds, (4.6)

where

Tk
/ Oy (Th, 8) Fu(s)ds + uq |-
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On the other hand, if u(7x) = u(r) and I{i;wwu(a) = I;:Wwﬂ(a), it follows
that A, = Az. Now, by integration of the inequality (4.1), we obtain

N 1, e[ () —¥(a)]”
u(t) — Aﬂ - m/ﬂ 6¢(t, S)fa(s)ds S W, YVt € (a,b].
From the above, it follows
~ - I AN 5
[a(t) —u()| < |u(t)— Az — m/ﬂ ew(t, s)Fg(s)ds

= I'la+1) + I'(a) /a op(t, s) |Fa(s) — Fu(s)| ds
= 6[wz(?()oz_ﬁl()a : * (M}L(f)m /a o5 (t,s) [u(s) — u(s)].

In view of Lemma 6, we conclude that

|mw—mm<€W@>@ma+/T§§KM+Aﬂﬁﬁ

I'la+1) ot (k)
< w0 - (s LD =B gy < [0 =)
1 * _ a @
X [1+M(Ea,1 (M + ML) [¢(b) — ¢ (a)] 1)]

Take Cr = W’(ﬁ){aﬁ(ﬁ)] |:1+ W(b)ifﬁ(aﬂ (Ea,l (M + ML) [(b) — ¢(a)]a - 1>:| )
we get |[u(t) —u(t)] < Cre. O

Theorem 8. Let the hypotheses of Theorem 7 hold. If there exists
p € C(RY,RT) with p(0) = 0. Then the problem (1.1)-(1.2) has generalized
Ulam-Hyers stability.

Proof. In a manner similar to above Theorem 7, with putting ¢(€) = Cre and
©(0) =0, we get [[u—ullo,  <¢(e). O

Theorem 9. Under the hypotheses (A1) and (A2). If the following condition
is satisfied:

(A3) There exists an increasing function @ € Ci_, ya,b] and there exists
Mg > 0 such that, for any t € (a, ], Igﬂ;w@(t) < Ap®(t).

Then the problem (1.1)-(1.2) is Ulam-Hyers-Rassias stable.

Proof. Let € >0 and u € C]_ w[a b] be the unique solution of the problem
(4.4)—(4.5) that satisfies the Inequahty (4.2). By integration of (4.2) and using
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hypothesis (A3), we get
1 t
. N g - '
)~ Av ~ 7oy / ew(t,s)fu(s)ds’JA@(t), vt € (a,b]

Now, let u € C7__ ,[a,b] be the unique solution of problem (1.1)-(1.2) that is
defined as in Equatlon (4.6) due to Theorem 4. From the above, it follows

1

a(t) — u(t)] < ‘ﬂ(t) i / t &9, s)}"a(s)ds’

[ At s [ 0509 17at6) - Rl

< Nod(t) + ﬁ / (¢, 5) | Fals) — Fuls)| ds

(M + ML*)

< ergd(t) + o)

/ Op(t, s) [u(s) —u(s)|.

In view of Lemma 6, we conclude that
~ (M ML*
[u(t) — u(t)] < eXo®() / + i SO (L s)eda®(s) ds

= eAoD(t) + eXa| (M + ML 1"%( )+ (M + ML L5V(t) + - |

< eAg(t) +6A¢{M+ML Aq@(i)—f—(M+ML*)2()@)2@(¢)+....}

) [1+Z (M + ML*)* (Aqs)’“]

k=1

Take Cr o = Ao |1+ > ooy (M + ML (\)" |, then we obtain
[u(t) — u(t)| < Creed(t). O

Corollary 1. Let the conditions of Theorem 9 hold. Then the problem (1.1)-
(1.2) is generalized Ulam-Hyers-Rassias stable.

Proof. Set e =1 in the proof of Theorem 9, we get |u(t) — u(t)| < Cr sP(t).
O

5 Mittag-Leffler function approximation of integrals

In this section, we shall investigate a new procedure for approximate integrals
depending on Mittag-Leffler function, firstly we define the first k£ terms in the
series representiaion of Mittag-Leffler function in (2.1) to be Ex(z, p, v), so, we
can approximate any function f(z) as

z) = Z ar By (z, p,v). (5.1)
k=0
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The coefficients aj, can be written as
n
ap — Zukﬂlk, (5.2)
k=0

Writting (5.1)—(5.2) in matrix form, we have
F=AT@E(z), A=FTo, (5.3)

where (B(z) = [Eo(z, i, v), E1 (2, p1, V), ..., By (2, 1, v)]7,

F = [fn(ZO)afn(zl)v---vfn(zn)]Ta O = {elk};szo and A = {a;}_, is the un-
knowns vector. Combining the two equations in (5.3) we conclude that

F = [FTO]T@E(z) = FOTE(z), (5.4)

or

E(z)0 =1, so 6 =[E()]" (5.5)

Thus (5.4) in view of (5.1) can be written as:
=3 f(2k)OkEx(z, pv). (5.6)
k=0

For an approximation of integrals, integrating (5.6), we obtain

[ 1@ =3 s, (5.7)
0 k=0

where My (t) = O fot Ey(z, p, v)dz, is the Mittag operational matrix of integra-
tion. This approximation of integrals is accurate and highly efficient depending
on the error analysis and results of Mittag-Leffler approximation [23].

6 An example

Consider the y—Hilfer fractional integro-differential equation with nonlocal
condition

DEAu(t) = F(t, u(t), Hut), t € (0,1], (6.1)

L77Pu(0) = 0.4u(2/3), 6.2
wherewo =0, = b A= ha=ha=tn=}

—1 1 5 to
. u(t), Hu®)= [0~ T +5c[ 6000 sinult) + [ 3 as]
0

and Hu(t ):fo (t,s,u(s))d fe2“5)ds Consider ¢ : [0,1] — R such
that ¢(t) =t for all t € [0,1], clearly,

. 1 R L
t5 f(t, u(t), Hu(t)) = t5 + Et% sinu(t) + 717 / e () ds e o, 1],
0
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hence f(t,u(t), Hu(t)) € C%,t[O, 1]. Observe that, for any u,v € R and
t € (0,1],

17t ) = (1,0, H)| < < = o] + | Hu — Hol

¢ 1 t 1
/ e%“(s)ds—/e%”(s)ds
0 0

Therefore, the conditions (A1) and (A2) are satisfied with M = {- and L* = 1.

It is easy to check that the condition (3.11) is satisfied. Indeed,

t
- 1
|Hu—Hv| = < / e 7 lu(s)=v(s)l g4 < 5 lu—v] .
0

W=

1 2 2 (2\"
B=T()-ealp(n) -] =I(3)-¢ <3) ~ 0.89.
Furthermore, by simple computations we get
7 = [0~ vty + 0(0) - vl | S (M + ML) 09 < 1
B(’Y,Ot) «\ C1 a
T() (M + ML) 5 [(1) = 9(a)]” = 0.05 <1.

It follows from Theorem 5 that the problem (6.1)—(6.2) has a solution on [0, 1].
Now, to applying Theorem 6, we have previously seen that ¢ < 1 and the
hypotheses (A1)—(A2) hold. Therefore, Theorem 6 shows that the problem
(6.1)—(6.2) has a unique solution on [0, 1].

On the other hand, as shown in Theorem 7, for every ¢ > 0 if u € C?_[0,1]

I Lol

satisfies
Dgiﬁ’wﬂ(t) - f(t,a(t)a Hﬂ(t)) <e te (07 1]3

there exists a unique solution u € C'3. t[O, 1] such that

Wl ol

[a(t) —u(t)| < Cre,

where

1 11
— By (4= ) ~1.258.
“r = Fos T 1) 5’1<16+32) o8

Hence the problem (6.1)-(6.2) is Ulam-Hyers stable.

Now, we consider &(t) = [¢(t) —w(0)], then [v(t) —w(O)]' ¥ [u(r) —(0)]
= [i(t) — $(0)]5 = t3 € C[0,1] i.e. B(t) € C1,[0,1]. To verify the condition
(A3), we must to show that Ig;wé(t) < AgP(t), Ag > 0. Indeed, by Defintion
of Ig‘;w, equation (2.3) and simple computation, we have

-

13 = ﬁ / 5 (t.5) [W(s) — w(0)) ds

< W/O 9;%(t,s)ds < M@(t) _ 1 D(t).
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Thus, the hypothesis (A3) is satisfied with Ag = 1/I'(2) > 0. And for every
e>0ifu e C’i[o, 1] satisfies
3

D) — f(t, (), Hu(t)| < elb(t) —»(0)], t € (0,1],
there exists a unique solution u € CE. .10, 1] such that
%

[u(t) — u(t)| < Craep(t) —¥(0)] = Cr pet,

. Hence problem (6.1)—(6.2)
I'(3)
is Ulam-Hyers-Rassias stable. Finaly, take ¢ = 1, we get

|ﬁ(t) — u(t)| S C]—"@t.

1 o0 L
where Cr ¢ = e T+ (%)k < 3 >
()

Therefore, the problem (6.1)—(6.2) is generalized Ulam-Hyers-Rassias stable.

7 Numerical solution

Making use of the analytic technique discussed in Section 3, the example de-
scribed by (6.1)—(6.2) has the solution

! a—1 %1 1 5 .: .
F(oz)/o (t—s) {s +1—65 sin(u(s)) (7.1)

This is an implicit nonlinear formula for the solution. We can’t find the value
of it at any point directly. We must solve it numerically to catch the solution
values. Evaluating (7.1) at some points ¢;,4 = 0,1,...,n and approximating
all integrations making use of Equation (5.7), we obtain

L(i) = u(t;) — i i(g - tk)a_le(g)
YTy 33 &8 3
X [tl} 16'51@5’”( (tk))‘F% et M (tk)}'f‘%a) (ti—tr) ™ My (t:)
j=0 k=0
x [t,} Tethsin(u(ty)) + 1—16 e Tt ) (tk)] ~0 (7.2)
7=0

To avoid the singularity at the upper bound of integrals, we take t, to be close
to (but not equal) the upper bound of each integral. Now, the problem in
Equation (7.2) is a nonlinear system of algebraic equations in the unknowns
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{u(to),u(t1),...,u(tn)}. Applying least squares method, the problem become:
minimize £ = Y., [L(z)]2 This is an unconstrained optimization problem.
Which can be solved easily to catch the unknowns.

In Table 1, we present the errors for the least squares method n = 5. The
error is very small. This ensures that the minimum value and then the solution
is evaluated accurately. Figure 1 presents the solution curves with some values
of a, v and n = 5.

Table 1. Errors for the least squares method, n = 5.

a y E

1/2  2/3  2.00054E-22
1/3  1/2 1.32462E-21
1/4 2/5 1.92318E-21
1/5 1/3 6.64266E-22

et
—O—0=1/5 1=1/3

Figure 1. Solution of illustrated example with some values of o, v and n = 5.

8 Conclusions

We can conclude that the main results of this article have been successfully
achieved, that is, through of Banach fixed point theorem and Krasnoselskii’s
fixed point theorem, we have investigated the existence and uniqueness of so-
lutions of a nonlinear fractional integro-differential equation introduced by -
Hilfer fractional derivative. Further, we discussed stabilities of Ulam-Hyers,
generalized Ulam-Hyers, Ulam-Hyers-Rassias and generalized Ulam-Hyers-

Rassias. This paper contributes to the growth of the fractional calculus, espe-
cially in the case fractional differential equations involving a general formulation
of Hilfer fractional derivative with respect to another function. The numerical
results are evaluated by investigating Mittag operational matrix of integra-
tion. The resulting nonlinear system of algebraic equations is constructed as
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an unconstrained optimization problem which is solved easily to obtain the
unknowns. Table 1 and Figure 1 introduced in the results shows that the nu-
merical method success in approximating the solution. Further, this paper may
be carried forward to higher fractional order of differential equation of ¥y —Hilfer
fractional derivative.
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