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Abstract. Mathematical physics problems are often formulated using differential
operators of vector analysis, i.e. invariant operators of first order, namely, divergence,
gradient and rotor (curl) operators. In approximation of such problems it is natural to
employ similar operator formulations for grid problems. The VAGO (Vector Analysis
Grid Operators) method is based on such a methodology. In this paper the vector
analysis difference operators are constructed using the Delaunay triangulation and
the Voronoi diagrams. Further the VAGO method is used to solve approximately
boundary value problems for the general elliptic equation of second order. In the
convection-diffusion-reaction equation the diffusion coefficient is a symmetric tensor
of second order.
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1 Introduction

In the theory of difference schemes [19] the problem of approximation of a
differential problem via discrete problem received primary emphasis. A general
method of balance (integro-interpolation method) is used as the basic one to
construct discrete analogs. This method was proposed by Samarskii [18] and
currently it is known as the finite volume method [4, 10, 11]. A difference
scheme is constructed using the balance method via integration of the initial
equation over a control volume — a part of the computational domain adjacent
to the specified grid point.

In solving mathematical physics problems on general unstructured grids,
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the Delaunay triangulation is often used. It displays some optimal features [6].
For the Delaunay triangulation, it is natural to consider as control volumes a
Voronoi polygon — a set of points laying closer to the considered grid point
comparing with all other grid points. Consistent approximations of the main
vector operators on the basis of the Delaunay triangulation were constructed in
[21]. A systematic investigation of approximations for gradient and divergence
operators on dual Voronoi-Delaunay partitionings has been conducted in [14,
15| for model 2D and 3D problems.

The present work continues our studies on Vector Analysis Grid Operators
method. In paper [22], we have discussed problems of constructing consistent
approximations for basic operators of vector analysis, i.e. gradient, divergence
and rotor operators. This direction of research most closely related to the
mimetic discretization methods using the difference approximations [17] and
finite element exterior calculus in finite element approximations [1]. Special
representations were derived for truncation errors that allowed us to obtain the
corresponding estimates for the convergence rate of the approximate solution
to the exact one.

Possibilities of the VAGO method have been demonstrated on some scalar
and vector problems. Difference schemes for steady-state convection-diffusion
problems were constructed on the basis of the dual Voronoi-Delaunay partition-
ing in [13, 23|. In these problems (see, e.g., [9]) the emphasis is on properties of
discrete operators for the convection and diffusion transport. The convective
terms are written |20, 23| in the divergent (conservative), non-divergent (char-
acteristic) and symmetric forms. In [22], the VAGO type approximations were
designed and truncation errors were investigated for the Dirichlet problem for
stationary and unsteady convection-diffusion problems for isotropic media.

Particular emphasis should be placed on approximation of diffusion trans-
port operator for an anisotropic medium where the diffusion coefficient is a
symmetric tensor of second order. In this case we should control at the dis-
crete level not only the self-adjoint property of the grid diffusion operator but
the monotonicity and conservation properties for the corresponding grid ap-
proximations, too [19]. The state of art in approximation of problems with
mixed derivatives on rectangular grids is given in [12]. Properties of standard
finite-element approximations on triangular or tetrahedral meshes are discussed
in detail in [16]. To obtain the monotonicity property, a modification of stan-
dard linear Galerkin finite element discretizations of the Laplace operator was
performed. Much attention is given to constructing finite volume schemes for
the approximate solution of convection-diffusion boundary value problems with
an anisotropic diffusion coefficient (see [3] and references therein). In particular
(see, [5]), the finite volume schemes are developed with an anisotropic diffusion
for approximation of local discrete gradients. The results of work [14] are gener-
alized in [8] to the 2D div-curl system in anisotropic media. In constructing the
finite element schemes (see, for example, [16]) and the finite volume schemes
(see [4, 5]) for problems with anisotropic diffusion the variational formulation
of the given problem is commonly used. This allows us to consider only the
gradient approximation only. In VAGO method we build not only the gradient,
but the divergence operator with the explicit form of truncation error.
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The outline of this paper is the following. In Section 2, the boundary-
value problem for the general elliptic equation of second order is formulated
in an invariant form as a problem for a convection-diffusion equation based
on vector analysis operators divergence and gradient. The diffusion coefficient
is a symmetric positive definite tensor of second order. In Section 3, on dual
Voronoi-Delaunay partitionings the corresponding spaces of grid functions are
introduced. Using the VAGO method the difference operators of divergence and
gradient are constructed and investigated in Section 4. Difference schemes for
the considered convection-diffusion-reaction problem are studied in Section 5.
Approximation of the diffusion transport operator with an anisotropic diffusion
coefficient has received much consideration.

2 The Boundary Value Problem

The boundary value problem is considered for an elliptic equation of second
order. In n-dimensional bounded domain {2 with smooth enough boundary 02
function u(x), x = (1, ..., ¥, ) satisfies the following equation

~ 9 du —~ 0 - ou
_ aﬁz:l Toe (daﬁ(x)ﬁ—xg)—’_; %(aa u) + ;baa + e(x)u(x)=f(x),
xe 2. (21)

The following ellipticity and symmetry conditions for coefficients at the higher
order derivatives and positivity condition for convection-reaction coefficients
are satisfied:

dop = dga, Z da/g(x)yayﬁ252yi, §>0, VyeR" vVxe,
a, f=1 a=1

1 & O(aq — by)
Z e o) > (.
5 Z . +e(x)>0

a=1

Assume that the right hand side of the equation can be represented as follows

£60 = fo) + Y 2. 2:2)

The simplest boundary value problem is considered for (2.1) with the following
boundary conditions
u(x) =0, xe€af. (2.3)

In Hilbert space Lo(§2) the scalar product and norm are introduced by

(u,v)z/ﬂu(x)v(x)dx, ] = (u, u)"/2.

In H(grad) we introduce

n

(U, V)3 (grad) = (u,v) + Z (

1/2

ou Ou )’

%a % ||u||’H(grad) = ((uvu)’H(grad))
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For the solution of problem (2.1)-(2.3) the following apriori estimate takes place

(see, e.g., [7])
1/2

ullecamnay < M (D 11 ull?)
a=0

Unstructured computational grids are often used to solve approximately
boundary problems of mathematical physics. In some cases it is not suitable
to use the coordinate-wise form of the considering equations and boundary
conditions in one or another coordinate system. It seems more reasonable to
employ the invariant formulation of the problem. In this case the considered
problem is represented via operators of vector and tensor analysis. Equation
(2.1) is the basic one for problems of continuum mechanics. Vectors

a={ay}, b={b.}, a=1,...,n,
are connected with the convective transport. Symmetric tensor of second rank
D ={dus}, a=1,...,n, B=1,....n

in (2.1) corresponds to the diffusion transport. Coefficient ¢(x) can be treated
as a reaction. In such an interpretation equation (2.1) is nothing but the
equation of convection-diffusion-reaction

—div(D grad u) + div(au) + bgrad u + c¢(x)u(x) = f(x), x€ 2. (2.4)

Boundary value problem (2.1)—(2.3) in form (2.3), (2.4) does not employ ex-
plicitly Cartesian coordinates x1, ..., zy,.

3 Delaunay Triangulation and Voronoi Diagrams

Assume that the computational domain is a convex polyhedron 2, n = 2,3
with boundary 9. In domain 2 = 2 U 92 we consider the grid @, which
consists of nodes xP, i = 1,2,..., Mp, and the angles of the polyhedron 2 are
nodes. Let w be a set of inner nodes and Jw is a set of boundary nodes, i.e.,
w=wN{2, dw=wnaofl.

Each node xP, i = 1,2,..., Mp, connects a certain part of the compu-
tational domain, namely, the Voronoi polyhedron or its part belonging to (2.
The Voronoi polyhedron (polygon) for a separate node is a set of points laying
closer to this node than to all other ones:

Vi={x|xef, |x—xlp|<\x—x§)\7 ji=12,...,Mp}, i=1,2,...,Mp,

where | - | is the Euclidean distance. Each vertex x}, k = 1,2,..., My of
the Voronoi polyhedron is associated with the tetrahedron constructed by the
appropriate nodes contacting the Voronoi polyhedrons. We will assume that
all vertices of the Voronoi polyhedrons lay either inside the computational
domain {2 or on its boundary 0f2. These tetrahedrons determine the Delaunay
triangulation — a dual triangulation to the Voronoi diagram. The D-grid in
the domain {2 is determined by the set of nodes (vertices of tetrahedrons of the
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Delaunay triangulation) x”, i =1,2,..., Mp, the V-grid is defined by the set
of nodes (vertices of polyhedron of the Voronoi diagram) x)/, k = 1,2,..., My.

We denote by Dy a separate tetrahedron of the Delaunay triangulation.
This tetrahedron is identified by the number k of the Voronoi polyhedron ver-
tex, k =1,2,..., My. The tetrahedrons Dy, k = 1,2, ..., My cover the entire
computational domain:

I My — —
2= kL_J‘I/Dk, Dy =Dy UdDy, DyN D=0, k#m, k, m=1,2,..., My.

For common planes of the tetrahedron we use the notations
0Dy, = 0D NODy,, k#m, k, m=1,2 ... My.

The boundary of the computational domain 9f2 consists of the planes of De-
launay tetrahedrons. Let

0Dg =092, 0Dyo=0D,NIDy, k=1,2,..., My.

We associate the Voronoi polyhedron V;, ¢ =1,2,..., Mp with the node of
the main grid ¢. Thus, we have

_ Mp — _
0= UV, Vi=ViudVi, VinVy=0, i#j, i, j=12,...,Mp,

i=1
6‘/;]:6‘/206‘/]7 Z#J? Z’J:1’277MD

For each tetrahedron Dy, k = 1,2,..., My, we define the set of neighbours
WP (k), having common planes with Dy, i.e.,

WP (k) ={m | 0Dy NOD,, #0, m=0,1,..., My}, k=1,2,...,My.

In this case, m = 0 means that the tetrahedron Dy contacts the boundary. We
define also the neighbours for each Voronoi polyhedron V;, i =1,2,..., Mp:

WY (@) ={j|oVindV; #0, j=1,2,...,Mp}, i=1,2,...,Mp.

We assume that the introduced Delaunay triangulation and the Voronoi dia-
gram are regular [2]. Let h? = diam(Dy) denotes the diameter of Dy,

of =sup {diam(S) | S — sphere in Dy}, k=1,2,..., My,
then the regularity condition of the Delaunay triangulation is given by
hPJoP <o >0, k=1,2,..., My.

Likewise, for the Voronoi diagram we denote by h) = diam(V;) the diameter
of V;, then

o/ = sup {diam(S) | S — sphere in V;},

W /ol <o>0, i=1,2,..., Mp,
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and h = maXi,k{hyv h/?}»

meas(Dy) = dx, k=1,2,..., My, meas(V;)=[ dx, i=1,2,..., Mp.
Dy Vi

We will approximate the scalar functions of the continuous argument by
the scalar grid functions that are defined in the nodes of the D-grid or in the
nodes of the V-grid. We denote by Hp the set of grid functions defined on the
D-grid

Hp ={y) |y(x)=yx’) =y’ i=1.2,....Mp}.

For the functions y(x) € Hp, vanishing on the boundary dw, we define
HY ={ y(x) | y(x) € Hp, y(x) =0, x € dw }.

We consider the scalar product and the norm for the scalar grid functions from
HD by

Mp

1/2

(0)p = yP vPmeas(Vi), lyllp = (n.1)5".
=1

This scalar product and the norm are grid analogs of the scalar product and
the Lo(§2)-norm for the scalar functions of the continuous argument.

To determine the vector field in the control volume, it is natural to use the
components of the sought function normal to the corresponding planes of the
control volume. Choosing the initial and the final node, we connect with each
tetrahedron edge Dy, k = 1,2, ..., My or polyhedron edge V;, i = 1,2,..., Mp.
For Delaunay triangulation the normals to the planes are the directed edges of
Voronoi diagram and vice versa. For the approximation of the vector functions
thereby we can use projections of the vectors on the directed edges. We will
further use exactly this variant with the description of the vector field in the
control volume by means of vector projections on the edges of the control
volume.

We will orient the Delaunay triangulation edges by the unit vector

el =el), i=12... Mp, jeWw'(i,
directed from the node with a smaller index number to the node with a larger
index. The vector function y(x) on the Delaunay triangulation is defined by
the components yi[; = yei[;, i=1,2,...,Mp, j € WY (i), that are given in the
D _ 1

middle of the edges x;; = 3 (xiD + x]D ) For the Delaunay triangulation and

the Voronoi diagram we define the length of the edges in the following way:
12 =xP —xP|, i=1,2...,Mp, jeW'().

We denote by Hp the set of grid vector functions determined by the com-
ponents y/, i = 1,2,...,Mp, j € WY (i) that are given in the middle of the
edges. In a similar way we denote by Hy the set of grid vector functions de-
fined by the components y ., k=1,2,..., My, m € WP(k). If the tangential
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components of the grid vector functions y € Hp vanish on the boundary, we
define

HY = {y|y € Hp, y(x)egzo, szg €ow,i=1,2,...,Mp, j e W (i)}

Consider the scalar product and norm in Hp:

(y,v D—Z ST yB ol %P — xB meas(0Vy), ylp = (v.¥))"-

= IJGWV )

4 Gradient and Divergence Approximations

Let us present the main results (see [22] for details) connected with approx-
imation of gradient and divergence operators on the basis of the Delaunay
triangulation and Voronoi diagram.

The set of grid functions Hp can be the domain of definition of the grid
gradient operator. We denote the grid gradient operator by grad,. Taking
into account the chosen edge orientation, at the points xg we set

D
(gra‘dDy)g :77(17]) . L. y 1= 1727"‘7MD7 J € WV(Z)7 (41)
ij

i.e., the range of values of the operator grady, : Hp — Hp is the set of vector
grld functions Hp. In (4.1), we use the following notation:

- 1, j>i,
77(@7])2{ 1 §<Z

For the truncation error of the grid operator grad, we have
(gradpu)(x) = (gradu)(x) + g(x), g= (’)(h2), X = Xg,

i=1,2,....,Mp, jeWw"(i

provided that u(x) is a sufficiently smooth functions.
For the Voronoi polyhedron this equality is written in the following form:

/divudx: > /(u.nyj) dx, (4.2)
Vi

JEWY(D) oV,

where n is the normal to the edge 9V;; outside with respect to V;. To con-
struct the grid operator divp : Hp — Hp we use the elementary formulas
of integration for the left- and right-hand sides (4.2). This leads to the grid
analogs of the operator div in the form of

. 1 ,
(leD y),LD = m Z (n,}; eg)yg meas(a‘/ij)v 1= 1,2,...,MD. (43)
Yiewv (@
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We have

(divpu)(x) = (divu)(x) + g(x) + (divpqg)(x),
g=0(), q=0(h), x=xP, i=1,2,...,Mp, (4.4)

for the truncation error. The truncation error for the grid divergence operator
divp equals O(1). However, there exists a special divergence expression of the
truncation error saving the situation in the case of approximation of problems
of mathematical physics.

Let us highlight the adjoint property of the considered grid operators of
gradient and divergence. Taking into account the above notations we have

(v,divpy)p + (gradp v,y)p = Z
1€ 0w

v ooy Ut p
X Z (n;; - e;;) Y meas(0V;;). (4.5)
FEWY (3),j€0w

From (4.5) it follows that div}, = — grad, on the set of grid functions v € HY,
and y € Hp.

5 Approximation of the Convection—Diffusion—Reaction
Problem

In domain {2 we consider the regular D-grid and V-grid. Taking into account
boundary condition (2.3), we find the approximate solution of problem (2.3),
(2.4) as grid function y(x) € HY,.

A particular discussion should be given to approximation of convective,
and moreover, diffusive terms in equation (2.4). We consider approximations
of the convective transport operator both in the divergent and in non-divergent
(characteristic) form:

Ci(viu =vgradu, Co(v)u=div(vu)

at specified vector field v(x), x € (2.
The tangential components are approximated at the edge midpoints of the
Delaunay triangulation as follows

1
D _ D L - 47
a;; = cas(@Viy) /a(x)eijdx, 1=1,2,...,Mp, jeW"(i).
Vi

For scalar functions it is natural to introduce y(x/}) = 3 (y(x) +y(xF)). The
direct approximation of the convective transport operator in the divergent form

results in
CyY(vP)y = divp(vPy)

1
= WS(V‘) Z (nx -eg) vi? (ij + yiD)meas(ﬁVij). (5.1)
Y EWV ()
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As for the convective transport operator in the non-divergent form, its approx-
imation is performed [23] using the grid analog of the following equality

Ci1(v)u = Co(v)u — udivv.
At CP(vP)y = CP(vP)y — ydivp vP we have

(C?(VD)Y)D = !

— V.ePYol (yP —yP OV
i - 2meas(Vi) Z (1’11] elj)vlj (y] Yi )meab(a‘/lj)' (52)

JEWY (i)
For the truncation error similarly to (4.4) we have

Cf(vD)u =Co(V)u + g(x) + (divpq)(x), a=1,2,
g:O(h‘)a q:O(h)a X:XiDa 1=1,2,..., Mp.

Let us construct a grid analog of the diffusion transport operator
Du =div(Dgrad u), x € 2.

We put formally
DPy = divp(DP gradp, y). (5.3)

Above (see also (4.1)) we have presented the grid approximation for the projec-
tion of the gradient operator onto edges of the Delaunay triangulation. Such
an approximation is sufficient for approximation of the diffusion operator in
isotropic media with a scalar diffusion coefficient. For general elliptic equations
with mixed derivatives (2.1) with a tensor diffusion coefficient it is necessary
to approximate the gradient not only along the edges of triangulation. To in-
vestigate this problem, let us start from the 2D case when n = 2, see Fig. 1.

_

Figure 1. Two-dimensional case.

Here i, j, k, m are nodes of the Delaunay triangulation, 4, j, & and i, j, m are
two adjacent triangles of this triangulation with common edge (,j), and p,
q denote nodes of the Voronoi diagram. For nodes of the Voronoi diagram,

Math. Model. Anal., 15(4):533-545, 2010.
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notations xV = ng and x(‘; = Xgm are used. Highlighted in Fig. 1 edges of

the Delaunay triangulation and Voronoi diagram are orthogonal one to another.
At the point of their intersection (i.e., at point x = Xg) we introduce a local
coordinate system (s1, s2) with direction unit vectors eq, es).

Divergence of a vector field at the discrete level (see (4.3)) is defined using
the tangential component. To approximate the diffusion transport, it is neces-

sary to evaluate the diffusion tensor (5.3). For the introduced local coordinate

system we take

D)P — (A1) (d)i

Y (d31)ij  (d32)is

Coefficients (daDB)i]‘7 a,8 = 1,2 are calculated via specified smooth enough
coefficients dog(x), a, = 1,2 of equation (2.1). If the local coordinate system
(s1,82) coincides with (z1,22), then we have that (dgﬁ)ij = dop(xf]), o, f =
1,2 . In a general case the recalculation rule for a tensor of the second order
should be taken into account when we use a new orthogonal coordinate system.
The tangential component of the flow can be written as

(Dgradp y) = (d]})ij(gradp y)1 + (1)) (gradp y)o. (5.4)

The tangential component of the gradient is given by

yP —yP
(gradpy)1 = (gradpy)i’? =1 = 1D —. (5.5)
]
For the normal component we have
1% 1%
Yg — Y,
(gradp y)2 = v L, (5.6)
Pq

where I}, =[x/, — x| is the edge length of the Voronoi polygon.

Evaluation of the normal component of the gradient via (5.6) is based on
interpolation of values of a scalar function defined at the Delaunay triangula-
tion nodes to the Voronoi polygon nodes. Let [,;; = ‘XX — x£~| be the distance
from node p of the Voronoi partitioning up to edge (4, j) of the Delaunay trian-
gulation so that 1}, = dp;; +dgs;. The linear interpolation with accuracy O(h?)
over triangle D,, results in

yy = (P18 + yP B + yP 1Rk ). (5.7)

meas(D,)

Taking into account (5.5)—(5.7), we get from (5.4) the following representation
for the truncation error of the flow:

(D gradp, u)g = (D grad u)(xg) + O(h). (5.8)
Approximation (2.1) leads to the grid equation
—divp(D gradp y) +C3’ (@ )y + €7 (b7)y + Py=f", (5.9)

_ D -
x=x;, 1=12,...,Mp,
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where, for instance, ¢ (xP) = ¢P(xP). Grid equation (5.9) approximates
equation (2.1) with error
P(x) = 9(x) + (divpq)(x), ¢g=0(h), a=0(h). (5.10)

In the 3D case approximations of the diffusion transport operator are con-
structed in a similar way. Let us consider (see Fig. 2) two adjacent tetrahedrons
i,7,k,m and 1, j, k,n of the Delaunay triangulation. For the corresponding
nodes of the Voronoi diagram (vortices of the Voronoi polygon) we again use
notations x;” and x}". The line connecting these vortices is perpendicular to
triangle ¢, j, k and intersects it at point r (see, Fig. 2). Point s is the midpoint
of edge (7, 7). Straight line (r, s) is perpendicular to edge (7, j) of the Delaunay
triangulation and edge (p,q) of the Voronoi diagram. On the basis of these
three lines (¢,7), (p,q) and (r,s) highlighted in Fig. 2 we construct a local
coordinate system (s1, 2, $3) with direction unit vectors eq, ez, e3).

Figure 2. Tree-dimensional case.

Similarly to the 2D case we can evaluate now the diffusion tensor in the
local coordinate system

(dﬁ)w (d%)w (d%)ij
D) = | @Ry (d2)y (dB)y
(d:’?l)w (d:’%)w (d:??))ij

For smooth enough coefficients dn5(x), o, 5 = 1,2,3 of equation (2.1) and in
the case of coincidence of local coordinate system (s1, s2, s3) with (21, x2,x3)
it is possible to take

(dls)ij = dap(x))), o,f=1,2,3.

In local coordinate system (si, s2, s3) the flow component along edge (i, )
of the Delaunay triangulation is equal to

(Dgradp y)) = (d))i(gradp y)1 + (d13)i(gradp y)2 + (di3)i; (gradp y)s.
(5.11)

Math. Model. Anal., 15(4):533-545, 2010.
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The tangential component of gradient (gradp y): is calculated in accordance
with (5.5) whereas for component (gradp y)2 (along the edge of the Voronoi
diagram) approximation (5.6) is used. For the third term in (5.11) we employ
gr B gs

lrs

(gradp y)s = ; (5.12)
where [,.; is the distance between points r» and s. Values of scalar function
Ur, Js in (5.12) are approximated with the second order accuracy by (5.7)-type
formulas using values defined at nodes of the Delaunay triangulation.

So, representation (5.8) for the truncation error of the flow is valid in the 3D
case, too. Hence we also obtain grid equation (5.9) with representation (5.10)
for the truncation error. On the basis of this divergent representation for the
error we can prove convergence of the discrete solution to the exact one [22]
in the grid analog of space H(grad) with the first order with respect to h. Let
us only note that for problems with variable diffusion coefficients, we require
additional analysis to check the conditions of ellipticity on the grid level.

6 Conclusions

To approximate the convective terms in the divergent and nondivergent forms
we have constructed approximations on the Delaunay triangulation and the
Voronoi diagrams. We construct a local representation with divergent terms
for the approximation error.

Approximation of diffusion term with tensor diffusion coefficient for two-
and three-dimensional problems using local orthogonal coordinate proposed.
We prove a local error estimate for the grid fluxes.

On the basis of the proposed approximations, we construct the grid problem
for the general scalar equation of diffusion-convection-reaction with explicit
divergent representation for the approximation error.
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