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Abstract. An inverse problem to determine time- and space-dependent relaxation
kernels of internal energy and heat flux with first kind boundary conditions by means
of heat flux measurements is considered. The case when observations of the heat
flux are made at the ends of the bar with thermal memory was not studied before.
Existence and uniqueness of a solution to the inverse problem are proved.
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1 Introduction

In the linear theory of heat conduction in materials with thermal memory
appear two memory (or relaxation) kernels [1, 2, 7, 8]. To determine these
unknown kernels the corresponding inverse problems are used.

The memory kernels can be degenerate, i.e. represented as finite sums of
products of known space-dependent functions times unknown time-dependent
coefficients. This is so when either the medium is piecewise continuous or a
problem for a general kernel is replaced by a related problem for an approx-
imated kernel. The unknown coefficients are recovered by a finite number of
measurements of certain time-dependent characteristics of the solution of the
direct problem. Inverse problems of such a type were studied in [3, 4, 5, 6],
[9, 10, 11, 12|. The papers [9, 10, 11, 12] treat an inverse problem for mate-
rial with memory having two relaxation kernels: the kernels of internal energy
and heat flux. As additional information were used the measurements of the
temperature or the heat flux in finite number of interior points of the unit bar.

In the present paper, for the first time is studied the same inverse problem
for two relaxation kernels using additional data at the ends of the bar. As now

* The financial support of Estonian Science Foundation is gratefully acknowledged (Grant
nr. 7728).


http://dx.doi.org/10.3846/1392-6292.2010.15.473-490
http://www.vgtu.lt/mma/
mailto:ennopais@stv.ee

474 E. Pais

the additional information consists only of two measurements we must restrict
us to the case of two unknown functions: one for each memory kernel. So
we can not consider here the general case of degenerate memory kernels. The
main difference is that system of equations in the Laplace domain contains
now the transform of a fractional derivative of one of unknown functions. Also
we need to find some new estimates of the Green function in this case. The
existence and uniqueness are proved for the inverse problem with the first kind
boundary conditions and the heat flux observations. The problem with the
third kind boundary conditions can be treated in a similar manner but some
other estimates of the Green function must be used.

In Section 2 we formulate the direct and inverse problems and in Section 3
apply the Laplace transform to them. In Section 5 we rewrite the transformed
problems in the fixed-point form. Section 4 contains the estimates of the Green
function and Section 6 describes results for the direct problem. Main existence
and uniqueness results for the inverse problem are presented in Section 7 of the

paper.

2 Direct and Inverse Problem

We consider the heat flow in a rigid non-homogeneous bar consisting of a mate-
rial with thermal memory. In the linear approximation the process is described
by the following integro-differential equation of heat conduction

7 0

a t
B(x)=u(x,t) + o /0 n(x,t — T)u(z,7)dr = Fy (Ax)ug(x,t))

t
—%/ m(z,t — T)uy(z,7)dr +r(x,t), x€(0,1), t>0. (2.1)
0

Here u is the temperature of the bar, 3 the heat capacity, A the heat conduction
and r the heat supply. The integral terms contain a memory kernel of the
internal energy n and a memory kernel of the heat flux m.

The solution of the equation (2.1) satisfies the initial condition

u(z,0) = p(x), x€(0,1) (2.2)
and either the the boundary conditions of the first kind
w(0,8) = f1(t), u(l,t) = fot), t>0 (2.3)
or the boundary conditions of the third kind
—q(0,1) = e (u(0,8) = f1(t), q(1,t) = az(u(1,t) = f2(t)), t>0, (24)

where g(x,t) is the heat flux, ¢ and f;, j = 1,2 are given functions, a;, j = 1,2
given constants. The heat flux is given by equality

q(z,t) = =Nx)uy(z,t) —1—/0 m(z,t — T)ug(z,7)dr, x€(0,1).
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Equation (2.1) with the initial condition (2.2) and boundary conditions (2.3)
or (2.4) form the direct problem for the temperature u.

Inverse problem has for goal to determine the memory kernels n and m. We
consider here kernels having form of products

n(x,t) =v(x)n(t), mlx,t) = p(x)m(t), (2.5)

where v(z) and u(x) are given functions and n(t), and m(t) are unknown
time-dependent coefficients. To recover the functions n(t), and m(t) we use
additional data in form of the observations at the ends of the bar. We can
measure the temperature

w(0,t) = ha(t), u(l,t) =ha(t), t>0

or the heat flux
q(0,t) = =A(0)u,(0,t) + /0 w(0)ym(t — T)u (0, 7) dr = hy(t), (2.6)
q(1,t) = =A(Dug(1,1) —|—/O w()m(t — Tug (1, 7)dr = hao(t), ¢>0.

In case of the first kind boundary conditions only the heat flux observa-
tions can be used, since temperatures are already used as boundary conditions.
In case of the third kind boundary conditions we have relation between the
temperature and the heat flux at the ends of the bar. So the temperature
observation enable us to find the heat flux and vice versa. As a result all
three inverse problems use the same data: temperature and heat flux values
at the ends of the bar. For this reason the inverse problems are similar and
are described by similar equations. We will treat the problem with the first
kind boundary conditions and the heat flux observations which is given by the
relations (2.1)-(2.3), (2.5), (2.6).

3 Problem in Laplace Domain

Applying the Laplace transform to the equation (2.1) we obtain

5(w) U ) — 0(a)] + PN (@)U (2, p) = 2o (A@)Ua ()
M) (@)U p) + R(zp), (1)

where N = Ln;, M = Lmy,, R = Lr,
Ulz,p) = Lu(z,t) = / e Plu(z,t)dt, Rep>o.
0

The boundary conditions (2.3) are given by
U(0,p) = Fi(p), U(l,p) = F2(p), Rep>o,

Math. Model. Anal., 15(4):473-490, 2010.
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where F; = Lf;, j = 1,2 and the additional conditions (2.6) get the form

(= A(0) + M (p)u(0)) U.(0,p) = Hi(p), (3.2)
(= A@) + M(p)u(1))Ux(1,p) = Ha(p)

We represent the equation (3.1) in the form

(LU) (2,) = PN ()w(@)U (2, p) + M(p) 2 (w(a)Us 1)
~ R(z.p) - Blx)p(@), (3.3)

where

(LU) (2,) = 2= (AU, ) — BpU 2 p), € (0,1)

is the differential operator. We introduce the Green function of operator L
with homogeneous first kind boundary conditions, i.e.

L,G(z,y,p) = d(x,y), z € (0,1), y € (0,1), (3.4)
G(z,0,p) = G(z,1,p) =0, x€(0,1).

Here L, is the operator L with respect to the variable y.
The solution of (3.3) is given as

1
U(z,p) = pN(p) /0 G(z,y,p)v(y)U(y, p) dy

+ M(p) /0 G(z, y,p)a% (u(y)Uy(y,p)) dy — @(z,p), (3.5)

where

1
D(z,p) = /0 G(z,y,p) {ﬂ(y)s@(y) + R(y,p)} dy
+M0)Gy(z,0,p)Fi(p) — M(1)Gy(x, 1,p) Fa(p).

Integrating the second integral in (3.5) by parts and observing (3.4) we have
1
Ule.p) = Nw) | pGloy 2wV ) dy
0

1
— M(p) /O Gy(z,y,p)(y)Uy(y, p) dy — @(z, p). (3.6)

Differentiating (3.6) with respect to x we obtain the equation for U, (z, p)
1
Usla5) =N) [ 9Glp, 2 0)U (0.1) dy
0

1
+ M(p) /0 Gz, y,p)(% (u(y)Uy(y,p)) dy — P (z,p).
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We split the second integral into two parts, from 0 to x and from x to 1, and
integrate them by parts. From boundary conditions we have

G.(x,0,p) = Gu(z,1,p) =0, 0<z<Ll
Using the jump relation (see [13], p. 169)

Gw(x,x—O,p)—Gx(x,x—i-O,p):ﬁ, 0<z<l1

we get

Us(2,p) = ﬁM(p)u(r)Um(x,p) +N(p)/0 G (z,y,p)v(y)U(y,p) dy

1
— My (p) /0 Gay(z,y, p)u(y)Uy(y, p) dy — Du(, p). (3.7)

(3.6) and (3.7) form a system of integral equations for the direct problem.

4 Functional Spaces and Estimation of Green Function

To analyse the direct and inverse problems we define the spaces
Ay o= {V :V(p) is holomorphic on Rep > o, ||V, < oo},
where [[V][,5 = supge 5o [P|7[V (p)] and
(Ay.0)5 = {v = (Vi,...,VN) : Vi(p) € Ay ok =1, .. .,K}

with the norm [V |y.0 = Yy [ Villy.o-

We note that Ay, C Ay o1, (Ay.0)" C (Ayo)™ and || - [|y.or < || - [ly.0 if
o >o.

Let a be a real number such that 1 < a < % Moreover, let ¢ = (c1,...,cK)
be a given vector. We will introduce the spaces

Moo ={Z:2=24+V0), V € (Aas)™ |

of vectors Z = (Zy,...,Zk) and the Banach spaces of z- and p-dependent
functions

Byo={F(z,p): F(z,") € A, for x € [0,1], F(-,p) € C[0,1] for Rep > o}

with the norms

Fl|lyo = max s Y F(x,p)|.

Pl = oo, sup |of'|F (e, )
We need also the Banach spaces for pairs of functions B = (Bj, Bz). These
are spaces B, = Ba,o X Ba_% with the norm

HB”U = HBIHa,U + HB2

1 .
la-1,0

Math. Model. Anal., 15(4):473-490, 2010.
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We have following first-order asymptotics [3, 5, 9, 10, 12| for the Green
function and its derivatives

a( )= 1 1 1| shsz-shs(l—w)+0; for z<y
»HeP= do(p) a(z)a(y) s | shsw-shs(l—2)+ 0y for y<z
G | 1 b(x) | chsz-shs(l-w)4+03 for z<y (41)
29 P = ldo(p) a(y) | shew-chs(1—2)+04 for y<u '
G )= b(x)b(y) chsz-chs(l—w)+ 05 for z<y
e\ Yo P 12do(p) chsw-chs(l—2)+0¢ for y<u.
Here s = 1,/p, do(p) = %shs—l—O(e ) = /B , b(x) = pH/ANT3/A
Lo B(n) B(n) /1 B(n)
— d , = d
z / \ 3 () o VA
d
an es(l—w—i—z) es(w+1—z)
01 =0(———), 0:=0(——),

for Rep — +oo holding uniformly in  and y from [0,1] and Imp € R. O3
and Os behave like O; and Oy, Og like Os.
Estimates of the Green function are given in the following lemmas.

Lemma 1. Let \,3 € C?[0,1] and X\, 3 > 0in[0,1]. Then

1
sup |[p| \G(w y,p)| dy < o0, (4.2)

0<xz<1
Re p>0

Cy

Cy = sup /|p| IG z,y,p)| dy < o0, (4.3)
Repso

1
Cs = sup \/Ip\/ |Gy (z,y,p)| dy < oo, (4.4)
<a< 0

Rep>0

1
Ci= sup / Gy (2 1,9)| dy < 0. (4.5)
0<z<1 0
Rep>0

Moreover,
VIpl1G(x,0,p)| < Cre=CVIple vz €[0,1], Rep >0, (4.6)
N |G(x,1,p)\ < Cye=CaVIPI0=2) yy € [0,1], Rep > 0,

where Cy, Cy, Cs, Cy are certain positive constants.

The assertions (4.2)—(4.5) were proved in [3, 5|, the assertions (4.6) in [12]
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Lemma 2. Let \,3 € C?[0,1], A\, > 0in[0,1] and v € C*[0,1]. Then for
k=12

(=1)*v(x)
AMw)B(wr)

where 1 =0, xo =1 and Cg is independent of x .

sw [VBI( [ VBGutonvpoto) o -

) ‘§C5||'UH01[0,1]’
Rep>0

Proof. From asymptotic representation (4.1) of the derivative G, we have

Gw(o,yap) = @bm) [ﬁsh s(w _ 1) n O(es(lsfw) )}’
Gullp) = psb() [shsw+ 0( ).

As /p= s/l we get

' _sb(0) [t 1 9 - 1
/0\/ﬁGz(O,yvp)v(y)dy—lgdo(p)/o a(y)sw/(y)aychS(w 1)dy+0(8).

Since do(p) has the asymptotic ldo(p) = shs + O(%~) we derive for the last
term

1 ! 1 1/ 1 9
s(1—w) dul = _/ s(1—w) d
e —e
’ldo(p) /0 y’ ‘ldo(p) s Jo w'(y)dy y’

= g ldol(p) es(l_w)‘; - %bhsi_ﬁ -o(3)
Integrating by parts and observing the equality m — Ib(y) we obtain
[ V600w s = 2O it ien st - ).
-/  (bu)o) ehstw-1)dy] + (L) = sty [0 = 5O 0)ch ]
+ o(é) -— j((‘;)(_) [B(1)0(1) ~ B(O)o(0)eh 5] + o(é)

Here b(0)b(0) = 1/a(0)? = 1/1/A(0)3(0). Similarly we have

[ ety = 2 etwen s~ [ () ehow ]

+o(2) = zs(()(();) [Be(1)chs ~ 50)e(0)] + 0(+) = % +o(3).

The lemma is proved. 0O

Math. Model. Anal., 15(4):473-490, 2010.
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Lemma 3. Let A\, 3 € C?[0,1], A\, 8 > 0in[0,1] and v € C*[0,1]. Then

L vix
sup [VII( [ Goalanopot) dy = 5231 < Callllona

Rep>0

where x1 = 0,29 = 1 and Cg is independent of x.

Lemma 3 was proved in [3, 5].

5 Fixed-Point System for the Inverse Problem

We deduce here a fixed-point system for the inverse problem in the Laplace
domain. Using additional conditions (3.2) we obtain from (3.7)

1 1
N(p)/0 sz(:ck,y,p)V(y)U(y,p)dy—M(p)/o Gay(Tr, y, p)u(y)Uy(y, p) dy

Hi(p)

k=1,2; =0 =1.
)\(.’Ek)’ y 4y gl y L2

= Pu(Tk,p) —

Multiplying the both sides by p and separating the principal part of the equa-
tion we have

v(zg)p(xr) W)y’ (z)
VPN (p) NOCALED) + M(p) )

=P N(p) /O VP Gk, y,p)v(y) [pU(yvp) —<p(y)}dy

— M(p) /Olpny(wk,y,p) (y )[pU (y,p) }dy
(

1
k
+\/]_9N(p){/0 VP Gk, y, p)v(y)e(y )dlﬁ'm

P) {/01 Gy (k4. 0)(y) @' (y)dy — %/gx’“)]

Hy,(p)
A@)

—p[@a(enp) — 2] = F(N.M), k=12 21 =0,z =1 (5.1)

Here

1
2.01,0) = | Gulon ) [JW)e(w) + Blyp)] dy + NOWGiy (0,0, 9)Fo()
0
— A1)Gay(zk, 1, p)Fo(p), a1 =0,220=1. (5:2)
We will write this system in a matrix form I"Z = F(Z) introducing matrix

v(0)p(0)  p(0)¢'(0)
A(0)5(0) A(0)

~v(De)  p)e' (1)
NOEID) A1)

(5.3)
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and vectors

o= (). o=(5)

The product \/pN(p) is the image by Laplace transform of a half-order
!
derivative of the function n(t), £ -

, dt_ln(t) = /PN (p), where this derivative is
2
given by
dz d 1 [t
—in(t) = —— / n(r) dr.
dtz dt F(ﬁ) 0 t—T

We introduce the functions

B1[Z](z,p) = pU[Z](

= pUs[Z](z,p) — ¢/ (),
where U[Z](z,p

) is the solution of (5.1), (5.2) with the given vector Z
Now we can rewrite the system in the fixed-point form

z,p) = ¢(x),  Ba[Z(z,p)

Z=T"1F(Z),
where

(5.4)

L2 = VENG)| | VBCular o)) BrLZ) ) dy
1

v(ze)p(an)
+/O VP Ga(ar,y, p)v(y)e(y) dy + A(;k)ﬂ(;k)]
- / Gy (20, 3, )1(y) Ba [ 2] (v, p) dy

(5.5)

+ [ G oo ) gL g )
V'/k(p)——p[gzs (zk, p) — ikx(f)) ]

L2,

1=07 .132:1.

(5.6)
We form also equations for Bi[Z](x,p) and Bs[Z](x,p) rewriting the system
(3.6), (3.7) in terms of these functions
BlZ) = VENG) [ VPG up)[BiZ)0.0) + o) dy

- M) [ Gy o)) [Bal2)0.) + )] d — Do) — (o),

1
BalZ)(e.0) = VENG) [ VB Gulrvonv (o) [Br1Z)0.p) + olo)] d
+M(p {

M0 Bai21(w0) ~ [ Gl i) [BolZ1000) + 0]}
+M(mu()()

Math. Model. Anal., 15(4):473-490, 2010
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We obtain the following fixed-point equation for the vector
B[Z] = A|Z|B[Z] 4+ b|Z], (5.7)

where A[Z] = (A1[Z], A2[Z]) is the Z-dependent linear operator of B with the
components

(A1[Z]B) (z,p) = /BN (D) / VBG4, p)(y)Bi (. p) dy
~ M(p) / Gy (v, p)u(y) Ba(y,p) dy, (5.8)

1
(A3[Z]B) (2, p) = /BN (D) / VG (2,9, p)(y) B (. p) dy

+ M(p) [%Bz(r,p)—/o Gay(2,y,p)(y)B2(y, p) dy}

and b[Z] = (b1]Z], b2[Z]) is the Z-dependent B-free term with the components
h(Z)a.p) = VENG) | PG () () dy

- M) [ Gy, D) () dy — B, ) — (), (5.9)
h(Z)e.p) = VENG) | Py P )e(y) dy

21 [P [ 6ot ) ] 2. 0) 0.

6 Analysis of Direct Problem

Here we study the equation (5.7) under assumptions

A\ BeC?0,1], X\B>0;
®(x) and Py(x) belong to Big, and By, ©6.1)
respectively with some og > 0; '

v(z) € C[0,1], p(z) e C0,1], ¢(z) € CH0,1].

Lemma 4. Let the assumptions (6.1) hold. If Z =c/p+V € M a,o then the
vector function b[Z], given by (5.9), belongs to By, and satisfies the estimate

el Voo
Hb[Z] i < C’onst(l + NG + g )
with any o > og, where |c| = |ci| + |ca|. Moreover, for every ¢ > o¢ and

Zi=c/p+ V!, Zy=c/p+V? € Mo the difference of the vector b[Z] fulfils
the estimate

Hb[Zl] —b2)|| < Const vi_y?

1
o g% 2

(6.2)

a,o



Identification of Memory Kernels in Heat Flow 483

with some constant.

Proof. Taking Z = ¢/p+V in (5.9) and multiplying by |p| we have

Ip|*[Vi(p

c| +
| | o 1

1
7( | |/ \G(z,y.p)|dyllv - ¢llcpo

|p||b1[Z] (2, p)| <

‘P| [Va(p
+—(IC2|+ Gy(z,y,p)|dy||n- ¢’
N - d Wb | Ny [li-#'l| oo
+ |pl|®(z, p) + p(z)|. (6.3)
Using the assertions (4.2), (4.4) of Lemma 1 and the definitions of the norms
I lly.05 Il - llo we obtain
||V1Haa
61120115 < (ler] + ) L -l
1, \/_ [
HVzllaa) H H
: @ ‘
+ (‘62‘ * o1 cl0,1] T 1,00
for Rep > o, 0 > 09, € [0,1]. We get
Const HV||C“,
bi[Z ‘ < ( ) ngs ‘ o> 6.4
o2l , = =75 (et + tlovel| . ozen )

with some constant. Performing similar transformations with b3[Z] we have

Vit < <= (el + 2T 57 [ 6o

Vvl
XHV.@HC[OJﬁ\/LH@QwI' Va(p) )Hu ()’

1
+/O |Gzy(x,y,p)|dy||u-s0’||} +VIpl| @2 (2, p) + ¢ ()]

IILGHM) HV2||aa)

1
lv - @llcoa + (‘ eof +
VoAt g o

1
x <A_o +C4)||/~L~<p’llc[o,11 e+ ¢y,

|11l < (eal +

for o > 0g, where \g := Or<nig1 A(z) > 0. And we get

Const
Vo

Inequalities (6.4) and (6.5) yield b[Z] = (b1[Z], b2[Z]) € B, for o > 0¢ and the
estimate (6.3). To prove (6.2) we take Z = Z; — Z5. Then the components
of the vector b[Z] = b[Z1] — b[Zs] are expressed by the formulas (5.9) with
&(x) + p(z) = 0. Using the estimates (6.4) and (6.5) for the components of
b[Z] and observing that Z; — Zy = V! — V? we deduce (6.3). The lemma is
proved. O

izl , < S22 (e + o) o, ), oz o0 65)

1
H§7O' 3,00

Math. Model. Anal., 15(4):473-490, 2010.
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Lemma 5. Let the assumptions (6.1) hold. If Z =c¢/p+V € Moo then the
linear operator A[Z], defined by (5.8) is well-defined and bounded in B, and
satisfies the estimate

IA1Z)]| 45,y < Collel/o? + [V [lao/o*F7] (6.6)

for any o > oo with a constant Cy. Moreover, taking Z, = c/p + V', Zy =
c/p+V?E Moo, the estimate for difference

H (A[21] - A[Z2]) Hx(sg) = Co oots

Vl_vQ

(6.7)

a,o
holds for any o > oo with a constant C.

Proof.  Multiplying A;[Z] in (5.8) by |p| and taking Z = ¢/p + V we get

al |, eIV
pl(az1B) )| < (S + P et vp|a
< Wleton 1 g, 1Batn ) + (12} LERROL)

x /I / Gy e..)| dyllcro ol mas |Ba(e ).

Using Lemma 1 and taking the supremum over Rep > o, z € [0, 1] we deduce

i, Wilao
11280, < (5 + Dilse) el o 1800,
g2 U

‘62‘ ||V2||a0
; (—3 + D2l ol o 182l

o2

for ¢ > 0y. This implies

V o0
1AL (Z]B]l,, < Const (%’ n &) B
i o2 ootz

For A3[Z] we derive similarly

\/m’(AﬂZ]B)(LC,p” < <@+ |p‘ |Zé/i1 \/_/ ‘G (z,v, p

Ip|>

c p|*|Va(p
< Wl o] max By (y,p)] + (12 0]y

bl fplot

1
(o [ [Gonteson) ) e ] oo, Bt

<z <1|

where \g = oin, A(z) > 0. So we get

IIVIIaa

4a(2181, o < Const (14 + Loz Vs, o200 09
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with some constant. Estimates (6.8) and (6.9) together give us

iz, < const (14 + ee)
o2 o

This relation shows that A[Z] is well-defined and bounded in B, and (6.6)
holds. Taking Z = Z; — Z5 the components of the vector A[Z] = A[Z:] — A[Zs]
are expressed by the formulas (5.8) where Z = Z; — Zy = V! — V2. Using the
estimate (6.10) for A[Z] with ¢ = 0 and V = V! — V2 we deduce (5.9). The
lemma is proved. 0O

o > oyp. (6.10)

Due to the last two lemmas and the contraction principle, the equation (5.7)
has a unique solution B = B[Z] € By, provided Z = ¢/p+V € M o, and
o > o0y satisfy the relation

le| | [V]lao _ 1
Z.0) = 7 < 6.11
77( 0) a% + o'a+% - 200 ( )

From (5.7) we have
IB(Z]|1.0 < (1~ AIZ]| s,)) " IBIZ]]]o-

This, taking into consideration (6.3), (6.6) and (6.11) gives the estimate for the
solution of (5.7)

Vla,o
1 View . ) (6.12)
g

||B[Z]||Mgconst(1+f 3

with some constant.

Now we will find an estimate for B[Z;] — B[Z2]. Let ¢ > o¢ and Z; =
c/p+ V%Y Zy = c/p+V? be such that (6.11) is valid, i.e. n(Z;,0) < 1/2Cy,
j = 1,2. Subtracting equation (5.7) for Zs from the corresponding equation
for Z, we get

B[Z11]= B[Zs] = A[Z2] (B[Z1] — B[Z2])+(A[Z1] — A[Zs]) B[Z1]+b[Z1] [ Zs].
This implies
|BI2Y) = BIZ*] |10 < (1= |AlZo] | 25,)
< [ A[Z1] = AlZ2]| 2(8.,) | B[ Z1] |10 + [1[Z1] = b[Z2] ] -
Using in this relation the estimates (6.2), (6.6), (6.7), (6.11), (6.12) we obtain

Const [1+ 1 (1_|_ \/|_ v Hag)] [vi- V2H (6.13)

Hl,a‘ 0_(1—5 o_a__

| B[Z1]-B[ 2]

Summing up, we have proved the following theorem.

Theorem 1. Let the assumptions (6.1) hold. Then for any o > oo and Z =
c/p+V € Moo, satisfying the inequality (6.11), equation (5.7) has a unique
solution B[Z] = (B1[Z], B2[Z]) in B1,,. This solution satisfies estimate (6.12).
Moreover, for every o > og and Zy = c/p+ V', Zo =c/p+V? € M o such
that n(Z7,0) <1/2Cy, j = 1,2, the difference B[Z1] — B[Zs] fulfils estimate
(6.13).

Math. Model. Anal., 15(4):473-490, 2010.
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7 Existence and Uniqueness for Inverse Problem

Here we study the inverse problem in the fixed-point form (5.4) in the Laplace
domain and then formulate the result for the corresponding inverse problem in
the time domain.

Theorem 2. Assume that (6.1) holds. Let det I # 0 for I', given by (5.3) and
7 :dj/p"i_}/j eMdﬂJov Jj=12 (71)

with some constant vector d = (di,ds). Then there exists o1 > oo such that
equation (5.4) has a unique solution Z = c/p+V € M n,0,. Here c=I'"'d.

The solution is unique in the union of spaces U Meao-
o>o1,ceER

Proof. Setting ¢ = I'~'d the problem (5.4) is equivalent to the equation

V=FV), (7.2)
where V € (Ay.5)° and F = I'"'F. From (5.5), (5.6) we have
F=Lo(c/p+V, B[Z]) + Li(c/p+ V) + Y, (7.3)

where Ly is a bilinear operator of Z € M .-, B = (B1, Ba) € By, given by
1
(E0(2.B)),(0) = VEN() | VB Galon,u.p)v(u) B2y ) dy
0

1
- M(p)/0 PGay(wr, Yy, P)(y) B2[Z)(y,p) dy, k=1,2; 21 =0,20 =1 (7.4)

and L; is a linear operator of Z € M, o , defined by

' - kl/l‘ x
(12) &) = viNw)| [ VB G,y D)) dy + DA

M) B(wr)
1 / T
- M p)[/o Gay(@r, y,0)1(y) ' (y) dy — %} k=1,2; £1=0, zo=1.
(7.5)

We make use of the fixed-point argument for the equation (7.2) in the balls:
Dao(p) = {V € (Aac)” : IV lloy < 0}

First we deduce some estimates for Ly and L. Multiplying in (7.4) by [p|* we
have
*V;
a (Lo(g +MB)) ’ < ( \c;\a |p|| 1(p)|)
Pl Ip|

xw?/ G, xk,ypydynvncomp\ was |Ba(e.p)

o] | Ipl® |V2

X |pl 0213%(1 ’Bg(x,p)|, k= 1,27 1 =0,290 = 1.
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Using the assumptions (6.1) the assertions (4.3), (4.5) of Lemma 1 and the

definition of the norms || - |4, we obtain
¢ |Cl‘ H‘/l”oza
*|(Lo(5+Vv:B)) )] < ( =)o Iy B
( 0 p |p‘2 o |p‘ 2“ ||C[0,1] H 1

lcol  [V2llao
+ (s ) e lctos I1Bahn k= 1.2

for Rep > 0, 0 > 0¢. Taking the supremum over Rep > o we get

Vllao
g

HL0<§+V,B) <Const< cl —+

IBllo, 000 (76)

a,o

Similarly we deduce for the operator L

ool = G+ ) v

' . , (=D v(@r) e (k) 2l IpI*|Va(p)]
X‘/Ox/ﬁGx( b 3P )Ryt S ‘+(‘p|%fa+ NG )

! 1) (x
X \/lﬂ‘/o Gy (zr,y,0)(y) ¢ (y) dy — % , k=1,2

for Rep > 0, 0 > 0¢p. Using Lemma 2 and 3 we get

o (Ll (g +V, B)) ‘ < <p|c_1a ”‘\/1/%0)05 [|v- ‘PHC[o,l]

e1l . WVellao : ]
+ (= + )Gl ooy @ = 50
plE= Vbl o

Taking the supremum over Rep > o we get

V «,0
SConst(Li-i- V1o

o2 % \/E

HL1 (; +V,B)

NBlio, o200 (1.7)

«,0

with some constant.
Returning to the equation (7.2) with F' = I'"'F, taking into consideration
(7.6), (7.7) and the inequality [V, , < [[Y],.,,. We obtain

o,00

1 Va.o B|Z]||1.0
vwmw<0mﬁ( +”")C'[m’+g+mwwow&

0'%70‘ \/E \/E

with o > Gy and some constant depending on |c|.
Further, let us suppose that V' € D, »(p), where o and p satisfy the relation

c p 1
,0) = 5+ —F < — 7.9
770(p 0) 0_% + UaJr% =20, ( )

for o > 0g. Then from (7.8) we see that F € (Aa7g)2. Furthermore, due to (7.9)
the inequality (6.11) holds, hence we can apply estimate (6.12) of Theorem 1

Math. Model. Anal., 15(4):473-490, 2010.
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for || B[Z]|l1,,- Using this estimate and that ||Vl < p in the ball D, ,(p) we
get

1 1
IF(V)|l,., < Const (—_a + L) (1 Fo 4 %) Y oo (7.10)
o2 \/E g g

with some constant depending on p and o. From (7.10) due to the equality
F = I'"'F we see that for every p > py := [ ||V, ,, there exists oy =
o2(p) > G such that the inequalities ny(p, o) < ﬁ and [[F'(V)], , < p hold
for any o > o2(p). Consequently,

F:Dao(p) = Dao(p) for p>po, o= 02p) (7.11)

Next, we prove that F' is a contraction. From (7.3) using the bilinearity of
Ly and linearity of Lq, we have

FVY) = F(V) = Lo(V!' = V2 B{Z1) + Lo( £ + V2. B[24] - B2))
+ LV =V?),
where Z; = ¢/p+ V! and Z; = ¢/p + V2. Using here (7.6) and (7.7) we get

V! = V2|lao (I BIZ]]]1,0
NG ( NG +1)

1 V2 a,o
t (g + ooy iz piz)11,] o2 0

O-2—a

IFOVY = F(V)|aw gconst[

with some constant. Supposing V1, V2 € D, ,(p) with ¢ > o9 and p such
that (7.9) hold and using the estimates (6.12) and (6.13) of Theorem 1 we
obtain

1 1 1 1 1
H]:(Vl)_]-"(VQ) §C’onst[—+——|—(—3+il) <2+__|__3+ 14 i )}
\/E g o2 g%tz o g5 gots

x|Vt =v? . .
a,o

a,o

The coefficient of |[V! — V?|,., on the right-hand side of this estimate ap-
proaches zero as 0 — oo for a fixed p > 0. Hence, for every p > 0 there exists
o3 = o3(p) > &g, such that the inequality no(p, o) < ﬁ holds and FF = ' ' F
is a contraction in the ball D, ,(p) for p > 0 and o > o3(p). This together
with (7.11) shows that equation (7.2) has a unique solution V' in every ball
D,.»(p), where p > pg and o > o4(p) = max{o2(p);o3(p)}. This proves the
existence assertion with o1 = 04(2pp).

To prove uniqueness we show that the equation (5.4) has no solution in any
space in the whole space Mg o, Where ¢ # ¢ = I''d and o > o1. Suppose
contrary that (5.4) has a solution Z = ¢/p+ V in some of such spaces.Then
observing (5.5), (7.1) we see that component V € (Ay,)° of this solution
satisfies the equation

c—c¢

FV:L0<£+V, B[Z])+L1(£+V)+Y+ P (7.12)
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where Lo and Ly are given by (7.4), (7.5). Observing the assumption (7.1)
and the estimates (7.6), (7.7) we see that all terms in (7.12) except the last one
(¢ — ¢)/p are estimated by quantities of the form Const/|p|® in the half-plane
Rep > o0, where the constant is independent of p and o > 1. This is not
possible in the case ¢ — ¢ # 0. We reached the contradiction. The uniqueness
is proved.

Finally, we deduce from Theorem 2 the existence and uniqueness for the
initial inverse problem in the time domain. From

Z1(p) = VBN (p) = ; +Vi(p)

we get image of the kernel of the internal energy N(p) = ¢1/p? + Vi(p). Using
the inverse Laplace transform we obtain the following result. O

Theorem 3. Let the assumptions (6.1) hold and detI' # 0 for I', given by
(5.3). Then the inverse problem (2.1)-(2.3), (2.5), (2.6) with flux observations
i the time domain has the unique solution

2¢1 1 Eioo

&+ioco _ 1
_ — _ tp = _ tp
n(t) \/7_1_\/1_5—1— 9 /gioo ePVi(p)dp, m(t) = co+ o Je i e’PVa(p) dp,
(7.13)

where ¢, € R, Vi, € Ano, k =1,2. The functions n(t) and m(t) are continuous
fort > 0. Moreover, the vector ¢ = (c1,¢a) in the formulas (7.13) is expressed
by c = I'"1d, where d is component of ¥ in the assumption (7.1) and co = m(0).
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