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Abstract. In this article, the author studies the qualitative properties of weak solu-
tions for a sixth-order thin film equation, which arises in the industrial application of
the isolation oxidation of silicon. Based on the Schauder type estimates, we establish
the global existence of classical solutions for regularized problems. After establish-
ing some necessary uniform estimates on the approximate solutions, we prove the
existence of weak solutions. The nonnegativity and the expansion of the support of
solutions are also discussed.
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1 Introduction

In this article, we investigate the sixth-order thin film equation

0

6—7;: = 0, [m(u) (Bu+ 0, (lufP~'w)], inQr, p>2, (1.1)
where Qr = I x (0,7), I = (0,1) and m(u) = |u|™,n > 0. On the basis of
physical consideration, as usual the equation (1.1) is supplemented with the
zero-contact-angle, zero-shearing force and zero-flux conditions

Drul = O2ul = 0ol =0, t>0, (1.2)

z=0,1 z=0,1 z=0,1

and the initial condition
u(x,0) = uo(x). (1.3)

The equation (1.1) is a typical higher order equation, which has a sharp phys-
ical background and a rich theoretical connotation. It arises in the industrial
application of the isolation oxidation of silicon [8, 10].
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During the past years, only a few works have been devoted to the sixth-
order thin film equation [5, 11, 16, 17]. Bernis and Friedman [5] have studied
the initial boundary value problems to the thin film equation

o (L)) = 0,

where f(u) = |u|™fo(u), fo(u) > 0, n > 1 and proved the existence of weak
solutions preserving nonnegativity. Barrett, Langdon and Nuernberg [1] con-
sidered the above equation with m = 2. A finite element method is presented
which proves to be well posed and convergent. Numerical experiments illustrate
the theory.

Recently, Evans, Galaktionov and King [8, 9] considered the sixth-order
thin film equation containing an unstable (backward parabolic) second-order
term

% = div[|ju["VA%u] — A([ufP" ), n>0,p> 1. (1.4)
By a formal matched expansion technique, they show that, for the first critical
exponent p =pg=n+1+ % for n € (0, %), where N is the space dimension,
the free-boundary problem with zero-height, zero-contact-angle, zero-moment,
and zero-flux conditions at the interface admits a countable set of continuous
branches of radially symmetric self-similar blow-up solutions

— n x
up(x,t) = (T — )" N/ (NF6) g 0y gy = T — e

where T' > 0 is the blow-up time. Some other results can be found in [15].

Remark 1. In [8, 9], the authors using a combination of formal asymptotic and
numerical methods, from the point of view of numerical analysis show that the
solutions of problem (1.4) blow up at a finite time when the second-order term
is —A(|u|P~1u). Our result from the point of view of theoretical analysis shows
that the problem (1.1) has global solutions for the second-order term with the
opposite sign.

We also refer the following relevant equation

0

o = —0c (") (1.5)
which has been extensively studied. Bernis and Friedman [5] have studied the
initial boundary value problems to the thin film equation n > 0 and proved the
existence of weak solutions preserving nonnegativity (see also [2, 13, 18, 20, 22]).
They proved that if n > 2 the support of the solutions u(-,¢) is nondecreasing

with respect to t. Some references to unstable fourth order equations can be
found in [21].

Remark 2. In [19], the Lyapunov functional might not exist for the convective
Cahn-Hilliard equation. The author based on uniform Schauder type estimates
via the framework of Campanato spaces proved the global existence of classical
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solutions for regularized problems. In this paper, in order to prove the exis-
tence, we construct a new Lyapunov functional. On the other hand, the Bernis
estimates can not be applied, so we introduce a suitable integral inequalities
which are then used to prove the expansion of the support.

In this paper, we study the problem (1.1)—(1.3). Because of the degeneracy,
the problem does not admit classical solutions in general. So, we introduce the
weak solutions in the following sense.

DEFINITION 1. A function u is said to be a weak solution of (1.1)-(1.3), if the
following conditions are satisfied:

1. u, 0,u € C*(Qr), u € L®(0,T; H*(0,1)), |u|™/20%u € L*(P).
2. For ¢ € C*(Qp) and Qr = 2 x (0,T),

—/1 u(z, T)o(x, T)dx—i—/ ug(z)p(z,0 dx—i—// dxdt

// (| (Ot ([P~ ) Do dar d,

where P = Q7\({u(x,t) = 0} U {t = 0}).

We investigate the existence of weak solutions. The main difficulties for
treating the problem (1.1)-(1.3) are caused by the nonlinearity of the principal
part and the lack of maximum principle. Because of the degeneracy, we first
consider the regularized problem. To prove the existence of classical solutions
for the regularized problem, the basic a priori estimates are the L? norm esti-
mates on u and d,u. Our method is based on uniform Schauder type estimates
for local in time solutions. Based on the uniform estimates for the approx-
imate solutions, we obtain the existence. Owing to the background, we are
much interested in the nonnegativity of the weak solutions and the solutions
with the expansion of the support. As it is well known, one of the important
properties of solutions of the porous medium equation is the expansion of the
support. So from the point of view of physical background, it seems to be
natural to investigate this property for thin film equation. On the other hand,
the mathematical description of this property is that if suppug is bounded,
then for any ¢ > 0, suppu(-,t) is also bounded. So from the point of view of
mathematics, this problem seems to be quite interesting. The expansion of the
support is completely open for pure sixth order thin film equation. Here we
face a substantial difficulty, which is caused by the nonlinearity of the second-
order term. Comparing the equations (1.1) with (1.5). Bernis and Friedman [5]
replaced u" by m, (u) in (1.5), where m, (s) = |s|"**/(co|s|™ + |s|*). Then the
approximating problem of equation (1.5) has a unique positive solution, hence
Bernis’ inequality [4] holds. However, for the problem (1.1)—(1.3) the Bernis
estimates can not be applied. This means that we should find a new approach
to establish the required estimates. This goal would in principle justify intro-
ducing a different approximating scheme in order to obtain a-priori, suitable
integral inequalities which are then used to prove the expansion of the support.

Math. Model. Anal., 15(4):457-471, 2010.
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This paper is arranged as follows. We first study the regularized problem
in Section 2, and then establish the existence and the nonnegativity of weak
solutions in Section 3. Subsequently, we discuss the expansion of the support
in Section 4.

2 Regularized Problems

To discuss the existence, we adopt the method of parabolic regularization,
namely, the desired solution will be obtained as the limit of some subsequence
of solutions of the following regularized problem

Ou: 5 1

S =0 {ms(u€)<8wu€ + 9 (|ue| u))] (z,t) € Qr, (2.1)

Oy e = 03u. = Ooue =0, t>0, (2.2)
z=0,1 z=0,1 z=0,1

ue(7,0) = upe (), (2.3)

where m. (u:) = (Jue|? +¢)%.
Theorem 1. For each fixed e > 0, p > 2 and
up: € COF*, 0lug.(0) = uge(1) =0 (i = 1,3,5),

then (2.1)(2.3) admits a unique classical solution u. € COT1H(@/6)(Q.), for
some o € (0,1).

From the classical approach [6, 12|, it is not difficult to conclude that the
problem (2.1)—(2.3) admits a unique classical solution local in time. So, it is
sufficient to make a priori estimates. As an important step, we give the Holder
norm estimate on the local in time solutions.

Proposition 1. Assume that u. is a smooth solution of the problem (2.1)—
(2.3). Then there exists a constant C' depending only on the known quantities,
such that for any (x1,t1), (x2,t2) € Qr and some 0 < a < 1,

|ue(z1,t1) — us(z2,t2)] < C(|t1 — ?f2|0‘/6 + |z — 22]?), (2.4)
|0pue (21, t1) — Opuic (22, )| < C([t1 — t2|V/12 + |21 — 22]Y?).

Proof. Now, we set

F.(t) = /O 1 (5 @200 + Hw)

where H(s) = #|s|p+1. Integrating by parts and using the equation (2.1)
itself and boundary value condition (2.2), we see that

dF-(t) ("0 o o1 Ouc _/1 4 b1 1 Ouc
0 _/o {3$u58zu€t+|ug| Ue— de = ; [O3ue + |uclP~ue] 5t dx

1
:/ [08ue + |uc P ue] Op [me(ue) (B3ue + 05 (JueP ™ ue))] do
0

1
= / [agus + 81(‘“5‘1)71’&5)] [ms(us)(aius + 3m(|us\p*1us))] dr <0,
0
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which implies that

1 1
/ luc|Pttdz < C, / (02u.)?dz < C. (2.5)
0 0

On the other hand, integrating the equation (2.1) on Q; = (0,1) x (0,t), we

have ) )
/ ue(x,t) de = / upe () dx.
0 0

Applying Poincaré’s inequality and Friedrichs’ inequality [7], we conclude

1 1
/ (u:)*dx < C, / (Ozuc)?dr < C. (2.6)
0 0
By the Sobolev imbedding theorem,
sup jus| < C, supl|dyucs| < C. (2.7)
Qr Qr

Multiplying both sides of the equation (2.1) by diu. and then integrating the
resulting relation with respect to x over (0,1), we get

Y oue oy ! =
ZE = p—1 4
T Oyue d /0 Oy [ms(us) (3Iu5 + Ox (|ue| us))} Oy ue du.

After integration by parts, and used the boundary value conditions, the above
equality becomes

1d 1 1

55/ (aﬁug)de—i—/ me(ue)|03uc|*de = —/ M (ue) O (|ue [P~ ue ) O2u. da.
0 0 0

Holder’s inequality and (2.7) give the following result

111

1 1
— (3§u5)2dm + / ms(us)\ﬁgus\de < = / ms(us)(ﬁgus)zdaj +C.

Hence
/ me(ue)(O2ue ) dr dt < C. (2.8)
Qr
By (2.6) and (2.7), we have
|u5(x1,t) - us(xg,t)| < C’|x1 — x2|a, 0<a<l.

Integrating the equation (2.1) with respect to (z, ) over (i, y-+(At)*/%) x (t1, t2),
where 0 < t1 < to < T, At = t5 — t1, we see that

y+(At)t/O to
/ [ue(z,t2) — ue(z,t1)|dz = / [me(ue(y', s)) (aifug(y’, s)

ty

+am(|us|p_lus)(y/a 5)) —Mme (us(ya 5)) (32u5(y, s)—|—(‘31(\us|p_1us)(y, 5))] ds.
(2.9)

Math. Model. Anal., 15(4):457-471, 2010.
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For simplicity, set
N(s,y) =me(uc(y',s)) (Ouc(y’, s) + Do (JuclP u)(y', 5))
— e (ue(y, 8)) (Opue(y, s) + Ou(lue P~ ue)(y, ),
where i/ =y + (At)'/6. Then (2.9) is converted into

(At)l/G/l e+ 00200, 1) — ey 4+ (A M°, 1) 0 = " N(s.y)ds.
0

ty

Integrating the above equality with respect to y over (z,x + (At)'/%), we get

ta  pr+(A)/O
(At)/3 (ue(a*, ta) — uc(z*, t1)) = / / N(s,y)dyds.
t1 x

(z,x + (At)Y/6), 8* € (0,1). Therefore, by Hélder’s inequality and (2.7), (2.8),
we end up with

Here, we have used the mean value theorem, where z* = y* + 6*(At)'/6, y* €
2.

luc(2*, t2) — ue(z*, 1) <CAHY°, 0<a< 1.
Similar to the discussion above, we have
1/2 1/12
|3mus(x1,t1)—3mus(x2,t2)| SC(|JZ1—JZ2| / —|—|t1—t2| / ) (210)
The proof is complete. O

Proof.  |Proof of Theorem 1] The conclusion follows immediately from the
classical theory, since we can transform the equation (2.1) into the form

6;: + aq(z, 25)(‘3211E + by (z, t)@ifuE + as(z, t)@gus + bo(x,t)0pus = 0,

where the Holder norms on
ar(z,t) = —me(uc(a,t)),  bi(z,t) = —ml(ue(z,t))0puc(z,t),

az(x,t) = —pme(ue (2, ) uc (z, 1) [P,
ba(,t) _me/e|U€|p_l +pp - 1)m5|u€|p_3u5}axu5(x, t)

have been estimated in the above discussion. The proof is complete. 0O

3 Existence

After the discussion of the regularized problem, we can now turn to the investi-
gation of the existence of weak solutions of the problem (1.1)—(1.3). The main
existence result is the following

Theorem 2. Assume that ug € H3(I), then the problem (1.1)—(1.3) admits at
least one weak solution.



Sixth—Order Thin Film Equation

463
Proof.  Let ue be the approximate solution of the problem (2.1)-(2.3) con-

structed in the previous section. Using the estimates (2.4), (2.5) and (2.10)
we can extract a subsequence from {u.}, denoted also by {u.}, such that

ue(x,t) = u(w,t), uniformly in Qr,

Optie(z,t) = Opu(z,t), uniformly in Q,
and the limiting function u, d,u € CY/2/12(Qr). By (2.5), we also have u €
L>(0,T; HX(I)).

Now, let 6 > 0 be fixed and set Ps = {(x,t)
g0(6) > 0, such that

i |u|™(z,t) > 0}. We choose
(luel* (1) +)* = /2,

(z,t) € Ps, 0<e <eo(d)
|Us|n < 20,

(z,t) € Qr\Ps, 0<e <ep(d). (3.1)
Then from (2.8)

/ (82%)2 drdt < g,
Ps 5

where the constant C' is independent of € and §. By employing a diagonal
selection, we obtain a subsequence from {u.}, denoted also by {u.}, such that

Bius(x, t) — 32u(

x,t), weakly in L?(Py).
Noting that

/ lu|™(82u) dmdt</ [u|" D53 u(D5u— 85u5)dxdt—|—/ lu|"O3ud>u.dx dt
//|u\"85 Su—0>u.)dx dt+= //\u|

)2dx dt-+ = //|u\ (O3u.)*dx dt,
P
hence

/ [ () 2da dt< 2‘/ "9 (3iu—3ius)dxdt‘+/ " (0P )2d .
Ps Ps
This and the fact that

hm // lu|"O3u (050 — ddu.)dx dt = 0,

lim// (Jucl® + €)% —
e—0

"(QPu.)*dx dt = 0,
yield

/ lu|™ (05u)?dx dt < him// <|ug|2 + e’:‘) E(Bius)%lx dt < C.
Ps e—0.J.)py

Math. Model. Anal., 15(4):457-471, 2010
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To prove the integral equality in the definition of solutions, it suffices to pass
the limit as ¢ — 0 in

1 1
_/ ue(x, T)p(z, T)da:—i—/ uoep(x,0) dx—i—// Ue SOdarsdt

// (Jue|?® + &) 2 Pu.0, wdmdt—i—// (Juel?® + €) 2 0y (|uc [P~ us ) Oppda dt.
T

The limits

1 1
lim [ wuc(x,T)p(x, T)dx = / u(x, T)o(x, T)dx,
0

e—0 0
1

lim upe () p(z, O)dx—/ uo(z)p(z,0)de,

e—0

lim// e ‘pdxdt // dxdt
e—0 -

lim // (Juc|® + )20 (|u€\p_1u€)6x<pdxdt:// [u|" 0y (JulP~ )y pd dt
Qr

e—0

are obvious. It remains to show

lim // (Juc|? + &) 2 DPu.0ppda dt :/ [u|"05ud, pd dt. (3.2)
Qr P

e—0

In fact, for any fixed § > 0,

‘// (|ue|? 4 €)% O2ucdppda dt — // \u|”32uarg0dmdt‘

T P

< ’// (Jue|? 4 €) 2 DPu.dpode dt — // |u\”8§u8w<pdxdt’
P5 P{S

+ ‘ // (|ue|? 4 €) 2 O2u. 0y pda dt‘ + ‘ // lu|" O5ud, pdx dt‘.
Q1 \Ps P\ Ps

Using Holder’s inequality and the estimates (2.8), (3.1), we have

‘//Q » (u52+6)%33u58190dxdt‘§<//(9 \P(|Us|2+5)%<32us)2dxdt)éx
\P; o

1
(// (Jue|*4€) % da dt) * sup |0,0| <C(6%4€) % sup |0,¢|, 0<e<eq(6).
T\ Ps
Similarly, we obtain

’// lu|"@5udypda dt| < CVésup |9,¢).
P\P;
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On the other hand, we see that

‘// (Jue|?® + €) 2 DPu. 0, pdx dt —/ |u\”8§u81<pdxdt’
P5 P{S

I,

z n C n
< sup |(Jucl*+¢) ¥ ~ul Hw‘jg*\/ /P 0" (D3 ue=03u) Dy d.
5

(Juel?+) % —ul"

\3ius|\3m<p|dxdt+’//lj \u|"(3§u5—82u)3mcpdxdt’
5

Hence

m‘ // (Jue|? 4 €)% DPu.dppda dt — // lu|" d3ud,pdx dt‘ < CVisup |9,¢).
Qr P

e—0

By the arbitrariness of §, we see that the limit (3.2) holds. The proof is com-
plete. O

Theorem 3. The weak solution u satisfies u(x,t) >0, if ug(x) > 0.

Proof. Suppose the contrary, that is, the set
E = {(x,t) € Qp; u(z,t) <0}

is nonempty. For any fixed 6 > 0, choose a C* function Hs(s) such that
Hs(s) = =6 for s > —0, Hs(s) = —1, for s < —20 and that Hs(s) is non-
decreasing for —20 < s < —¢d. Also, we extend the function u(x,t) to be
defined in the whole plane R? such that the extension u(z,t) =0 for t > T +1
and t < —1. Let «a(s) be the kernel of mollifier in one dimension, that is,
a(s) € C*(R), suppa = [-1,1], a(s) > 0 in (—1,1), and fil a(s)ds = 1. For
any fixed k > 0,9 > 0, define

b (1) = /Rﬂ(s,x)ozh(t —s)ds, Bs(t) = /tma <5T/—2T_/(25> T/;_  ds,

where oy, (s) = fa(s/h). The function ¢} (z,t) = [ﬂ(g(t)H(;(uh)]h is clearly an
admissible test function, that is, the following integral equality holds

1 1 a(ph
_/ u(x, TR (T, x)dx—l—/ uo(x)cpg(x,O)dx—i—// ua—t‘sdxdt
0 0 T

:// u|™ (2w + O (JulP~ ) Op 0l da dt.
P

To proceed further, we analyze the properties of the test function cpg(x, t). The
remaining part of the proof can be done in the same way as that in the proof
of Theorem 3.1 in [22] (or [19]). O

Math. Model. Anal., 15(4):457-471, 2010.
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4 Expansion of the support

Let us observe again the physical phenomenon described by the thin film. Sup-
pose that at the initial time, the oil film occupies the domain §2y. Then as the
time evolves, due to the effect of gravity, a touching domain (2, will expand. So
from the point of view of physical background, this problem seems to be quite
interesting. On the other hand, the mathematical description of this property
is that the set supp u(-,t) increases with ¢. Therefore, in this section, we study
the expansion of the support.

Theorem 4. Assume 0 < n < 1, ug € HZ(I), up > 0, suppug C [x1, 2],
0 <21 <z <1, and u is the weak solution of the problem (1.1)—(1.3), then
for any fixed t > 0, we have

supp u(z, ) C [z1(t), z2(t)] N[0, 1],

where x1(t), x2(t) can be expressed by x1(t) = x1 — C1t7, x2(t) = x2 + Cot?,
with positive constants Cy,Cy,y depending only on p and ug.

We need a series of uniform estimates on such approximate solutions u..

Lemma 1. Let u be the weak solution of the problem (1.1)~(1.3). If0 <n < 1,
then the following integral inequality holds

1 1
/ u? "dz + (1 —n)(2 —n) // (03u)?dx ds < / ud~"dz.
0 ¢ 0

Proof. Let u. be the solution of the problem (2.1)-(2.3). Denote

(2
gs(u):/o W, GE(U):/O ge(r)dr.

Multiplying both sides of the equation (2.1) by g¢.(uc), and then integrating
over (Qy, we obtain

/O 1Gs(us)(3:,t)dx+/ / (O Pdrds / /Q tusp_l(azus)deds:/o G- (oo (2))d

Letting e — 0 and using the fact that G.(u.) — u?>~"/(1-n)(2—n) and u. — u
pointwise and the lower semi-continuity of the integrals, we immediately get
the conclusion of the lemma. The proof is complete. O

Lemma 2. Let u be the weak solution of the problem (1.1)~(1.3). If0 <n < 1,
then for any a > 4 and y € RT, the following integral inequality holds

1
/( 2”dx+// r —y)(92u) dxds<C’// z—y)} H(Opu)’dr ds
0 t t
—|—C</ lug|*~ "dx) —|—C// (z — y) (02u)?dxds,
Yy t

where C' depends only on n,ug and (x —y)4+ denotes the positive part of x —y



Sixth—Order Thin Film Equation 467

Proof.  Let g-(u) and G.(u) be defined as in the proof of Lemma 1. Let u. be
the approximate solutions derived from the problem (2.1)-(2.3). Then, using
the equation (2.1) and integrating by parts, we get

1 1
/ (.’E - y):v-Ge(Ue)dx - / (1' - y)iGE(uo)d{E
0 0
=— // (\ug\z +¢) 2 (agug + ax(|u€\p*1u€))8$ [(m - y)igg(ug)]d:ﬂ ds
[ (@t )@ - p2su doas
— // (Jue|® + 5)% (O2ue + Oy (Juc|P~us)) [z — y) T " 9o (ue)]dz ds

=1L + Is.

As for I, integrating by parts, we have

- // [02u. + pluc|P~ ' 0puc] (z — y)S Opucda ds
-/ [ ot - ponldrds- / /Q pluc’ (& — ) (Do) 2do ds
:/Q Ofﬁus(x—y)i@gusdxds—i-/Q DpuOpucalz —y)T 'drds
] bl o - )2 @) ds= - / Ol )02l ds
—/ Pu 0y [0pucalz —y)T ' dxds—// pluclP ! (z — )T (Dpue)?dz ds
// (x — a3u5 dx ds — // alz —y)¢~ 183u€8 udx ds
-/ [ oot -y drds J[ sl i = 3 @, do ds
- /Q PuOpu-aa — 1) (z — y)§ *da dé.
In additi(:n, I yields, by integrating by parts,
[ (el )% (020 + pluc 0suc fate )% g (u)dods
[ e+ 2 DPucgwate - )3 s
— [ ate =5 (el + ) Eplul g ) ds.

Therefore

/Ol(x )% Ge(ue)de —/O (2 — )% G (ug dx—i—//f « (BPue)’dr ds

Math. Model. Anal., 15(4):457-471, 2010.
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+p// [uclP~ Mz — y)F (Dpue) dxds——Q// oz — ) ' OPu02u.dr ds

_/Qai’usa(a—l)(x—y)i Oyusdx ds
~ [ (P2t Bucgeuc)ale—p)t s
// alr — Yue*4€) 2 plue [P ge (ue ) Opucdads=1, + I + 1. + I,.
Hoélder’s inequality yields

L] < %// (z — )% (0us)duds + c// (z — )% 2(D2u.) de ds.
Qt t

Similarly, the |I;| can be handled,

|| < = // 33u5 dmds—i—C’// -y (0pue)dx ds.

Noticing that
(|Us|2 + 6)5 ‘gs(us” < 2fucl/(1 —n),

using (2.8), we have

= <// (e +6)%(aius)2dxd$)%

(] et eraa = 2o ) P as)

< C // (:U—y)?ﬁfz(\us|2—i-5)_%|u€|2dxds)§ < C(// |u€|2_"d:vds)§

By Holder’s inequality, Poincaré’s inequality and Friedrichs’s inequality, we

obtain
I|<C<// (ue) dxds) <C’<// (93ue) dxds) ;
1] < c// O 2z — y)oda ds.

From what are discussed above, we have

1 1
[ =it — [ @56t + [ @it s
+p// e~z — y) T (Dpue) dxd8<C// (x — )} H(Opuc)*dr ds

—|—C’<// (03u.) dmds) —|—C’// )5 2 (02u.)?dx ds.
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Letting ¢ — 0, and using Lemma 1, we immediately get the desired conclusion
and complete the proof of the lemma. O

Proof.  [Proof of Theorem 4] For any y > z2, Lemma 2 and Hardy’s inequality
[14] imply that for any ¢ € [0, 77,

1
/(x— y)qu?” ”dm—l—// (z — y)3|02ul*dx ds
<C’// z— )7 Y 0ul? dmds—i—C’// z —y)} ?|0%ul’dz ds

< C// (x — )} ?|02uldx ds. (4.1)

For any positive number m, define

// (x —y)703u(z, s)|dxds,  foly // |03u|?dx ds.

Then, the weighted Nirenberg’s inequality [3] and the estimate (4.1) imply that

Jopt1(y) < C// (x — y)ip_1|3§u\2dxds

a 1 2(1—a)/
<C’/ / x—y) P O3ul? dx) (/ (x—y)2p—1|u\qu) “ds
1 2(1-a)
< C sup (/ (x—y)ip_l\uﬁdx = a // z—y) 2P 93u)? dxds) .
0

0<s<t
Using (4.1) and Hardy’s inequality, we have

1
swp [ @ = ¥ e < € //Q (x — )% |0ul2dr ds

0<s<t
and hence
a+2(1—a)/q
fopr1(y) < Ct ™ “ // )P~ o3| 2dx ds) ;
where ¢ =2 —nand a = (5 — 5 — 2)/(5 — 5 — 3)- Denote A =1 —a,u =

a+2(1—a)/q, then A >0, 1 < p. Applying Holder’s inequality, we have

faply) < €8 [[ 0=y 0buPdnas]

gezon
<ctt // — 2p+1\6§’u\2dxd ! // |02u|? dods| ™

(2p—1)pu/(2p+1) 2p/(2p+1)
<ot f2p+1(y)] [ o(y)} .
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Therefore

} 2u/(2p+1)o 2p—1

P ) < CY7 [ foly) L em1-

Using Hélder’s inequality again, we get

1+0

F1@) < [fo@)] " faprr ()] V2 < 00 [folw)] T,

where \ ) )
1
=—" ©0= - >
7 (2p+1)o (2p+1)%20 2p+1

Noticing that f(y) = —fo(y), we obtain

0.

Flly) < —Ct=/ 0D [f ()]0,

If f1(z2) =0, then suppu C [0, z2]. If f1(x2) > 0, then there exists a maximal
interval (z2,23) in which fi(y) > 0 and

/ 0 /
[ﬁ(y)e/ (Hl)} S fl(j)l](l%m < -G/,

Integrating the above inequality over (z2,23), we have
F1(@3)07 0T — f1 (20) 0/ OF) < — Ot/ O (g7 — a5),

which implies that
* 0
To <z + ct” (fo(.]?g)) .

Lemma 1 implies that fo(y) can be controlled by a constant C' independent of
y. Therefore
sup supp u(-,t) < xg + Ct7 = x2(t).

We have thus completed the proof of Theorem 4. O
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