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Abstract. For a strictly monotone function y on [a, b] we describe the construction
of an interpolating linear/linear rational spline S of smoothness class C'. We show
that for the linear/linear rational splines we obtain ||S(z:) — y(zi)|le = O(h*) on
uniform mesh z; = a+ih, i =0,...,n. We prove also the superconvergence of order
h3 for the first derivative and of order h? for the second derivative of S in certain
points. Numerical examples support the obtained theoretical results.
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1 Introduction

For a smooth function y and interpolating linear/linear rational spline S it is
known that ||S — y|lec = O(h?), for the proof see, e.g., [8]. The linear/linear
rational splines of class C'! have the same accuracy as the classical quadratic
splines. In some cases, the error is less for the quadratic splines and in some
cases, the error is less for the linear/linear rational splines. For the quadratic
splines, the expansions on subintervals via the derivatives of the smooth func-
tion to interpolate could be found, e.g., in [4, 5|. They give the superconver-
gence of the spline values and its derivatives in certain points. We will study
such a problem in the case of linear/linear rational spline interpolant.

Note that, linear/linear rational splines, being strictly monotone or con-
stant everywhere, cannot interpolate nonmonotone data. For consistent data,
the linear/linear rational spline interpolant of class C! always exists and is
unique [9]. Let us mention that O(h?) convergence rate of quadratic spline col-
location for boundary value problems is based on superconvergence property
of interpolating splines. This was discovered in [3] and developed extensively
in [7, 10]. Polynomial interpolants are used to establish convergence results
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of quasi-interpolants, see e.g., [6] and the references therein. For linear/linear
rational spline histopolation, convergence rates could be found in [2].

Let us point out that, while the interpolation problem is a linear one, the
linear/linear rational spline interpolation is, in nature, a nonlinear method
because it leads to a nonlinear system with respect to the spline parameters.
It was shown in [1] that any strict convexity preserving interpolation method
having certain regularity properties cannot be linear. Hopefully, similar result
should also hold for strict monotonicity preservation.

2 Interpolation by Linear/Linear Rational Splines

Let a = 29 < 21 < ... < xp, = b be a uniform partition of the interval [a, b]
with knots z; = a+ih, i =0,...,n, h = (b—a)/n, n € N. We also need
the points & = x;—1 + h/2, ¢ = 1,...,n. Linear/linear rational spline on each

particular interval [z;_1,z;] is a function S of the form

ci(z — &)

=0T T o i—15 T, 2.1

S(z) a+1+di(x_£i) T € [miy, 1] (2.1)

where 1 —l— di(z fz) > 0. Using the notation S(z;) = S;, i = 0,...,n, and
S(&)=Si,i=1,...,n, we get from (2.1)

_ hCi hCi
Si=ai, Si1=a;— 2 hd;’ SZ—C“JFThd/

which allows to express uniquely a;, ¢; and d; via the spline values and to have
the representation

(2.2)
This also gives for € [z;_1, ;]
L Ah(Ss — 5i)(Si — Si_1)(S: — Si_1)
Sl Y FSR it (AN ey By roy )y s EL e
" _ 16h(5i — 52)( 72 - 171)((52 - S ) B (Sz Sz))
) = S = 5 1 2B~ Si) (5 S g Y

According to the representation (2.2) we have 3n parameters to determine for
constructing the spline. We require for C' continuity of S on [a,b] which
involves 2(n — 1) conditions, namely that S and S’ must be continuous at
all interior knots x1,...,2,—1. When the continuity of S is guaranteed by the
representation (2.2), the continuity of S’ at interior knots leads to the equations

(S; S)(S Sic1)  (Sig1—S8i)(Sis1 — Si)
S; —

= = , t=1,...,n—1. 2.5
Si—1 Sit1 — Sita 25)
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Given the data y;, i = 1,...,n, let us require that the interpolation conditions
S&)=v, i=1,...,n, (2.6)
are satisfied. In addition, we impose some boundary conditions, e.g.:
S(a) =ay, S(b) = as, (2.7)
or

S'(a) = asz, S'(b) = au, (2.8)

and a combination with one condition from (2.7) and another from (2.8) at
different endpoints is also allowed. We will specify the choice of numbers a7,
g, ag and a4 in the following section.

Replacing the values S;, i = 1,...,n, from (2.6) in the internal equations
(2.5) and considering them with two boundary conditions we obtain a nonlinear
system with respect to the unknowns Sy, ..., S,.

3 Expansions of the Interpolant

We derive our superconvergence rate results basing on the expansions of the
interpolant which will be established in this section. First, we analyze the
nonlinear system with respect to the unknowns Sp, ..., S,.

Let us write equations (2.5) with replaced values S; from (2.6) in the form

©i(Si—1,54,8i41) == (Si = 1:)(Ss = Si—1)(Si41 — Vit1)
— (gi—i-l — S»L)(Sz+1 — Sl)(gl — Si—l) =0,i=1,...,n—1, (31)

introducing at the same time functions ¢;. Then the system consisting of the
boundary conditions (2.7) and the internal equations (3.1) can be written as

h?(y5)?(So — 1) = 0,
(Si = 9:)(Si — Si—1)(Sit1 — Yir1)

~(@ix1 — Si)(Siy1 — Si) (Wi — Si—1) =0, i=1,...,n—1,
h2(y;)2(sn - a2) =0.

Suppose now that we have a function y : [a, b] — R to interpolate and g; = y(&;),
i=1,...,n. Denote y; = y(x;), i = 0,...,n, similar notation will be used in
the case of derivatives. At (3.1) the Taylor expansion gives

0p;
L4 (yiflayiayi+1)(5i71_yifl)

©i(Si=1,55, Sit1) = @i(Yi—1, i, Yi+1) + 95,

2/'/ (6/\)E27
(3.3)

0p; Dp;
+i(yiflayi7yi+l)(si Yi)tag—

08, aSH_ (yl 17y13y2+1)(52+1_yz+1)+
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with the difference vector h = (Si—1—¥i-1,5 —¥i, Sit1—Yit1), some A € (0,1)
and &) = (Yi—1,Yi, Yi+1) + Ah. From (3.1) we find for i =1,...,n—1

0p; _ _ ~
<-p = —(8i = 4:)(Si+1 — Yit1) + (Hi+1 — Si)(Siv1 — Si),
aSz—l
i _ _ _
02 = (8 = Si—1)(Sit1 — Yir1) + (S — 7:)(Siv1 — Yit1)
+ (Sig1 = Si) (Wi — Si—1) + (Wiv1 — Si) (Wi — Si—1),

0p; _ _ ~
_‘P = (8 = 4:)(Si — Si—1) = (Yir1 — Si) (Ui — Si—1).
aSz-‘,—l

Suppose in the following that y € C*[a,b]. Let us expand y;_1, ¥i, ¥i+1 and
yi+1 at the point x; by Taylor formula up to the forth derivative as

h? h3 ht

/ " " A% 4

i— = i 3 —Yy; — — Y, —_— Y. h 3

Yie1 = Yi — hyi + Sy GVt oy + o(h*)

— h / h2 " h3 "1 h4 IV 4

i = Yi — 3FY; < Y T oY e i h )

Ui=yi - Uit g¥i — g T 3ggY + o(h%)
h/ h2 " h3 " h4 IV 4

Yit1 =Yi + 5Yi+ <Y R Ji PYRYEL h*),

Jit1 =Y +2yl+ gy +48y +384y + o(h?)

2
"

/ h " h? ht v 4
Yirr = yi thyi + Sy + oy + opy +o(h)

with the error terms O(h**?) in the case y’V € Lip a, 0 < a < 1. Then direct
calculations yield

0p; h? h3
W()él(yi—lvyivyi+1) = Zy? + Zygy;l + O(h%),
i 3.2 1 4
g(yi—hyuyiﬂ) = §h yi- +O(h7), (3.4)
0p; h? h3
W(il(yi—hymyiﬂ) = IZ/? - Zy;y;/ + O(h4), and
hﬁ N2, IV 1o I 11\ 3 6
o1y i) = o7 (W0P]Y = aylyly!’ +30)°) + (k). (35)

The entries in the matrix ¢! consisting of the second order partial derivatives
of ¢; are of order O(h). This with the help of ||h|lcec = O(h?) (recall that
15 = ylloo = O(h%)) gives @/ (E)h2 = O(AT).

Taking now into account (3.4), (3.5) and the order of the error term in (3.3),
system (3.2) reduces to

h?(y5)*(So — o) =0, (3.6)
h6

_(( /)2 IV_4 I ///+3( //)3 + h_2( /)2+h_3 ! H—|—O(h4)
64 Yi) Yi YiYi Yi Yi 4 \Yi g Yili



Linear/Linear Rational Spline Interpolation 451

2

X (Sic1—vio1) + ( W) +O(h")) (5 —yi)—i—(%

h3
Wh)? = vl +O(h"))
X (Si+1_yi+1) +O(h‘ ) = O’ i = 1,-..,71 - 15
2 (y)? (Sn — az) = 0.

It is known, see, e.g., [8, 9] that a linear/linear rational spline interpolant
exist only if y is strictly monotone or constant everywhere. Thus, we assume
that y'(z) > 0 for all = € [a,b] or y/(z) < 0 for all z € [a,b] which means that
y is strictly monotone. Consider (3.6) as a linear system with respect to the

unknowns S; —y;, ¢ = 0,...,n. Then its matrix has the diagonal dominance in
rows for sufficiently small h. We look for the solution such that
Si=yi+h*' W), + B8, i=0,....n, (3.7)

where the continuous function ¢ (y) and numbers 3; will be specified later. The

continuity of ¢ (y) gives [¢(y)li-1 = [¥(¥)li +0(1), W (Y)]it1 = [P(y)]i + o(1).
Replacing now (3.7) in the internal equations of (3.6) we get

Zz ((yz)zyfv Ayl v+ 3(y)) ) + (%2(%)2 + Z vyl + O(h4))
x (R + 1) + (512607 + ) (R + )

4 (B2 — Bty + o) (W) + B + o) = 0.

Determine the function 9 (y) so that the coefficient at hS is equal to 0, i.e.,

614 (w2l = ayily” +31)°) + 260wl =0

which means that

N/ AN (/0 K W
= (Y At ) i1 L .
Wl =~ (" — 45 #3057 )s n (3.8)

Extend (3.8) for i = 0 and i = n as well, then choose 3y = o(h*) and
Bn = o(h*) (e.g., it may be By = £, = 0). This determines the values of a;
and ag. Thus, we pose the boundary conditions (2.7) in the form

4 " a)y "

S(a) = yla) — %8@1\/(&) —4Y (y,)(a)( %) +3 (( ((a)))) )+o(h4), (3.9)
4 2 n 3

S(b) = y(b) %(y’v(b) —4? (%))( )4 3((y ((b))))Q) +o(h*).

Now we may write (3.6) as follows
B (y)*Bo = o(h°),
h? h3 3
(02 + il + 00" Bior + (Gh2W0 + 0<h4>)m
h? h3
(T WD = Syl + OUh)) B +0(h8) =0, i=1,....n 1,
B ()26 = o(1°).
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This system has the matrix form A3 = g, where 3 = (Bo,...,[,) and
l9lloc = o(R%). Since ||A71||c = O(h™2), we obtain

1Bllc < 1A lscllglloe = o(h*),

where || A7 is the matrix norm corresponding to the uniform vector norm. In
total, we have

h4 y//y/// (y/_l)3 ]
Si =y — (IV 4= 4 3= ) rY, i=0,...,n, 3.10

Vi 18\ ) et - 810
which could be also transformed into the form

" 1

5= - 1 (i (L) -3 (L)) + o), i=0.m

Our next aim is to establish the expansions of interpolant S and its first
and second derivatives on the whole particular interval. First, we write the
representation (2.2) with obvious notations A and B in the form

g, A A- (@) - 5)B

Then using S; = 7; and Taylor expansions at &;

]’L4
Si=yi — ¥t o(h*)

h 7! rh y;// hA 3 ZLIV hy 4 h4 4
— i+ iy + 5 (3) 5 (5) 50 (5) — gt o),
A .
Sic1 = Yi—1 — 1281/% 1+o(h%)
Y R A A N A A S s
=%i—Ugt 2 (2) 6 (2) Y (2) 1ag Vi T oh);

y/_// gIV
y(x) = §; + gith + 4% (th) é (th)® + 5—4(th)4 + o(ht)

in the fractional term, we arrive at the expansion for x € [z;_1, x;]

Sta) = () + L (g - 5180
t ;" (@)°
+Eh4(—(1+2t2) +ERE —6(1—15)(%) )+o(h4) (3.11)

with z = & + th, t € [-1/2,1/2]. Clearly, the expansion (3.11) at = x; or
t =1/2 coincides with (3.10). From (2.3), proceeding similarly, we get

/ ./ 1—12¢ 2 (o511 _ (ggl)Q
§'(e) = v/ (w) + 5 —h® (20— 3 )

i

w

t =1 =11 *{/
- ﬂhi”((l FayglV — 62T 4 61— 212) (5

7 (gg)Q) +o(h?), (3.12)
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and, finally, from (2.4)

1" o 111 3y//2
§"(2) =y"(@) + th( — 5" + 5 : )

h2 y//y/// ( //)3
+57( = Q#1235 + 6% —6(1 - 6¢?
i~ (1T 6 =60 6 s
where, as before, x =& +th, t € [-1/2,1/2].
Similar reasoning allows us to establish the expansions (3.10)—(3.13) in the
case of boundary conditions (2.8) provided we pose them in the form

7) +o(h?), (3.13)

S'(a) = y'(a) — % (yw (a) — ;(y"/((z))) ) +o(h?), (3.14)
2 1"’ /
S0 =/ - 15 ("0 - LI o),

We have proved the following theorem.

Theorem 1. Let y be a strictly monotone function and y € C*[a,b]. Then the
linear/linear rational spline S of smoothness class C' satisfying interpolation
conditions (2.6) and boundary conditions (3.9) or (3.14) expands like (3.10)-
(3.13).

Remark 1. If y'V € Lip «, 0 < a < 1, then in previous formulae all the error
terms written as o(h*) for some k could be replaced by O(h*+<).

Basing on expansions (3.11)—(3.13) it is now immediate consequence to ob-
tain superconvergence assertions. From (3.11) we get S(x;) = y(z;) + O(h%),
i=0,...,n, (3.12) yields S'(z) = y'(z) + O(h®) in points = = &; + th, corre-
sponding to t = ++/3/6, and (3.13) gives S”(&) =y (&) +O(h?),i=1,...,n

Similar expansions for quadratic spline interpolants were known earlier.
They are given, e.g., in [4] in a slightly different form

t(l_t)(l_Qt) h3 " (I_Qt)2(1 + 4t — 4t2) h4 A%

Sta)=y(r)- T sy () L2 vV (@) kol
(@) = /(@) — OO gy DU 20 vy o)
5" (2) =" (2) + 5o by (@) — T B2y Y (@) + o),

xr e [.131‘_1,.131‘], r=ux,_1+th, tE€ [O, 1].

We can check directly that here the superconvergence takes place at the same
points as for linear/linear rational spline interpolants.

4 Numerical Examples

We interpolated the function y(z) = 272 on the interval [—2,—0.2] and the
function y(x) = sinx on the interval [—1.5,1.5] by linear/linear rational spline

Math. Model. Anal., 15(4):447-455, 2010.
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S as described in Section 2. The boundary conditions (2.7) with

3 1 3 1
= —pt= = —pt=
MYt G e 2T T e
for the function y(z) = =2 and
3 4 sinxg 3 4 sinz,
o = —h——, Q= —h——
1=%+ 128" cos?zy C Un 128" o2 Tn

for the function y(x) = sinz were used.

Table 1. Numerical results for y(z) = 272, &5, = S(2;) —y(2:), i = 1,2, 3.

z1 = —1.55 20 = —1.1 z3 = —0.65
n En €2n/en En €2n/en en €2n/en
16 5.383-10"7 4.189-10—6 9.697 - 10~°
32 3.379-107%  15.931 2.641-107  15.861 6.170-10"%  15.716
64 2.110-1079 15.984 1.654 -10~8 15.967 3.880-107  15.984
128  1.322-10710 15991 1.035 - 109 15.981 2.429-1078%  15.978
256  8.262-10712  16.001 6.467 - 10711 16.004 1.519-1079  15.991

Table 2. Numerical results for y(z) =sinz, e, = S(z;) —y(zi), i = 1,2.

z1 = —0.75 2o = 0.75
n en €2n/en En €2n/en
16 —5.496 - 102 5.496 - 10~°
32 —2.272 1076 24.19 2.272-10-6 24.19
64 —1.435-10"7 15.833 1.435-107 15.833
128 —8.996 - 109 15.952 8.996 - 10~? 15.952
256 —5.626 - 10—10 15.990 5.626 - 10~ 10 15.990

Table 3. Numerical results for y(z) = 272, &/ = S"(2;) —vy" (2:), i =1, 2.

ot ot
16 —2.602-103 —4.789-1073
32 —7.639-104 3.406 —4.037-1073 4.618
64 —1.066 - 104 3.697 —2.408 - 104 4.306
128 —5.370 - 10—° 3.847 —5.798 - 10> 4.153
256 —1.369-10~° 3.923 —1.422-107° 4.077

The "tridiagonal" nonlinear system to determine the values of S; was solved
by Newton’s method and the iterations were stopped at ||S¥ — SF~1| <
10~1°, S* being the sequence of approximations to the vector S = (Sp, ..., S,).
The errors e, = S(z;) — y(z:) and € = S"(z;) — y”(z;) were calculated in
certain superconvergence points z;. Results of numerical tests are presented in
Tables 1-3.
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