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1 Introduction

The Fuéik equation
" = —prt 4+ o (1.1)

is a simple formally nonlinear equation with piece-wise linear right hand side.
It was intensively investigated together with various boundary conditions (|6,
7, 10]), for instance, with the Dirichlet boundary conditions

2(0) =0, z(1)=0. (1.2)

A set of (u,A) such that the problem has nontrivial solutions is called the
Fucik spectrum. The problem (1.1), (1.2) generalizes classical spectral problems
with one parameter and reduces to the classical problem if g = A. The Fucik
spectrum is a two-dimensional set which may have interesting properties. The
Fucik spectrum for the problem (1.1), (1.2) is well known and consists of infinite
set of curves (branches) which can be obtained analytically and graphically.
The Fucik spectra for the Dirichlet and Neumann problems are similar, but the
spectrum in the case of one (or two) of boundary conditions being in integral
form differs essentially. It was studied in the work of the author ([11]) and
both analytical and graphical description was given in the case of boundary
conditions

z(0) =0, x(s)ds = 0. (1.3)
/
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In this work we study more complicated case

z(0) =0, z(1) = v/x(s)ds, v €R. (1.4)
0

which includes both the conditions (1.2) and (1.3). We give description of the
spectrum for various -y and discover new properties of the spectrum.

The paper is organized as follows. In Section 2 we give results on the
spectrum for the well known Fucik problem (1.1), (1.2). We give the basic
notations also. In Section 3 we present the results on the spectrum for the Fucik
type problem (1.1), (1.4). Our goal is to study the spectrum of the problem
(1.1), (1.4). The properties of the spectrum for different values of v are given
in Section 4. In Section 5 we consider more general problem and describe some
properties of the spectrum. This study is based on some previous works. The
first one is the author’s work [11], where the spectrum of the equation (1.1)
together with the integral condition (1.3) was considered and some properties of
the spectrum were presented. Some branches of the spectrum for the problem
(1.1), (1.4) consist of several components similarly to the spectrum for the
problem (1.1), (1.3). We also use papers [3, 8, 9], where the eigenvalue problem
for one-dimentional differential operator

2" + \x =0, (1.5)

together with integral conditions (1.4) was considered. Notice that the prob-
lem (1.1), (1.4) generalizes classical spectral problems with one parameter and
reduces to the problem (1.5) if 4 = A\. We note that nonlocal boundary condi-
tions (including integral conditions) are formulated for many applied problems,
see e.g. [1, 2], where also numerical algorithms for solution of such problems
are proposed and investigated.

2 The Basic Statements

Consider the classical Fuéik problem (1.1), (1.2). First, we describe the decom-
position of the spectrum into branches F;" and F, (i =0,1,2,...).

Proposition 1. The Fucik spectrum consists of the set of the curves Ff =
{(u, N)] 2'(0) > 0}, the nontrivial solution of the problem (1.1), (1.2) z(t) has
exactly i zeroes in (0,1); F, = {(u, A)| 2/(0) < 0}, the nontrivial solution of
the problem (1.1), (1.2) x(t) has exactly i zeroes in (0,1).

Theorem 1. [5] The Fucik spectrum for the problem (1.1), (1.2) consists of the
branches given by

FF={ N} Fo={w)},

F2er‘—1 = {(N, A)
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The first five pairs of branches of the spectrum to the problem (1.1), (1.2) are
depicted in Figure 1.

—-100

~100+

Figure 1. The spectrum for the problem (1.1), (1.2).

3 The Spectrum of the Problem

Now counsider the problem (1.1), (1.4). The expressions for the branches of the
spectrum for this problem are given in the next theorem. The meaning of the
notation of the spectrum branches is the same as earlier.

+oo
Theorem 2. The spectrum 3. = |J F* for the problem (1.1), (1.4) consists
=0

of the branches (if these branches exist for corresponding value of v) given by
(where i =1,2,...)

. hy/—p—1
F+={u,/\‘ sinh y/— :(3057%M<0;
0 =1 A) Vv =
1—
w=0; Sin\/_ZM
Vi
r = UrnUns

cos(V X — /27 in(VX — /27
FﬂZ{(u,A)‘ %W—E%W ( AA \/;)Jrs ( Aﬁ\/:)z&

%0<u§7r2},

A

5 T T
n>mt, — 21},

R
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Ffo :{(Hv)‘)’ ('Y— 2)/L+2(7T—7T’y)\/ﬁ—|—7r2”y—4'y =0,

w>m A= 0},
. 9 cosh(v/ =\ —ﬁw) sinh(v/=X— —%w)
Fi_ :{(Na)‘)‘ EV—XV-M \ + 7= =0,
p>ml A< 0}

2i+1 2i cos(y/p — / 5mi + i)
F;;:{(Na)\)‘ TR Ve L/:

sin(y/r — /5mi + i) 0

NG \/_+ZT <1, (i+1)—+i

F2z+1_{(.u7)\)’ T 5

sm\/— A 1)+ m(i+1))

t

(i + 1)ﬁ Fl+1)= > 1},

Fr={n|oum e

Proof. The proof of this theorem is similar to the proof given in the work
[11] for the case of (p, A) being in the first quadrant. We will restrict to some
comments. First of all, we obtain the expressions for FOJr . Let’s suppose that
the solution without zeroes in the interval (0, 1) exists and z’(0) > 0. In this
case we obtain that problem (1.1), (1.4) reduces to the eigenvalue problem. The
solution of the problem must satisfy the condition (1.4), thus the expression
for F(;r for positive p values is obtained. Analogously we do analysis for non-
positive p values.

The idea of the proof for other branches is similar. We consider the eigen-
value problems in the intervals between two consecutive zeroes of the solution
and use the conditions of the solutions for these problems. For example we
will prove this theorem for 4 > 7%, A < 0 (this means that (u,\) are in the
fourth quadrant). Suppose that (1, \) € F;~ and let z(t) be the corresponding
nontrivial solution of the problem (1.1), (1.4). The solution has only one zero
n (0,1) and 2/(0) > 0. Let this zero be denoted by 7. Consider a solution
of the problem (1.1), (1.4) first in the interval (0,7) and then in the interval
(1,1). We obtain that the problem (1.1), (1.4) in these intervals reduces to
the linear eigenvalue problems. So in the interval (0,7) we have the problem
a' = —px with boundary conditions x(0) = z(7) = 0. In the interval (7,1) we
have the problem z” = —Az (A < 0) with boundary condition x(7) = 0, notice
that 2/(7) < 0. Let the value of —X be denoted by 4.
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In view of (1.4) a solution of the problem (1.1), (1.4) x(¢) must satisfy the

condition . .
x(1)=7(/0 x(s)ds—i—/T r(s) ds).

Since x(t) = Asin,/ut for A > 0 (this relation holds only for ¢t € (0,7)) we
obtain that

= \/_ (\F — VA, / . (3.1)

Now we consider a solution of the equation 2" = dx in (7,1). This solution is

z(t) = Cy exp(V/6t) + Cz exp(—V/6t). From x’(%) = —A/1, we obtain

x(t) = —A\/;smh(\/é_ - \/gw), z(1) = —A\/gsinh (\/_— \/%w) (3.2)

The integral value is the following

/Tl x(s)ds = A% (1 — cosh(V6 — \/%W)) (3.3)

From (3.1), (3.2), (3.3) we obtain

—A\/;smh(\/g—\/g )—'y(\/_ A\/_(l—cosh(\/_ " )))

Multiplying both sides by 1/(A./n) and replacing § by —A, we obtain the
expression for F;" . O

4 The Properties of the Spectrum

Lemma 1. The branch Foi of the spectrum for the problem (1.1), (1.4) exists
only for v > 0.

Proof. Let us consider v < 0. It is clear that sign fo s)ds # signz’(0) for
these values of . Therefore the branches FjE do not ex1st for such ~ values.
Now we consider v = 0. The spectrum for the problem (1.1), (1.4) is the
classical Fucik spectrum with the branches Foi. Let’s consider the positive
values of v and 2/(0) > 0. Now we consider the expression for F;~ for positive
values of

sin /= (1 — cos /i) / /1t (4.1)

Rewrite the equation (4.1) in the form

Viftan Y = o, (4.2)

Math. Model. Anal., 15(1):113-126, 2010.
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Consider the left side of the equation (4.2) as a function. The range of values
of this function is the interval [0,2). Now we consider the expression for Fy
for negative values of p and rewrite it in the form

v/ —p/tanh ~ Z_N =1. (4.3)
The studies of the equation (4.3) show that it is solvable only for v > 2. For
v = 2 we obtain that © = 0 is the branch F(;r of the spectrum. Therefore the
branch F(;r exists only for v > 0. The proof for Fj is similar. 0O

Remark 1. The unique solution of the equation (4.1) where 0 < p < 72 forms
the straight line parallel to the X - axis (analogously the solution of the equation
(4.3) for ;1 < 0). This straight line is the branch Fj.

Lemma 2. The spectrum of the problem (1.1), (1.4) is not restricted to the
first quadrant except for the value v = 2. For this value the spectrum is entirely
in the first quadrant, the azes p =0 and A = 0 included.

Proof. 1t follows from Lemma 1 that for 0 < v < 2 the branches Foi can
be continued in the second and the fourth quadrants analogously as for the
spectrum of the problem (1.1), (1.2) (see [5]), for v > 2 the branches Fi© are in
the second, the third and the fourth quadrants, but for v = 2 the branches FOjE
are the axes y = 0 and A = 0. For v < 0 and ~ > 2 the branches Fli consist of
three parts and form the continuous curves. These branches are located in the
first, in the second and in the fourth quadrants. Let us consider the expression

for Ff;
9 1 cos(V A — \/gw) sin(vV/\ — \/gw)

Consider the right side of equation (4.4). Let A tends to 0. Using L’Hospital’s
rule, we obtain

A . i
o (\/X_\/;ﬁ) _ 17__2(1_L)2hmw__1(1_l)2
A 2 VI A=0 \/X(l—ﬁ) 2 '
Now consider the last part of the equation (4.4). Let A tends to 0.

lim sin(vVA — /A ) kS

=1- .
A—0 \/X \/,L_L

It follows that for A tends to 0 the equation (4.4) tends to the next equation

lim
A—0

T \2 m
1-—)+1-—=o.
v NG

Multiplying the equation (4.4) with (—2u), we obtain

(Y=2)u+2(r —my) i+ my—4y =0 (4.5)

2 _1(
n 2
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or the expression for F/ 1+ o- Using similar ideas we obtain the equation (4.5) for
F" if A — 0. The investigation of (4.5) as quadratic equation for k = /i with
parameter v shows that solutions of this equation exist for any real v values,
but these solutions satisfy the condition y > 72 only for v < 0 and v > 2. This
proves the lemma. 0O

Lemma 3. There are the points of (i, \) — plane, which are fized for any values
of v. For any values of 7, except v = 0, the odd—numbered and the even—
numbered branches are separated by the ((2i7r)2, (2i7r)2), but the even—numbered
and the odd—numbered branches are separated by the points

B0 By = (Vili+ D) +020% (Vi + 1) + i+ 1)),
Fy 0 Fyey = (Vi D) + i+ D20, (ViG+ 1) + )2,
where i =1,2,....

Proof. It is clear that the odd-numbered branches and the even—numbered
ones (and vice versa also) intersect at the points in which the problem (1.1),
(1.4) reduces to the problem (1.1), (1.3). It follows that these points are the
same as for the problem (1.1), (1.3) (see [11]). O

Remark 2. Tt was observed in [3, 9] that some points of the spectrum for prob-
lems (1.5), (1.4) are fixed for any value of 7. These points were called constant
eigenvalues points. The similar fixed points exist both on and aside the bisectix
for the problem (1.1), (1.4) (they are depicted by large points in Figures 2, 3,
4).

Lemma 4. The spectrum of the problem (1.1), (1.4) for v — 0 is similar to the
classical Fucik spectrum, but all pairs of the spectrum branches do not coincide.
The spectrum of the problem (1.1), (1.4) for v — 400 tends to the spectrum of
the problem (1.1), (1.3).

First let v — 0. Consider the second condition of (1.4). We obtain

z(1) = lim *y/o x(s)ds =0

y—0

or the conditions (1.2) for the classical Fu¢ik problem.

Proof. Now let us consider v — £00. We rewrite the integral condition of the
problem (1.1), (1.4) in the form

we can do it because v # 0. The left side tends to zero and the integral
condition tends to that in (1.3). O

Math. Model. Anal., 15(1):113-126, 2010.
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Figure 2. The spectrum for the problem (1.1), (1.4) for different ~ values.

Next two theorems are direct consequences of Lemmas.

Theorem 3. The following properties of the spectrum for the problem (1.1),
(1.4) for 0 <~ < 2 hold:

1. The branches Foi of the spectrum for the problem (1.1), (1.4) ewist.

2. All the branches of the spectrum are in the first quadrant (except Foi,
which are the straight lines and may be continued in the second and fourth
quadrants).

3. The spectrum of the problem (1.1), (1.4) for v = 0 is the spectrum of the
problem (1.1), (1.2). The odd branches of the spectrum (Fyt and Fy, Fy
and F3 etc.) coincide, the even ones don’t coincide.

4. The spectrum of the problem (1.1), (1.4) is symmetric to the bisectriz of
the first and the third quadrants;
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Figure 3. The spectrum for the problem (1.1), (1.4) for different ~ values.

5. The spectrum of the problem (1.1), (1.4) for v — 0 is similar to the spec-
trum of the problem (1.1), (1.2), but all pairs of branches of the spectrum
do not coincide (in contrast to the case of classical Fudik spectrum).

Several first branches of the spectrum to the problem (1.1), (1.4) for 0 < v <
2 are depicted in Figure 2, the dashed curves is the spectrum for the problem
(1.1), (1.2), the red ones - F;" branches, the blue curves - F;~ branches of the
spectrum for the problem (1.1), (1.4).

Theorem 4. The following properties of the spectrum for the problem (1.1),
(1.4) for v € (—00,0) U [2;400) hold:

1. The branches FOjE of the spectrum for the problem (1.1), (1.4) exist only
for v € [2; +00).

2. The branch F; of the spectrum for the problem (1.1), (1.4) (for v €

Math. Model. Anal., 15(1):113-126, 2010.
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[2; 4+00) ) is the asymptote for the branch Fy , the branch F; is the asymp-
tote for the branch F".
+o00 oo
3. The union of the positive branches | F;r and the negative ones |J F;

i=1 =1
form the continuous curves.

4. The branches of the spectrum are located in all the (u, \) plane, except
v = 2. For v = 2 the spectrum is located in the first quadrant included
the axes.

5. The spectrum of the problem (1.1), (1.4) is symmetric with respect to the
bisectriz;

6. The spectrum of the problem (1.1), (1.4) for v — +oo tends to the spec-
trum of the problem (1.1), (1.3).

Several first branches of the spectrum to the problem (1.1), (1.4) for different
v € (—00,0)U[2; 400) are depicted in Figures 3, 4. As earlier the dashed curves
are the spectrum for the problem (1.1), (1.2), the red ones - F;" branches, the
blue curves - F; branches of the spectrum for the problem (1.1), (1.4).

Remark 3. The spectrum of the problem (1.1), (1.4) for v = 2 is in the first
quadrant and the axes also belong the spectrum. For v = 20 and v = 100 the
branches FOjE exist also, but they are far away from the axes (see Figure 4).

Remark 4. In the work [11] the Fuc¢ik equation was considered together with
the conditions

1
z(0) =0, (1-a)z(l)+ 04/0 z(s)ds =0, «a€][0,1] (4.6)

and some properties of the spectrum were described. The problem (1.1), (4.6)
is a particular case of the problem (1.1), (1.4). Indeed, rewrite the second
condition of the (4.6) (for o # 1) in the form

«

(1) = — - jz(s)ds.
0

o
a—1

Denote by ~. It follows that v € (—o0, 0].
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v =100

Figure 4. The spectrum for the problem (1.1), (1.4) for different v values.

Math. Model. Anal., 15(1):113-126, 2010.
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5 More General Problem
Now we consider the Fuéik equation
—z" = paxt — Nz, (5.1)

together with nonlocal boundary conditions

1 1
x(0) :71/0 x(s)ds, (1) 272/0 x(s)ds, 1,7 €R. (5.2)

The analog of this problem for one-dimensional differential operator was con-
sidered in [3, 8, 9].

Lemma 5. The branch Foi of the spectrum for the problem (5.1), (5.2) ewists
only for v1 + v2 > 0.

Proof. 'We consider the solutions of the problem (5.1), (5.2) without zeroes
in the interval (0;1) ((1,\) € F§°). Let’s consider the case z(t) > 0. We
obtain that the problem reduces to the eigenvalue problem. It is clear that
@ € (—o0,7?). The solution of the problem (5.1), (5.2) for u € (0,72) is

x(t) = Asin(y/ut + ) = Asin(y/u(t + 7)),

where 0 < 7 < % —1). It follows from the boundary conditions that

\/_sm\/—T—Qvlsm‘Fsm(‘f—i—\/—T)
\/ﬁsm(\/——l-\/—r)—272s1n‘/_s1n(‘/_+\/_7')

The last system of equations yields

VH/tan £—71 + 2. (5.3)

Similarly as for the equation (4.1) the equation (5.3) has the solutions only for
0<m+7<2

The solution of the problem (5.1), (5.2) for p = 0 is z(t) = A+ Bt. We
obtain from the boundary conditions that if 77 + v = 2 then p = 0 is an
eigenvalue the corresponding eigenvalue problem.

The solution of the problem (5.1), (5.2) for p < 0 is z(t) = Asinh(y/—pt +

¢) = Asinh(y/=u(t + 7)) (where 7 > 0). It follows from the boundary condi-

tions that

V/—p/tanh \/;_H =7+ 72 (5.4)

Similarly as for the equation (4.3) the equation (5.4) has the solutions only for
Y1+ >2. 0

Lemma 6. The spectrum of the problem (5.1), (5.2) for v1 — 0 and v2 — 0
tends to the spectrum of the classical Fuéik problem (1.1), (1.2).
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Proof.  Consider ;3 — 0 and 2 — 0. It is clear that the conditions (5.2) tend
to the conditions of the problem (1.1), (1.2). O

Lemma 7. The spectrum of the problem (5.1), (5.2) for v1 = a (a - fized
number) and v2 — +o0o tends to the spectrum of the problem (1.1), (1.3).

Proof. Consider v — £00. Let us write the second integral condition of the
problem (5.1), (5.2) in the form z(1)/y2 = fol x(s) ds. It follows that

/1 x(s)ds = 0. (5.5)
0

Therefore the first condition of the problem (5.1), (5.2) reduces to the

1
z(0) = 71/0 x(s)ds = 0. (5.6)

It is clear that the conditions (5.6), (5.5) are the conditions of the problem
(1.1), (1.3). O

Lemma 8. The spectrum of the problem (5.1), (5.2) for y1 — +0o and v = b
(b is a fized number) then the spectrum tends to the spectrum of the problem

—a" = pxt — Az, (5.7)

z(1) =0, /0 x(s)ds = 0. (5.8)

The proof is similar to the proof of Lemma (7).

Remark 5. The spectrum of the problem (5.7), (5.8) coincides with the spec-
trum of the problem (1.1), (1.3).

The proof of this fact is clear. Let us change the variable in the problem
(5.7), (5.8) as follows X (1) = (1 — t). Then we obtain

X' — dX(r) _de(l—7)  de(l—7)  da(t) _ o
- dr dr - d(l-7)  dt ’

X d’X  d dX(r) d dx(t) d dx(t) dt  d*xz(t) .
= = — = _— = —_—— = =T

dr2  dr dr  dr dt dt dt dr  dt2

or we have
—X"=pXT - AX",

X(0)=2(1) =0, /0 X(s)ds = 0.
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