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Abstract. In order to find approximate solutions of Volterra and Fredholm integro-
differential equations by collocation methods it is necessary to compute certain in-
tegrals that determine the required algebraic systems. Those integrals usually can
not be computed exactly and if the kernels of the integral operators are not smooth,
simple quadrature formula approximations of the integrals do not preserve the con-
vergence rate of the collocation method. In the present paper fully discrete analogs of
collocation methods where non-smooth integrals are replaced by appropriate quadra-
ture formulas approximations, are considered and corresponding error estimates are
derived. Presented numerical examples display that theoretical results are in a good
accordance with the actual convergence rates of the proposed algorithms.
Keywords: weakly singular integro-differential equation; collocation method; fully
discrete collocation method; graded grid.
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1 Introduction

In the present paper we study the convergence behaviour of fully discrete
analogs of collocation methods for the numerical solution of initial or boundary
value problems of the form

Z o +Z/K (s)ds+ f(t), 0<t<b, (L1)

1=0
> [aub=D(0) + Byul @) =0, i=1,...,n, (1.2)
j=1
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where n € N = {1,2,...}, a;5,8;; € R = (—o00,00) (¢, = 1,...,n) and
ai, f :[0,0] = R (z = 0,1,...,n — 1) are some continuous functions. The
kernels K; (i =0,...,n) are assumed to be m times continuously differentiable
with respect to s on the set

A={(t,s): 0<t<b, 0<s<h, t+#s} (1.3)

and they satisfy on this set for 7 = 0,1,...,m the estimates

1 if j<-—v,

Kt

% <ec 1—|—‘10g|t‘—s|| if j=-v, (1.4)
[t —s|7v 7 it j>-v,

where c is a positive constant, —oco < v < 1 and m € N. For example, the
kernels in the form

Ki(t,s) = Ki71(t,s)|t — S|_ai + Ki)g(t, 8), 1=0,...,n,

satisfy this conditions if ; < v and K;, (1 = 0,...,n, p = 1,2) are some
m times continuously differentiable with respect to s functions on the square
[0,0] x [0,0]. If all kernels are identically equal to 0 above the diagonal ¢ = s
(i.e. K;(t,s)=0fors>tandforalliec {0,1,...,n}), then we have a Volterra
integro-differential equation, otherwise we have a Fredholm integro-differential
equation. In case of a Volterra integro-differential equation it is sufficient to
require that the functions K; , (i =0,...,n, p = 1,2) are m times continuously
differentiable with respect to s on the triangle {(¢,s) : 0 <s <t <b}. The
problems of the form (1.1), (1.2) arise in many applications (see, e.g., [1, 3] and
references therein).

We use a reformulation of the problem (1.1), (1.2) and introduce a new
unknown function v = u(™). We assume that from all solutions of the linear
homogeneous differential equation u(™ = 0 only u = 0 satisfies the conditions
(1.2), which is equivalent to the invertibility of the matrix Z with the elements

J

, J=D .
:(j_l)'aw—’—kzéj_ki'b] kﬁika Z7.7:17"'7/”'
=1

Then the nonhomogeneous equation
ulM(t) = v(t), tel0,b], veL>(0,b),

with boundary conditions (1.2), has a unique solution u(t) = (Jv)(t), t € [0, b,
where the operator J has a representation

(Jo)(t) = /0 (t(;_s>1 ds+zqtz 1

Here the vector ¢ = (c1,...,¢,)" is defined by ¢ = —Z~1¥d, where ¥ = (5; ;)
and the components of the vector d = (dy,...,d,) are given by

P= bi(b_s)n_jvs s ) = n
dj—/o ) (s)ds, j=1,...,n.
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We also define the following operators:
(Jiv)(t) = (Jv)D(t), te€[0,b),i=0,...,n. (1.5)

We see that J,v = v and J; (¢ = 0,...,n — 1) are bounded linear operators
from L°°(0,b) into C[0,b] and that for piecewise polynomial functions v the
functions J;v can be computed exactly.

Using (™ = v and (1.5), the problem (1.1), (1.2) may be rewritten as a
linear operator equation of the second kind with respect to v:

v=Tv+ f,
where
T:A+iBi‘Ii) (1.6)
1=0
n—1 b
(Av)()= 3 a:lt)(Jw)(0), (Biw)()= /O K, s)w(s)ds, te(0,8]. (L.7)
1=0

A popular class of methods for solution of weakly singular integro-differential
equations is the class of piecewise polynomial collocation methods using nonuni-
form grids (see, e.g., [1, 2, 3, 7, 8, 12]). In order to apply these methods it is
necessary to compute certain integrals that determine the linear systems to be
solved. Unfortunately those integrals usually cannot be computed exactly and
even when analytic formulas exist, their straightforward application may be
numerically unstable in the case of highly nonuniform grids (see [5]). There-
fore it is of great practical and theoretical interest to consider methods (so
called fully discrete methods), where the integrals are computed by quadrature
formulas. If the kernels of the integral operators are not smooth, then it is
not easy to define a quadrature approximation to the system integrals so that
the order of convergence of the original collocation method is preserved. One
way of coping with this difficulty is to use for approximating the integral op-
erators additional graded grids that take into account the singularities of the
kernels. Such methods for solution of weakly singular integral equations are
proposed and investigated in [4, 6, 11]. In the present paper we propose fully
discrete analogs of collocation methods to solve integro-differential equations
with weakly singular kernels. Here we use results from [6].

In Section 2 of the present paper we introduce an algorithm of a colloca-
tion method for solving (1.1), (1.2). In Section 3 we construct a fully discrete
analog of this algorithm and in Section 4 derive estimates for the difference
of approximations obtained by the exact collocation method and by the fully
discrete collocation method (Theorem 1). Theorem 1 together with the con-
vergence rate estimates for the exact collocation methods enable us to estimate
the errors of the approximations computed by the fully discrete collocation
method. In the last section the obtained theoretical results are verified by
some numerical experiments.

Math. Model. Anal., 15(1):69-82, 2010.
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2 Collocation Method

For a given N € Nlet IIy = {to,...,tn : 0 =ty <t1 < ... <ty =b} be a
partition (a grid) of the interval [0,b] (for the ease of notation we suppress the
index N of t; = tg-N) indicating the dependence of grid points on N).

For given integers m > 0 and —1 < d < m — 1, let Sr(g)(HN) be the spline
space of piecewise polynomial functions on the grid I1y:

SO(IIy)={veCc0,b]:v|, , €mmj=1....N}),0<d<m-1,
m [ti-1,t5]

-1 . —
SGVUIy) = {v: Ve, yuy €Tmii=1,...,N}.

Here 7,,, denotes the set of polynomials of degree not exceeding m and v‘ (t5_1.t)
J—1»%g

is the restriction of v : [0,b] — R onto the subinterval (t;_1,t;). Note that the
elements of Sf{ 1)(]7 ~) may have jump discontinuities at the interior points
t1,...,tn—1 of the grid Ily.
We define m > 1 collocation points in every subinterval [t;_1,t;] (j =
1,...,N) by
tik =1tj-1 +’I7k(tj—tj_1), k=1,...,m, (21)

where 71 ..., 1, are some fixed parameters which do not depend on j and N
and satisfy 0 <my <mo < ... <1y < 1.

We look for an approximate solution uy of the problem (1.1), (1.2) in the
form upn(t) = (Jovn)(t), where vy € S,(n:l%(HN) (m, N € N) is determined by
the following collocation conditions:

UN(tjk) = (TUN)(tjk)+f(tjk), k= 1,...,m, j: 1,...,N. (22)

Here Jy and T are defined by (1.5) and (1.6), respectively. If n; = 0, then
by vn(tj1) we denote the right limit lims s, | ¢>¢, , vn(t), if 9 = 1, then
UN(tjm) denotes the left limit lim; ¢, ¢+<¢, vn(t). The convergence of such
collocation method for solving (1.1), (1.2) is investigated in [8]. In order to
obtain a high-order convergence a special graded grid reflecting the possible
singular behavior of the solution is used.

3 A Fully Discrete Collocation Method

For determining vy from (2.2) it is necessary to compute integrals which usually
cannot be computed exactly. In order to discretize the integrals in (2.2) we
introduce a set of points Xy = {s; : j =—M,..., M} where
i\"
SJ_b(M) ,j:O,l,...,M, Sj:—S,j,j:—M,...,—l, (31)

M > 1 is a natural number and r; > 1 is a real number that determines the
nonuniformity of X', at zero. Basically, this grid, shifted to be centered at the

current value of ¢, is the grid on which we can approximate our integrals with
nonsmooth kernels well. But since our integrands may have discontinuities at
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the points in IIy, we refine the integration grid with respect to those points.
More precisely, for given ¢ € [0,b] we divide the interval [0, b] into subintervals
with the points

Xy = (IIn U (t+ X)) N[0, ],

where t + Xy = {t + s : s € Xy}, Let us number the points in X; in the
increasing order, i.e., X; = {x,: p=0,1,...,p1}, where

O=29 <o <---<xp, =0

Additionally, we choose a quadrature formula

q=1

/ g(r)dr ~ 3w, g(€y) (3.2)
0

with knots 0 < & < -+ < &y, <1 and weights w,...,wn,. We denote

Tpqg = Tp—1 +§q(xp _xp—l)u q= 17"'7m17 p= 17"'7p17
and approximate the integrals (B;w)(t) (see (1.7)) for ¢ € [0,0] by
P
> (Bipw)(t) if vr<0,

B;w = p=1 - - 3.3
( v > (Bpw)(t) + > (Bpw)(t) ifv>0, (3:3)

p:0<z,<t—s1 pitt+s1<xp<b

where v < 1 as (1.4) and

(Bl-pw)(t) (xp — xp—1 qu i(t, Tpg)w(xpg), p=1,...,p1, 1=0,...,n.
(3.4)
Our fully discrete collocation method is as follows: we look for an approximate

solution @y of (1.1), (1.2) in the form ux = Jyon where vy € S 1(HN) is
determined by the conditions

'[)N(tjk):(A’[)N)(th)+ Z(szzﬁN)(th)—i_f(tjk)v k::l, ceey MM, .]:15 ooy N
=0

~ (3.5)
Here J;, A, B; and t;;, are defined by (1.5), (1.7), (3.4) and (2.1), respectively.
Recall that for piecewise polynomial functions vy the values of the functions
Jivy can be computed exactly.

4 Convergence of the Fully Discrete Collocation Method

We obtain the following estimates for the errors of the quadrature approxima-
tions B; of the integral operators B;.

Math. Model. Anal., 15(1):69-82, 2010.
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Lemma 1. Assume that for some k € N and for a fixed t € [0,b] we have
w € S’,(;ll)(Xt) ={w: w‘[mpith] Em—1, p=1,....p1}, t €[0,b].

Assume also that the quadrature formula (3.2) is exact for all polynomials of

degree p where yu >k — 1 and that the kernels K;, (i =0,...,n) are p — k + 2

times continuously differentiable with respect to s on the set A (see (1.3)) and

satisfy on this set for j =0,..., 1 —k + 2 the estimates (1.4) with v < 1.
Then, for r1 > 1 as (3.1) and for i =0,...,n, we have

|(Biw)(t) — (Biw) ()] < cllwlloonr(p =k +2,0,m1), t€[0,8],  (4.1)

where ¢ does not depend on t, M, N and the form of Ilx, the function {25 is
defined by

M-r(=v) it 1<r<:%, —v¢Ny,
M= (14 logM) if r< -2, VENO,

m(B,v,r) = e . 1ﬁu (4.2)
M=P(1+log M) if r=1%,
M—F it >

No = NU {0} and B; and B; are defined by (1.7) and (3.3), respectively.
Proof. Let us examine the case 0 < v < 1. Then we have for fixed i €
{0,...,n} and ¢ € [0, D]
min{b,t+s1}
|(Biw)(t) — (Byw)(1)] < A1 (t) + Aa(t) + [[w] o / |Ki(t,s)[ds, (4.3)

max{0,t—s1}

where

A= Y 15BM Mbm)= Y 150, (4.4)

p:0<z,<t—s; pit+s1<xp<b
/ Ki(t, s)w(s) ds — Biy(t)

and (Bj,)(t) is defined by (3.4). Since the quadrature formula (3.2) is exact for
all polynomials of degree p and w is on each interval [xp,_1,z,], p=1,...,p1,
a polynomial of degree k — 1, we have for all polynomials ¢ of degree pn — k + 1

5t = [ 7Kt 5)—(s)]w(s) ds

p—1

—(xp — p—1 qu i(t, 2pg) — O(wpg) | w(wpqg) ds, t € [0,0].

Thus for any such polynomial we get an estimate

10,(8)] < cllw|loo(mp — xp—1) sup  |K;(t,s) —¢(s)], te€[0,b], (4.5)

s€(xp—1,7p)
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where c is a positive constant not depending on ¢ and p. For values p such that
t+s1 <z, <bwe use

"E L DKt s)

D5 —s (s —ap), s € [zp-1,2p),
—%p

o(s) =

i
i=0 I
which, together with the well-known estimate for Taylor expansion

8#7k+2Ki (tv S)
Osh—k+2

|s — xp|'uik+2
——— sup
(ﬂ_k+2)! Tp1<0<Ty

[Ki(t,s) = ¢(s)] <

and the estimates (4.5) and (1.4) with j = p—k+2> 1> —v gives us

16,(8)] < crllwlloo(@p — Tp_1)P K2 sup |t — o] VEHE2,
Tp-1<0<xTp

where ¢; does not depend on p and ¢ € [0, b].
For As(t) defined by (4.4) we obtain for ¢ € [0, b]

M—1 M_1

—v—ptk—2 —k
Ms(t)=) S G®I<elwlo Y s TR (50 —s )R

J=1 ptts;<wzy i=1
<t+sj11
Since
. 1 . ri—1
br +1 .
S5 = (%) ) 0<Sj+1_5j—ﬁl<]M> ;o J=1..., M,

we get for ¢ € [0, D]

Aq(t) < er||w]so Mz_l [(%)n} —v—ptk—2 [% (%)Tl*l}#—k+3

j=1

M-1
< eaffulloc M 0T Yy Tk
j=1

—k+2
Mri(l-v) if < u7
1—v
—k+2
< csllwloe & MTHFE2(1 4 log M) if 7 = %,
—k+2
M ntk—2 if o> uj
1—v

where c3 does not depend on M and t.
In a similar way we get the same estimates for Ay (¢) (see [6]). Using (3.1)
and (1.4) we obtain (see [6])

min{b,t+s1}
' M=) it 0<v<l,

|K;i(t,s)|ds <¢c i
M=) (1 4 log M) if v =0,

max{0,t—s1}

Math. Model. Anal., 15(1):69-82, 2010.
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and so from (4.3) the estimates (4.1) for 0 < v < 1 follow. Repeating the steps
of the corresponding part of the proof of Theorem 1 in [6] we can prove the
estimates (4.1) also for v < 0. O

We derive sharper estimates for the errors of the approximations B;Jv of
the integrals B; J;v for i =0,...,n

Lemma 2. Assume that the quadrature formula (3.2) is exact for all polynomi-
als of degree p where p > m+n—i—1, m € Nandi € {0,...,n}. Assume also,

that v € S( Y (HN) and the kernel K; is on the set A (,u m + 2) times con-
tinuously dzﬁerentzable with respect to s and satisfies on this set the estimates
(1.4) with v < 1 for j =0,...,u—m+ 2. Then we have

||B1J11) — BZJZ’U”OO S & HUHOOQM(,LL —-m + 2, v, 7"1), (46)

where ¢ does not depend on M, N and the form of Il and J;, B;, B; and Qy
are defined by (1.5), (1.7), (3.3) and (4.2), respectively.

Proof. Note that since IIy C X; and v € S -1 ( ITy), we have

Jwe ST (my)yc sUD (X))

m+n—i—1

for any t € [0, ] (see [§]).

If i = n then Jiv =v € S 1(HN) and the estimate (4.6) follows from
Lemma 1 1mmed1ately. Con31der the case 0 <7 < n. We use the equality

BiJiv — ByJiw = (B; — By)(Jiv — ¢) + (Bs — By)o, (4.7)

where ¢ € §(Y (Xy) is defined by

nzl

1 )
Z - )(S_I;D)Ja ERS [.Ip,l,.fp], p= 15"'7p1-

- su J) (o), s € [zp_1,zp).
(TL—Z)' $p71<5<1p’( ) ( )’ [ p—1 p]

Since (J;v)("™) =v and 0 <z, —xp_1 <71b/M (p=1,...,p1) we get
17:v = Blloo < ¢ M7 [v]|cc (4.8)

SIHCGJU—¢€S

m+n ;_1(X¢) we estimate by (4.1) and (4.8)

(B = Bi)(Ji — ¢)lloo ¢l Jgv = Gl 20a(pp —m —n+i+2,v,1m1)
c1 [[vllao M " 20 (p—m —n 4+ 2,v,71)

e |v]|oo 20 (1 — m 4+ 2,v,1r7). (4.9)

IAINCIA
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- n—i—1
In order to estimate the norm of (B; — B;)¢, we write ¢ = > ¢;, where
j=0

¢J(S):ﬁ(‘]1v)(]) (.Ip)(S—.Ip)J, s € [I;Dfla I;D]a p:17 -5 P1, ]:05 sy = — 1.

Since ¢; € SJ(»_l)( 1) C S (Xt) for j < m — 1, we have according to (4.1)
the estimate

1(Bi — Bi)ojllco < clljllocf2nr(pp —m+2,v,m1), 0<j<m—1.

As [|¢jlloe < 1 ||lv]ocM ™I, 5 =10,...,n—j—1, and in case of n — j > m we
have

I(B; = Bi)jlloo < clldjllocnr (e — j + 1, v,71)

S C2 ||v||oo]\4ij~(2M(,u _.] + 15 v, Tl)

<o |vloom(p—m+2,v,m1), j=m,...,n—i—1,
then we obtain
(Bi — Bi)d|loo < ¢||v]|oof2ar (1t — m + 2,1, 71). (4.10)
From (4.7), (4.9) and (4.10) the estimate (4.6) follows. O

Lemma 2 enables us to estimate easily the difference of solutions of the exact
collocation method (2.2) and the fully discrete collocation method (3.5).

Theorem 1. Assume that the following conditions are fulfilled:

1) problem (1.1), (1.2) is uniquely solvable in C™[0,b] and of all solutions of
the equation u™ = 0 only u = 0 satisfies (1.2);

2) quadrature formula (3.2) is exact for all polynomials of degree j where
w>m—+n—1and meN;

3) in equation (1.1) f and a; (i = 0,...,n — 1) are continuous functions
on [0,b] and the kernels K; (i = 0,...,n) are on the set A (u—m + 2) times
continuously differentiable with respect to s and satisfy on this set the estimates
(1.4) withv <1 for j=0,...,u—m+2;

4) the sequence of grids Iy, N € N, is such that

max |t; —tj—1] -0 as N — occ.
1<j<N

Then there exist integers Ny and My such that for all N > NO and M > My
both conditions (2.2) and (3.5) uniquely determine vy € S 1(HN) and On €
S( )(HN) respectively. For their difference the following estimates hold:

[Jion — Jion|loo < e 2p(pp—m+2,v,11), i=0,1,...,n, (4.11)

||'0N_'5N||oo <cy(p—m+2,v,r1), (4.12)

Math. Model. Anal., 15(1):69-82, 2010.
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where ¢ is a constant not depending on M and N and the form of Iy, —o0 <
vr<l,r>1,

oy =Toy + f, ’IQJN = (A-FZBlJl)’INJN-Ff, (413)
=0

and J;, T, A, B; and Qy; are defined by (1.5), (1.6), (1.7), (3.3) and (4.2),

respectively.

Proof. Define a piecewise polynomial interpolation operator Py : C[0,b] —
SV (1Iy) ¢ L%(0,b) by conditions

('PNU)(tjk)ZU(tjk), k=1,....m,j5=1,...,N,

where t;r (k =1,...,m, j = 1,...,N) are defined by (2.1). Then we can
represent conditions (2.2) and (3.5) as operator equations

vy = PnTon +Pnf (4.14)
iy = PyTon +Pyf with T=A+Y BiJ;, (4.15)
i=0
respectively. It is well known that Py is a sequence of uniformly bounded

operators satisfying

lim ||Pnv —v|lec =0 forall v e C[0,b].
N—o00

In the same way as in the proof of Theorem 4.1 of [§8] we obtain that there
exists an integer Ny such that for every N > Ny equation (4.14) possesses a

unique solution vy € S,(nili (IIn) and

(I =PNT) Ml eze=(05),20) < ¢ (4.16)

where ¢ does not depend on N. Let’s denote the space of piecewise polynomial
functions 5’7(7:_1% (ITy) equipped with L°°(0,b) norm by Ex and consider (4.14)
and (4.15) as equations in Ey. It follows from (4.6) that

|PNT — PNTHMEN,EN) =[Py Z(Bi - Bi)Jng(EN,EN)
1=0

<epup—m+2,v,11) >0 as M — oc.
Using equality
I —PNT = (I —PNT)I—(I—PyNT) 'Py(T —T)]

and inequality (4.16) we get that there exists My € N such that for every
M > My and N > Ny operator (I — PyT) is invertible in Ey, equation (4.15)
possesses a unique solution v € En and

1o lloo = (T = PNT)"Pn flloe <, (4.17)
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where ¢ does not depend on M and N. It follows from (4.14) and (4.15) that

(I - PNT)(UN - ’l~)N) == PN Z(Bl - BZ)J{IN)N
=0

On the basis of (4.6), (4.16) and (4.17) we obtain from this that for M > M,
and N > NO

n

lony — On o < ¢ Pn Z(Bz - Bi)JiHL(EN)EN) <er u(p—m+2,v,m),
i=0

where ¢ and ¢; do not depend on M and N. This together with boundedness
of J; (i =0,...,n) yields the estimate (4.11). The estimate (4.12) follows from
the equalities

n

f)N — ’L:)N = TUN — T’EN = T(UN - 1~)N) + Z(BZ - Bl)JzﬁN
=0

O

Theorem 1 tells us that for any collocation method we can choose appropriate
M depending on N, an appropriate quadrature formula (3.2) and a suitable
value for the nonuniformity parameter r; so that the convergence rate of the
fully discrete collocation method is of the same order as the convergence rate
of the collocation method.

Remark 1. If in the integral equation (1.1) the kernels K;(t,s) = 0 for i =
0,...,p where p < n, then the assertions of Theorem 1 are valid when we
replace the assumption 2) with the assumption that quadrature formula (3.2)
is exact for all polynomials of degree > m +n —p — 2.

5 Numerical Experiments

Let us consider the following boundary value problem:

The forcing function f is selected such that

u(t) :t5/2+(1—t)5/2—1—gt

is the exact solution. Actually, this is a problem of the form (1.1), (1.2) where
n=2 b=1, ay(t) = Vt, a1 =0, Ko(t,s) = |t —s|7/2, Ky = Ky = 0. It
is easy to check that the kernel Ky satisfies the conditions (1.4) with v = 1/2
and arbitrary j € Np.

Math. Model. Anal., 15(1):69-82, 2010.
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Problem (5.1), (5.2) is solved numerically by collocation method (2.2) and
by fully discrete collocation method (3.5). At that grid points

125\ N , N
tj:i(ﬁ) 7]20517"'735 tN/?-‘rj:l_tN/?—jv.]:15"'7?5 (53)

with even N, r = 2 and collocation points (2.1) with m = 2 and Gaussian
parameters 7; = (3 —+/3)/6, 72 = 1 — 1y are used. Then from the results of
[8, 9, 10] we get for sufficiently large N the estimates

lu — Jovn]leo < e N3, |t/ — Jivn|loo < e N73(1 +1log N),

(5.4)
[ — onloo < N2,

where vy € SV (ITy) is evaluated by (2.2), dy by (4.13) and Juy (i = 0,1)
are computed by formula (1.5) with b =1 and

¢ 1
(Ju)(t) = (Jov)(t) = /0 (t —s)v(s)ds — t/o v(s)ds.

In order to evaluate oy € S’Yl)(HN) by (3.5) we use in addition to (5.3)
another graded grid (3.1) and quadrature formula (3.2) with two Gaussian
knots & = (3—+/3)/6, & = 1—¢&; and weights w; = wy = 1/2. This formula is
exact for all polynomials of order u = 3. The differences of the approximations
evaluated by the exact and the fully discrete collocation methods are, according
to Theorem 1, for sufficiently large M and N bounded by

M—m/? if 1<r <6,
c 0 (3,1/2,m1) =c{ M3 +logM) if r; =6, (5.5)
M3 if 7 >6.
In Tab. 5.1 some results for » = 2, r; = 6 and different values of the

parameters N and M are presented. The quantities ag\i,), ég\i,) (i =0,1), 55\2,)

and 55\2,) are the approximate values of the norms ||u'” = J;ux || oo, [ = Jitn || o

(i =0,1), [|u” — Ox|oo and ||u" — Ox||so, respectively, calculated as follows:

= max e [0O() — o))l = 0,1,

0,...,1

&N = max o max (u®(7) — (Jow) ()|, i=0,1,

(2) _ i\ A )
S ppax fu(7i) — O (Tik)]
~(2) i\ _ =~ .
En = mmax ppax fu (i) — o (7ik)]
where L
Tjk:tjfl_kﬁ(tj_tjfl); k:O,...,lO,j:l,...,N,

with the grid points {¢;}, defined by the formula (5.3). In Tab. 5.1 we also
present the ratios

(@) (%)

i ENQ (i EN2 .
o) = (/) ng):Ti/)7 i=0,1,2,
EN EN
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Table 5.1. Results for r =2, r1 =6, m=m1 =2, m =& = ==, p2 =6 =1—mn,
w1:’u)2=%.
M=N M =2N M = 4N M =8N
0 0 ~(0 ~(0 ~(0 ~(0 ~(0 ~(0 ~(0 ~(0
N 65\[) Qg\r) 55\7) QSV) 65\[) Qg\r) 65\[) Qg\r) 55\7) QSV)

8 14E-4 72 99E-3 56 16E-3 68 34E-4 74 17E—-4 7.3
16 18E-5 7.7 158E-3 6.7 22E-4 74 44E-5 7.7 21E-5 8.0
32 23E-6 79 20E-4 74 28E-5 77 49E-6 9.0 26E-6 79
64 29E-7 80 26E-5 7.7 29E-6 97 62E-7 8.0 3.1E-7 84

NoOED O D g )y )

8 6.7E—4 7.1 16E-2 56 26E-3 66 83E-4 66 69E-4 7.0
16 9.0E-5 74 23E-3 68 36E-4 74 12E-4 72 92E-5 7.5
32 12E-5 76 3.1E-4 74 46E-5 77 14E-5 80 12E-5 7.6
64 15E-6 7.8 40E-5 7.7 50E-6 92 19E-6 7.7 15E-6 7.9

N D @ g ey e ()

8 32E-4 69 25E-2 64 3.6E-3 68 27E-4 88 28E-4 7.0
16 42E-5 76 38E-3 66 49E-4 73 32E-5 83 37E-5 7.5
32 53E-6 7.8 bH52E-4 73 66E-5 74 43E-6 7.6 46E—-6 8.2
64 67E-7 79 T7.0E-5 74 64E—6 10.3 8.1E-7 53 74E-7 6.2

characterizing the observed convergence rate. From (5.4), (4.11), (4.12) and
(5.5) we obtain for r = 2, 1y = 6 and for sufficiently large N and M = vy N
with a positive constant v the estimates

£ <eN31+41ogN), i=0,1,2.

The corresponding ratios should be equal @5\1,) ~8 (i=0,1,2).

The results in Tab. 5.1 are calculated using the second expression of Byw
in formula (3.3). Although the kernel K in this example satisfies estimates
(1.4) with v = 1/2 > 0 and it is not bounded at ¢t = s, we can also use the
first expression of Bow in (3.3) (since 0 and 1 are not among the knots of the
quadrature formula). This version of the method converges nearly with the
same rate although the absolute values of the errors are somewhat smaller.

The numerical results presented in Tab. 5.1 show that in general the derived
theoretical error estimates express the actual convergence rate of the collocation
method and the fully discrete collocation method well enough. We note, that
a good choice of M is M = 2N.
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