MATHEMATICAL MODELLING AND ANALYSIS ISSN 1392-6292 print
Volume 15 Number 1, 2010, pages 9-22 ISSN 1648-3510 online
Doi:10.3846,/1392-6292.2010.15.9-22 www.vgtu.lt/mma/
(© Vilnius Gediminas Technical University, 2010

Numerical Simulation of the Heat Conduction in
Composite Materials

R. Ciegis, G. Jankevi¢iuté and O. Subo&

Vilnius Gediminas Technical University

Saulétekio av. 11, LT-10223, Vilnius, Lithuania
E-mail(corresp.): rc@vgtu.lt

E-mail: Gerda. Jankeviciute@vgtu.lt;os@vgtu.lt

Received December 4, 2009; revised January 18, 2010; published online February 15, 2010

Abstract. In this paper we develop and validate mathematical models and numer-
ical algorithms for the heat transfer simulation in composite materials. The main
features of the problem deal with the dependence of the heat source on the solution,
discontinuous diffusion coefficients and nonlinear convection and radiation boundary
conditions. The differential problem is approximated by the finite volume discrete
scheme. It is proved that for a sufficiently small parameter, which defines the depen-
dence of the source term on the solution, the discrete problem has a unique solution
which converges to the solution of the differential problem. Linearization of the
nonlinear problem is done by using the Picard method and the convergence of the
iterations is proved. Results of numerical experiments are presented.
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1 Introduction

The main purpose of this paper is to study a finite volume approximation to the
solution of the steady-state heat radiation with nonlinear Stefan-Boltzmann
boundary condition in two dimensional rectangular region. The domain is
made up of three layers of different materials with different thermal diffusion
coefficients. We note, that one material is metal, the other two are isolators,
therefore the diffusion coefficients have very different values. The heat source
is generated by a current in the metal region and it depends linearly on the
temperature of the body.

The elliptic nonlinear equations with nonlinear boundary conditions arise
as mathematical models of many interesting processes in physics, technology,
engineering. Here we mention applications in engineering for detection the
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corrosion of containers, where direct and inverse heat transfer problems in
composite materials are solved [2, 9, 18], and optimal design of electrical cables
[5, 6, 11].

The paper is organized as follows. In Section 2, we give a brief description
of the model, describe the main processes of heat conduction in composite
structures. A discrete scheme is constructed using the Finite Volume Method
(FVM). A special attention is given to the approximation of the nonlinear Robin
boundary conditions. The stability and convergence of the 1D difference scheme
is presented in Section 3. The Picard iterative method is used to linearize
the nonlinear discrete problem. The convergence of iterations is also proved
in Section 3. Some details of implementation of the 2D discrete scheme and
results of computational experiments are given in Section 4.

2 Problem Formulation

In domain D = (0,L1) x (0, Ly) we solve the nonlinear stationary problem,
which describes a distribution of the temperature 7(X,¢) in the domain D,
which describes a composite structure of metal and isolator materials (see,
Figure 1).

1=zolation 2

Figure 1. Scheme of the composite structure of metal and isolator materials.

2.1 Mathematical model of heat conduction in composite structure

The mathematical model consists of the elliptic differential equation [10]:

2
7] oT I(X)\2
5 2 (kx ):(—) 1+¢(T—20)), XeD, 2.1
> g (MX)55) = (S57) i1+ e —20)) (2.1)
subject to the symmetry condition on dD; = {(0,x2), x2 € [0, La]}

or
61]1 o
and the nonlinear boundary condition on the remaining part of the boundary:

k(X)g—z; +ag(T)(T(X,t) = T,) +eo(T* - T}) =0, X €D\ 9Dy, (2.3)

k(X) 0, X eaD (2.2)
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where T = T + 273.15 is a temperature in the Kelvin scale. This boundary
condition describes the heat transfer on the boundary due to the Newton con-
vection and the Stefan—Boltzmann radiation processes. The convection heat
transfer coefficient ax (T) > g > 0 for T > T,,.

Here I is a given current, A is an area of the metal, pg is the specific
resistivity of the conductor, ¢ > 0 is a constant, T, is the temperature of the
environment. Let us define the metal domain

DMZ{XEDZ 0<£L'1<L1M<L1,0<12M<£L'2<L2M<L2}.

Then the current function /(X)) and diffusion coefficient k(X) have the follow-
ing form

Iy if X € Dy, K if X €Dy,
I(X)—{O M kX:{ M M (2.4)

|0 if XeD\ Dy, K; if X €D\ Du,

and 0 < K; < Kjs. The standard continuity conditions are specified at the
points of discontinuity of coefficients

aT
[T(x,1)] = 0, [k%} —0, Xe€aDy,

where n is a normal vector.

2.2 Discrete approximation

Let us introduce in the domain D a non-uniform grid Dy = wyp X wap, where

wip ={z1;: T = Z1,i—1 +hii-05, t=1,..., Ny — 1}, z1,N, = L1,

Wah = {xzj t Xoj =T2-1+hej—05 j=1,...,Na— 1}, x2,N, = Lo.
For grid steps we also use notation hqi; = 0.5(h1,—05 + h1+05), he,; =
0.5(h2,j—0.5 + h2,j4+0.5)-

Let us define a set of discrete functions U € H, where U;; = U(z1,, 22;)

denotes a value of function U at discrete point X;; € D;,. We also define the
following difference operators:

v o U — Uit1,j — Uij W — - V- _ Vitos,; —Vios,

1+0.5,5 ~— Yz Vg — — 7 7 +— Yz, Vi40.5,7 — )
hii+0.5 hi i

Vi — U — Uij+1 = Uij W e 9 Ve Vij+os = Vij—os

i,7+0.5 +— Uz, Ujj = h'77 ij +— Uz Vi,j+0.5 — ho .
2,j4+0.5 2,J

Integrating the differential equation (2.1) over the control volume and ap-
proximating the obtained integrals with an individual quadrature for each term,
the differential problem is approximated by the conservative scheme

2

Iij\2

— Z 85& (k(Xijya) 8zanj) = (ZJ) £0 (1 + C(Uij — 20)), Xij S Dh,
a=1

Math. Model. Anal., 15(1):9-22, 2010.
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where the notation Xij.o = (%4 15,5 %2,j4 15,,) is used, here d;; is the Kro-
neker symbol. The boundary conditions are approximated in a similar way.
The symmetry condition (2.2) is approximated by:

2

1,0.5

k(Xojvl) a11U0j - 8@ (k(XOj.,Q) 812U0j)
Ip;\2
- (%) po(l T C(Uoj o 20))7 Toj € Wap-

We restrict to presentation of discrete boundary equations only on one line of
the boundary. The boundary conditions (2.3) are approximated by

2

ha,0.5

k(Xi0,2) 0wy Uio — 0, (k(Xi0,1) 02, Uio)

+

ag(Un)(Uio —Ta) =0, 215 € win,
2,0.5

where ag(U) = ax(U) +eo(U? +T2) (U + T,).
It remains to write discrete approximations at the corner points of the
domain Dy,. Let us consider this equation for the left upper corner:

2
hio.5

k(Xo,N,,1) 02, Uo, N, + (k(Xi,N2—1,2)amgUi,Ng—1

ha,ny—0.5
+ OéG(Uin2)(U1‘_’N2 — Ta)) =0.

Taking into account (2.4) we can write the discrete scheme in an operator
form:

N2
Li(U)U;; = (%) po(1 4 c(Us; — 20)),  Xij € D, (2.5)
where the nonlinearity in Ly, (U) is due to nonlinear function ag(U).

Finite volume approximations of second order elliptic equations with dis-
continuous coefficients where considered in [8, 16] (see also references given
therein). The existence and convergence of finite difference schemes for elliptic
problems with nonlinear boundary coefficients and nonlinear f was considered
in many papers. First results were given in [3], where a variational formulation
of 1D problem was used and approximation by splines was applied. A good
review on numerical algorithms for nonlinear 3D heat radiation problem and
existence and convergence analysis of the Galerkin method is presented in [12].
Their analysis is based on minimization of the obtained functional of poten-
tial energy. Moreover, they apply the Newton iterative method for solving the
nonlinear equations resulting from the minimization problem and prove the
standard convergence result for a sufficiently good initial approximation.

3 Analysis of 1D Discrete Algorithm

In order to simplify all notation we restrict to one dimensional problem and
solve problem in domain where D = {x € D : 0 < 2 < L1} and the metal
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domain is defined as Dyy ={z € D: 0 <l <2 <ly < L1}. Then we get the
discrete problem

Lh(U)Ui = F(:vz-, Ui), xT; € Dh, (3.1)

where the operator L, (V) and vector-function F' are defined as

2 .
= — (k(xl/Q) 9, Up— aG(VO)Uo), i=0,

1/2
LU = =0z (k(@i51/2) 0,U;), 0<i<N,
2 .
5 (k(xN—1/2) 0,UN 1+ QG(VN)UN)a i=N,
N-1/2
2 .
EOZG(UO) i =0,
I; .
F(X,U) = (Z) po(1+c(Us —20)),  1<i<N,
2
h—aG(UN) i =N.
1/2

3.1 Existence and uniqueness of a solution

First we will show, that if a solution of problem (3.1) exists, then U; > Tg,
x; € Dy. Let us assume that the following inequality is valid for a density of
heat source:

14 ¢(T, —20) > 0. (3.2)

Lemma 1. Assume that hypothesis (3.2) is satisfied and oy (V') > 0. Then for
a solution U of (3.1), if it exists, we have that

U >T, x; €Dy.
Proof. Consider two discrete linear problems for W7, j = 1,2:
—k(z1/2) 0. W3 + (Wi —T,) =0, i=0,
— 03 (k(zi11/2) Blej) = ff, 0<i<N,
k(xn_1/2) 0Wi_y + oy (W, = T.) =0, i=N.

where o > a? > 0,1 = 0,N, and f? > f! > 0, 2; € Dy. Due to these
assumptions and since matrix of the system is an M-matrix [15], we have that
le > T, for x; € Dj,. Subtracting all equations of the first problem from the
second problem, we get for V. =W?2 — W
(xl/z) (9 VO + a2V0 (ao - ao)(WO Ta), Z = O7
—0z (k(wis12) 0:V7) = f2 = f}, 0<i<N,
kE(xn—1/2) Oz Wi +a®Vy = (a —ad)(Wh —T,), i=N.

Since W} > T,, f2 — f} >0, of —ai > 0, it follows from the maximum
principle that V; > 0. This implies that W2 > W'. Thus a bound from below

Math. Model. Anal., 15(1):9-22, 2010.
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U > W for a solution U of problem (3.1) is obtained by solving a problem with
the maximal value of the convection coefficient (i.e., & = 0o) and the minimal
source density (i.e., f =0, see estimate (3.2)):

Wo=1T,, =0,
—0z (k(ZEH_l/Q) 8xW1) =0, 0<i<N,
Wy =T, i=N.

From the maximum principle it follows that W > T,, which completes the
proof. O

For notational convenience, we set V' := U — T,, where V satisfies the
following nonlinear discrete problem

—k(21)9) 0 Vo+ ax (Vo)Vo +eo((Vo + To)* = TH) =0, =0,

N\ 2 )
—(955 (k(le/Q)ale) = (%) po(l + C(‘/iJ+Ta—2O)), << N,

k(zy_1) 0. VN1 +ax (VN)Vi+eo(Vw+T.)* = T)) =0, i=N,

where ax (V) :=ax(V +Ty).

In the following analysis we will use the relation between finite volume
scheme and the minimization problem (for a similar analysis of Galerkin type
approximations see [3, 9, 12], linear finite difference schemes [16]). We define
a bilinear form

N—-1 N-—1
a(Z,W):= Z k(2i11/2) (02 Zi) (0aW3) higr /2~ Z cf; Z;Wihi, Z,WeH(Dy,),
1=0 =1

where f; := (I;/A)?po, and a linear functional

N—-1
R(Z):=Y_ fiZihi+e0T}(Zo+ Zn), Z € H(Dp).

i=1

Let introduce notation A(u) := [ ax (s + Ty)s ds.
Consider the functional of energy

0

J(2) = %a(Z, Z)+A(Zo)+AZ)+5

((Z0+Ta)5+(ZN+Ta)5)—F(Z). (3.3)
Let us define a set of non-negative functions
BZ{ZEH(Dh): Z; >0, x; EDh}.

Next we formulate the following minimization problem: find V' € B such that

J(V) = inf J(Z). (3.4)
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Remark 1. The solution of variational problem (3.3) is equivalent to the solution
of discrete problem (3.1). Indeed, the solution of (3.3) is characterized by the
condition

J(V;Z)=0 VZeB,

where the first Gateaux derivative of J is defined as

J(V; 2) = fim 2V D = IV)
t—0 t

V,Z € B.

Simple computations give that
J(ViZ) = a(V, Z) + (ax (Vo)Vo + ea(Vo + Tu)*) Zo
+ (ax(Va)Vn +eo(Vy + Tu)*) Zn — R(Z),
or after summation by parts in the bilinear form, we get

N
> (Ln(Vi)Vi = F(x;, Vi) Zi =0, VZ€B
=0

which coincides with discrete problem (3.1).
Theorem 1. Assume that hypothesis (3.2) is satisfied and
ak(T,) =ap >0, ayx(v)>0, Yo>T,, (3.5)

Then the functional J is continuous on B. For a sufficiently small ¢ < cq this
functional is also strictly convex and coercive on B. Therefore, the minimiza-
tion problem (3.4) has a unique solution V € B.

Proof. Tt is easy to check by direct computations that J is continuous on B.
The second Gateaux derivative of .J is given as

J' (Vi Z,W) = a(W, Z) + (ax (Vo) + &x (Vo)Vo + dea (Vo + T0)*) Wo Zo
+ (ax (Vn) + & (V) Vi + deo(Viy + To)*) Wi Zy.
Let us define the norm || - || 5 in the space B by

N-1
U5 = Z k($i+1/2)(6mUi)2hi+1/2 + (ap +4edT2) (UG + UR).
i=0

It follows from the well known embedding theorem [16], that there exists a
constant v > 0 such that
, 1215
2 >
o 2

> fiZ?hi
1=1

1
> (3.6)

Let us take ¢ such that 1 — ¢oy > 1/2. Then for ¢ < ¢y and any V, Z € B we
have

1
J'(Vi2,2) = 511215 > 0,

Math. Model. Anal., 15(1):9-22, 2010.
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It is easy to check that J”(V;Z,Z) = 0 if and only if Z = 0 for any V € B.
We have proved that J is strictly convex on B.

Let us assume that f; < My, x; € Dj,. Since T, > 4, then applying similar
analysis we get the estimate

1
J(V) = 5HVH23 — VMLV 5,

which implies that J(V) — oo as ||V||p — oo, thus J is coercive on B. From
all these properties of J it follows that minimization problem (3.4) has a unique
solution V' € B (see, [7]). O

Remark 2. The existence of a unique solution of 2D discrete problem (2.5) can
be proved analogically.

3.2 Convergence analysis

Let us denote the error function of the discrete solution of (3.1) as Z; = U; —
u(x;), x; € Dy. By putting it into the finite-difference scheme we get a discrete
problem for the error functions:

—k(l‘l/g) O Zo+ (OéK(UQ) + a’K(Ug) + EO'PQ)ZQ =N1/2, 1 =0,

I;\? .
—0z (k(ﬂ%ﬂ/z) @in) = (Z) pocZi+0zNit172, 0<i<N,

k(IN_%) OpZN_1+ (QK(UN) + O/K(U]ev) + EO’PN)ZN = UN_%, 1= N,
(3.7)
here we use notation:

Ul :=0U; + (1—0)u;, 0<0<1, Pj=0U>+Uju;+ Ui+

Functions 7j41/2,7 = 0,..., N — 1, define the truncation errors in approxi-
mation of fluxes
Nj+1/2 = k(j11/2)0uu;,

2

and they can be estimated in a standard way as 7,1/ = Cth/Q.

Theorem 2. Assume that assumptions (3.2), (3.5) are satisfied. Then for a
sufficiently small ¢ < ¢q the solution of discrete problem (3.1) converges to the
solution of 1D differential problem and the following estimate is valid

U —ullp <Ch? h= max hj—1. (3.8)

Jj=1,...,

Proof. 'We multiply each equation of (3.7) by Z;h;, add the obtained equalities
and apply the formula of summation by parts, then we get the equality

a(Z,Z) + (ak (Uo) + ox (US) + eaPo) Z§ + (ak (Un)
N-1

+ g (UR) +eoPy) 23 = Z Ozni1/2Zihi + M j2Zo + Nn-1/2ZN-
i=1



Numerical Simulation of the Heat Conduction in Metal-Isolator 17

Recalling that U,u > T,, using the embedding estimate (3.6) on the left side
of this inequality and taking a sufficiently small ¢ < ¢, we get that

1 -
gl\le?g < a(Z,2) + (ax(Uo) + e (US) +eaFo) Z5
+ (ax (Un) + o/ (UY) +eoPn) Z3,.
Using the formula of summation by parts and the € inequality

1
lab| < ea® + —b,
4e

we have
N-1 N-1
Z OzNig1/2Zihi +n1/2Z0 +NN_1/2ZN = — Z Nit1/202Zihit1 )2
i=1 i—0
N-1,2 2
1 Miv1/2 NMN-1/2
In_1/0Zn8 < =1 Z]? —'=h, _
T AIN-1/24N = 4” I + ; kiv1/2 i1z ¥ ap + 4deo

Combining both estimates we obtain that
Z|lp < C ma ; ,
1Z]l < OSj<XN M1/
which completes the proof. O

3.3 Convergence analysis of Picard’s iterations

The fixed point iteration is a very convenient method, since we have a possibility
to control the properties of the system of linear equations obtained after a
linearization step. Choosing an initial guess U € B, we find a solution of (2.5)
or (3.9) by the Picard iterative algorithm:

Ly(UshHus = F(x, U™, s=1,2,...,5. (3.9)

3.3.1 Positivity of iterations
We take the initial approximation as U? = T, z; € Dj.

Lemma 2. Assume that hypothesis (3.2) is satisfied and U? = T,, x; € Dy,.
Then for sequence {U®} generated by the iterative algorithm (3.9) we have that

U >T, x; €Dy, Vs>1. (3.10)

Proof. For UY estimate (3.10) is valid. Let assume that Us~! > T,. Then,
taking in the proof of Lemma 1 coefficients a! = oo, af = ag(Ulsfl), 1=0,N,
fl=0, f2=F(X,U* ') >0 we obtain that U® > T,. The proof is completed
by using the mathematical induction method. 0O

Remark 3. If a more strict condition 1+ «a, (T, — 20) > 0 is satisfied, then we
have that U7 > T,, x; € Dy, Vs> 1.

Math. Model. Anal., 15(1):9-22, 2010.
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3.3.2 Convergence of iterations

First, we consider the case when «, = 0, i.e. the heat source density does not
depend on the solution. Then it follows from Remark 3 that U’ > T, for all
s> 1.

Lemma 3. Assume that afy(v) > 0 for v > T, and UY = T,, z; € Dy,.
Then for sequence {U®} generated by the iterative algorithm (3.9) we have the
following estimates

U <U?<...<UY<U<U <. <U}<U!, wieD, (311)

Proof. Let us take discrete functions T, < Vil < VZ-Q, x; € Dy and solve

problems ‘ ‘ ‘
Ly(VHYW? = F(X,V7), j=1,2.

Then it follows from the proof of Lemma 1, that
W2 < W}, x;€ Dy. (3.12)

Then it follows from Remark 3 that U! > T, = U?. Using (3.12) we get that
U? < U} and also U? > T, = U?. Repeating these iterations we prove (3.11).
O

This lemma gives very useful error bounds of iterations U® but this result is
not sufficient to prove the convergence of Picard’s iterations.

Theorem 3. Assume that assumptions (3.2), (3.5) and
W(U)U ~To) < qaa(U), <1 (3.13)

are satisfied. Then for a sufficiently small ¢ < ¢ iterations (3.9) converge to
the solution of discrete problem (3.1) and the following estimate is valid

(1=l Z°15 + n(acUo)(Z5)* + ac(Un)(ZX)?) < (¢+ cv)
[0 = I 2 + i(ecUo)(Z3 ) + acUn)(Z5 )], (3.14)
where Z% = U*® — U s the error of iterations, and u = q/(q + ¢v).
Proof. FError function Z* satisfies the boundary value problem
—k(@1/2) 025 + ac(Us™")Z5 = ap(Uy* ") (U = T) 257", i =0,
03 (k(2i41/2) 0 Z3) = (%)2p0025—1, 0<i<N,
Kay_y) 02y 1+ ac(UF )25 = ap(Uy" Uy ~ T Zy ", i=N,

where we set U%* = U + (1 —6)U*. In order to make all technical details more
simple, in the following we apply the freezing method and compute nonlinear
coefficients at U. Otherwise, hypothesis (3.13) should be changed to a varia-
tional inequality in a neighbourhood of the solution. We multiply each equation
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by Z7h;, add the obtained equalities and apply the formula of summation by
parts, then we get the equality

N-—1 N—-1
Z kiv1/2(0:2°)?higr 2 +0aa(Uo)(Z5)* +aa(Un)(Z3)? = CZ HiZ:Z hy
=0 =1

+ ag(Uo)(Uo — Ta) 2525~ + ag(Un)(Un = To) Z3 23
Using (3.6), (3.13) and the e-inequality, it is straightforward to show for 0 <
© < 1 that
(1=l Z° 1% + 1 0a(Uo) (Z3)* + ac(Un)(Z%)?)

N-1

< kit1/2(002°)hiz1 /2 + ac(Uo)(Z5)? + ac(Un)(Z3)?,
=0

ag(UU; = Ta)Z5 2571 < qac(U))| 28] | 257

IN

2
W N2 0712 .
§0<G(Uj)((Zj) +§(Zj Y ) J=0.N,

N—-1 N-1 N-1
D 232 i <eo Yy fi(Z9) h +—Zf1 z:™)
i=1 i=1

s i s— 1_M s (7) s—
<1270 + 21277 Ih < 5 (1205 + 2l 27 ).

Thus if we take u = ¢/(q + ¢7), then we get estimate (3.14). Let us pick ¢y
such that g + coy < 1, then the Picard iteration operator defines a contraction
provided that ¢ < ¢g. O

Remark 4. For the application considered in this paper we have the following
generalized convection coefficient

ac(V) = ax(V)+ar(V), ax(V)=(a+eaV/0)?,
ar(V) =ep(V3+ VT, + VIZ +T2).

It is easy to see, that

o (U)(U = Ta) _ cUY/6 _1
ag(U) ~ 3(c1 +UY6) T 3

dpU)U -T,)  30°-UT,—UT2-T2  6q+8¢%+3¢°

ar(U) US4 UT,+UT2+T3  4+6q+4¢>+¢*

Typical values of g for considered applications are ¢ < 0.15, then

dr(U)YU —T,)/ar(U) < 0.22.

Math. Model. Anal., 15(1):9-22, 2010.
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4 Computational Experiments

In this section, we present results of numerical experiments.

We have solved problem (2.1)—(2.3) on the domain D = (0,0.05) x (0, 0.006),
when the thickness of the upper and the lower sides of the isolator are equal
to 0.003 and in the domain D = (0,0.05) x (0,0.009), when the thickness of
the lower isolator is equal to 0.006. The metal domain is defined as Djy; =
(0,0.035) x (=3 -107°,3-107°). We use a uniform grid in the z; direction
and a non-uniform grid in the xo direction. Such a grid is constructed in
the following way: it is uniform in the metal domain Dj; and grid steps are
increased continuously outside of this domain, e.g. for the upper isolator as

Oé(i[]gj — O5(L2 =+ ngw))
Lo —0.5L5)

hgjwexp( )hQM, O[Zl,
where hops defines a grid step in the metal domain.

We choose the following values of coeflicients: the thermal conductivity
coefficient for a metal layer Kj; = 58.5 W/mK and for ABC isolator K; =
0.17 W/mK, the emissivity coefficient ¢ = 0.93, the specific resistivity of the
conductor py = 6.85 and ¢ = 0.0067.

The obtained nonlinear finite volume scheme was linearized using the Pi-
card method (3.9). An aggregation-based algebraic multigrid solver AGMG,
developed by Y. Notay was used to solve systems of linear equations [13, 14].
Algebraic multigrid (AMG) is one of the most effective iterative methods for
the solution of large, sparse linear systems obtained from the discretization
of elliptic self-adjoint PDEs (see [1, 17], where results of many computational
experiments with different AMG solvers are presented for diffusion, diffusion-
convection, the Stokes and the Boussinesq problems in 2D and 3D domains).

Table 1. The results of application of AGMG with FGC iterative algorithm for an
elliptic problem with strongly discontinuous coefficients

300 x 384 600 x 768 1200 x 1576 1800 x 2304

Numb. Iter. 81 106 118 114
CPU Time 3.8 22 98 226

AGMG was used as a preconditioner for Krylov subspace methods, e.g.
PCG, GMRES algorithms ( for similar simulations of electrical cables we have
used also a preconditioned version of BiCGStab [5, 6]). The matrix of a linear
system obtained after the Picard linearization is an M-matrix. Since we have
the Robin type boundary conditions, this matrix is also symmetric, therefore
the FCG iterative algorithm can be used as a Krylov subspace method. Even
though coefficients of the elliptic problem are strongly discontinuous, the di-
rect application of the AGMG solver was very robust (see results in Table 1,
where the total number of iterations and CPU time are presented for 5 Picard’s
iterations).
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But a proper tuning of some parameters of the solver was required in the
case when GMRES was used as a Krylov subspace method. The properties
of the application should be taken in account. In order to guarantee the con-
vergence of AMG-preconditioned Krylov solver, we have done the following
modifications:

e the number of Gauss-Seidel pre-smooting and post-smoothing iterations
was increased till 2 iterations;

e the number of recursion steps was limited to 3-4 steps (depending on the
size of the discrete problem), therefore the size of the problem on the
coarse grid remained quite large.

We note, that the robustness of MG solvers can be increased also by selecting
a proper smoother, which is tailored for a given application, see [4].

Fig. 2(a) illustrates the distribution of the temperature in the case of a sym-
metrical composite structure and Fig. 2(b) gives results in the case when the
lower part of the isolator is twice larger than the upper side (here the compu-
tational domain is defined as D = (0,0.05) x (0,0.009)). In both experiments
the current was equal to I = 65 A, the external temperature T, = 25 C.

In both cases the accuracy 0.001 of the Picard iterations was achieved after
7 iterations.

0.006 0.009
80 0.008 80

0.005 0007
0.004 70 0.006 7
- 0008 60 . 0005 60
0 0.004 0

0.002 0.003
0.001 “ 0.002 ©
30 0.001 30

0 0

0 001 002 003 004 005 0 001 002 003 004 005
X X

a) b)

Figure 2. Distribution of the temperature in the composite structure for I = 65 A: a) the
symmetrical position of the metal layer, b) non-symmetrical position of the metal layer.

The presented numerical results illustrate our theoretical results and show
the efficiency of the Picard iterative method for such applications. An open
problem is a proper selection and optimization of parameters within the AMG
solver, which is used to solve linearized systems of finite volume scheme. In this
paper we have restricted to such values of parameters and smoothing strategies
which give a robust algorithm.
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