MATHEMATICAL MODELLING AND ANALYSIS Publisher: Taylor&Francisand VGTU
Volume 16 Number 3, September 2011, 498-508 www.tandfonline.com/loi/tmma20
Doi:10.3846/13926292.2011.603167 Online ISSN: 1648-3510
(© Vilnius Gediminas Technical University, 2011 Print ISSN: 1392-6292

Weak Solutions of Boundary Value Problems in
Nontube Domains for Fourth-Order Equations
of Composite Type

Victor Korzyuk and Olga Kovnatskaya

Belarusian State University

4, Nezavisimosti av., Minsk 220030, Belarus
E-mail(corresp.): Korzyuk@bsu.by

E-mail: Kovnatskaya@bsu.by

Received August 30, 2010; revised July 3, 2011; published online August 1, 2011
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1 Introduction

In the paper the existence and uniqueness of weak solution of boundary value
problem in nontube domain for fourth-order equation of composite type are
proved by methods of functional analysis. The main part of the operator is
a composition of the wave operator and the operator of Laplace type. The
analysis of such equations is caused by the need to develop further the funda-
mental theory of well-posed problems for linear partial differential equations,
since such theory for the second-order equations of hyperbolic and elliptic types
has been already developed. The interest to equations of composite type from
a practical point of view is caused by a wide class of applications of in many
fields of scientific knowledge and industry.
Boundary value problems for equations of composite type

62
0xdy

2Au =0,

o Au =0, (1.1)

where A is Laplace operator and A = 88722 + 8‘9—;2, u = u(z,y) were considered
by Hadamard [12, 13]. It is possible to point to a number of papers [1, 4, 5,
6,7, 8,9, 10, 11, 18, 19, 24, 25] where equation (1.1) and the other composite
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equations are investigated. We don’t know any papers devoted to the equation
we consider in this paper.

The purpose of this paper is to extend the theorems of existence and unique-
ness of weak solutions of boundary value problems for the fourth-order equa-
tions of composite type in tube domains to nontube domains. A tube domain
is a domain with the following property: the generator of the surface being
part of the boundary of the domain and called lateral is parallel to the axis of
x9. We call nontube a domain which doesn’t have this property. In the case of
tube domains this problem was considered in the paper [20], the proof of exis-
tence and uniqueness of weak solutions of other problems in tube domains for
this equation can be found in the papers [15, 20]. The papers [14] and [21] are
devoted to proving existence and uniqueness of strong solutions of boundary
value problems in tube domains for fourth-order equation of composite type.
The equation of composite type of more common form is considered in the
paper [22].

2 Statement of a Problem

In a domain @ of (n + 1)-dimensional Euclidean space R™*! of independent
variables & = (zo, . .., z,) with respect to function u: R"*!' > Q 3  — u(zx) €
R we consider a linear partial differential fourth-order equation of composite
type

_ ' 2 9y 0? 272 A2 (2)
u:a—x%—l—(b —a’)——5Au—a*b*A*u+ A9u = f(x), (2.1)

£ Oz}

n 82
i=1 9a?
is the Laplace operator with respect to the variables @’ = (x1,...,2y,), AR =

_ ale! _ .
Z|a|<2a(°‘)($)D°‘, Do — Gas g O = (g, .., am), @i, 0 =0,...,n, are

nonnegative integers, |a| = ap + ... + .

We denote by C!(Q) a set of continuously differentiable functions up to the
order [ in the closure @ of the domain @, where [ is nonnegative integer. In
equation (2.1) a(®)(x) are given functions and a(®(z) € C%(Q).

Boundary 0Q of the domain @ consists of three parts: S1 = {x € 9Q |
vo=-1}, So={x €0Q | 1§ —a®|V'|*> < =61} and S5 = {x € 9Q | 1y = 1},
0Q = S1US2USs, where v(x) = (vo(x), . .., vn(x)) is the outward with respect
to the domain ) unit normal on the hypersurface 9Q at a point * € 0Q,

where a, b € R are given numbers satisfying the relation a? > %, A =

|V/|? = v+ ...+ 12, 81 > 0. The tangent to the hypersurface Sz at a point
x € Sy vector T(x) = (1,1 (x),. .., (x)) satisfies the conditions
T
7| < 6, ’ Tl <6y, i=1,...,m, j=0,...,n, (2.2)
8Ij

where 03 is a sufficiently small positive number. For equation (2.1) we formulate
the following boundary conditions:

B 0%u
51 ap%

ou

il =0, 2.3
Op, ( )

S1

u|51 =
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ou
uls, = | = 0, (2.4)
D2 s,
uls, =0, (2.5)
where 6(; is derivative in the direction of p, from vector field P;, which is not

tangent to .S;, ¢ = 1,2. If boundary conditions (2.3)—(2.5) are nonhomogeneous,
then they are reduced to the homogeneous ones by extending their right parts
to the domain @ by functions from suitable spaces and replacing the desired
function [23].

3 Definition of Weak Solution

We consider problem (2.1)—(2.5) and define some functional spaces in which
a weak solution is defined. Weak solution is defined by some equality of the
corresponding functionals. To achieve this, along with problem (2.1)—(2.5) we
consider an adjoint boundary value problem:

;0 P 212 A2 @)
ﬁ’l}:w‘f’(b _a)@A’U—GbA’U'FA ’U:g(w)7
0 0
vls, =0, (3.1)
v
ols, = 22 —0, 3.2
ls op, |, .
ov 0%v
o, = 22 SN — 3.3
s: ops| s, op3 53 o

where 8%% is derivative in the direction of p; from vector field Ps, which is not
tangent to Sz, Ay = ZIQ‘Q(—l)‘a‘DO‘(a(O‘)(w)v).
We define domains of definitions for the operators £ and £’ as follows:

— ou 0%y

ou
DEZUEC4 U|S; = 7— = —= =U|g,= :u?’:O’
(©)={ueC'@Iuisi= 50| = 5| =uls= g7 =uls =0}
— ov ov 0%v

DL =1veC*Q)|vls, =v|s, = —| =vlg,=——| =-—5| =0¢.

@) ={oeCl@1vls =vls. = 5| =vls= 5| =G| =0}
It is easy to check that

(Lu,v)5Q) = (u, L) 1,0 (3.4)

for any functions u € D(L£) and v € D(L'), where (-,)1,(qg) is value of scalar
product in the space L2(Q) of square integrable in @) functions.

We denote by H'(Q) Hilbert space elements of which u € Ly(Q) and their
weak derivatives D®u, |a| < I, belong to L2(Q). A scalar product in H!(Q) is
defined by expression (u,v)gi(Q) = X |aj<1(Pu, D*0)1,(q). Let HYQ) (I =
1,2,3) be a subspace of the space H'(Q) elements of which satisfy boundary
conditions (2.3)—(2.5) according to the S. L. Sobolev embedding theorems. In
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0
a similar way, subspaces H'(Q) of the space H'(Q) are defined, where their
elements satisty conditions (3.1)—(3.3).

CoNDITION 1. The boundary 0Q of the domain @ is such that the closure of
the set D(L) in the norm of the space H'(Q) is the same as the space H}(Q)
0
and the closure of the set D(L’) is the same as the space HZ(Q), [=1,2,3.
Domains with sufficiently smooth boundaries satisfy Condition 1.
We remark that the elements of the space H3(Q) have meaning not for

all boundary conditions (2.3)-(2.5). If u € HZ(Q), then u actually satisfies
conditions (2.4), (2.5) and first two conditions from (2.3). If u € H(Q), then

0
ulpg = 0. A similar remark takes place for the elements v € F'(Q) (I = 1,2)
with respect to conditions (3.1)—(3.3). Here according to introduced notation

and definitions of the spaces H}(Q) = £I 1(Q). We remark that the subspaces
HY(Q) and ﬁll(Q), 1 =1,2,3, are Hilbert spaces, too.

We denote by H, U and ﬁ[ ~1 spaces with negative norm [2] with respect
to the spaces HJ(Q) and ]31(@), i.e. spaces of all continuous linear func-
tionals over the spaces Hi(Q) and f{l(Q). As far as H}(Q) = 18[1(62)7 then
Hy'= gt

To define weak solution of problem (2.1)—(2.5) we consider bilinear form

D(u,v) = (u, L") 1,0), u€D(L), veDL).

0
If u € H3(Q) and v € H*(Q), then the form &(u,v) can be written in the form

0*u v - 0%v
= (a—xa’a—xa)L C

. 0%
2b2 A(Q) . .
Z (3:618:6] 8901890]) La(@) + (A%, )1, (3.5)

For every u € HZ(Q) we consider ®(u,v) as a linear functional v — ®(u, v).
We define the extension £ of the operator £ in the following way by taking

into account (3.4). A function u belongs to the domain of definition D(L) of

the operator £, if u € HZ(Q) and the map v — ®(u,v) is linear continuous

0

functional in the dense set H*(Q) of the space HJ(Q) in topology induced
from the space Hg(Q). Then this functional allows a continuous extension to
all space Hg(Q). Consequently, a unique element Lu € H ! exists such that

b(u,v) = (Lu,v)

for u € D(L) and any v € H}(Q) exists, where (w,v) is canonical bilinear form
for w € Hy " and v € H}(Q), which is extension by continuity of the bilinear
form (w,v)r,(q), where w € Ly(Q), v € Hi(Q).

Math. Model. Anal., 16(3):498-508, 2011.
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0
As far as the set F*(Q) is dense in the space H}(Q), then

|2 (u, v)]

, u€eDL). (3.6)
HUHH(}(Q)

ILull g1 = sup
veH(Q)

It follows from (3.4) and (3.5) that if uw € D(L), then u € D(L). Really,
P(u,v) = (Lu,v)p,(Q) and is linear continuous functional with respect to v
for u € D(L), v € H}(Q), i.e. Lu = Lu for u € D(L). Consequently, L is
extension of the operator L.

DEFINITION 1. The solution of operator equation Lu = f, f € Ho_l, is a weak
solution of problem (2.1)—(2.5).

In a similar way, starting from (3.4), we build the extension £’ of the
operator L. A function v belongs to the domain of definition D(L") of the

0
operator £, if v € H*(Q) and a map u — ¥(u,v), where

0%u 0% < 0%
Pl 0) = (8—17(%,8—173>L2(Q) ; (‘%Oaxz ‘%08%) 2(@)
ey PN e, 69
i,j=1 8I18x3 3$18x3 2(Q) 7 e

u € H3(Q), is linear continuous functional in the dense set Hg(Q) of the space
H}(Q) in topology induced from the space H{(Q). Then this functional allows
continuous extension to space H& (@). Consequently, a unique element Lve
Hi ' exists, such that ¥(u,v) = (u, £'v) for v € D(L') and any u € H(Q),
where (u,w) is canonical bilinear form for u € H}(Q) and w € H, *, which is
extension by continuity of the bilinear form (u,w),(qg), where v € Hj(Q) and
w € La(Q). As far as the set H3(Q) is dense in the space H{(Q), then

v
HL/'U”H(;l — Sup M

veDL).
wEHZ(Q) ||U||H1

It follows from (3.4) and (3.7) that if v € D(L'), then v € D(L’). Comparing
(3.5) and (3.7), we conclude that the following equality holds:
0

(Lu,v) = (u, L'v), ue HQ), ve H Q). (3.8)

4 Existence and Uniqueness of the Weak Solution

Existence of the weak solution is proved on the basis of (3.8), if corresponding
a priori estimations for the operators £ and £’ are obtained. Here we take into

0
account that the spaces H3(Q) and H*(Q) are reflexive.
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Theorem 1. The inequalities

HUHH2(Q)

0]l o

cl|\£u||H(;1, u € D(L), (4.1)

<
@ < CQHL/UHHO—I, ve DL (4.2)

are valid, where c¢; are some positive constants independent of u and v.

Proof. 'We prove that inequality (4.1) is correct. We suppose at first u €
HZ(Q) N H3(Q). Tt follows from (3.5) that in order that the functional v —

&(u,v) is continuous over the space H}(Q), the equality gipﬂgl = 0 must be
1

satisfied, i.e. actually u € H3(Q), if u € D(L). In this case the value of the
functional @(u,v) can be represented in the form

(93’(1, 81} n 83’(1, 8U
s <_’ _> B> (7 _) (4.3)
9§’ 970 ) 1,0 2\ 92302, 03 ) 1, )
2b2 A(Q) , |
+a E <axzax] ax]> (Q)+( w0) @), v EHYQ)

The functional @(u,v) written in form (4.3) is extended by continuity to
all space H(Q). We suppose in (4.3) v = Mu, where Mu = (zg — T)g—f: —u.
Such v € H}(Q) by virtue of (2.3)-(2.5). In this case

Pudu  Pu Pu  PPu du
o _ 3 du  0u g A®?)
(1, Mu) /Q ( o3 or ~ oa3 )57'5300 ongom, T
n 93w o%u 3
22 z: YR
=) im1 Q3o (w0 =) OT0x; Z OwgOu; (9.%‘1

. Qu 0*u . Pu du
2p? ——(x0—T a’b? dx.
T ijzzl 0z20z; (o )87'896 Z 81'26,@] 0z; ) v

We represent the main part of the expression under the integral sign in the
last relation in the divergent form:

@(U,M’UJ) = Il + IQ + Ig —|— 14,

where

_/ _zn:ﬂ ?u_Ou\ 9 @(m ~T) Ou
o —~ dxo oxd i ox; Oz \ Oz} 0 0T0xg
- 0 9%u 0%u 0 8%u  Ou
(b"—a )Z [31‘0 (axoaxi (o =) 37’8%) Oxg (8%83:1- 8171)}
0%u "9 0%u  Ou
2,2 232 ou
+a Z O <6:v16:vj( -7 BTB:Ej> b ijzzl Ox; <8xi6:vj (%cj)

Math. Model. Anal., 16(3):498-508, 2011.
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* %% <(x0 - T)<gio> > " zzn; ( <8j§8wl>2)

a?r I~ 9 2
2 Z 87’((960 T 8171817]) )dm,
1,7=1
1/8%u\> B —a 2 3£L2b2 n 2
L=[[:(%5) - d
2 /Q<2 ((%c%) 2 ; (89008:6 > + S <6$16$J) v
" 9%u 8%u 87’Z 0%u
I3 = 2
3 /Q< p 6:10 89608961 Z (%co 0x90x;
- 0%u 32u or; 0%u
b° — ; -1
* “ >”Z:1 0x00x; {TJ O0x;0x; + (o )(%co (%ci(?:vj}

- or; 9%
b2 42 _ J
“ ) izzl 6:506:101- (IO )8:51 8w08xj

- 87’]@ 8211,
2a°b* T d
Z 89018:10] T~ )(%ci Bacjaxk> *

i,5,k=1
9%u 91; Ou " 9%y 9%7; Ou
_ 2) e - - _ Z
L /Q < uMu+2 Z 6:6(2) Oxo Ox; ; Oz (w0 = 1) 0zt Ox;
- 82u ot Ou 9%r; Ou
2 2 j _ j  ou
O =) 2 G [axz oz, @0 D) g000a; axj]

82Tk 311,
a2b2 el
b Z 8%8% -1 0,0z 8xk>dm'

i,5,k=1

We apply the Ostrogradskii formula to I; and get I; = 0 by virtue of (2.3)—
(2.5). With the help of the inequality

1
2|ab| < ea® + =b*, Ve >0, (4.4)
3

and conditions (2.2) we get the upper bound for I3. For I the upper bound is
obtained with the help of the Cauchy—Bunyakovsky inequality and conditions
(2.2):
ILa| < esllullmzq) lull a2 ()
In this way we have the lower bound for the functional @(u, Mu):
D(u, Mu) < callullfpaq) = esllullmzollullmyo)- (4.5)
As far as [[Mul| g1 (q) < csllullmz(q), taking into account (3.6) and (4.5) we get

1Cull v < erllullmz@) — csllvllmy@)- (4.6)
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We integrate over domain Q7 = {x € Q |0 <z <7< T}, T = SUPeq 0,
the identity

Cg Z —269 Z D%u D%u

‘0“<1 la|<1

where c¢g is sufficiently large positive constant:

a « 8 @
CQ/S(T)ZD Tw)dm_209/Q ZDUBTUOD uwdx

<1 7 a1
C9 [e% 2 6 (o7
<= Z(D u) dw+509/ Z (—D ) dx
Q7 jal<1 Q) 4121 \OTo
¢
<=2 Y (D*u)*da + ecol|ullF2 ) (4.7)
Q7 a1
QM = 5 usSUST S = {me S| 0<a <) S ={xe
Q | zo = 7}. We have used mequahty (4.4) in (4.7). Let denote by v(1) =

Co fsg’r) E‘a‘gl(Dau)Q(T, z’)dx’. Then

co /Q . > (Du)’de = /0 Tv(t) dt

la|<1
and inequality (4.7) takes the form v( 1 [y o) dt+ ECQH’LLHH2(Q) We add
it to inequality (4.6), choose € such that the mequahty c7 —ecg > 0 is satisfied
and apply the Gronwall inequality:

crol|ull gzq) + v(1) < eT/E(||£UHH;1 + csllull g1 (@)
T
<o) Lull o + €= esllull i o)- (4.8)

The right part of inequality (4.8) is independent of 7, therefore in its left part
one can pass to the least upper bound with respect to 7. We get the following
inequality:

T T
crollul ey +o sup ] e 1€ull s + ¥ esllull sy oy
<

HI(S(T))( )

Taking into account estimate supg.,_p ||u||Hl S(T))( T) < %HU|‘§{1(Q) the in-
0

equality [ul| gz(q) < c11|\‘Cu||H0 1 is proved in case u € HZ(Q) N H3(Q).

Now let w € D(L). Then Jyu € HZ(Q) N H3(Q), where Ji is mollifier with
variable step [3, 16, 17]. It is proved above that

D(Jpu,v
Vilmagy < sup k-0l (49)
UEJ(L)I3(Q) HU”H(}(Q)

We represent the functional @(Jiu, v) in the following form:

Q(Jkuvv) = @(u, J;ckv) + Kl(ua U3 k) + K2(ua U3 k)v

Math. Model. Anal., 16(3):498-508, 2011.
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where

93 8 82 9
Ki(u,v; k) = <MJku oo u 9 )
0

)
n 83 8 82” 81)
2 2 [ T g Yk o g
+(b" —a”) Z (3x(2)3xi i Oxg I Oro0z;’ Oz > L2(Q)

n 93 b 8u  Ov
— a2 A AR A Al S
“ Z 0x3 0z, T o *Owi0;” Ox; L2(Q)

1,7=1
(A(Q)Jku — JkA(Q)’U,, U)LQ(Q),

92u o%v 0? *
Ks(u,v; k) = (8 zaJk 3% 833(2) ka) L2(Q)

n a2u 821) 82
b2 — o2 Jr - Ji
o “) ; (8x03$i7 M Oxodx;  Oxodx; kv> L2(Q)

n 82’(1, 62’0 62
_ JE — J; .
a Z (8xi8xj Tk Ox;0r;  Ox;0x; kv) L2(Q)

4,j=1

We have used here the following assumptions: in order that functional v —
2
&(u,v) be continuous over the space H{(Q), the equality Jkg_;;|9(0) = 0 must
1

be satisfied, and aa—;%Jku| o = 0 was proved above. By virtue of the properties
of the mollifiers J and J} we get

1
Ky (u, v3k), K2(u, v k) < llullmzo) 10l ay @) (4.10)
[Tevll @) < crzllvll g ()- (4.11)

By virtue of estimates (4.10), (4.11) inequality (4.9) can be continued in the
following way:

|2(Ju, )| sup [2(u, Jgv)|

[ Jwull m2(q) < sup e < —llullmz(q)
0 el HUHHl(Q) i) Iz & 0
|P(u, J; )I 2
<c12 sup ol e L Sl )
< @ (u,v)| v)l *H H
X C12 sup || H k U Hg(Q)
vel*(Q)

Passing in it to the limit as k — oo, we get desired inequality (4.1). Inequality
(4.2) is proved in the same way. O

Theorem 2. If Condition 1 is satisfied and f € Hgl, then a unique weak
solution of problem (2.1)~(2.5) ewists.
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Proof.  Uniqueness of weak solution of problem (2.1)—(2.5) follows from The-
orem 1. The operator L is closed, therefore for proving existence of weak
solution of problem (2.1)—(2.5) and, thus, for finishing the proof of the theorem
it remains to prove that R(L) = H;'. Tt is enough to show the density of the

0
elements Lu, where u € H3(Q), is in the space H, *. Let v € H*(Q) be such
that for any function u from the indicated class (Lu,v) = 0. As u € H3(Q)

0
and v € H*(Q), then by the virtue of (3.8) (u, £'v) = 0. Consequently, it
follows from (4.2) that v = 0 in H3(Q). O
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