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Abstract. In this paper, a three species reaction-diffusion food-chain system with
nonlocal delays is investigated. Sufficient conditions are derived for the global stability
of a positive steady state and boundary steady states of the system by using the energy
function method. Numerical simulations are carried out to illustrate the theoretical
results.
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1 Introduction

The classical Lotka—Volterra type systems are very important in the models
of multi-species populations interactions. Recently, three-species food chain
models have been studied by many authors (see, for example, [3, 8, 9, 11, 15,
16]). In [8], Lin studied the following three-species food-chain system with time
delays

ou 0u

8—t1 =di 8@21 +ui(r1 — anur — arzuz(z,t — 72)),

ou 0u

8—t2 = d28722 +uz (=72 + ag1u1 (2, t — 1) — azpuz — azzuz(z,t — 73)),

ou 0%u

8—; = d38723 + ’u,3(—7°3 + a32’U,2($,t — Tg) — a33U3), (11)

6’11,1 _6”2_8”3_
= n = on =0, (x,¢) €0 x(0,+00),

ui(x,0) = ¢i(x,0) >0 (:1=1,2,3), (x,0) €2 x[-7;,0],
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Global Stability of a Three-Species Food-Chain Model 377

where ui(x,t), us(x,t) and us(x,t) represent the densities of prey, predator
and top predator populations at location z and time ¢, respectively. In [8], the
author considered the asymptotic behavior of solution of system (1.1), by using
the method of upper and lower solutions.

We note that the time delays of system (1.1) are space-independent. How-
ever, in many realistic ecological models, any delays should be spatially inho-
mogeneous, that is, the delays affect both the temporal and spatial variables.
This is due to the fact that any given individual may not necessarily have
been at the same spatial location at previous times. Such delays are called
spatio-temporal delays or nonlocal delays. The effect of nonlocal delays on the
dynamics of ecological models has been taken into account in several papers
(see, for example, [1, 2, 4, 6, 5, 7, 10, 13, 12, 14, 17, 18, 19]). In [6], Gourley
and So introduced a nonlocal delay with the form

/_’;O /0” G, y,t = s)k(t — s)uly, s) dy ds,

2 . .
where G(z,y,t) = % + % S et cosna cosny is solution of

oG 0*°G

ot 02
subject to G(z,y,0) = d(x — y), the function k(t) is called the delay kernel
and satisfies k(t) > 0 for all ¢ > 0 together with the normalization condition
[T k() dat = 1.
Motivated by the work of Lin [8] and Gourley and So [6], in this paper, we
study the following reaction-diffusion food-chain model with nonlocal delays

8U1 8211,

o = By i —anu —anu),

ou 0%u

8t2 = dy 31322 + ug (=72 +a21/ / Gi(z,y,t — s)ki(t — s)ua(y, s) dy ds

— agaus — agzus),

0 0?
% ds au;-i-% T3+a32/ / Ga(@,y,t — s)ka(t — s)ua(y, s) dy ds

— azzug) (1.2)
for t > 0,z € (0, ), with homogeneous Neumann boundary conditions
%:%:%:0, x=0,7 (1.3)
and initial conditions
ui(z,0) = ¢i(x,0) >0 (:=1,2,3), (z,0)€][0,7]x (—o0,0], (1.4)
where

2 o0
Gi(z,y,t)= — 4+ — Z e~ 4"t cogna cosny, i=1,2,
& n=1
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G, is the weight function describing the distribution at past times of the in-
dividual of the species u; who is at position z and time t. We recall that
in system (1.2), uy(z,t), ua(z,t) and us(x,t) represent the densities of prey,
predator and top predator populations at location z and time ¢, respectively.
All the parameters in system (1.2) are positive constants.

This paper is organized as follows. In Section 2, we introduce some notations
and several lemmas which will be essential to our proofs. In Section 3, we
discuss the global stability of steady states for system (1.2). Finally, some
numerical simulations are given to illustrate the main theoretical results.

2 Preliminaries

In this section, we introduce some notations and several results which will be
useful in next section.

Let R = (—o00,4+00), 2 = (0,7). For 1 < p < oo, let LP(f2) denote the
Banach space of measurable functions u on (2 satisfying

1/p
(/|u(:v)|pd:v> <oo ifl<p<oo,
2

ess sup |u(z)| < oo if p = oo.
€N

(2.1)

[ull, =

In particular, if p = 2, L?(£2) becomes a Hilbert space with usual inner product
() and || - ||3 = (-,-). Let || - || denote a norm in L%((0,T); L?(£2, R)), i.e.,

Il = ( / ' |u<s>||%ds) ; (2:2)

Let (ui(t,x),u2(t,x),us(t,z)) be a solution of system (1.2). Then by a
comparison theorem we have the following result.

Lemma 1. (u1(t, ), ua(t, z), us(t, z)) exists globally and satisfies
0< Uj(I,t) < maX{MjaZgIO)H(bj(ov')”C(Q;R)}v Jj= 1,2,3, (23)

where Ml = rl/all, M2 = (a21M1 —’I”Q)/CLQQ, M3 = (a32M2 —7"3)/@33. AZSO,
by the strong mazimum principle, if ¢;(x,0) # 0 (i = 1,2,3), we have u;(z,t) >
0(i=1,2,3), forallz € 2 and t > 0.

Moreover, we recall (Lemma 2.1 in [6]).

Lemma 2. Let K(z,y,t) = G(z,y,t)k(t), for the term fjoo Jo K(z,y,t —
s)u(y, s) dy ds, we have the following inequality

H/too /Q K(z,y,t — s)u(y,s) dyds

for any function u(xz,t) such that g—z =0 on 012.

< / k(t— s)u(s)|ads  (2.4)

— 00
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3 Global Stability

In this section, we study the global stability of a positive steady state and
boundary steady states of system (1.2) by using the energy function method.
It is easy to show that system (1.2) has two steady states Ey(0,0,0) and
E1(r1/a11,0,0). Moreover, if the condition (H1) a1y > ajire holds, then
system (1.2) has another semi-trivial steady state Ea (1, 2, 0), where
_ a2271 + A1272 _ a2171 — A1172
U = ———————, Uy = —————.
ai1a22 + a12a21 a11a22 + 12021
Further, if the condition (H2) asjasers — a11asare — a11a9073 — agoaz1r3 > 0
holds, then system (1.2) has a positive steady state E*(u}, u3, u}), where

« 02203371 + (2303271 + A1203372 — 11202373

Ul = 9
11022033 + A11023032 + 12021033
(2103371 — (1103372 + 1102373
uh = (3.1)

)
(11022033 + 011023032 + Q12021033
« _ 02103271 — A11G32T2 — 01102273 — 1202173
11022033 + G11a23032 + 12021033

We are now in a position to state and prove our main result on the global
stability of the positive steady state of system (1.2).

Theorem 1. Let (uy(z,t),u2(x,t),uz(x,t)) be a solution of system (1.2) with
boundary conditions (1.3) and initial conditions (1.4). If (H2) holds and
a11a22a33 — 11423032 — a12a21a33 > 0, then

tlim (ul(x,t),uz(x,t),ug(:zr,t)) = (uj,u3,u3) wuniformly for x € [0, x].
— 00
Proof. Define

E(ui):‘/n(uz—u —u] lnu—)dx (i=1,2,3),

K2

Ki(z,y,t —s) = Gi(z,y,t — s)k;i(t —s) (i=1,2). (3.2)

For some constants a > 0, 5 > 0 to be determined later, we have

B () + () + BB ()]
[ S (-t [ T (1- By s [ S0 (1-B)a

2 2
—dlu’{/ |Vu21| d:v—adgu;/ |Vu22| dw—6d3u§/ |Vu23| d
Q Uy o U3 0 U

—a / (ug — M{)2 dx — aagg/ (ug — u§)2 dx — ﬂa33/ (us — u§)2 dx
Q 0 Q

- alg/ (up — ui)(ug — u3) de — aa23/ (ug — u3)(ug — uy) do
(P (9]
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t us
vaan [ [ [ Kt = 9)wnly,s) - ) dy dsfun - u) da
2J-ccJo
t s
o [ [ [ Kooyt = ) ualy,s) — u) dydstus — i) do. (33)
2J-ccJo
Using Young’s inequality, we have that

d
o [E(w1) + aB(uz) + BE(us)]
2 2 2
< —dyuj |Vu21| dr — adguS/ |Vu22| dx — ﬁdgug/ |Vu23| dx
0 uj 0 Uy 2 Uz
- (au - a1;771) /Q(Ul —up)* dr — (04022 - % - aa223n2)
X / (ug — ub)? do — (Ba33 - C;a%) / (ug — u3)® da
72 9]

2
t s
+ aao / / / Ki(z,y,t — s)(u1(y, s) — ul) dy ds(ua — uj) dx
2J-00Jo

t T
+ Bagz /Q / / Koyt — )(ua(y, s) — u3) dy ds(us — u) d, (3.4)

for any 71,72 > 0. It follows from (3.4) that

d . Vuy |? . Vus|?
E[E(ul)—i—aE(ug)—i—BE(ug)]—|—d1u1/ | u21| d:zc—l—adqu/ | u22| dx
(% 1 2 2
Vusl|? a
i [ 8 o (- 2y —
0 U3 2
ai2 Q2312 % Qa3 *
+ (o — 512 = S Y gl + (Bass — 5 ) s — w3

t i
<aan( [ [ Kiyt - 9w - i) dyds,us - ;)
—o0 J0

t ™
tpon( [ [ Kalopt = )uaes) - ) dydsua —u5). (39
—oo JO
By Lemma 2, for ¢ = 1,2, we have that
t T
H/ / Ki(xvyvt_s)(ui(yvs)_ur)ddeH2
—o0 JO
t
< [ kit 9)us(s) il ds

t

< sup ||ui(s) — uf||2/ ki(s)ds + / ki(t — s)||ui(s) — uf|l2ds.  (3.6)
s<0 ¢ 0
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For any T' > 0, we have
T t ™
‘/ </ / Kl(;v,y,t—s)(ul(y,s) _U’:{)ddeJUQ(t) —’U,;> dt}
0 —o00 JO
T t ™

< [ e sl [ ] Kt - ) - up) dyds]
0 —o00 J0

< sup [ui(s) —uifla sup HU2(S)—U§||2/ ski(s) ds
s<0 0<t<T 0

T t
+ / lua(®) — w32 / Fa(t — 8)[[ua(s) — 12 ds dt. (3.7)

We estimate the second term in (3.7) that

T t
|zt = sl [t = s)luas) = w2 ds
0 0

<oz =t [ ([ bt sats) ~ihoas)ar)"
< ||uQ—u§||T(/OT(/Otkl(t—s)ds> /Otkl(lf—s)Hul(s)—ui‘”%dsdt)l/2

T t ) 1/2
<o =usle( [ [ b= sl - il dsae)

T - 1/2
— e = wslle ([ urlo) =il [ bt ) deds)
0 s

< luz = wllrflus — willr, (3-8)
where || - || denotes the norm defined as in (2.2). Therefore, for any T > 0, we
have

’/OT</; /0 Ko,y t = 8)(ur(y,5) - up) dy ds, ua(t) - u3 ) |

o0
< sup Jua(s) = il sup [ua(s) 3l [ sha(s)ds
s<0 0<t<T 0

+ [Jug = u3||r|lur — (|7 (3.9)

In a similar way, we have that
T t T
[ ] Kalwt = 9 ualyns) = ) dy ds,ua(e) — o3
0 —o0 JO

o0
< sup [luz(s) — uzf2 sup IIU3(S)—U§||2/ ska(s)ds
s<0 0<t<T 0

+ llug — w37 l[us — uz]|7. (3.10)
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Integrating (3.5) over [0, 7], and noting that sup |Jui(s)—uill2, sup |jua(s)—
0<t<T 0<t<T
usll2 and sup |lusg(s)—uj|l2 can be bounded independently of T' (by Lemma 1),
0<t<T

we obtain that there exists a positive constant C independent of T" such that

Vul Vug a12m
dyuj —|— adaul Bd3u3 (a11 — 277 )||u1 — u’{||2T
a12 Qa237)2 %12 Qaa23 %112
—i—(aagg————) Uz — U —l—( )U3—u
2 ) iy — e Lt
< O+ aagflup — ugllr|lur — uillr + Baselluz — us|[rllus — uzlle. (3.11)

By using the Young’s inequality, we have

Vul

Vu a
dr| 22|+ adaus]| 2|+ s |22+ (o = 222 s i
a2 Qazsn2 aaz3 *
+ (aaz2 ST T) ol ( s = i

&1 % 1 *
<C+ aa21(3||u1 —ui||7 + e, U2 — U2||?r)
€2 * 1 *
+ Bags (F luz = w33+ 5= llus = w3 3), (3.12)
2 262

for any €1,e0 > 0. We choose 1 = m1 = 2a11/(a12 + @as), g2 = 12 =
(aazs + Basz)/2Baszs. Then (3.12) becomes

Vu1 V’u,g

Vo H ( a2 Qaz3ne )

YT T 2

+ Bags > )||u2 —u3|2. (3.13)

—|— adaul

+ Bdzuj

dlul

1
x |[uz — u2||T <C+ (aa212

If casy — gﬁ — i ozami + Baz2 %, from (3.13) we can conclude that

=

<o |52,

%l

< Cs, < Cs,  lug—usz|r < Cy, (3.14)

for some constants C; (i = 1,2, 3,4) independent of T.

We can choose «, f > 0 satisfying cass — gﬁ — i aazlﬁ + Baz2 -

Noting that ¢y =, = ﬁ, €9 =g = M?Bizii‘m, we obtain that
2 azs(aiz + aas)? 2 92
8 a32 + 2ﬂ( g — 2cvagaass + aagzazg) +a‘az; < 0. (3.15)
11
Denote

azz(aiz + 04@21)2
2a11

2
2 2 2
— 2aag0a33 + aagzazg) — 4az,0” a5,

A1:4(

asz(a12 + cmzl)2
2(111

By = — 2aag0a33 + aaszaaos.
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If Ay >0, By <0, then there is a 5 > 0 such that the inequality (3.15) holds.
For A1 > 0, By < 0, we get that

az3(ae + aag)?/2a11 — 20agass + 2aazzass < 0
a33(a12 =+ OACL21)2 — 40&&110,220,33 =+ 40&&11&32&23 < O (316)

2 92 2
a”ay a33 + 20(2a11a23a32 — 211022033 + a12a21a33) + aizasz < 0.
Denote

2 2 2 9
As = 4(2a11a23a32 — 2011022033 + G12a21033)° — 4a3; 03307
= 16(a11a23a32 — a11022a33 + A21a12a33) (011423032 — G11022033),

By = 2a11a23a32 — 2011022033 + a12a021033. (3.17)

Noting that aii1az2a33 — a11a23a32 — aizaz1a33 > 0, we obtain that Ay > 0,
B; < 0. Then there exists & > 0 such that (3.16) holds. Therefore, the
inequality (3.15) holds. Because of (2.3) we may deduce from (3.14) that, for
some constant Cy independent of T,

[Vuz|r < Cs. (3.18)

Inequalities (3.14) and (3.18) imply that us —u} € L2((0,00); WH2(§2; R)) and
thus

tlgglo ||u2 — u§||W1,2 =0. (3.19)
Therefore,
tlggo [|ug — U3||C(Q;R) =0. (3.20)

In a similar way, we derive that
Jim flur = wille(ar) = 0, Jim [lug — uzllc(a;r) = 0-
The proof is complete. O

Next, we consider the global stability of the boundary steady state of sys-
tem (1.2).

Theorem 2. Let (uy(z,t), uz(z,t),us(x,t)) be a solution of system (1.2) with
boundary conditions (1.3) and initial conditions (1.4). If asyry < are and
a11a92 > A12021, then

tlirn (u1(z, 1), ua(z, ), us(z,t)) = (r1/a11,0,0)  uniformly for z € [0, x).
— 00
Proof. Define

E(ul):/ (ul—r—l—r—llnw) dx, F(ui)z/uidw, i=2,3,
2 2

ail a1 T1

Ki(z,y,t —s) = Gi(z,y,t —s)ki(t —s) (i=1,2). (3.21)
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For some constants a, 5 > 0 to be determined later, we have

d
g [E(w) +aF (uz) + BF(us)]
8’&1 8’(1,3
= 1-— d b dx
ﬂz (9t ( all’LLl) Tha / +ﬁ o) (9t
d 2 2
__@n / |Vu1| dr — a11/ (ul n ) dr — aagg/ u% dx
aii n a1 9]
— Bass /ug dr — (ng/ (u1 — r—l)uQ dr — a/ ToUs dT — (a3 /U2U3 dzr
1) 9] ai 9] 1)

t s
-8 ’I"3’LL3 da:—l—aaﬂ/ ( / / Ki(z,y,t — s)ui(y, s) dyds)u2 dx
2 —oo0 J0

+ Bassz /Q ( /too /077 Ko(z,y,t — s)ua(y, s) dy ds)u?, dz. (3.22)

Noting that ai172 > a2171, by using the Young’s inequality we have

d
@ Bw) + aF(uz) + B (us)]
d 2 2
o 1/ |Vu21| dor — (all_ a12771)/ (ul_i) dr
an Jo uj 2 Q ai
_ _ 42 2 1y — 2
(aagg 2771)/9112 dx Ba33/9u3 dx
t T
1
+aa21/{2(/—oo/o Kl(x,y,t—s)(ul(y,s)—a—ll) dyds)ugdx
t T
—|—ﬁa32/ (/ / Kg(x,y,t—s)w(y,s)dyds)wd:v. (3.23)
[0} —o0 JO

It follows from (3.23) that

d diry |VU1|2
Z [E(w) + aF (uz) + BF (u3)] + vl
a127M
+ (an s = 2, + (o2 = 52 ) ol + sl
t s
T1
< — PR —
~ CVa/21</_oo/0 Kl(xvyut S)(“’l(yas) all) dyds,u2>
t s
+ﬁa32</ / KQ(.’II,y,t - S)U’Q(yvs) dde7U3> (324)
—o0 J O

By Lemma 2, we have that

t

r T
| o=t 25 el - 2,

—> 0 —00
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gsupHul(s) H / k1(s ds—l—/kl(t—s)Hul( H ds. (3.25)
s<0 ail ail

For any T' > 0, we have

‘/OT</;O /Ole(x,y,t—S)(Ul(yaS)_;_f) dyds7u2(t)> dt’
<[] [ [ -0 - 2 dvas

SsupHul H sup |luz(s ||2/ ski(s)ds
s<0 a11 "2 o<t<T 0
T
s [ s [k ofuts) - 2 asar (3.26)
0 0 a1

We estimate the second term in (3.26) that

[ el [ w9
<t ([ (it - 22 ")
<toste(f[ [ e-0) f[mt-olfuto - 2 )
<||u2||T/ /m_s R
= sk ([ Jonts) = 21 [ = panas) " <l -

where || - ||z denotes the norm defined as in (2.2). Therefore, for any 7' > 0, we
have

’U,l(

dsdt 3.27
a11 H ( )

T t T r
‘ / </ / Ki(z,y,t—s) (ul(y,s) - —) dyds,UQ(t)> dt‘ (3.28)
0 —00 J0 ar
< sup Hul(s) H [[uz(s) Hz/ ski(s)ds + ||U2||THU1 - 7“
s<0 a1l 20<t<T 0

In a similar way, we have that

T t ™
‘/ </ / Kg(x,y,t—s)ug(y,s)dyds,u3(t)> dt‘
0 —o00 J0
< sup [ua(s)]l2 sup HUB(S)Hz/ ska(s) ds + |uz||llusllz.  (3.29)
5<0 0<t<T 0

Integrating (3.24) over [0, T, and noting that sup [l — 2|2, sup lua(8)]2,

ail

sup |lus(s)||2 can be bounded 1ndependently of T (by Lemma 1), we obtain
0<t<T

Math. Model. Anal., 16(3):376-389, 2011.
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that there exists a positive constant C independent of T" such that

H (aazz - %)HWH%
ai 2m

+ 6a33||u3||T < C+ aazfuglr [un = 2|+ Basaljusljus]z. (3.30)
11

ridy Vul aiam
ayy — up —
aiil

By using the Young’s inequality, we have

o (o = 5 o (= 52)
-~ w— e - o [uzl7 + Bass|lus||7
<Crraan (3 in= 22 ||+ 5 lualp) +Besa (2 fuslfot o sl ). (3:31)

for any €1,e9 > 0. We choose €1 = 11 = 2a11/a12 + @as, €2 = asa/2ass. Then
(3.31) becomes

ridy || Vu 1
g 1H + (0 = 512 ) uslfp < O (0as1 5+ o5 ) sl (3:82)

If cagy — a12/2m > @asy/2e1 + Baszea/2, from (3.32) we can conclude that

Vu
H ! H < (1, ||u2||T < Oy, (333)

for some constants C; (i = 1,2, 3,4) independent of T. We can choose a, 5 > 0
satisfying aass — a12/2m > «ag1/2e1 + Pasaea/2. Noting that e = np =
2a11/a12 + a2y, €2 = a32/2a33, we obtain that

a?a3 azs + 2az3a(ainaz — 2a11a2) + Bayiaids + azzais < 0. (3.34)

Denote Ay = 4a3;(a12a21 — 2a11a22)? — 4a3;a33(Bar1a3, + aszals). Noting that
aj1as2 > ai2a21, we know that if Ay > 0, there exists an « > 0 such that
inequality (3.34) holds. For A; > 0, we get that

4a11a22a§3(a11a22 — algagl) > ﬁa11a§1a§2a33. (335)

So we can choose 0 < 3 < 4agsazs(ai1a22 — a12a21)/a%,a3,. Therefore, inequal-
ity (3.34) holds. Hence, lim¢— [[u2|l (o) = 0.
In a similar way, we derive that
tlirf}o [ = Tl/allHC(Q;R) =0 tl—lglo lusllo@ir) = 0-

The proof is complete. 0O

Using a similar argument, we can also prove the following results.
Theorem 3. Let (uy(z,t),uz(z,t),us(x,t)) be a solution of system (1.2) with
boundary conditions (1.3) and initial conditions (1.4). If

a11a22a33 — (110230432 — G12021a33 > 0,

2103271 — G11G3272 — 1102213 — 41202173 < 0
hold and (H1) is valid, then tlirglo(ul(x,t),u2(:1:,t),U3(3:,t)) = (U1, Uz2,0) uni-
formly for x € [0, ].
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4 Numerical Simulations

In this section, we present some numerical simulations to illustrate the results
in Section 3. In system (1.2), we let f;(t) = = exp (—t/7;), i = 1,2.

‘ T LA . 9 . T
LT 00 TN " 100 R L
2 | Sy - P, [ 100
0o -

x-axis t-axis x-axis L) taxis x-axis [O]

ui-axis

u2-axis
U3-axis
= =)
= )

8
4
2
9

(a) (b) (c)

Figure 1. The time dependent solution found by numerical integration with r; = 6,
ro=rz3=1,a11 =ai2=az1 =1,a22 =3,a3 =az2 =azz3 =1,d1 =1,d2 =2,d3 =1,
71 =72 =0.1; ¢$;(2,0) =0.1 (:=1,2,3); Ou; /0x =0 (i =1,2,3),t >0, x =0, .

Ezample 1. In system (1.2), we let 11 = 6, ro = r3 = 1, a11 = a12 = a91 = 1,
a9 = 3, 93 = Q32 — A33 — 1, dl = 1, d2 = 2, d3 = 1, T1 = T2 = 0.1. Then
system (1.2) has four steady states Fy(0,0,0), E1(6,0,0), E2(4.75,1.25,0) and
E* (48, 1.2, 02) It is easy to see that 11022033 —A110A23432 —A12021033 = 1>0
and (H2) holds. By Theorem 1, we know that the positive equilibrium E* of
system (1.2) is globally stable (see Fig. 1).

Figure 2. The time dependent solution found by numerical integration with
ri=r2=r3=1,a11 =a12 =az21 =1,a22 =3, a23 =asz =azz =1,d1 =1,d2 =2,
dz3=1,71 =72 =0.1; ¢i(z,0) =0.01 (: =1,2,3); Ou; /0xr =0 (1 =1,2,3),t >0,z =0, 7.

Ezample 2. In system (1.2), we let 11 = ro = r3 = 1, a11 = a12 = az; = 1,
a9 = 3, 93 = Q32 — A33 — 1, dl = 1, d2 = 2, d3 = 1, T1 = T2 = 0.1. Then
system (1.2) has two steady states Ey(0,0,0), E1(1,0,0). It is easy to see that
a11G22 — a12a21 = 2 > 0, ag1ry = ay1re. By Theorem 2, we know that the
equilibrium E; of system (1.2) is globally stable (see Fig. 2).
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Figure 3. The time dependent solution found by numerical integration with r1 = 2,

T2

=rg=1,a11 =aiz =az1 =1,a2 =3, a3 =azz2 =azgz =1,d1 =1,d2 =2,d3 =1,
=7 =0.1; ¢(z,0) = 0.1 (i =1,2,3); du;/0z =0 (i = 1,2,3), t >0, = 0, .

Ezample 3. In system (1.2), we let 11 = 2, ro = r3 = 1, a11 = a12 = ag1 = 1,

a22

23,(123:(132:(133:1,d1=1,d2=2,d3:1,7'1:TQZO.l. Then

system (1.2) has three steady states Ey(0,0,0), F1(2,0,0), F2(1.75,0.25,0). It
is easy to see that ai11a22a33 — a11a23a32 — ai2a21a33 =1 >0, a217m1 — aire =

1>

0, a21a327T1 — G1104327T2 — A11A2273 — Q1202173 = -3 <0. By Theorem 3, we

know that the equilibrium Fj of system (1.2) is globally stable (see Fig. 3).
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