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Abstract. Eventual stability and eventual boundedness for nonlinear impulsive dif-
ferential equations with supremums are studied. The impulses take place at fixed mo-
ments of time. Piecewise continuous Lyapunov functions have been applied. Method
of Razumikhin as well as comparison method for scalar impulsive ordinary differential
equations have been employed.
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1 Introduction

The stability of solutions of differential equations via Lyapunov method has
been intensively investigated in the past. In many real cases, it is obligatory
to study the stability of such sets, which are not invariant with respect to a
given system of differential equations. This immediately excludes the stability
in the sense of Lyapunov. Examples for that can be found when self-controlled
systems of management are being studied [2]. For the problem, arisen in this
situation, to be solved, a new notion is introduced — eventual stability [7, 17].
In this case, the set under consideration, despite not being invariant in the
usual sense, is invariant in the asymptotic sense.

Impulsive differential equations are found in almost every domain of applied
sciences. Numerous examples were given in Bainov’s and his collaborators’
book [6]. Some impulsive differential equations have been recently introduced
in population dynamics [15], neural networks [12], the chemostat [16], etc. In
the mathematical simulation in various important branches of control theory,
pharmacokinetics, economics, etc. one has to analyse the influence of both the
maximum of the function investigated and its impulsive changes. An adequate
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mathematical apparatus for simulation of such processes are the impulsive dif-
ferential equations with supremums [1, 4, 8]. To the best of our knowledge,
there are no results considering the stability of nonlinear impulsive differential
equations with supremums, which is very important in theories and applications
and also is a very challenging problem.

In the present paper eventual stability of x = 0 and eventual boundedness
of the solutions with respect to the system of impulsive differential equations
with “supremum” is defined. By employing a class of piecewise continuous
functions which are generalization of the classical Lyapunov’s functions [6, 11]
coupled with the Razumikhin technique [3, 5, 9, 10, 13, 14, 15] some sufficient
conditions are found.

2 Preliminary Notes and Definitions

Let R™ be the n-dimensional Euclidean space with norm |.|; {2 be a domain in
R"™ containing the origin; Ry = [0,00); R = (—00,00); tg € Ry, 7 > 0.

Let J C R. Define the following class of functions: PC[J, 2] = {o : J —
§2: o(t) is a piecewise continuous function with points of discontinuity £ € J at
which o(t — 0) and o(t + 0) exist and o(f — 0) = o(t)}.

Consider the following system of impulsive differential equations with “supre-

z(t) = f(t,z(t), sup x(s)), t#tg,

mum
se[t—r,t] (2,1)
Ax(ty) = Ig(z(ty — 0)), tp >to, k=1,2,...,
where [ : [to,00) X 2 x 2 — R";, I, : £ — R™ k = 1,2,..; Az(t) =
a:(t—l—())—x(t—()); to <ty <to < --+;limg_ooty = 00. Let g € PC[[—T, 0], Q]
Denote by x(t) = x(t; to, vo), © € 2 the solution of system (2.1), satisfying the
initial conditions:

{x(t;foawo) = ot —to), to—1 <t <ty,

z(to + 03t0, o) = ¢0(0) (2.2)

and by J*t(to,¢0) — the maximal interval of type [to, ) in which the solution
x(t; to, po) is defined.

The solution x(¢; %o, @o) of problem (2.1), (2.2) is a piecewise continuous
function in interval JT(to,¢o) with points of discontinuity of the first kind
t =ty, k =1,2,... at which it is continuous from the left, i.e. the following
relations are satisfied:

o(ty, — 0) = 2(tr), x(tx +0)=2(tr) + L(z(tx)), tx € J(to,v0).
Introduce the following notations:
Gr={(t,z) € [tg,00) X 2: tp_1 <t <tph k=1,2,...;G= Uzozl Gr;

oIl = sup |p(t —to)| is the norm of the function ¢ € PC[[—7,0], £2];
t€[to—7,to]

S, ={xz € R™: |z| < p}, p = const > 0;
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306 1. Stamova
K = {a € C[R+, Ry]: a(u) is strictly increasing and such that a(0) = 0}.
Introduce the following conditions:
H2.1. f € C[[to,00) x 2 x 2, R"].
H2.2. f(¢,0,0) =0, t € [ty, 00).

H2.3. The function f is Lipschitz continuous with respect to its second and
third arguments in [tg, 00) X §2 x {2, uniformly on ¢ € [tg, 00).

H24. I, € C[2,R"], k=1,2,....

H2.5. I1(0) =0, k=1,2,....

H2.6. The functions (I 4+ 1) : 2 — 2, k=1,2,... where [ is the identity in (2.
H2.7. tho <tg <ta<---.

H2.8. limp_y00 tx = 0.

In the further considerations we shall use the class V) of piecewise continuous
auxiliary functions V : [tp,00) x 2 — Ry which are analogues of Lyapunov’s
functions [11].

DEFINITION 1. A function V : [tg, 00) x £2 — Ry belongs to class Vy, if:

1. V is continuous in G, locally Lipschitz continuous with respect to its
second argument on each of the sets Gy, k = 1,2,... and V(¢,0) = 0,
t e HQ,OO).

2. Foreach k=1,2,...and z € 2

V(ty — 0,2) = V(tg,z) and V(tp+0,2) = lim V(¢ z) exists.
toty
t>tp,

DEFINITION 2. Given a function V € V. For any t > tg, t # tg, k= 1,2,...
and any function ¢ € PC[[t — 7,t], 2] the upper right-hand derivative of V
with respect to system (2.1) is defined by

DV (t,0) = Tim sup 2 [V(E+ h,o(0) + b (1,0(0)
sup_ 6t +5))) — V(1,0(0)]. (2.3

s€[—7,0]

Note that in Definition 2, DV (¢, ¢) is a functional whereas V' is a function.

Introduce the set PC'[J, R"] = {o € PC[J, R"]: o(t) is continuously dif-
ferentiable everywhere except some points t; at which (¢, — 0) and (¢ + 0)
exist and o(ty —0) =o(tg), k=1,2,...}. We remark that if V € V; and
V € PC*[tg,00) x £2, Ry ], then (2.3) reduces to

V(L (1))
t

DYV (t,¢) = 5

+ ALV (L, 6(1).f(t, 6(t), sup ¢(t +5)).

s€[—7,0]
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Together with system (2.1), we shall consider the comparison equation

{u(t) =g(t,u), t=>to, tF g, (2.4)

Au(ty) = B (u(ty)), te>to, k=1,2,...,

where g : [tg,00) X Ry - Ry, By : Ry - R, k=1,2,....
In the proof of the main results we shall use the following lemmas:

Lemma 1. Let the conditions H2.1, H2.3, H2.4, H2.6, H2.7 and H2.8 hold.
Then J* (to, po) = [to, 00).

Proof. Since the conditions H2.1, H2.3, H2.4 and H2.6 hold then from the
existence theorem for the equation @(t) = f(t, z(t), maxsep—r 4 x(s)) without
impulses [3] it follows that the solution x(t) = x(¢;to, ¢o) of the problem (2.1),
(2.2) is defined on each of the intervals (t5_1,%k], k = 1,2, .... From conditions
H2.7 and H2.8 we conclude that it can be prolonged continuously for ¢t > .
O

Let us note that the problems of existence, uniqueness, and continuability
of the solutions of functional differential equations without impulses has been
investigated in the monograph [3].

Lemma 2. Assume that:
1. Conditions H2.1, H2.3, H2.4, H2.6, H2.7 and H2.8 hold.

2. The function g : [tg,0) X Ry — Ry is continuous in each of the sets
(th—1,tk] x Ry, k=1,2,....

3. By € C[R4+,R], and Yy(u) = u + Bi(u) > 0, k = 1,2,... are non-

decreasing with respect to u.

4. The mazimal solution u™ (t;tg,uo) of the scalar equation (2.4) with
uT (to + 0;t0, ug) = uo, up € Ry is defined in the interval [to,c0).

5. The function V € Vy is such that V(tg + 0, ¢0(0)) < ug,
Vit+0,2+ Ix(z) < (V(t,z)), z€R, t=t, k=1,2,...,

and the inequality DTV (t, (1)) < g(t, V(t, (1)), t #tx, k =1,2,... is
valid for any t € [to,00) and any ¢ € PCI[t — 7,t],82] such that V(t +
s, 0(t+5)) <V(t,¢(t)), s € [-7,0).

Then
V(t,z(t;to, po)) < ut(t;to,uo), t € [to,o0). (2.5)

Proof. From Lemma 1 it follows that J* (¢, p0) = [to,00) and the solution
x = x(t; to, po) of the problem (2.1), (2.2) is such that

x € PC[(ty — 7,00), 2] N PC[[to, 00), £2].
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308 1. Stamova
The maximal solution u™ (¢; o, ug) of the system (2.4) is defined by the equality

ro(tito,ug), to<t<ty,
ri(titi,u)), <t <t
+ (4. _
U (t7t07u0)_
re(tite,uyl),  te <t <tpir,

ey

where 7y (t;t,u;) is the maximal solution of the system without impulses
= F(t,u) = f(t,u,maxecp_r 4 u(s)) in the interval (tx,trq1], £k =0,1,2,...,
for which ’U,z = ¢k(rk71(tk§tkfl7uz_1)), k=1,2,...and U’(J)r = ug.

Let t € (to,t1]. Then, from the corresponding comparison theorem for the
continuous case [7], it follows that V (¢, z(t;t0, p0)) < ut(t;to,up), i.e. the
inequality (2.5) is valid for ¢ € (to,t1]. Suppose that (2.5) is satisfied for
t € (tg—1,tx], k > 1. Then, using condition 5 of Lemma 2 and the fact that the
function vy is non-decreasing, we obtain

V(tr +0,2(ty + 0;t0, po0)) < i (V (tk, 2(tk; to, p0)))
< re(ut (th; to, 90)) = Yk (re—1 (b te—1,u3_)) = uf.
We apply again the comparison theorem for the continuous case in the interval
(tk,trs1) and obtain V(t,z(t;to, o)) < ri(tite, uf) = ut(t;to, o), ie. the
inequality (2.5) is valid for ¢ € (tg,tg+1]. O

3 Main Results

3.1 Eventual stability
We shall also use the following notations:
B, ={(t,z) € [ty,0) x R™: |z| < a};

B, = {(t,7) € [tg,0) x R™: |z| < a}, a>0.

We shall use the following definitions of eventual stability of 2 = 0 for the
system (2.1).

DEFINITION 3. The set z(t) = 0 is said to be:

(a) eventually stable set of system (2.1), if

(Ve> 0) (3T = T(c) > 0) (Yt > T) (36 = 8(to, €) > 0)
(Voo € PC[[—7,0], £2]: [|poll < 6) (V¢ = to): |z(t;t0, po)| <&

(b) uniformly eventually stable set of system (2.1), if the number § in (a) is
independent of ty € R.

Theorem 1. Assume that:

1. Conditions H2.1-H2.8 hold.
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2. g(t,0) =0, t € [tg,0).
3.B(0)=0, k=1,2,....
4. The conditions of Lemma 2 hold, and there ezists a function a € K such

that
a(lz|) < V(t,x), ac€K, (t,x) € [to,0) x {2, (3.1)

where V € V.

Then if the set u = 0 is an eventually stable set of system (2.4), then the set
x =0 is an eventually stable set of system (2.1).

Proof. Let € > 0 be such that S. C 2 and the set v = 0 be an eventually
stable of system (2.4). Then there exist 7' > 0 and d; > 0 such that

up < 0;  implies wu't(t;tg,up) < ale), t>to

for some given ty > T, where the maximal solution u™(¢;¢,up) of (2.4) is
defined in the interval [tg, c0).
From the properties of the function V, it follows that there exists a constant
0 = 6(to,€) > 0 such that if (to +0,x) € By, then V(to +0,2z) € Ss,. Let ¢y €
PC[[—7,0], 2] |lpoll < 6 and z(t) = x(t; to, po) be the solution of problem (2.1),
(2.2). Then |p(0)| < |loll < 8, (to + 0,¢0(0)) € Bs, hence V(o + 0, ¢0(0)) €
Ss,. Thus
uT(t;to, V(to + 0, 00(0))) < a(e). (3.2)

t;to
Setting ug = V (to + 0, p0(0)), we get by Lemma 2,
V(t,x(t;to, o)) <

Consequently, from (3.1), (3.3) and (3.2), we obtain

ut (t;to, V(to +0,¢0(0))) for t > to. (3.3)

a(|z(t;to, vo)]) < V(t,z(t;to, po)) < ut(t;te, V(to + 0,00(0)) < ale), t > to.
Hence, |x(t; to, po)| < €, t > to for the given ¢ty > T, which proves the eventual
stability of the set z =0 of (2.1). O

Theorem 2. Let the conditions of Theorem 1 hold, and a function b € K exists
such that
V(t,z) <b(z|), (t,z) € [to,00) x £2. (3.4)

Then if the set u = 0 is an uniformly eventually stable set of system (2.4), then
the set x = 0 is an uniformly eventually stable set of system (2.1).

Proof. Let € > 0 be such that S. C {2. Suppose now, that the set u = 0 be
an uniformly eventually stable of system (2.4). Therefore, we have that

up < 61 implies u™(¢;t0,u0) < ale), t>to (3.5)

for every tg > T and 6; > 0 independent of tg € R. Let § > 0 be such that
5 <b1(61) and
lloll < 6. (3.6)

Math. Model. Anal., 16(2):304-314, 2011.



310 1. Stamova
Then, from (3.4) and (3.6), it follows
V(to +0,90(0)) < b(lpo(0)]) < b([loll) < b(d) < o1
which due to (3.5) implies
ut (t;to, V(to + 0,00(0))) < ale), t>to. (3.7)

We claim that [|¢o|| < 0 implies |x(¢;to, wo)| < &, t > to for every to > T. If
the claim is not true, there exists ¢ty > T, a corresponding solution z(t; o, ¢o)
of (2.1) with ||¢o|| < J, and t* > to such that,

|x(t*7t07@0)| > €, |x(t7t07900)| <e, to <t <t

where t* € (t, tg+1] for some k. Then, due to H2.6 and condition 5 of Lemma 2,
we can find t° € (t,t*) such that

|z(t% to, o)| > ¢ and  x(t%;tg, o) € £2. (3.8)

Hence, setting ug = V (to, po(t° — tx)), since all the conditions of Lemma 2 are
satisfied, we get

V (¢, x(t;to, p0)) < ut(tt0, V(to, po(t” —tr))) for tg <t < °. (3.9)
From (3.8), (3.1), (3.9) and (3.7), it follows that

a(g) ‘T(to;t‘JvSDO)l) < V(tovx(t;tOuSDO))

< a(
< ut (%o, V(to, po(t” — tr))) < ale).

The contradiction obtained proves that (2.1) is uniformly practically stable.
O

Remark 1. We have assumed in Theorems 1 and 2 stronger requirements on
V only to unify all the stability criteria for the comparison equation and for
the system under consideration. This obviously puts burden on the comparison
equation (2.4). However, to obtain only non-uniform stability criteria, we could
weaken certain assumption, as it is stated in the next result.

Theorem 3. Assume that:
1. Conditions H2.1-H2.8 hold.
2. There exists a function V € Vi such that (3.1) holds,
V(t+0,2+ Ix(x) <V(t,x), €2, t=ty, k=1,2,..., (3.10)
and the inequality
DTV(t, ¢(t) < p()a(t, 6(t), t#te, k=12,... (3.11)

is valid for any t € [to,00) and any ¢ € PC[[t — 7,1, £2] such that V (t +
Su¢(t+8)) < V(t7¢(t))7 s € [_T7 0)7 p: [tQ,OO) - R; q: [t0700) x{2— R.
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3. There exists a number I' > 0 such that |q(t, )| < I, (t,z) € [to,00) X {2.
4. ft Ip(t)| dt < 0.

Then the set . = 0 is an eventually stable set of system (2.1).

Proof. Let e > 0 be such that S; C 2 and I" > 0. Let the number 7' = T'(¢) >
0 be chosen so that for t > T

/:O| (s)]ds < %) (3.12)

(This is possible in view of condition 4 of Theorem 3.)

Let tg > T. From the properties of the function V, it follows that there
exists a constant 0 = d(tg, ) > 0 such that if (to+0, z) € Bs, then V ({540, 2) <
La(e). Let g € PC[[—7,0], £2]: |¢o|| < & and z(t) = x(t; to, o) be the solution
of problem (2.1), (2.2). Then |¢o(0)| < [|¢ol| < 6, (to + 0,¢0(0)) € Bs, hence

V(to + 0, 00(0)) < %a(s). (3.13)

From condition 3 of Theorem 3, (3.11) and (3.12), we have

¢ ¢
1

/ DtV(s,x(s))ds < I [ |p(s)|ds < ia(s), t > 1. (3.14)

t() t()

Let tgp4; <t < tg4i+1- Then, we have

k+l1

/D*st ds—/ DYV (s,x(s ds+Z/ DTV (s,z(s))ds

to

+ / DTV (s,x(s))ds = V(t1,z(t1)) — V(to + 0, 00(0))

k+1
+ Z (t;,2(t;) = V(tj_1 +0,2(t;_1 +0)] + V(t,z(t))
— V(tk.H + 0,2tk +0)] > V(t,2(t)) — V(to + 0, ¢0(0)). (3.15)

From (3.1), (3.12)—(3.15), we obtain

alla(t:to, o)) < V(to + 0, 0(0)) + / DV (s, 2(s)) ds

to
1
< V(to+0,90(0)) + 5(1(5) < a(e).
Therefore, |z(t;t0, po)| < € for t > to. O

Remark 2. It is well known that, in the stability theory of functional differential
equations, the condition DTV (¢, z(t)) < p(t)q(t, z(t)) allows the derivative of
the Lyapunov function to be positive which may not even guarantee the stabil-
ity of a functional differential system (see [3, 5]). However, as we can see from
Theorem 3, impulses have played an important role in stabilizing a functional
differential system [14].
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312 1. Stamowva

Theorem 4. Let the conditions of Theorem 3 hold, and a function b € K exists
such that

Vit,z) <b(lz]), (tz) € [to, 00) x 12. (3.16)

Then the set x = 0 is an uniformly eventually stable set of system (2.1).

Proof. Let e > 0 be given. Choose § = d(¢) < b~ '(3a(e)), 0 < § < ¢
and I' = I'(e) > 0 so that |g(t,x)] < I for (t,2) € Bs. Let the number
T =T(g) > 0 be chosen so that

/too [p(s)|ds < &lf)’ t>T. (3.17)

Let to > T, o € PC[[—7,0], 2] |lpol|l < ¢ and let z(t) = z(t;to, o) be the
solution of problem (2.1), (2.2). From (3.1), (3.10), (3.11), (3.16)) and (3.17),

we have

a(|z(t; to, ¢o)|) < V(to +0,¢0(0)) + ) DYV (s,x(s)) ds

< b)) + 1 | [p(s)] ds < 26(6) < a(c)

to

for ¢ > to. Therefore, |x(t;to,¢0)| < e for t > to. O

Ezxample 1. Consider the equation

(t) =p(t) sup x(s), t#tk,
se(t—T,t] (318)
Ax(tp) =cp, tx >0, k=1,2,...,

where t > 0; x € Ry; 7 > 0; p € C[R4,R]; ¢ < 0 and |ex + x| < |z| for
k=1,2,...,0<t; <ty <--- and limy_,, tx = 00.

The set x = 0 is not stable in the sense of Lyapunov, because it is not an
equilibrium for the equation (3.18).

Let o > 0. Consider the function V (¢,z) =
any ¢ € PC|[t — 7,t], R] such that V(¢ + s, ¢(
we have

|z|. For ¢t > 0, t # t;, and for
+ S)) < V(ta(b(t))? ENS [_7‘7 0)7

DTV(t,¢(t)) = sign(¢(t))[p(t) sup ¢(s)] < [p()|| sup o(s)| < |p(t)|6(t)]
se[t—,t] set—r,t]
for ¢ € S,. Also, for t =t, k=1,2,..., we obtain
V({t+0,2(t) + cr) = | +2(t)] <V (¢, z(t)).

If [° |p(t)] dt < oo, then all conditions of Theorem 3 are satisfied, and the
set z = 0 is an eventually stable set with respect to (3.18).
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3.2 Eventual boundedness

In this part of Section 3, we shall apply the direct method of Lyapunov for
investigation of eventual boundedness of the solutions of system of the type
(2.1) for 2 = R™, i.e. we shall consider the system

i(t) = f(t,x(t), sup a(s)), t#
se[t—,t] (319)
A'r(tk):Ik(I(tk))a k= 1725"'5

where f : [tg,00) X R* X R* — R"; I, : R — R", k = 1,2,...; Az(t) =
I(t—I—O)—I(t—O); to <ty <tg <.+ limg o0t = 00.

Let @9 € PC[[—7,0], R"*]. Denote by z(t) = x(t;to,p0) the solution of
(3.19), satistying the initial conditions

{‘T(t;to,wo) = ot —to), to—1 <t <to,
x(to + 0320, vo) = ¢0(0).

DEFINITION 4. The solutions of (3.19) are said to be:

(a) eventually equi-bounded, if

(Va>0) (3T =T («) > 0) (Vto > T) (38 = B(to, ) > 0)
(Vo € PC[[=7,0, R"]: [lpoll < a) (V& > to): [x(t;to, po)| < F;

(b) uniformly eventually bounded, if the number 8 in (a) is independent of
to € R.

The proofs of the next theorems are similar to the proofs of Theorems 3 and
4. Piecewise continuous Lyapunov functions V : [tp,00) X R™ — R4, V € 1}
are used.

Theorem 5. Let the conditions of Theorem 3 hold for {2 = R™, and a(u) — oo
as u — 0o. Then the solutions of system (3.19) are eventually equi-bounded.

Theorem 6. Let the conditions of Theorem 5 hold, and a function b € K exists
such that V(t,x) < b(|z|), (t,z) € [to,00) X R™. Then the solutions of system
(3.19) are uniformly eventually bounded.
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