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Abstract. In this paper we present a novel procedure for the determination of
temperature in electric conductors. A Helmholtz-to-Poisson estimate is proved, that
justifies to restrict the temperature dependence of the electrical resistivity to the
conductor boundary. Hence we obtain a nonlinear potential problem for the rele-
vant boundary temperatures, where the temperature dependence of the heat transfer
coefficient is fully regarded. Using boundary integral operators, we represent the un-
knowns as the fixed point of a contraction. Finally a benchmark example is given in
the rotationally symmetric case.
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1 Introduction

At present, the use of electric conductors grows steadily in modern technol-
ogy and an economic choice of the conductor parameters becomes mandatory.
Especially in systems with limited weight and size - e.g. aircrafts, cars or
other mobile systems - it is necessary to find optimal geometric and material
parameters of the electric cable. For this reason, it is important to develop
effective procedures that permit the direct determination of temperature at
characteristic positions of the conductor.

The purpose of this article is the set up of a mathematical model which
starts from the physical background of the heat transfer problem and arrives
at a novel procedure for the determination of the relevant temperatures. In
contrast to numerical methods that employ finite element and finite volume
methods for discretization and use iterative schemes solving the discretized
nonlinear problems, see e.g. [10, 11, 24], we present a fixed point approach for
the continuous problem. One advantage of this approach is the comparatively
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late involvement of a discretization method to obtain numerical data. Thus we
are able to treat such problems without a restriction to a specific geometry.

We consider an insulated electric cable (main for short) of infinite length.
The given current flow induces a heat flow which - after attaining the ther-
modynamical equilibrium - leads to a steady temperature distribution in the
cross-section of the conductor. Supported by experimental observations, we as-
sume constant heat conductivities in the conductor and in the insulator of the
main. By comparatively large heat conductivity, small differences in temper-
ature in the conductor material can be expected. This motivates a restriction
of the dependence to a mean value boundary temperature. Here we prove a
Helmholtz-to-Poisson estimate which, to our knowledge, is a new result. The
corresponding error is minimized by an orthogonal projection and an optimal
Poincaré constant for convex domains [27]. Due to its generality, this estimate
applies also to other elliptic boundary value problems. Then we formulate the
heat transfer problem on the insulator domain only. Here the maximum prin-
ciple for elliptic equations implies that the temperatures at the boundary of
the insulator domain are the extremal and thus relevant unknowns.

These arguments give rise to treat the heat transfer problem by bound-
ary integral equations on the boundary of the multiply connected insulator
domain. The outer boundary condition is set up by the nonlinearly tempera-
ture dependent heat transfer coefficient. For a known qualitative temperature
dependence, the quantitative analytical determination of such a coefficient is
investigated as an inverse problem in [23].

We truncate the heat transfer coefficient function at the boundaries of a
physically consistent temperature interval by constant values. This, and a
scaling condition for the insulator domain gives us an existence and uniqueness
result for the boundary temperatures extending the analysis by Ruotsalainen
and Wendland in [31] from simply to doubly connected domains. Then we
transform the nonlinear boundary integral equation to a fixed point equation on
an appropriate Sobolev space and compute the solution via an iterative method
presented for abstract Hilbert spaces by Brézis and Sibony in [5]. The related
error estimate provides a linear order of convergence for the approximating
iterative sequence.

Next we extend these investigations to multiply connected domains. Here,
as in the doubly connected case, the strong monotonicity of the Poincaré-
Steklov operator of the underlying boundary value problem is essential. In
this context we introduce an abstract property for boundaries of multiply con-
nected domains - the damping property. This property enables us to verify the
strong monotonicity of the Poincaré—Steklov operator independently from the
conductor parameters, i.e. just using the outer boundary condition.

Finally we deal with the case of rotational symmetry. Here the boundary
integral operators reduce to matrices which can be computed explicitly. Thus
we obtain the solution as the limit of an iterative sequence of vectors. These
calculations show clearly that the scaling condition is essential for the positivity
of the single layer operator. The performed calculations serve as a benchmark
example for numerical computations of heat transfer problems with similar
geometries.
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For the occurring physical entities we use the following notation: I is the
electric current, p denotes the electric resistivity of the conductor material, A\
is the heat conductivity of the conductor material, Ay is the heat conductivity
of the insulator material, u.,, denotes the temperature of the environment, «
is the heat transfer coefficient on the insulator surface. For the temperature
dependence of « in general we refer to [6, 9, 28, 34].

2 DModelling of the Heat Transfer Problem

Using standard notation for par-
tial differential equations [16] we
insulator describe the cross-section of the
main by the simply connected and
open union 20 = 2cong U 2ins C
R? with Lipschitz boundaries 042,

Qo O2conq- The temperature distri-
coislEion bution u : £y — R has to sat-
isty the following boundary value

problem

—divi\ (w)Vu) = f(u) in 2eond,
—div(Ae(u)Vu) =0 in 24,

Ucond = UWUins ON anonda

—
_h:)
[N
S~—

8ucond auins

/\1(’&) 8n = )\2 (u) an on anond,
0
—/\Q(u)a—z = a(u)(t — Uepny) on 2.

Here uns and ucong denote the restrictions wins = u|,,., Ucond = Uln,,,, and

n the outer normal w.r.t. the considered domain.

Thus the two equations on the boundary 0§2.,,4 describe the transmission
conditions, i.e. the continuity of temperature and the equality of the heat flows.
In the following we will use the abbreviations 21 = 2.on4, 22 = 24,s. The
right-hand side

I2
() = pl) 5

stands for the temperature dependent heat power density in the conductor.

Specification of p(u) and A\;. We postulate the standard model of a linear-
affine temperature dependence of p : Rt — R* by

p(u) = po (1 + a,(u —up)); u=u(z), x=€ .
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po > 0 denotes the resistivity value to a reference temperature ug, o, € R
identifies the linear temperature coefficient of p. Assume moreover that the
heat conductivity A\; > 0 is constant. These assumptions provide accurate
approximations to experimental data of many conductor materials. In this
modelling assumption we can approximate the solution wconq of (2.1) by the
solution of a related Poisson-equation where the temperature dependence of p
is restricted to a constant (conductor-)temperature.

Comparison with a constant right-hand side

Thus we are led to consider the following boundary value problems. For given
g € H2(0£) we have the Dirichlet problem for the Helmholtz equation for
given ¢ € R, f, € L(2),

— Au¢ =quc + fr, in 024 uc =g on 0 (2.3)
and the Dirichlet problem for the Poisson equation for given f, € L?({2;),
—Au=f, in {; u=g ondf2. (2.4)

Now we estimate the difference u¢ — u with respect to ¢, fi and f, in the
following result.

Lemma 1 [Helmholtz-to-Poisson estimate]. Let uc and u solve (2.3) and
(2.4), respectively and suppose that |c| < A%, where

a= it {190lagoy : Wllago =1}

denotes the Poincaré constant of §21. Then
A
lue =l g ) = 1V (s = W)l 20y < yER lsu+ fu = foll 20, -
Proof. Observe that by the Lemma of Lax-Milgram the solutions u. and u of

the associated weak formulations of (2.3) and (2.4) exist uniquely in H*(£2;).
Hence the difference u. —u =: ¢ € Hg(£2;) fulfills in the weak sense

— AV =quc + fr — fp in (24 =0 on 0. (2.5)
With quc = ¢ 4+ qu the variational form of (2.5) reads as

<¢7<P>Hg(r21) =< (¥, 90>L2(r21) + (su+ frn = fp, 90>L2(Ql) , Vpe H&(Ql)'

¢ =1 and the Cauchy—Schwarz inequality provides

1l ) < 102y (Il o) + lsut fu = Foll ooy -

The Poincaré inequality yields
Wi < = (S bl + lsut fa — £l
my) = 7\ f Wl tllsut o= foll 2
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290 K. Dvorsky, J. Gwinner and H.-D. Liess
and hence we get for |¢| < A2 the assertion of Lemma 1. O

Using previous notations we treat now the equations
—MAue = f(ug) infy and —M\Au= f(a) in (2.6)
where for the moment @ € R denotes an arbitrary constant temperature and
uclon, = ulan, =g € HY?(902;). With the settings

i A
fp:%lh fn="Ffp+<u and /12|7_§||<|_: ()

the right-hand side of the estimate in Lemma 1 reads as C(c) [lu — tl|2(g,)-
We minimise this term with respect to 4 € R using the orthogonal projection
in L2(.Ql)

Corollary 1 [Best approximation|. Let uc, u solve the Helmholtz- respectively
the Poisson equation in (2.6). Suppose that the Poisson datum f(a@) is given
by the mean value u = IO_ll\ Jo, wdzr € Rand [¢] < A? where A denotes the
Poincaré constant of (2;. Then @ yields the unique best approximation u of uc
ie.

_ 2 _
llus = ull gy ) < CE6) lu = all 2o, = C(g)\/Hu”LQ((h) = [u?.

Proof. The first estimate follows directly from Lemma 1. The identities and the
minimal property of the mean value @ follow from the perpendicular principle
applied to the subspace {v € L?(£2;) : v = const} = R of L*(£21): The unique
minimiser a € R is given by the orthogonal projection of v on R, i.e. by the
solution of (a,a — u) 2,y = 0. This implies
1

l21] Ja,

Thus u, converges asymptotically linear to w with the error bound

. 2 2 2
a udz and (1161%”11, = allz2y) = llullp2o,) — 4lu”. O

Huc_uHHl(Q ) 1 2 ,
e e < Ll o e

using the minimiser @ and the general error bound depending on % € R in the
Poisson-datum,

lim sup
<—0 N

llug — ull g2
lim sup I TH )

1
< —|u—u . 2.7
<50 |§| = || ||L2(91) ( )

With ¢ = %, this asymptotic result means in particular that the solu-
tion of the Helmholtz equation converges to the solution of the Poisson equation
if the heat conductivity A\; becomes large (constant temperature profile in the
conductor) or a, — 0 (electrical resistivity p becomes temperature indepen-
dent). An even more explicit estimate can be given for convex domains {2y,
where by [27] the optimal Poincaré constant is known as A = Tamy: BY
Corollary 1 we are able to control the error if instead of the fully temperature
dependent p, we only consider resistivities p(#) that depend on constant tem-
peratures. We shall give an explicit example for the error bound when we treat
the case of rotational symmetry.
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The outer domain formulation. Now we formulate the boundary value
problem (2.1), (2.2) in the insulator domain only. We choose the constant mean

value boundary temperature (m.v.b.t.) @ := ‘8—}21' fafh uds, in the Poisson
datum of (2.6). This is not the error minimising choice; nevertheless, as we shall
see, it is the appropriate one for the forthcoming boundary integral formulation.
The error is bounded by (2.7).

Consider now the heat flow density ¢ = ¢(u) over the boundary 0y which

enters in the inner boundary condition —\; O%T = ¢. Using the equality of

heat flows )\1% = Ao ag;:s this condition becomes —/\gg—z = q on 92, for
U = Usps. Assume for the moment the heat flow density g as given. Note that
by the GauBl divergence theorem, ¢ has to fulfill

_ 12
/8 4 = 12110 = ol (2.8)

The simplified form of the right-hand side is justified by the Helmholtz-to-
Poisson-estimate above. Thus we consider the following boundary value prob-
lem

—Au =0 in 2,5 =: §2,

0
)\28_2 =q(u) on 9, (2.9)
_,\2% = a(u)(u — Ueny) on 92\ 08y =: D(s, (2.10)
n

where now n denotes the outer normal w.r.t. 2.

Specification of the heat flow density. For the computation of ¢ = g(u)
one has to regard the specific geometry of the boundary df2; and the source
term f = f(u). The general situation can be treated as an inverse problem.
We refer to [4, 14, 15, 36].

In our case the source term is given by the m.v.b.t. approximation discussed

above and reads as f = f(u) = ”I(&)‘I; Now we suggest an explicit form of

the heat flow density for the following considerations. Since conductor cross
sections of electric cables are nearly rotationally symmetric, let us assume ¢ =
q(u). Le. g does not depend on x € 9f24. Then (2.8) yields ¢ = ¢(a) =
N2
\3[}(2?\)\191|'
(2.8), ¢ and f have locally the same monotonicity behaviour w.r.t. to the
boundary temperature. Thus we approximate a temperature dependent heat

flux by

Now if we drop the assumption that u is constant then again by

p(u)I®

We observe that by the weak maximum principle (see e.g. [16]) the extremal
values of u are attained at the boundary of §2. In applications, these values are
the most interesting ones which motivates the following method.

Math. Model. Anal., 16(2):286-303, 2011.
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3 Treatment by Nonlinear Boundary Integral Equations

In the following we are concerned with the temperatures on the boundary of
the insulator domain only. Using Green’s representation formula we derive
an equivalent nonlinear boundary integral equation for the doubly connected
domain §2 with 0§21 =: I, 025 =: I that includes the boundary conditions
(2.9), (2.10). Starting from —Au = 0 in 2 the representation formula for
harmonic functions and the jump relations of potential theory yield for the
boundary values of u:

B 0 ou(y) o
u(z) = 2/F (u(y)a—nyF(:C —y) — an, F(x—vy)) dsy,, xel:=0,(3.1)
where F(z) := 5=1In(|z|) denotes the fundamental solution of the Laplace-

equation in R?\ {0}.

Let @ be defined componentwise by (¢1,92)" and w; = ulp,; ¢ = 1,2
then (2.9) and (2.10) can be written in vector notation as —% = &(u) on I
Moreover we need the Poincaré-Steklov-operator P : HY?(I') — H~'Y/2(I'),
u — ¢ defined by

Pu=v= (si;) =20 = /\% (a(uz)_(giu—l)uenu)) ' (32)

We emphasise that we consider a heat flux ¢ = ¢(u1) that may fully depend
on the boundary temperature which can be obtained by an inverse treatment
or experimental data. Note that the nonlinearity of @ appears in the second
component, due to the heat transfer coefficient o« = a(uz), that enters in the
outer boundary condition.

The function spaces for the boundary I" of the doubly connected domain
02 are given by H*(I') := H*(I) x H*(I2), |5 ry = Iy + Ie )
for s € {=1/2,1/2}; see e.g. [3, 17, 19] for various approaches in multiply
connected domains.

)T

3.1 Representation by single and double layer potential operators
in a doubly connected domain

Assume I" € C?. Following singular boundary integral operator theory [19, 22,
26] we define the continuous single layer operator S : H~/2(I") — HY?(I") by

~ _ - 5 — 311 312 P1
S = [ wlw)Ple—y)ds, (5 S) (7). e

where S;;(¢;) = _frj 0i(y)F(z —y)dsy, = € I}; i,j = 1,2 and the compact
double layer potential operator K : H'/2(I') — H'/?(I") with

N B i . . ’611 ’612 U1
K@) = [ u) 5ol =) ds, = </€21 1622> (u2> (3.4)
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where /C;j (u;)( fF u;(y F(z—y)ds,, z € ;1,5 =1,2.

Our aim is to obtaln a strongly elliptic operator S on a boundary of a mul-
tiply connected domain i.e. e > 0: (S(9),¥) p2(r) = € Hgo||§{,1/2(m. Therefore
we introduce the diagonalized form:

Sijlp;), i=j Kij(uy), i =J,
Sij (@) = ¢1) - Kij(uj,¢5) = ~_J_( J_) S
0, i F# g, ICZJ(UJ)+SZJ(<PJ)7 i F

These definitions and (3.1) provide the following boundary integral equation

u 1 —q(u1)

——K S(P =0 P . 3.5

5~ () + S@w) =0, 9 =0 =1 (i, ). 63
The compactness of K;; for i = j, I' € C? is a classical result [19, 22] and it is
immediate for 7 # j since the kernel of K;; is continuous in this case. Thus K
is a compact operator in H/2(I").

3.2 Existence and uniqueness of a solution of the nonlinear bound-
ary integral equation

We assume the following conditions:

(A1) Scaling: diam(£2) < 1.

As we shall see in Section 6 this assumption can be arranged without loss
of generality. It implies that S : H~'/2(I") — H'/?(I') is an isomorphism and
strongly elliptic ~ ([18, 35]).

(A2) Asymptotic linearity: Setting hy(u) := —%:) and ho(u) = () (u—
Ueny) We require that the derivatives satisfy

min (mf |R(u )|> > Cpin, >0 and  max (sup|h§(u)|> < Cpnaz < 00.
1<i<2 1<i<2 \ueR

The assumption provides Lipschitz continuity and strong monotonicity of the
operator @ : L2(I") — L*(I").

Theorem 1. Assume that (Al) and (A2) are satisfied. Then there exists a
unique solution w € HY?(I") of (3.5).

Proof.  The proof given in [31] easily extends from the simply connected case
to the doubly connected case considered here. 0O

Remark. Let us a give an example for a suitable @ that satisfies the condition
(A2) in both components, i.e. for z € I1 and x € I's. (A2) holds true in the
first component with the heat flow density ¢ = ¢(u) in view of the linear-affine
resistivity p(u) := po (1 + a,(u — wg)), @, > 0. In the second component (A2)
is satisfied e.g. for the following truncation and extension of the monotone and
continuous heat transfer coefficient «,

o for u < wuy,
a(u) == ap  foru>up, (3.6)

alu) in [ug, up,

Math. Model. Anal., 16(2):286-303, 2011.
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where 0 < a(u;) = a5 < a(up) = ap, for u; < up. With these settings (A2) is
satisfied with

pOOZpI2
||| 62|

mi ma
mzy o, max(onco)
2

A2

(3.7)

For the strong monotonicity condition of @ namely min («y, ¢g) > 0 we require
I > 0. This is no restriction since I = 0 implies u = Uepy -

We note that condition (A2) can be relaxed to a polynomial growth con-
dition on @ [29]. In view of applications it makes sense to consider bounded
temperature intervals. The truncation outside of the interval [u;, u;] does not
change the heat transfer in the relevant temperature range. Thus it suffices to
consider asymptotically linear operators ¢ in (3.2).

4 Iterative Determination of the Boundary Temperature
as a Fixed Point

Consider T : HY2(I') — HY?(I') with T(u) := u/2 — K(u, ) + S(®(u)),
¢ = ®(u). The equation (3.5) for the boundary temperature u is satisfied iff
the fixed point relation

Gy(u) =u—7T(u) =u (4.1)

holds for at least one v € R\ {0}. By previous considerations there exists a
unique fixed point v € H/2(I") for (4.1). In this section we will determine a
which ensures that G, is a contraction in H'/?(I"). For this purpose we need
Lipschitz-continuity of 7.

Lemma 2. Suppose (A2). Then there exists L > 0 such that
1T () = T@lgrsaery < Lllw=vllgjagry  for uv e HYA(I).

Proof. S:H Y?(I') — HY?(I") is a bounded linear operator, i.e.
HS(S")”Hlﬂ(F) <Ls HSDHH*l/?(F) for ¢ € Hil/Q(F)
= [IS5(@(u)) = S@W)l 12y < Ls [@(u) = P(0)| 2y -
& is Lipschitz continuous in L2(I") by (A2) and hence
18(@(u)) = S @)l gi/2ry < LsLa [u=vllp2(p) < LsLa [[u =l a2y -
By (A2) K is a bounded operator in H'/2(I"). Hence
I1/2 ) () = (/2 = K) @)y < T = wliosnry
and the assertion of the lemma follows with L = LsLg + L. O

On the other hand, we need strong monotonicity of 7 with respect to an
appropriate Hilbert space norm. For this we follow [18, 35] and introduce a
norm on H'/?(I") induced by the inverse of the single layer operator

HuHifl(F) = <u78_1(u)>L2(p) ) u € H1/2(F)7
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which is well defined by assumption (Al). This norm is equivalent to the
Sobolev-Slobodetskii-norm on H'/?(I), i.e.

1
Jer >0 o0 lulls-1(ry < llullgaszry < erllullg-1r -

Lemma 3. Suppose (A1) and (A2). For u,v € HY?(I') there exists i > 0
with
(T(u) = T (@), 8w =) oy = Wl =0l 52 -

Proof.  Setting () p2(p) = Z?:l () p2(ry)» the proof follows directly from
[30, 31] applied componentwise. 0O

Construction of the iterative sequence. Now we can establish an itera-
tive sequence (u(™),ey C H'/2(I") which converges to the solution of (3.7) for
an arbitrary initial function u(!) € H'/2(I"). Before doing so we observe that
the Lipschitz and monotonicity estimates in Lemmas 2 and 3 also hold w.r.t.
the S™'-norm on HY2(I").

Moreover by (Al), S : H-Y*(I') — HY?(I') is a strongly elliptic, self-
adjoint operator and so is S7' : HY?(I') — H~Y?(I'). Thus the bilinear
form (u, v)g-1(p) = (u, S_l(v)>L2(F) is symmetric and we obtain the following
result.

Theorem 2. Let the assumptions (Al) and (A2) hold. Define the iterative
sequence (u™),en € HY2(I') by ) = G, (u™), v = m/L? where L =
CQFfJ denotes the S™' - Lipschitz constant and m = 1 /c% the S~'-monotonicity
constant of T. The Lipschitz constant is chosen sufficiently large such that
L > m. Then, for every initial function v € HY?(I"), (u\™),en converges
to the solution u of (3.7) with respect to ||-||g—. with the a priori error estimate

n

k 2
1—-k

m

2’

R P A

Proof. Tt suffices to verify that G, : H'/2(I") — H'/?(I") is contractive w.r.t.
|-|lg=1- The assertions of Theorem 2 then follow by Banach’s fixed point the-
orem. Here

1G5 (1) = G, ()51 = lu = wll§-1 = 27 (T () = T(©), 8 (u=0)) 1y
+ 92T (W) = T3
< (1=2my+ L) lu—v|5

where we used the self-adjointness of S™!'. The estimate is provided by the
Lipschitz continuity and strong monotonicity of 7. The minimum of 1 —2m~y+

L?~? is attained at y = 7% and amounts to 1 — ’E—j Hence we get k = /1 — 2
as the constant of contraction. 0O

Math. Model. Anal., 16(2):286-303, 2011.
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5 The Case of a Multiply Connected Domain

In this section we extend our previous considerations from a doubly connected
(insulator) domain to a multiply connected one. Hence we can treat electrical
cables with an ensemble of conductors with possibly different current loads.
We use the following notation: N denotes the quantity of conductor cross-
sections, (2; are the conductor cross-sections ¢ = 1,..., N, {2 is the insulator
cross-section, I'vy1 denotes the (outer-) insulator boundary, u; € H'Y/2(I})
denote the boundary temperatures j = 1,..., N+ 1, ¢; = q(u;) is the heat flux
over I, A denotes the heat conductivity of the insulator.

0Q

Non-connected
conductor

insulator ntl

For I' = 0 = ' I the
corresponding function spaces
H*(I'), s € {—1/2,1/2} are given
by H(I) = ;5 Ho(I3) and

2 NA41 12
W ere oy = =1 Illare ryy-

The boundary value problem

—Au=0 1in {2
ou ou
)\% =q¢i(u) on I} —)\% = a(u)(u — Ueny) on I'nji
leads again to a boundary integral equation for u=(u1,...,un41)’ € H/?(I):
5 — Klu,0) + S(@®(w) = 0
with ¢ = &(u) = %(—(h(ul)a---,—QN(UN)aOé(UNH)(UNH —Uenv))T- The

single and double layer potential operators S and K are defined and diago-
nalised in the same way as in (3.3), (3.4) for i, = 1,..., N + 1. With these
settings Theorem 1 applies to the multiply connected domain case.

Application to multiwire cables. Now we will see how the crucial as-
sumption (A2) of Theorem 1 is satisfied and how the iterative determination
is realised in applications.

If the material out of the conductor cross sections is inhomogeneous (e.g. air
gaps between the insulator material), then the constant heat conductivity A of
the insulator material, can be replaced by a homogenised heat conductivity \.
Here we refer to [21, 25, 33].

The Helmholtz-to-Poisson estimate from Section 2 can be applied for each
conductor cross-section separately. Thus again, we use the approximate heat
flow densities over the boundary of the conductor cross section fori =1,..., N

as ( )12
~ ~ Piui)l;

G = Gi(w) = T35+

| 15 ]1£2:]



A Fized Point Approach to Stationary Heat Transfer 297

with p;(u;) = (po)i (1 + (ap)i(u; — ug)). The indexed quantities have the same
meaning as before.

Moreover we use the truncated heat transfer coefficient & from the Remark
in Section 3. Thus the associated functions h; : R =+ R; j =1,..., N 4+ 1 with

R

=

N~—
o)

hi(u) := ; i=1,...,N and hyyi(u):= %(u — Ueny)

fulfill the assumption (A2) with the following bounds

in(a,bn ax(oth ,bnas
Conin = 711““(0‘;\’ m) and  Cpmag = 7111“(0‘;‘ ) yhere (5.1)

I (po)ilap)il} _ (po)iep)il}
bmin = MIN|1<i<n {W and bmaz = maxji<i<n W .

For the strong monotonicity of & we assume w.lo.g. I, > 0; i =1,...,N.
Otherwise, we only consider cross-sections with I; > 0; the currentless cross-
sections are included in the insulator domain (2 and are taken into account
when the homogenised heat conductivity X is computed.

Damping property. Let u = (u1,...,uny1)? € HY?(I') and function

¢ = (p1,...,on41)T € H-Y2(I') denotes a solution of % = K(u, ) — S(p).
Hereto we extract the diagonal components of the associated Poincaré—Steklov
operator P : u +— @ by P; : HY(I}) — H Y*(I}),P; : u; = ¢; with
Pj :Sj_jIO(K:jj —%);j: 1,,N+1

DEFINITION. I has the damping property if

1P () g2,
min m; > my41, where m; = ’ a I/Z(F]). (5.2)

1mn
1SN vem /2Ny vlls-1(ry)

This property means that the change of the boundary temperature changes the
inner normal derivatives more than the outer normal derivative.

For domains with the damping property the lower bounds in (3.7) and (5.1)
read as Cmin = a/M2. Moreover, if (5.2) is verified by an a priori estimate,
there is no need to exclude the case I = 0. Now the Lipschitz- and monotonicity
estimates from the previous section and Theorem 2 can be applied analogously
to the doubly connected domain case.

6 The Case of Rotational Symmetry

Finally we treat the outer domain boundary value problem (2.9), (2.10) with
a rotationally symmetric cross section. This case can be used as a benchmark
example for the iteration in Theorem 2 or boundary element methods solving
(3.5). In addition to the previous notation we introduce

Math. Model. Anal., 16(2):286-303, 2011.
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insulator ry radius of the conductor

ro radius of the main
uq inner boundary temperature at [1=0B,,

uy outer boundary temperature at [5=085,.,.

Without loss of generality we can choose a suitable unit for the radius such
that the relation 0 < r; < ro < 1/2is fulfilled. Due to the rotational symmetry
of the system, the boundary temperatures u; and ug are constant.

Helmholtz-to-Poisson estimate. The source term f in the conductor reads
as f(u) = po(1 4 ap(u —ug))I?/(7?r!). We compare the solutions of

— MAue = f(ue) in By,

—MAu= f(uy) in By, (6.1)

u¢ = ulgp,, =u1 on dB,,.

2
Here the Helmholtz coeflicient equals ¢ = ij‘j;gL. The solution u of (6.1) is
1

given by u(r) = %"i)(rf —r%) +uy, 7€ [0,71]. Then for ¢ < A = % ie.

4poa,I? < miriX; we have by Corollary 1

A 7 flug)r}
e = g o < oy 5 L ©2)

Specification of ¢ and a. By (2.8) the heat flow density ¢ = ¢(u1) becomes

_ po(1+ ap(us — uo))I?
272y} '

We follow fluid mechanical considerations in [2, 7, 8, 20] concerning the heat
transfer coefficient on cylindrical surfaces a = a(usz). Accordingly we have

2
o
alug) = <\/—7l"1_2 + oy Vg — ue,w> + eo(ug + ufmv)(uz + Ueny ) -

=,
=

Thus a decomposes in a convection part a. and a radiation part «,. Here o
and e denote the Stefan—Boltzmann constant, respectively the degree of ther-
mic emission of the insulator surface. The parameters ag and «, describe
the dependence of the convection part on the radius ro and the difference in
temperature, respectively.
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Application of Theorem 2
We follow the Remark in Section 3 and truncate o such that (A2) is fulfilled.
The scaling condition (A1) is fulfilled for the choice of ry < 1. We can specify

T =4 — K+ S o® for constant boundary temperatures u = (up,u2)T €
H'2(I') NR? and for constant heat flux ¢ = (¢1,¢2)” /2(I')NR? by

(w1 H+u2)/2 = rolnrops
Klu, ) = <(u1 +u2)/2 —r1Inryp

. (m Inr 0 01
Sle) = ( 0 T 1nr2> ((pg)’

Where ( gé ) = %2( Oz(uz;gu(;’i?uemr) )

Lemma 4 [Verification of the damping property]. Suppose that u satisfies
(3.5), i.e. T(u) =0 is specified as above. Then

0
_— = — > —. 6.3
‘81“901 5 2’ ( )

Proof. The equality in (6.3) follows by differentiation of the first and the
second row of § = K(u,p) — S(p) w.r.t. u; and up. Using ro > 71, the outer

boundary condition ¢y = O‘(;f) (U2 — Ueny) and the truncation of a in (3.6), we

see the estimates. 0O

With the estimates for @ in (3.7) and the damping property we can estimate
the Lipschitz and the monotonicity constants of 7. This is essential for the
error estimate in the iterative scheme of Theorem 2.

2 2 2
We use the norm [|[[s-1(p) = ||-H5,1(BBT1) + ||-||5,1(aBT2).

Lipschitz estimate. As |[1][s-1p,) = /—27/Inr, 7 <1/2, we have

—27T
||u—vH$ L\ 27TZ lu — vl|?.

ln T ln 1

max (ap, ¢o)

On the other hand, the Lipschitz continuity of @ yields for ¢4, = By
2

1T () = T(@)[5-10py = (T(w) = T(0), 8T () = T () o

T 1
S—QT((U—U)T <15d_’€+cmamﬁ§> (thTl (1) > <Igd _K+Cmam8) (u—’U)

Inre

:57AL
Let A\jpqe denote the maximal eigenvalue of Ay, then there holds
(7 (u) - T(U)”zfl(r) < 2 A maz |u — v

Thus we obtain the Lipschitz constant L = \/— A4 In 1.
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Monotonicity estimate. With the damping property the monotonicity of
@ yields for cpim = ay/Aa

<T(u) - T(U), S_l(u - ’U)>L2(F)

T 1
> —27T(U—U)T <%d _K"’szn‘g) (11161 (1) )(u_v)

Inry

=:—A.

A,, is positive definite for every ¢, > 0 and 0 < r < ro < 1/2. Let Apn
denote the minimal eigenvalue of the symmetric part of A,, then

(T(u) = T(v),S " (u— v)>L2(F) > 2\ i [u — v

Analogously we get

2 —27 2
U — Ve =-2 E uU—v
I ”S 1 T 1n T 1nr | I~
Hence by Lemma 3 we arrive at the monotonicity constant m = —\ip Inro.

7 Conclusions

We present an application to physical data. Let us fix some physical data with

Temperatures: wug = 20, Ueny = 50
Conductor parameters: A, = 400, po = 1.72- 1078, a, = 3.83- 1073
Insulator parameters: Ao = 0.17, e =0.93, 11 =7-107%, ro =1-1073.

For the given material and geometric parameters (in SI units) we firstly eval-
uate the Helmholtz to Poisson estimate provided that ¢ < A2, i.e. I < 8500.
Moreover, for applicational reasons, we fix an upper bound for the conductor
boundary temperature with 1,4, = 130 and obtain by (6.2)

3,5-10711 12 3,7-107714 _
5.106—0,112 = 5-106—0,112

In view of this estimate we fix the values u; = Ueny = 50, Up, = Utmazr = 130 and
consequently oy = 12,2, ap, = 30, 8 for the truncation of a. Considering the
case [ < 30 we obtain the S™!-Lipschitz- and the S~!-monotonicity constant
of T =1 _ K€+ 80 (estimated above for the case of rot. symmetry) with
L= 1,71 and m = 0, 34.

Thus the fixed point mapping G, of Theorem 2 is given by v := 77 = 0.117
and is contractive with k = 0.9797. For u®) = wu,,, the a priori error estimate
of the corresponding iteration reads for n > 800 as

=291,18-1078.

”uC_u”Hé(BTl) < f(umam)

n

[ut™ = ulls-1 <

=1_k ”g'y(uenv) - uenv”571
\/—Wf

1] g- (9B, )\/‘—Uem}/Q‘i‘TllHTlM <5,9-1076.
2
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Figure 1. Tteration sequence G- (u(™).

We iterate the sequence G, (u(™) and the computational results are shown
in Fig. 1. A very good agreement between these calculated temperatures and
experimental results is obtained. Our fixed point approach can be applied to
non-symmetric domains and result in numerical methods, provided the fixed
point iteration is combined with numerical quadrature for the occurring singu-
lar integrals. We refer to [1, 12, 13, 32].

On the other hand the approximative error of the heat flux ¢ from Section 2
should be estimated with respect to the considered non-symmetric geometries.
Note that the damping property of domains introduced in Section 5, is essential
for obtaining a numerically acceptable monotonicity constant in Theorem 2,
especially for low currents. This property can be seen as a natural property
of the insulator, i.e. of harmonic functions w.r.t. the considered boundary
conditions. However, it has to be verified separately in applications, which
motivates a study of this property for general situations.
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