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Abstract. The identification of a source term in a parabolic integro-differential
equation is considered. We study the existence of the quasi-solution to this problem,
Tikhonov regularization and a related gradient method.
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1 Introduction

Heat flow processes in media with memory are governed by parabolic integro-
differential equations [7]. A number of papers is devoted to inverse problems
to determine kernels of these equations in different formulations making use of
measurements over time (see e.g. [4, 6, 7, 8, 11, 13, 14]).

Recently some papers appeared that deal with the reconstruction of source
terms or coefficients of these equations making use of final or integral over-
determination [5, 12]. In particular, the authors’ paper [5] extends former
existence and uniqueness results of Isakov [3] to the integro-differential case.
The existence of the solutions to the inverse problems to determine unknown
source terms from final over-determination of the temperature requires suffi-
cient regularity and a certain monotonicity of a time-component of this term.

In the present paper we follow another approach. Instead of the conven-
tional solution, we deal with the quasi-solution of the inverse problem that uses
final data. Then we can build up a theory without any smoothness or mono-
tonicity restrictions on the source. Similar results in the case of the parabolic
differential equation without an integral term in the one-dimensional case were
obtained by Hasanov [2]. Quasi-solutions of other integro-differential inverse
problems were studied in [1, 9].
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2 Direct Problem

Let 2 be a n-dimensional domain with sufficiently smooth boundary I" and
I' = I'1 U T where meas It N[5 = 0. Assume that for any j € {1;2} it holds
either I'; = () or measI; > 0. Denote 2p = 2 x (0,T), Iy = It x (0,T),
Inp = Iy x (0,T). Consider the problem (direct problem) to find u(z,t) :
27 — R such that

U= Au—mx*x Au+ f+ V¢ in Op, (2.1)
u=uwo in 2 x {0}, (2.2)
u=g inlyrp, (2.3)
—vg-Vut+msvy -Vu=9u+h inlsp (2.4)

where

n
0 0
Av = — | a;;=—v | +av,
3 o (w2,7)
i,j=1
n
vy = Zaijl/j, v=(v1,...,Vn) - outer normal of Iy,
j=1

aij,a,uo:Q—>R,f:QT—>R,¢:QT—>R",9:F1,T—>R,19:I’2—>R,
h:I'op—R, m:(0,T)— R are given functions and

mxw(t) = /0 m(t — T)w(r)dr

denotes the time convolution. In case I1 = 0 (I3 = 0), the boundary condition
(2.3) ((2.4)) is dropped.

The problem (2.1)—(2.4) describes the heat flow in a body (2 with the ther-
mal memory. Concerning the physical background we refer the reader to [7].
The solution w is the temperature of the body and m is the heat flux relaxation
(or memory) kernel. The boundary condition (2.4) is of the third kind where
the term —v4 - Vu + m x v4 - Vu equals the heat flux in the direction of the
co-normal vector.

Let us introduce some additional notation. Let X be a Banach space. We
denote by C([0, T]; X) the space of abstract continuous functions from [0, T| to
X endowed with the usual maximum norm ||v||¢(jo,7);x) = maxeo,7 [[v(2)]].
Moreover, let

L2((0,7); X) := {v 2(0,T) = X: ol z2(o,1)x) = [ /OT ||v(t)”2dt] i < oo}.

In addition, we need spaces of fractional order and anisotropic spaces. To this
end, let us first introduce the following notation for difference quotients of x-
and (z,t)-dependent functions with powers:

v(z1)—v(z v(x1,t)—v(x2,t
(W)p(w1,m0) 1= UL (), (g, g ) 1= UELD=ME2 D)

1) —v(ayt
(V)p(x3t1,t2) := %7
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where |z| denotes the Euclidean norm of z in the space R™. For any | > 0 we
introduce the Sobolev—Slobodeckij spaces (cf. [10, 15])

W) = {o: oy = 3 [ [ ppefas]’

| <[1]
1
+@l / dxq ‘ D 1) 4[] 1171,:172 ‘ dI2:| < OO}7
la|= (7] (7]
L 3
wh2 (0 :{v: ol Lo = / / DI D%v(x, t) 2dxdt]
Vo) = {ur | HWQL,;(QT) Ry A )

1
+6 / dt/ dwl/’ Dt D4— [l](l'l,l'g, ‘ d$2}2

2J+|a\
3
% /dx/dh/‘DjDa 1y 121\\It1,t2‘dt2} <OO}
1—2j— \a\
€(0,2)
Here o = (ay,...,a,) with a; € {0,1,2,...} is the multi-index, |a| = a1 +
c+ an, DSv = % and Div = g;. Moreover, [I] is the greatest

integer < [ and ©; = '0 and 6, = 1 in the cases of integer [ and non-integer [,

respectively. The definition of WQ’ H is in a standard manner extended from 21
to the boundary components Iy p and I (for details see [10]).

Now we return to the direct problem (2.1)—(2.4). Throughout the paper we
assume the following basic regularity conditions on the coefficients, the kernel
and the initial and boundary functions:

a;; € Cl(ﬁ), a;; = aji, @€ C(ﬁ), S C(TQ), 9 >0, (25)
me LYN0,T), geWZ i (Ir), heL*(Ihr), (2.6)
up € L*(2), feL*(0r), ¢=(b1,...,0n) € (L*(2r))"
and the ellipticity condition
Z aijAi\i > €\?, €02, A€ R" with some ¢ > 0. (2.8)
ij=1
The first aim is to reformulate the problem (2.1)—(2.4) in a weak form. Let
us suppose that (2.1)-(2.4) has a classical solution v € W' (£27) and the term

¢ satisfies the following additional conditions: %gbi e (L2 2™, i=1,...,n
@lry.» = 0. Then, we multiply (2.1) with a test function 7 from the space

T(@r) = {n e LA, T): W3 (2): me € L2(0,T); L*(12)),

nlr, = 0in case I ;é(i)}

Math. Model. Anal., 16(2):199-219, 2011.
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and integrate by parts with respect to time and space variables. We obtain the
following relation:

O:/[u(x T)n(z,T) — ug(z)n(z,0)] dx—//umdwdt

//[i i (U — T K U )Ty — @ (U—m*u)}dxdt

Yu+ h)ndldt — (fn—¢-Vn)dxdt. (2.9)
i /

F2T fZT

This relation makes sense also in a more general case when ¢ satisfies only (2.7)
and v doesn’t have regular first order time and second order spatial derivatives.
We call a weak solution of the problem (2.1)—(2.4) a function from the space

U(Qr) = C([0,T]; L*(£2)) N L*((0,T); W (£2))

that satisfies the relation (2.9) for any n € 7(§2r) and in case I # () fulfills
the boundary condition (2.3).

Theorem 1. The problem (2.1)—(2.4) has a unique weak solution. If, in ad-
33 11

dition, ¢ = 0, g € W2 (I 1), h € W2 (I'ar), up € HY(2) and ug = g

on I x {0} then this solution belongs to the space Wyl (27) and satisfies

(2.1)~(2.4) in the classical sense.

Proof. Tt is well known (see e.g. [10]) that in the particular case m = 0
the solution exists, is unique and the operator H, that assigns to the data
vector ug, g, h, f, ¢ the weak solution is Lipschitz-continuous from the space
L?(02)x WQ%’% (I'y 1) x L2(Iy,7) x L?(£27)" ! to the space U(£2r). Let us denote
G(f,9) = H(0,0,0, f,¢). Then, denoting by wu the solution corresponding to
m = 0, the problem (2.1)—(2.4) for u is in U(2r) equivalent to the following
operator equation for the function v = u — u:

v = Fi+ Fv (2.10)

with the linear operator Fv = G(—m* (av), —m * (Z?Zl aijve;)). We are going
to estimate F. To this end, we make use of the following inequality that
immediately follows from the estimate (19) in [5]:

t
[[m w120, S/ Im(t — 7)[[|wllL2(e,) dr, t€(0,T). (2.11)
0

Here 2; = 2 x (0,t) for t € (0,T) and w is an arbitrary element of L?({2r).
Moreover, we define the cutting operator P; by the formula

P in (2,
W10 in 20\ 2.
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Note that it holds G(P.f, Pi¢)(x,t) = G(f, ¢)(x,t) for any (z,t) € 2;. There-
fore, observing the Lipschitz-continuity of G and (2.11) we can estimate as
follows:

1 Fvlluca) = g( —m* (av), —m x ( Zawvm])>
U2

- g(—Pt [m*(av)]a—Pt[m* ( Z}“ij%ﬂ)
( )

metoo) A e ()

j=1

U(2:)

IN

g

U(2r)

n

{Hpt mx (av)] |22y +Z

n

[m 5 ]

j=1

m x Z CLij’Um]. :|
L2(82¢)

j=1

t
<Co [ It = n)l(lollaga,) + |90l 2y dr
0

L%mj

¢ [nm e (@@)lzaa + 3

i=1

t
e / imt — 7)ol dr
0

for any ¢ € (0,T) with some constants C, Co. Now we introduce the weighted
norms in U(2r): ||vlle = supgeier e " ||v|lu(o,) where o > 0. Using the
deduced estimate for F we obtain

t
| Follo < Co sup e~ / m(t — 7)o,y dr
o<t<T 0

t
=(Cy sup /G_U(t_7)|m(t—T)le_UTH’U”M(_QT)dT
o<t<TJo

T
<0 / e\ (s)| ds lo]lo-
0

Since fOT e~7*|m(s)|ds — 0 as ¢ — oo, the operator F is a contraction for
sufficiently large o. Consequently, (2.10) has a unique solution in ¢ ({27). This
proves the existence of the unique weak solution of (2.1)—(2.4).

Secondly, let us prove the classical solvability assertion of the theorem.
Again, we use the results in case m = 0. It is known [15] that in case m =0
the solution belongs to Wy (27) and the operator H! that assigns to the data
vector u, 9,, h f the classmal solution is Lipschitz-continuous from the space
HY(92) x W; i (I'1) X W; i (Io.r) x L2(027) to the space W' (£27). Define
Gt(h, f) = HY0,0,h, f). The problem for u is equivalent to the following
operator equation for v=u—u

v =F'u+ Flo, (2.12)

Math. Model. Anal., 16(2):199-219, 2011.
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where F'v = G'(=m*v4 - Vo|p, ., —m* Av). This time we have to introduce
a more complicated extension operator instead of P; because the argument of
F* has traces on slices 2 x {t}. Let us define

B w(z, s) for s < t,
Puw(z,s) = w(z,2t —s) for t < s < min{2¢; T},
0 for s > 2t in case 2t < T.

Then, since the function v in the range of F* satisfies v|;—o = 0, it holds ﬁtv S

W3 (27) for t € (0,T). Moreover, GY(P;h, P, f)(z,t) = G'(h, f)(z,t) for any

(,t) € £ and |[Peh|| 11 <2Unll 11 P fllrzer) < 20 f 2z
) Wyt (I2e)

where h = m vy - Volr, , and f = m* Av. Consequently, in view of the
Lipschitz-continuity of G! we deduce

||]'—10||W22’1(Qt) - Hgl (—mxva-Volp ., —mx A’U)szz,l(gt)

- Hgl (=P, [m*va-Vo|p,,|,—P [m* AU])HW;’I(Qt)

< Hgl (_Pt [m K U4 - V’U|F21T] ,— Py [m x Av]) HW;’I(QT)

< (3 [”Pt [m*va- Vol )+||Pt [m*AU]HB(QT)]

11
21
Wy (I'2,r

<204 [||m* va Vel gy g, llmes AUHLQW} (2.13)

2
for any ¢ € (0,T) with some constant Cs and Iy, = I'; x (0,t). Using the trace
theorem for Sobolev—Slobodeckij spaces [10] and the relation (m*v); = m* vy,
that holds due to v|¢—g = 0, we compute

s va- Vol gy ) =l Vimso)l gy o< Callmxvllyzag,

- 04{ Z [[m * D[l L2, + lm * vill L2 ()
la|<2

with some constant Cy. Applying this estimate in (2.13) and using (2.11) we
deduce

t
| F 021y < C / m(t =)ol o, dr. t€ (0,T)
with a constant Cs. We define the weighted norms

Ioll; = sup e ollyz 0,

in the space W22’1((2T) and, as in the first part of the proof, show that F*! is
a contraction in Wy (£27) if o is sufficiently large. This proves the unique
solvability of (2.12) and in turn the classical solvability assertion of theorem.
O
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3 Formulation of Inverse Problem. Existence of Quasi-
Solution

Let F be a linear closed subspace of L?(f27). Suppose that the source term f
is of the following form: f = fo + F, where fo € L*(27) is known. We pose
an inverse problem to determine the function F' € F making use of the final

measurement
u(z, T) =ur(x), =€
More precisely, we will search a quasi-solution of this problem. This is a solution

of the following minimization problem for the cost functional: find

P = al“gFlpeiél_J(F), J(F) = ”u('vT;F) _UTH%?(Q)v (3'1)

where F C F is a subset including constraints. Here u(z, t; F) stands for the
solution of the direct problem corresponding to the given F.
Let us introduce some cases of F.

Case 1. Define F = {F: F(z,t)=3(t)w(z), we L*(2)}, where s € L?(0,T),
» # () is a prescribed function.

Case 2. Let 2 be acylinder: 2 = Sx(0,1), where for any z = (z1,...,2,) € 2
we have T = (z1,...,2n_1) € S, , € (0,1). Define F = {F: F(z,t) =
s(zn)w(Z,t), w € L*(Sr)}, where s € L*(0,1),  # 0 is a prescribed
function and Sy = S x (0,7).

.....

.....

function. In practice, the component s¢; may be the characteristic func-
tion of a subdomain (2; C 2.

Now let us consider the first variation of the cost functional
AJ(F)=J(F+ AF) - J(F)

= 2/ [w(z,T; F) — ur(x)]Au(x, T; F) dx + / [Au(z, T; F)*dz, (3.2)
2 Q

where Au(x,t; F) = u(x,t; F + AF) — u(x,t; F). By Theorem 1, the function
Au belongs to W22 ! (£27) and solves the following problem in the classical sense:
Auy = AAu — m* AAu+ AF  in Or, (3.3

Au=0 in 2 x {0}, (3.4

Au=0 in Iy, (3.5
—va-VAu+mxvy - VAu=9Au in Iy . (3.6

Moreover, let us introduce the following adjoint problem with the solution
Y(x, t; F):

T
Yi(x, t; F) = —A(a,t; F) +/ m(r —t)AY(x,7; F)dr in O, (3.7)
t

Y(x, T; F) =2u(x, T; F) —up(x)] in §2, (3.8)

Math. Model. Anal., 16(2):199-219, 2011.



206 K. Kasemets and J. Janno
Yz, F) =0 in I, (3.9)
T
—va - V(z,t; F) —l—/ m(T —t)va - Vip(x, 7 F)dr = d(x, t; F) in I p.
t
(3.10)

It is easy to see that the equivalent problem for @(z,t) = ¢(x,T — t; F) is
of the form (2.1)—(2.4) with homogeneous differential equation and boundary
conditions and the initial condition @ = 2[u(-, T; F) — ur] € L*(£2) in 2 x {0}.
Therefore, applying Theorem 1 we conclude that problem (3.7)—(3.10) has a
unique weak solution. The weak problem for ¢(x, T — t; F') reads

0= / (00,0 P, T) = 20w, T3 F) — ur @)}o(e 0) da

/ Y(x, T — ntxtda:dt—l—// aij () Vg, (2, T — t; F)

7,j=1

_ / m(t — 7)Y, (2, T — 7; F) dT) Na; (T, 1)
0
t

—a(x) (1/)(:17, T—tF)— / m(t — m)p(x, T — 13 F) dT)n(a:, t)} dz dt

0
+ // I(x, T —t; F)n(x,t)dl dt  Vn e T(2r). (3.11)

Io,r
Lemma 1. It holds the following formula:

2/[u(:v,T;F) — ur(x)]|Au(z, T, F) dx :/ (x,t; F)AF (2, t) dedt. (3.12)
2

Proof. Since Au € Wy'' (£2r) satisfies the homogeneous boundary condition
on I, it holds Au(z, T —t,F) € T(£27). Let us use the test function n(z,t) =
Au(z, T —t,F) in (3.11). This yields (changing the variable ¢t by 7' — ¢ under
the integrals and observing that n(z,7) = 0 and omitting F in the arguments
for the sake of shortness)

0=-2 /[u(x T) — ur(x)]|Au(z, T)] dx —|—/ Y(x, t) Aug(z, t) da dt

// aij 1/1% x,t) / m(t — 7)Y, (x T)dT)Aum](JJ t)
1

1,j=

—a(x) (1/) x,t) / m(t — 7)Y (x, T) dT) Au(z, t)}d:z: dt
//191/) x,t) Au(z, t) dI" dt. (3.13)

I r
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On the other hand, the problem (3.3)—(3.6) in the weak form reads

O-/Au:z:T C(x,T) dx—//AuCtdxdt

// { aij(Aug; —m* Aug; )G, — a(Au —m x Au)(|dx dt
1,j=1

//Mugdrdt—// AFCdxdt V¢ e T(2r). (3.14)

Iy r

Since Au € VV22 L(27) has the regular time derivative, we can integrate by
parts the integral f | Au¢y dxdt in (3.14). This results in the relation

Lﬁmwmﬁ[%mme%

1,j=1

(Au—m*Au)Q]d:vdt—i—//ﬁAquI’dt—/ AF{dxzdt. (3.15)

I r

It is important that this relation doesn’t contain the time derivative of the test
function . Therefore, we can extend the set of test functions of (3.15) from
T(27) to Up(27) = {C € U(27): ¢|r,» = 01in case I, # 0}. In particular, it
is possible to take the test function ¢ = ¢ € Uy(£27). Then we obtain

0—//Autwd:vdt+//[ aU (Aug; —m* Aug, ),

1,5=1

—a(Au—m*Au)w}dxdt—i—//ﬁAuwdth—/ AFy dxdt. (3.16)
Qr

It
Subtracting (3.16) from (3.13) and changing the order of integration in convo-

lution terms we deduce the formula (3.12). Lemma is proved. O

Theorem 2. Let F be a bounded, closed and convexr subset of F. Then the
problem (3.1) has a solution in F. Moreover, the set of all solutions F* form
a closed convex subset of F.

Proof. The assertion follows from Weierstrass existence theorem (see [16, Sec-
tion 2.5]) once we have proved that J(F') is weakly sequentially lower semicon-
tinuous in F, i.e.

J(F) <liminf J(F,) asF, = Fin F (3.17)

n—roo

and convex, i.e.

J(’}/Fl + (1 —’Y)FQ) < ’)/J(Fl) + (1 —V)J(Fg) Vv € [0,1], Fy, Fy € F.

Math. Model. Anal., 16(2):199-219, 2011.
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Let us compute:
J(F) = /Q[u(ac,T;F) —up(z))?de = /Q[u(ac,T;Fn) — up(z)]? dx
— / [u(z, T; F,) — u(x, T; F)]? dx
Q
-2 /Q[u(x,T; F) —up(2)][u(z, T; F,) —u(z, T; F)] dz
= J(F,) — /Q[u(x,T; F) —u(z, T; F))* du
-2 /Q[u(x, T;F) — up(z)|Auy (2, T; F) dx

where Au,(z,t; F) = u(x, T; F,,) — u(x, T; F) is the change of u corresponding
to the change of the free term AF,, = F,, — F. Thus, in view of (3.12) we have

J(F) < J(F,) — //1/)(x,t;F)AFn(:zr,t) dzx dt.
Q7

Since ¢ € L?(£27), this implies the relation (3.17). To prove the convexity, we
firstly note that

U(iﬂat;VFl + (1 - W)FQ): ’Y’U/((E,t;Fl) + (1 - ’}/)’U/(ZC,t;Fg), for v e [07 1]

Therefore, in view of the convexity of the quadratic function we obtain

T
J(VFL 4+ (1= 7)) = /0 [u(a, T,y Fy + (1= 7)F2)—UT($)]2 dx

2

- /OT {y{u(:zr, T, F) — UT($)}+(1 - 7){u(:z:, T; Fy) — uT(x)H de

T T
< 7/ [u(z, T, F1) — up(z))® do + (1 — 7)/ [u(z, T, Fy) — up(z))? do
0 0
=7J(F1) + (1 =) J(F) fory€[0,1].
This shows the convexity of J. Theorem is proved. O

Remark 1. In order to prove the existence in an unbounded set F incl. F , it
is sufficient to have the weak coercivity of J(F). This is a difficult problem,
because monotonicity methods in general fail for problems in integro-differential
PDE. However, the boundedness assumption of F seems not very restrictive,
because in practice some bound for F' may be available.

4 Regularized Problem

In [5] we proved that in a particular case the solution of the inverse problem
under consideration continuously depends on certain derivatives of the data.
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This shows the ill-posedness of the problem in case the data have noise in L?
space. We can easily incorporate Tikhonov regularization in quasi-solution. In
this case we minimize the stabilized cost functional: find

P = argl{peln Jo(F),  Ja(F) = O‘HF||%2(QT) + u(, T3 F) - UTH%Q(Q)'

Here o > 0 is the regularization parameter that depends on the noise level of
the data ug. If we set here o = 0, we get the original problem (3.1).

Theorem 3. Let o > 0 and F be a closed and convex subset ofj-: (may be also
F =F). Then the problem (4.1) has a unique solution in F.

Proof.  Obviously the additional term I(F') = o|F|| 12, is strictly convex:
IVFL+ (1 —9)F) <~I(Fy) + (1 —v)I(Fy) VYy€(0,1), Fi,Fo e F

and weakly coercive, i.e., I(F) — oo as [|[F|| 20, — oo. This makes the
whole functional J, strictly convex and weakly coercive. Moreover, it is easy
to check that I(F') is weakly sequentially lower semi-continuous. Since J(F') =
lu(-, T; F) — uTH%Q(Q) is also weakly lower semi-continuous (this was shown
in the proof of Theorem 2), the whole functional J, is weakly lower semi-
continuous. Now the assertion of the theorem follows from Weierstrass exis-
tence theorem [16, Section 2.5]. O

5 Auxiliary Estimates

Lemma 2. The following estimate is valid with a constant Cy:
[Au(, T; F)||L2(2) < Coll AF || L2(2y)- (5.1)

Proof.  For the sake of shortness, we omit F' in the list of arguments of Au.
Firstly, we prove this assertion in case |m|[z1(o,7) is small enough and the
equation for Au (3.3) contains an additional term, namely it has the form

Aup = AAu — 0 Au— m x AAu+ AF  in Op, (5.2)

where o is a sufficiently large number such that o —a(x) > € for any x € 2. By
Theorem 1, Au belongs to W' (£27) and solves the problem (5.2), (3.4)-(3.6)
in the classical sense. Let us multiply the equation (5.2) by Au and integrate
by parts taking into account the definition of A and the homogeneous boundary
conditions (3.5), (3.6):

O—// Aut —U)Au—i—m*AAu—AF}Audxdt

// [Au?] da:dt—l—//[ Z i Ay, Ay, + + (0 — a)Au? | dx dt

1,j=1

Math. Model. Anal., 16(2):199-219, 2011.
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_//[ zn: aij(m * Aug,) Aug, — a(m + Au) Au| dz dt

7,j=1
//ﬁAu dI'dt — //AFAud:rdt
I r

In view of the homogeneous initial condition (3.4), this relation can be trans-
formed to the form

%/[Au(x,T)]z’der/ VAU? dI dt (5.3)

N Ipr

// [ Z aij Aty ; My, + (0 — a) Au }dw dt

Y

Due to the assumptions ¥ > 0, (2.8) and o — a > ¢, the left hand side of (5.3)
can be estimated from below:

% / [Au(z, T)) dz + / / 0 Au? dx dt
2

agj(m* Aug; ) Aug, — a(m * Au)Au} dx dt +/ AF Audz dt.

1,j=1 Qr

Iy r
// { Z aij Ay Ay, + (0 — a)Au }dmdt
7,j=1
> % /[Au(x,T)]2 dx + e/ [[VAuP + Av?] dadt =: I*. (5.4)

The right-hand side of (5.3) is estimated from above by means of the Cauchy—
Schwarz inequality:

// [ agj(m x Aug ;) Aug, —a(m*Au)Au] dx dt+/ AF Audx dt

2% Q27

1[ 3 e Atz 190

i,j=1
+ [l + Au||L2<QT>||Au|L2<QT>] HIAF | s2(0m | Aull 20y (5.5)
where C; is a constant depending on the coefficients a;; and a. For the

convolution terms we apply the Young’s inequality in the space L?(£2r) =
L?((0,T); L*(£2)). This yields

Hm * Auxj ||L2(-QT) < Hm”Ll(O,T)”Aumj HLQ(QT)a ] = 15 s Ty

[m * Aul[2(07) < Imllrom | AullL2(0r)- (5.6)
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Using (5.4)—(5.6) in (5.3) we obtain

12 < CyllmllLior) { > N Augyll 200 | Atia, | 220y + A0 720y
ij=1

+ | AF || 2(or) | Aull L2 (2g)-
Further, we use the inequalities

(| Ay,

r2(2r) < IVAuU([ 20, i=1,...,n,

and definition of I (see (5.4)). We have

12 < Callmll 0,1 [PV Aul 320y + | A3z o |

Colmleiey g2 o AP a0, 1
ol

+|AF| L2 [[Aul L2(0r) < NG

Therefore, in case m satisfies the smallness condition

[mllLio,m) < (5.7)

_QC

we obtain 2 < 2 HAFHLz (2m)] that yields I < 2 HAFHLz (2r)- Observing

that || Au(-, )||L2(Q) < /21, from the latter mequahty we deduce the estimate

(5.1) with the constant Cy = 2v/2/e.

Now let us return to the original problem (3.3)—(3.6) without the additional
o-term and arbitrarily large m. Define the following function: Au,(z,t) =
e 7" Au(z,t) where 0 € R. It is easy to check that Au, solves the following
problem:

Auyy = AAu, — 0 Auy — my ¥ AAu, + AF, in (p,

Aus, =0 in £2 x {0},

Au, =0 in Iy 7,

—vg-VAus +my xv4 - VAu, =3Au, inlsp
where mg (t) = e~ 7*'m(t) and AF,(z,t) = e 7' AF(x,t). Clearly, there exists a
sufficiently large o such that m, satisfies the condition (5.7) and the inequality

o —a(x) > € is valid for x € 2. Therefore, the first part of the proof applies to
the function Au,. This means that the estimate

2v2
[ Aug (- Tl L2(2) < —HAF lL2(20) (5-8)

is valid. Finally, in view of Au,(z,T) = e T Au(x,T) and |AF,(x,t)| <
|AF(x,t)], from (5.8) we obtain the desired estimate (5.1) with the constant
Co = 2v/2¢°T Je. Lemma 2 is proved. 0O

Further, let us estimate the difference of solutions of the adjoint problems

A¢($af7F) = ¢($7f7F+AF) _¢($at;F)~

Math. Model. Anal., 16(2):199-219, 2011.
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Lemma 3. The following estimate is valid with a constant C:
1A% F)ll2er) < CillAF|L2(0)- (5.9)

Proof.  Proof is similar to the proof of the previous lemma. Observing (3.7)-
(3.10) we see that the problem for Ay(z,t; F) has the following form:

T
Ay (x,6; F) = —AAY(x, t; F) +/ m(r — ) AAY(x,7; F)dr in 27, (5.10)
t

AY(x, T; F) = 2Au(z, T; F) in {2, (5.11)
A’Q/J(Ji,t; F) =0 in FI,T7 (512)

T
—va-VAY(z,t; F) + / m(r —t)va - VAY(z,7; F) dr
¢
= 19A¢($,t,F) in F27T. (513)

We start by proving the assertion in case ||m/||z1(o,7) is small enough and the
equation (3.3) contains an additional term, namely it has the form

Ay (x,6; F) = —AAY (2, t; F) + c A (z, t; F)
T
—I—/ m(r — t)AAY(x, 7 F)dr in O, (5.14)
t

where o is again sufficiently large, i.e. o — a(z) > € for any = € (2. Since
Au € Wit (£2r), by the trace theorem it holds Aul—r € H'(£2). Moreover,
one can immediately check that the time-inverted function Ay (z, T —t; F') sat-
isfies a problem of the form (2.1)—(2.4) with an homogeneous equation, homoge-
neous boundary conditions and the initial condition 2Au(z, T; F'). Therefore,
applying Theorem 1 we see that the function Ay (x,t; F') belongs to WQQ’l(QT)
and satisfies the problem (5.14), (5.11), (5.12), (5.13) in the classical sense. For
the sake of shortness we omit the argument F' of Ay and Aw in forthcoming
computations. Multiplying (5.14) by At and integrating by parts we obtain

0= // [Awt +(A—-0)AyY — /tT m(T — t)AAY(x, T) dT} A dx dt
02

_ %T/ / [AY?]; da di — / / { zn: a5 My, Ay, + (0 — a)A1/J2]da: dt
Qr Q7

i,j=1
+£T/[”i_1 ag;(x) /tTm(T—t)Ad)zj (x,7)dT Atpy, (z, 1)
T
_ a(w)/t m(1 —t) A (z, ) dTAz/J(:c,t)} da dt —F/2’T A2 dT dt.

Observing the final condition (5.11) and rearranging the terms we get

%/[A1/)(x,0)]2dx+//19A1/)2 dr dt (5.15)
2

Inr
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// [ Z 0ij Aps; Aps, + (07— a)Awﬂdx dt

v

:v)/tm(T—t)Az/J(x,T) dTAw(:C,t)} d:zcdt—i—%/[Au(:zc,T)]2 dx. (5.16)

£2

T
aij (x L’7n@=—wAw@xxnﬂdrA¢m<mt>

7,j=1

The left-hand side of (5.15) is estimated from below:

/[A¢ a,0)] dx+//19A1/; dth+//[ Z aij Mpy, Ay,

i,j=1

For the right—hand side of (5.15) we use the Cauchy—Schwarz inequality:

14>

Or i,j=1

T
aii(z /t m(r — 1) Ay, (z,7) dr Ay, (5, )

/ m(r — t) Ay (z, T) dT Ap(x, t)} dz dt + ; / [Au(z, T))? dx

£2

gé[ m(T — t) Ay, (, T)d’?"

At
ooy 14

L2(Qr)

1
+ H/m ) dr| 8] | 51400 T g (5.18)

with some constant Cy. It is easy to check by means of the change of variables
of integration that

H /tT m(r — t)v(z,7) dT’

Therefore, using the Young’s inequality we get

L2(Q27) = ||m *v[|12(0.) for any v.

< lmllzr o, [[A%z; |22 (2r)

H /tT m(T —t) Arpy, (2, T) dT’ L)

T
| [ me-nav@nar|,  <lmlsonladlee,. 619
t L2($27)

By means of (5.17)—(5.19) from (5.17) we obtain the relation

8% < él|m||L1(0,T)[ D 1A, 22 1A%z, |22y + 1A% 2000

i,j=1

1
+ §HAU('7T)H%2(Q)-

Math. Model. Anal., 16(2):199-219, 2011.
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Like in the proof of Lemma 3 from this relation and the definition of S we
deduce the estimate [|AY| 20,y < ﬁ||Au(',T)||L2(_Q) provided m satisfies

the inequality

€
2@1”2 .

Il 20,1y < (5.20)

Further, applying Lemma 2 to the obtained estimate we get (5.9) with the
constant C, = Cp/+/e.

Finally, let us consider the original problem for A without the additional
o-term and arbitrarily large m. Define Aty (z,t) = e~ 7T =Y Au(z,t) with
o € R. Then A, solves the following problem:

T

Aoy (x,1) = —AAY,(2,t) +/ Mo (T — ) AdYy (2, 7)dT  in Qp,
t

Ay (2, T) =2Au(x,T) in 2, Ap,(z,t)=0 in I,

T
—va - VA, (x,t) +/ Mo (T—t)va - VA (z,73;) dT = SAY,(2,t) in Iop,
t

where m,(t) = e"7'm(t) again. There exists a sufficiently large o such that
me satisfies the condition (5.20) and the inequality o — a(x) > e is valid for
x € §2. Thus, applying the first part of the proof to A, we have

1A% |22 (2r) < —Z [ AF || L2(2r)-

Y
Ve
Since ||A1/)UHL2(QT) > 670T||A’¢)||L2(QT) we reach the estimate (5.9) with the
constant C; = Cpe®! /\/e. Lemma 3 is proved. O

6 Frechet Derivative and Gradient Method

It follows from Lemma 2 with (3.2) that the functional .J is Frechet differentiable
in L2(£2r). Moreover, according to Lemma 1, J'(F') is identical to the element
Y(F) = ¢(z,t; F) in L*(Q27), i.e. it holds

J(F)F = (w(F),F)LZ(QT): //w(:v,t;F)F(:v,t) dedt YF € L*(02r).
Q7

Similarly, J,, is Frechet differentiable in L?(£27) and

= //(204F(:17,t) +(x, t; F))F(x,t)dedt YF e L*(2r).  (6.1)
Q7

Therefore, gradient-type methods can be used to solve the minimization prob-
lems (3.1) and (4.1). These methods must be combined by proper projection
techniques to get minimum in the subset F. However, it is possible to simplify
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the minimization procedure in case the structure of the subspace Fis simple.
In particular, global optimization can be used if F = F. To this end, let us
consider the cases 1-3 introduced in Section 3.

Case 1. We introduce the functional @1 o(w) = J,(scw) with o > 0 and
the set Wi = {w € L?(£2): »w € F}. Then the problem (4.1) (in case a = 0
the problem (3.1)) can be rewritten as follows:

find w* = in & o(w). 6.2
nd w* = arg min &1,a(w) (6.2)

In particular, when F = F, it holds W, = L?(£2) and we have a global min-
imization problem. Since J, is Frechet differentiable, &, , is also Frechet dif-
ferentiable. Moreover, from (6.1) we deduce

K- |

i)

{ /OT[204w(£C)%(t) + (x, t, 2ew)](t) dt} () dx.

This shows that @) ,(w) is identical to the element fOT[2aw(x)%(t) +
Y(x,t, 2w))s(t)dt of L2(£2), that is

T
Py o (w)w = (/0 2aws(t) + (-, t, 2ew)]5(t) dt, 1[)) e Vi € L2(£2).

Using Cauchy—-Schwarz inequality and Lemma 3 we estimate
197 o (w + Aw) = D) (W) L2(02)

- {/Q{/OTPaAw(&v)%(t)-i-lﬂ(x,t, se(w+Aw)) = (x, t, 2w)] %(t)dt}

< 20 dw(@)s(t) + (.t se(w + Aw)) = (e, 320) | 2 o0y [l 2 07)

2 q1/2

d:v]

< (2a+ C1)|IeAwl| L2 (@p) 1l 20,7y = e+ C) 1l F 207 | Al L2 (2 -
This implies that 925’17(1 is uniformly Lipschitz-continuous, i.e.
12 o (w+ Aw) = D) (w)[12(0) < LallAw| 120 (6.3)

where L, = (2a + Cl)”%”QN(O,T)'

The cases 2 and 3 can be treated in a similar manner. Let us summarize
the results in these cases.

Case 2. Define @3 o(w) = Jo(3w) with a > 0 and the set Wy = {w €
L2(Sp)sew € Fy. If F = F then Wy, = L3(S7). The problem (4.1) can
be rewritten in the form: find w* = arg Hel%/rvl D9 o(w). The functional P, is

Frechet differentiable, @  (w) is identical to the element fo 2aw(zT,t)x(zy,) +
Y(x, t, 2w)]2(xy) dey, of L2(ST) and the uniform Lipschitz-estimate

195 0 (w + Aw) — &5 (W)l z2(s7) < LallAw]|z2(sy) (6.4)

is valid with Lo = (20 + C1)||#][32 (.-

Math. Model. Anal., 16(2):199-219, 2011.
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Case 3. Let @54 (w) = Jo(3 1., w)z;) with a > 0 and Wy = {w € RV:
Zj.vzl wjx; € Fy. If F = F then W, = RY. The problem (4.1) admits the
following form: find w* = arg min,ew, @3 o(w). The functional @5 ,, is Frechet
differentiable, @ ,(w) is identical to the element ([f, [2a SN wisg(a,t) +
P(x,t, El]\il wy )| (v,t) drdt)j—1,. n of RN and the estimate

195 o (w + Aw) = B3, (w)[er < Lol Aw|lpy (6.5)

with L, = (2a + Cy) Zjvzl H%jH%Q(QT) is valid.

In the following, let @, be one of the functionals ®; ., j = 1,2, 3, defined
above and W be the corresponding set of admissible solutions W;. Then we
consider the problem

find w* = in @, (w). .
nd w” = arg min (w) (6.6)

For the sake of simplicity, we assume that F = F. This means that we consider
the unconstrained minimization and W is L2(£2), L?(S7) and RY in the cases
1, 2 and 3, respectively. Let wg € W be an initial guess and compute the
successive approximations by means of the gradient method

Wr+4+1 = Wk —CkQZX(wk), k= 0,1,2,... (67)

with steps ¢ > 0. Let us perform a little analysis for this iteration process
following partially the example of [2].

Lemma 4. For any o > 0 it holds
/ La 2
P (Wit1) = Pa(wi) — P (W) (Wr1 — wy)| < 7||wk+1 —w|*  (6.8)

Proof. Using the relation

1
Do (Wit1) — P (W) = / & (wi + T(wrr1 — wi)) (wrr1 — w) dr
0

and the estimates (6.3)—(6.5) we deduce

|Po (wht1) — Po(wr) — P, (wp) (W1 — wy)]

1
/O (24 (Wi + T(wet1 — wi)) — P, (i) (w1 — w) dr

1
< Lalu = wil* [ 7dr = 5w - wi
0
This proves (6.8). O

Theorem 4. Let « > 0 and § < ¢, < 2/Ly — 0 for any k = 0,1,2,... where
0 is some number in the half-interval (0,1/L,]. Then the sequence @, (wy) is
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monotonically decreasing, has a limit and the following relations are valid with
qp = ¢k — Lo} )2 > 8 — La6%/2 > 0:

Do (wi) — Po(wiy1) > qu|| DL, (we)||?, k=0,1,2,..., (6.9)
P (w) =0 ask — oo, (6.10)
2
C
lwrsr — wi|® < q—’; [ (wi) — Po(wit1)], k=0,1,2,.... (6.11)

Proof.  Due to (6.7) it hold ||wy1 — wi||* < 2| P, (wy)]|? and

&, (wi) (wi1 — wi) = (D), (wr), =@l (w)) = —ckl| P (w )|

Thus, by means of (6.8) we get

Do (Wit1) — Do(wi) + cil| P (wi)||?

L,c?
< |Pa(wii1) = Polwr) + cil| D (wi) |*] < T’“H%(wzc)llz-

This yields @ (wi) — Po(wpg1) > (cx — L"‘Tc’%)||¢;(wk)||2, ie. (6.9). Due to
qr > 0, the relation (6.9) implies that @, (wy) is monotonically decreasing and
since @, (w) has the lower bound 0, the sequence @, (wy) converges. Further,
since the sequence ¢ has the positive lower bound § — L"‘T‘? and the left hand
side of (6.9) converges to zero, we obtain (6.10). Finally, estimating (6.7) we
have ||wy+1—w||* = c2||®,, (wy)|?. Using here (6.9) we obtain (6.11). Theorem
is proved. O

Clearly, the highest decrease rate of @, (wy) is achieved in case ¢ = 1/L,
when ¢i has the biggest value g = 1/2L,.

Theorem 5. Let o > 0 and ¢y, be chosen as in Theorem 4. Then the sequence
wy, strongly converges to the unique solution of the minimization problem (6.6).

Proof. The existence of the unique solution for the minimization problem
immediately follows from Theorem 3 and the definitions of ®,. Moreover, since
J, is weakly sequentially lower semi-continuous, strictly convex and weakly
coercive (see the proof of Theorem 3), the same properties are valid also for
®,,. It is well-known that under such properties every minimizing sequence of
@, weakly converges to the minimum point w*. Thus, firstly, let us show that
wy, is a minimizing sequence, i.e. @, (wy) = Ppo(w*).

Note that the sequence wy is bounded. Indeed, otherwise there exists a
subsequence wy, such that ||wg,| — oo and by the weak coercitivity it holds
@, (wy,) — oo which contradicts to the statement of Theorem 4 that &, (wy)
is monotonically decreasing.

Since @, is convex, its Frechet derivative is monotone, i.e.

(@, (w) — P (w)] (W —w) >0 Yw,weW. (6.12)

Math. Model. Anal., 16(2):199-219, 2011.
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Let us choose some 7 € (0,1). Observing that it holds @/, (w*) = 0 in the global
minimum point w* and applying (6.12) with w = w* and w = w* 4+ 7(wy — w*)
we have

1
1ikminf¢’a(w* + 7(w, — w*))(wy, — w*) = = liminf [@], (w* + 7(wp — w*))
—00

T k—oo

— @ (w")] (w* + 7(w, —w*) —w*) > 0. (6.13)

On the other hand, it holds limy_, @, (wi)(wyr — w*) = 0 because of the
boundedness of wy, and the relation (6.10). Thus, using (6.12) with w = w
and w = w* 4+ 7(wy — w*) we obtain

1
limsup @/, (w* + 7(wp—w*)) (wp—w*) = —— limsup [, (w* + T(wp—w*))
k—o0 T k—oco
— & (wi)] (wy — w* — T(wy, —w*)) <0. (6.14)

The estimates (6.13) and (6.14) imply limsup;,_, o v < 0 < liminfj_, o vy for
the sequence vy = &, (w* + 7(wy — w*))(wy — w*). Hence,

klim P (w* + 7(w, — w*))(w, —w*) = 0. (6.15)
—00

Further, writing
1
B (wp) — Bo(w*) = / & (w* + 7(wp — w*))(wp — w*) dr
0

and using (6.15) we obtain @y (wy) — Po(w*) — 0. This shows that wy, is a
minimizing sequence. Consequently, wy — w*.

Now let us prove the assertion of the Theorem wy — w*. In case 3 this
is evident, because W is of finite dimension. Thus, let us study the cases 1
and 2. Then it holds @, (w) = oa/HwH2 + @p(w) where v is a positive constant

(v = fo t)dt in case 1 and v = fo () dz, in case 2). Since the norm is
weakly lower sequentlally semicontinuous, the relation wy — w* implies

| < Timinf 2 (6.16)

On the other hand, since @, (wy) converges to @, (w*) and Pp(w) is weakly
lower sequentially semicontinuous and we obtain

1
lim sup [|wy[|* = — Tim sup [ (wy,) — Po(wy,)]
k—o0 AV koo

— i{ lim @q (wy,) + lim sup[—®o(wy)] }

k—o00 k—o00

- J{Qa(w*) - likrg%)rgféo(wk)}

IN

L @aw) - @o(w)}= 2 (6.17)

Putting together (6.16) and (6.17) we get limsup,_, . [lwel]? < |w*|?
< liminfg_ o0 [Jwg]|?. This gives limy_ oo [[wg||?> = |Jw*||?. Since in an Hilbert
space the weak convergence and the convergence of norms implies the strong
convergence, we prove wi — w*. The proof is complete. O
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