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Abstract. On the basis of product integration techniques a discrete version of a
piecewise polynomial collocation method for the numerical solution of initial or bound-
ary value problems of linear Fredholm integro-differential equations with weakly sin-
gular kernels is constructed. Using an integral equation reformulation and special
graded grids, optimal global convergence estimates are derived. For special values of
parameters an improvement of the convergence rate of elaborated numerical schemes
is established. Presented numerical examples display that theoretical results are in
good accordance with actual convergence rates of proposed algorithms.
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1 Introduction

Let R = (—o0,00) and N = {1,2,...}. In the present paper we study the
convergence behaviour of a discrete version of a collocation method for the
numerical solution of initial or boundary value problems of the form

WD) = (e / ailt, )Ki(t ) (s)ds + F(1),  (L1)
1=0
n—1
[P (0) + BuD ()] =0, j=1,...,n, (1.2)
1=0

where 0 <t <b,neN 0<ny<n 0<n <
0,....n—1,j5=1,...,n) and f,a; : [0,0] - R
continuous functions. We assume that K; € C([0,

n — 1 az];ﬂlj eR (Z =
(1 = O .,n1) are some
b] x

0,8]), g € W+ (A)
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(1=0,...,n9) with ¢ € Nand —oco < v < 1, and the integration of g;(t, s)¢(s)
can be carried out analytically (exactly) for any polynomial o(s).
For given g € N and —oo < v < 1, by W% (A),

A={(t,s):0<t<b, 0<s<b, t+#s},

is denoted the set of ¢ times continuously differentiable functions g : A — R
satisfying for all (¢,s) € A and all non-negative integers 7 and j such that
i+ 7 < g the condition

9 i P P j 1 ifV+i<O,
=) {=+=) 9t,s)| <cql+]loglt—s| fv+i=0, (1.3)
ot ot 0Os i . .

[t — |7Vt ifv4+i>0,

where ¢ = ¢(g) is a positive constant. Note that g; € W2¥(A) (i = 0,...,ng)
with 0 < v < 1 and arbitrary ¢ € N if gi(t,s) = 1 or g;(t,s) = log" |t — 5|
(k; € N) or g;(t,s) = |t — s|7® where a; < v. We have g; € W29(A) (i =
0,...,n9) with arbitrary ¢ € N if g;(¢,s) = log|t — s| or g;(t,s) = |t — 5|7
where «; < 0.

Since the kernels g;(t, s)K;(t,s) (i = 0,...,ng) of equation (1.1) may have a
weak singularity on the diagonal ¢t = s, the derivatives of the resulting solution
u of order greater than n are typically unbounded near the endpoints of the
interval [0,0] (see Lemma 2 in Section 2). In collocation methods the possible
singular behaviour of the solution of (1.1), (1.2) can be taken into account
by using polynomial splines [10], see also [4, 9]. However, the convergence
results established in these works are derived under the assumption that the
integrals occurring in the collocation equation can be evaluated analytically
(exactly). Since this is rarely possible in concrete applications, there arises
the question how to approximate these integrals, and it is of interest to derive
error estimates for the approximate solutions. In [6] this problem in the case
of special quadrature formulas is studied.

In the present paper, using an integral equation reformulation of problem
(1.1), (1.2), we first discretize the corresponding integral equation by quadra-
ture formulas based on product integration (see, for example, [2, 3]) and then
apply a piecewise polynomial collocation method on special graded grids re-
flecting the singular behaviour of the exact solution. With this approach we
approximate smooth parts of the corresponding integrands by piecewise poly-
nomial interpolation and then integrate exactly the remaining (more singular)
parts of these integrands (see Section 4). Often such method is called a dis-
crete collocation method [2]. Similar approach for solving integral equations
has been used in [1, 2, 3, 7, 8, 14, 15]. In [12] with the help of similar ideas a
fully discrete version of the Galerkin method is constructed.

The purpose of the present paper is to show that such discrete collocation
method is convergent for a sufficient wide class of weakly singular integro-
differential equations and to study the attainable order of global convergence of
this method. The main results of the paper extend and refine the corresponding
results of [9, 10] and are formulated in Theorems 1 and 2. In Section 7 these
results are verified by some numerical examples.
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2 Smoothness of the Solution

In order to formulate a smoothness result about the solution of (1.1), (1.2), we
introduce a set of functions C%¥(0,b). For given ¢ € N and —oo < v < 1, by
C?7(0,b) we denote the set of continuous functions w : [0,b] — R which are
q times continuously differentiable in (0,b) and such that for all ¢ € (0,b) and
1=0,...,q the following estimate holds:

1 ifi<1—u,
[uD ()] < 1+ logo(t)] ifi=1-uv, (2.1)
o(t)t—v—t ifi>1-w.
Here ¢ = c(u) is a positive constant and o(t) = min{¢,b — ¢}, 0 < t < b, is the

distance from t € (0,b) to the boundary of the interval (0,b). Equipped with
the norm

q
— . (1) q,v
llullg, Onglggblu(t)l + sup, (wz+u71(t)lu (t)l) , ueC?(0,b),

i=10<

C?¥(0,b) is a Banach space. Here

1 for A <0,
wy(t) = { (14 |logo(t)|)~ for A =0,
o(t)* for A > 0,

with ¢ € (0,b). Clearly, C?[0,b] C C?¥(0,b) C C[0,b] with —oo < v < 1 and
arbitrary ¢ € N. Note that the functions in the form

u(t) = b () + ba(t)(b— 1) 7 + b3(t), 0<t<b,

are included in C?”(0,b) (¢ e N, v < 1) if a < v, § < v and b; € C0,b],
j=1,2,3.

In the sequel we use a reformulation of problem (1.1), (1.2) based on intro-
ducing a new unknown function v = u(™). If from all polynomials u of degree
n — 1 only u = 0 satisfies the conditions (1.2), then the equation

u™(t) =w(t), te[0,b], ve L>(0,b), (2.2)

with boundary conditions (1.2), has a unique solution

b
u(t) :/0 G(t,s)v(s)ds, te]0,b], (2.3)

where G(t, s) is the Green function of problem (2.2), (1.2). The derivatives of
the function u given by (2.3) can be expressed in the form

u(t) = (Jiv)(t), te€l[0,b], i=0,...,n—1, (2.4)

where

b ai s
(Jiv)(t):/o %&i’)v(s)d‘s, Le[0,b], i=0,...on—1.  (2.5)

Math. Model. Anal., 16(1):153-172, 2011.
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We set J,v = v, i.e. J, = I is the identity operator. Since the general solution
of equation u(™ (t) = 0 is an arbitrary polynomial of degree n — 1, the Green
function G(t,s) for (2.2), (1.2) can be expressed both for ¢t < s and for ¢ > s
as the polynomial at most of degree n — 1 with respect to ¢t and s. Moreover,
0'G(t,s)/ot', i =0,...,n— 2, the derivatives of G(t, s) with respect to ¢ up to
the order n — 2, are continuous on A = [0, 5] x [0,b]. Also 0"~1G(t,s)/0t" ! is
continuous and bounded in the region A, but it has a discontinuity at ¢ = s.

Note that in [6] a different formula for J; is derived. The operators .J;
i =0,...,n — 1, have the following properties proved in [10].

Lemma 1. Assume that from all polynomials u of degree n — 1 only u = 0
satisfies the conditions (1.2). Then J;, i € {0,...,n — 1}, defined by (2.5) is
linear and compact as an operator from L°°(0,b) into C[0,b]. Moreover, J; is
a bounded operator from C%V(0,b) into CIT"=4¥=n+i(( b) for every ¢ € N and
v <1.

Using u(™ = v and (2.4), problem (1.1), (1.2) may be rewritten as a linear
integral equation with respect to v:

v=Tv+ f, (2.6)
where
ni no N
T=> Adi+> Tii, (2.7)
=0 1=0

b
(Aiz)(t) = a;i(t)z(t), (T;z)(t) = /Ogi(t, s)Ki(t,s)z(s)ds, te€[0,b]. (2.8)

Equation (2.6) is equivalent to the problem (1.1), (1.2) in the following
sense: if u € C™[0,b] is a solution to (1.1), (1.2) then v = u(™ is a solution to
(2.6); conversely, if v € C[0,b] is a solution to (2.6) then u = Jyv is a solution
to (1.1), (1.2).

The existence and regularity of the solution of problem (1.1), (1.2) can be
characterized by the following lemma.

Lemma 2. Assume that f € C?"(0,b), a; € C?7(0,b), i = 0,...,n1, g; €
wWaev(A), K; € C1([0,b] x [0,0]), i =0,...,n9, 0 <ng<n,0<n <n-—1,
g,n € N, —co < v < 1. Moreover, assume that the problem (1.1), (1.2)
with f = 0 has only the trivial solution uw = 0 and from all polynomials u of
degree n — 1 only w = 0 satisfies the conditions (1.2). Then problem (1.1),
(1.2) possesses a unique solution w € CIT™Y="(0,b) and for its derivatives
u' u, .. u™ we have that u® € C9tP=bv=nti(0p), i =1,...,n.

Proof. Let us consider the equation (2.6) which is equivalent to the problem
(1.1), (1.2). Since a; € C?”(0,b), A; (i = 0,...,n1) are linear and bounded
as operators from C[0,b] into C[0,b] and also from C%%(0,b) into C?*(0,b)
(see [10]). Tt follows from [13] that J; (i =0,...,n —1) and T; (i =0,...,ng)
and consequently also T' (defined by (2.7)) are linear and compact as operators
from C10,b] into C]0,b] and from C%”(0,b) into C%¥(0,b). Since the problem
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(1.1), (1.2) with f = 0 has only the trivial solution, the homogeneous equation
v = T possesses in C[0,b] D C?¥(0,b) only the trivial solution v = 0. This
together with the Fredholm alternative theorem yields that equation (2.6) is
uniquely solvable in C?¥ (0, b) and therefore, its solution v belongs to C%¥ (0, b).
With the help of Lemma 1 we now obtain that problem (1.1), (1.2) has a
unique solution u = Jov € C4™¥~"(0,b) and its derivatives u'? = Jv €
Catn—iv=nti(p), i=1,...,n. O

Remark 1. For 0 < ng < n —1 Lemma 2 follows also from Theorem 2.1 of [10].

3 Piecewise Polynomial Interpolation

We will seek an approximate solution for problem (1.1), (1.2) in the form of
a piecewise polynomial function on a nonuniform grid reflecting the possible
singular behaviour of the exact solution of (1.1), (1.2). For given N € N, let

Iy = {to,...,tan: 0=ty < t1 < ... < oy = b}

be a partition (a graded grid) of the interval [0, ] with the grid points

b/i\" .
t‘j:§(ﬁ> N jZO,l,...,N, tN-i—j:b_tN—j, jzl,...,N, (31)

where the grading exponent r» € R, r > 1. If » = 1, then the grid points (3.1)
are distributed uniformly; for > 1 the points (3.1) are more densely clustered

near the endpoints of the interval [0, b]. Let S,(n_l)(HN) and C(-V(ITy) be the
following spaces of piecewise continuous functions on [0, b]:

SSVUIN) = {vi vl 10, € Ty §=1,...,2N}, m >0,
CN(IN) = {v: vy, 4y € Cltj—1.85], =1,...,2N}.

Here v|[;,_, ¢,] is the restriction of v onto the subinterval [t;1,;],j = 1,...,2N,
and m,, denotes the set of polynomials of degree not exceeding m. We ac-
cept that at the interior points t1,...,tan_1 of the grid IIy the elements of

S,({l)(HN) and C-Y(ITy) may have two values. Equipped with the norm

lolle = max sup [o(t)l, veCCV(T),
J=LL2N g <t<t

CY(ITy) is a Banach space. Clearly, C[0,b] ¢ C=Y(ITy) € L>(0,b).
In every subinterval [t;_1,¢;], j = 1,...,2N, we introduce m > 1 collocation
points
tik =11 +771€(tj —tj—1), k=1,...,m, (3.2)

and my > 1 interpolation nodes
Sjk :tjfl +§k(tj_tjfl)a kzla"'vmla (33)

where 71, ...,mm and &1,. .., &y, are two fixed systems of parameters which do
not depend on j and N and satisfy the conditions

0<m<...<nyp <1, 0<EG <. <&, < 1.

Math. Model. Anal., 16(1):153-172, 2011.
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We define two interpolation operators Py : C-V(ITy) — S,(,:_lz (IIy) and

Oy : CUV(ITy) — st (HN) requiring that

mi— 1
Pyv € ST (ITx), (Pro)(tin) =vltjn), k=1,...,m, j=1,...,2N, (3.4)
Onv € S5 (), (Qno)(sjk)=v(sji), k=1,...,m1, j =1,...,2N, (3.5)

for any piecewise continuous function v € C-V(IIy). If n; = 0 then by
(Pnv)(tj1) and v(t;1) we mean the right limits

(Pnv)(tj1) = lim  (Pyv)(t) and wo(tj1)= lLm  o(t),

t—tj1,t>t51 t—tj1,t>t51
respectively. If 7, = 1 then (Pnv)(tjm) and v(t;,,) denote the left limits

(Pnv)(tjm) = lim  (Pyv)(t) and o(tjm)= lim (),

t—tim s t<tjm t—tjm, t<tjm

respectively. In analogy with this in (3.5) at the endpoints of the interval
[tj—1,t;] we will use the right and left one-side limits of (Qnv)(t), v(t) at
t=s1=1tj—1 (if& =0)and t = s, =¢t; (if &, = 1), respectively.

For such interpolation the following error estimates are valid (see [16]).

Lemma 3. Let v € C™"(0,b), m € N, —co < v < 1, and let Pyv be de-

fined by (3.4) where the nodes (3.2) with grid points (3.1) are used. Then the
following estimates hold:

lv = Prnollee < c Ex(m,v,r)||v]lm,u, (3.6)
v —Pnvll1 < cOn(m, v, 7)[|[0]lm,o- (3.7)

Here ¢ does not depend on N € N and v € C"™¥(0,b) and

o — Pyolls —/ [o(t) — (Pyv) ()] dt,

N-—r(-v) for 1 <r < {7,
N™™(1+1log N orr=-" =1,
Ex(m,v,r) = B ( glN) f 1= (3.8)
N—™ Jorr =% >1,
orr >t r>1;
N—r(2-v) for 1 <r < g™,
On(m,v,r) =< N""(1 +1logN) forr =32 >1, (3.9)
N—™ forr>%,r21.

Remark 2.1t is easy to see that On(m,v,r) < Ex(m,v,r) for Nym € N,
—oco<rv<landr>l1.
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4 Discrete Collocation Method

Using ideas of product integration we approximate the equation (2.6) by a
sequence of equations

v=Tnv+f, NEeN,

where
Iy = iAiJi‘f'iTiNJia (4.1)
1=0 1=0
b
(Tin2)(t) = / Gt 9)On [Ki(t,)2()] (s)ds, t€ (0.0, (42)

Here the operator Qun defined by (3.5) is applied to the product K;(t,s)z(s)
as the function of s treating ¢ as a parameter, and J; and A; are given by (2.5)
and (2.8), respectively.

Further, we look for an approximation vy to the solution v of equation (2.6)
in Sf;_li(HN), m, N € N. We determine vy € S,(n__li(HN) by the collocation
conditions

UN(tjk)Z (TNUN)(tjk)—"_f(tjk), k=1,...,m, j=1,...,2N. (4.3)

Here by vy (tj1) and vy (¢),) are denoted the right and left limits of vy (t) at
t;1 and tjp,, respectively. This method can be presented equivalently in the
following form: find vy such that

vn = PnTnun + Pn f, (4.4)

with Py, defined by (3.4). This method is often called as a discrete collocation
method for solving (2.6) (cf. [2]). Let us present an algorithm for finding vy .
Using the Lagrange interpolation formula in every interval [t;_1,t¢;], we get
from (3.4) and (3.5) the following expressions for Pyv and Qyv:

2N m

(Pxo)(t) =D > wltpg)pq(t), t€[0,0],
o

(Qno)(t) = 0(8pg)tpq(t), € [0,0], (4.5)
p=1qg=1

where @,q(t) = 0 and 1,4(t) = 0 if t & [tp—1,1,] and

m

t—tpr .
©pq(t) = H ﬁ iftefty—1,tpl, p=1,...,2N, ¢g=1,...,m,
k=1, k#q Pq pk

m
t—Spr .
Ppg(t) = II —L iftety_1,ty), p=1,...,2N, ¢g=1,...,m1.
k=1, ktq P1 Pk

Math. Model. Anal., 16(1):153-172, 2011.
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For T;y defined by (4.2) we obtain with the help of (4.5) that

2N mi
lNz ZZme i(t,sap)z(sap), t€[0,b], i=0,...,n0,
a=1p8=1
where w;qs(t fta i(t, 8)ap(s) ds. We assume that the weights w;qs(t)
can be evaluated exactly Searching the solution of (4.3) in the form
2N m
:chpq@pq(t)a te [Ovb]v
p=1qg=1

we obtain the following linear system with respect to the coefficients c,; =
UN (tpq):
2N m

Gk =Y jkpgCpg + f(tix), k=1,...,m, j=1,...,2N, (4.6)
p=1qg=1

where a;ipg = (Tnppq)(tik)-
Remark 3. If ;m =0, 0y, = 1 then tj,, =t;4110=1%;,7=1,...,2N — 1, and in
the system (4.6) there are 2(m — 1) N + 1 equations and unknowns.

Having determined the approximation vy for v = u(™, we determine the ap-
proximation Jyvy for the solution u=wu(") of problem (1.1), (1.2) and the appro-
ximations J1vy, . . ., Jp_1vn for the corresponding derivatives u(¥ ... (™) of
u with J;, e =0,...,n — 1, given by (2.5).

For u(™ a better approximation than vy is an iterated approximation of
the form (see [2])

oy = Tnon + f, (47)
with Ty, defined by the formula (4.1). From (4.4) and (4.7) we obtain that
PnOny = vy and therefore

'[)N(tjk):'UN(tjk), k:L...,m,j:l,...,QN.
Substituting vy = PnoOn into (4.7), we see that O satisfies the equation

iy = INPnON + f. (4.8)

5 Convergence Analysis

In the sequel, by ¢ and ¢; we will denote positive constants that are independent
of N and may have different values in different occurrences. For given Banach
spaces X and Y we denote by £(X,Y) the Banach space of linear bounded
operators A : X — Y with the norm

[Allzx.yy) = sup{[[Aully: v € X, [lullx <1}

With Theorem 1 below some general results on the order of convergence of the
discrete collocation method are given.
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Theorem 1. Let the conditions of Lemma 2 with ¢ = m be fulfilled, OQn = Py
and let the nodes (3.2) with grid points (3.1) be used. Then there exists an
integer No € N such that, for N > Ny, the equation (4.4) possesses a unique

solution vy € S,(n__li (IIn) and the following error estimates hold:
[u® — Jion|leo < ¢En(m,v,r), i=0,...,n, (5.1)
[u™ — bl < ¢ En(m,v,7). (5.2)
If ng < n —1 then somewhat more exact estimates are valid:
[u® — Jon|leo < cONn(m,v,r), i=0,....,n—1, (5.3)

||u(") — 0N |loo < cON(m,v,T). (5.4)

Here u = u(%) is the solution of problem (1.1), (1.2) and J;, Ex, Ox and Oy
are defined by the formulas (2.5), (3.8), (3.9) and (4.7), respectively.

Proof.  First of all we estimate the norm ||Tv — Tnv|« for arbitrary v €
C™¥(0,b). From (2.7) and (4.1) we get

)
Tv — TN’U = Z(TZ — TiN)Ji’U. (55)
=0

Using (2.8) and (4.2) we obtain that

b
(T~ i) Z0)(0) = [ i)z = uza)(o) ds (5.6)
where Qn = Py and
zit(8) = K;(t, s)(Jv)(s), i=0,...,n0, s €[0,b], t €][0,b]. (5.7)

Due to Lemma 1, J;v € C™Fn=tv=nti(( p) i =0,...,ng. This together with
K; € C™([0,b] x [0, b]) yields that (see (2.1))

2ig € C™VTEHOB), i=0,...,n0, t €[0,D)],
and from (3.6) it follows that

|zit — Onzitl|oo < cEn(m,v —n+14,7)||2it]m.v—n+i

<cEx(m,v—n+ir)|v]my, i=0,...,n0,

where ¢; does not depend on ¢ € [0,b]. With the help of (1.3) and (5.6) we
now obtain that

sup |((T; — Tyn)Jiv)(t)] < ¢ sup ||z — Onzitlloo
o<t<b 0<t<b
<caExn(m,v—n+i,7)|v]my, i=0,...,n0.

Math. Model. Anal., 16(1):153-172, 2011.
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Therefore we get (see (5.5))

En(m,v,r)||v]|m. if ng =n,

On(m,v,r)||v|my H0<ny<n-—1 (58)

1Ty — Tnv|loo < c{

Since C"™"¥(0,b) is everywhere dense in C[0,b] and || Tn | z(co.5),clo.8) < ¢ we
obtain from (3.8), (3.9) and (5.8) that

ITv — Tnv|loo — 0 for every v € C[0,b] as N — oc. (5.9)
Next we observe that Tn Py — T compactly in C[0,b] as N — oo, i.e.
[ Tv — TNPnv|oo — 0 for every v € C[0,b] as N — o0 (5.10)

and for any bounded sequence {vy}, vy € C[0,b], N =1,2,..., it follows that
the sequence {TnPnuvy} is relatively compact in C10, b].

Indeed, we have [|Px||zclo.b),z(0,6)) < ¢ and [[v — Pnv|loo — 0 for every
v € C[0,b] as N — oo (see [10, 16]). Further,

Tv—TnPyv=Tv—Tyxv+Tn(v—Pnv). (5.11)

This together with (5.9) and [|Tn|[zc-v(my),clo0) < ¢ yields the conver-
gence (5.10). The proof of the relative compactness of the sequence {TnPyuvn }
with ||[un]|ec < ¢ can be built using Lemma 1 and Arzela theorem (cf. [2, 7]).
Since T is compact in C10, b], the homogeneous equation v = T'v has in C[0, b]
only the trivial solution v = 0 and Ty Py — T compactly in C[0, b], there exists
(see [2, 16]) a number Ny € N such that, for N > Ny, the operator (I — TnPn)
is invertible in C10, b] and

I(I = TnPN) " Hlecepon.crom < ¢ N> No. (5.12)

Thus, since f € C[0,b], the equation (4.8) possesses a unique solution Uy €
C10,b] for N > Ny. Consequently, also the equation (4.4) has, for N > Ny, the

unique solution vy = Pyiy € 5’7(7:_1% (ITy).
It follows from (2.6) and (4.8) that

(I - TNPN)(U - ﬁN) =Tv— TNPNU

where v and 9 are the solutions of (2.6) and (4.8), respectively. On the basis
of (5.11) and (5.12) we obtain from this that

[v—"0n]loo < c(|Tv = TNV||oo + [T (v — Prv)llsc), N >No.  (5.13)

Using (4.1) we get

n2

TN (v — Pnv)lloo SCZHJi(U_PNU)Hoo (5.14)
1=0

where ny = max{ng,n1}. From (2.5) it follows that

[|Ji(v = Pnv)||oe < cllv—Pnol1, i=0,...,n—1. (5.15)



Product Integration for Integro-Differential Equations 163

Due to Lemma 2, v = u(™) € C™"(0,b). Now (5.13), (5.8), (5.14), (5.15), (3.6)
and (3.7) yield the estimates (5.2) and (5.4).
Finally, since v = u(™ € C™"(0,b), vy = Pnin,

v—ovny = (v—Pnv)+ Pn(v—10n),
Ji(v —vn) = Ji(v = Pyv) + JiPn(v—0N), i=0,...,n, (5.16)

the estimates (5.1) and (5.3) follow from (2.4), (5.2), (5.4), (5.15), (5.16) and
Lemma 3. O

Remark 4. In [10] in case 0 < ng < n — 1 for solving (1.1), (1.2) the (exact)
collocation method vy = PyTvn + Py f has been used. It follows from Theo-
rem 1 that discrete collocation method vy = PyTnvny + Py f converges with
the same rate as it is proved for the exact collocation method in [10].

6 Higher Order Estimates

It follows from Theorem 1 that for method (4.4) for every choice of collocation
parameters 0 < 7y < ... < 1, < 1 a convergence of order O(N~") can
be expected, using sufficiently large values of the grid parameter r. In this
section we show that assuming a little more regularity of functions f, a;, ¢i,
K;,1=0,...,n0, by a careful choice of parameters n1,...,n, and &1,...,&n,
in (3.2) and (3.3) it is possible to improve the convergence rate of the discrete
collocation method (4.4). For this we will estimate more accurately the norms
|Ji(v — PNV)|loo (i = 0,...,n—1) and |[|[Tv — Tnv||ec by using the following
Lemmas 4 and 5, respectively.

Lemma 4. Let v € C%"7(0,b), where —oo < v < 1 and ¢; = m+min{m,n —i}

with myn € N, i € {0,...,n— 1}. Moreover, assume that from all polynomials
u of degree n — 1 only u = 0 salisfies the conditions (1.2), the nodes (3.2)
with grid points (3.1) and parameters n1,...,nm, are used and the quadrature
approzximation
1 m
/ Fz)de~ Y weF(ne), 0<m <...<nm <1, (6.1)
0 k=1
with appropriate weights wy, = w,(cm) (k=1,...,m), is exact for all polynomi-
als F' of degree q; — 1. Then for r > 1 the following estimate holds:
IJ:(v — Pno)||oo < cON(gi, v, 7). (6.2)

Here ¢ is a positive constant not depending on N, and J;, Py and Oy are
defined by (2.5), (3.4) and (3.9), respectively.

Proof. Suppose that v € C%¥(0,b). Then
b i s
o =Pt = [ | ZGED = 60| 0 - P s

b
—I—/ o(s)(v —Pnv)(s)ds, te(0,b), ie{0,...,n—1}, (6.3)
0
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where G(t,s) is the Green function of problem (2.2), (1.2) and the function
©(s) is generated in following way.
Let us fix t € (0,b) and i € {0,...,n — 1}. We denote

- D'G(t, s)
v(s) = “on

p =min{m,n — i}.

Note that, for simplicity of presentation, we do not show the dependence of
(below also @) on ¢t and i. Let ¢ € (t;—1,%;] for an [ € {1,...,2N}. Due to
properties of the Green’s function G(t,s) we have v € CP~2[t;_1,t;], v~V €
L*®(t;—1,t;) and v € CPTt;_q,t;] for j #1,j=1,...,2N. (If t, = t then by

7 (t;) we denote the right limit limg s, s>s 7 )( ), w=0,....,p+1). We
deﬁne

=2 ]
> EV(“)(fz—l)(S — i)t s € (ti-1, ),
=0 M-
ws)=9" |
Z E’y(“)(tj_l)(s—tj_l)u, SE(tJ 1,1 ) 751 j—l 2N
u=0 H-

If p =1 then we take ¢(s) =0 for s € (t;—1,%). Then ¢ € S (HN) and by
using the well known estimates for Taylor expansion we obtain that

sup  |y(s) — @(s)] < ety — tim1)P 7,
i1 <s<t;

tj1<s<t;

where ¢ does not depend on ¢. From these estimates and Lemma 3.3 of [10] it
follows that (cf. also [16])

2N

L TO'G(t, s
/ [% — go(s)] (v —="Pnv)(s)ds| < ecN7P|lv—Pnv|1,
j= 1#1 fim
0'G »
(91 —<p(s) (v=Pnv)(s)ds| < c(t;—t;—1)? sup |(v—Pnv)(s)]
t t_1<s<t
N~ ifm<1-—uv,
N~ %(1+1logN) ifm=1—vandr=1,
< A N7% ifm=1—-vandr>1,
N-rp+i-v) 1fm>1—1/and1<7°<erl =,
N~ 1fm>1—1/andr>p+1y

The last estimates together with (3.7) yield the estimate
b
J"G(t, s
[ 552 - 9| - Py s
O t

Since pPyv € Sq 71( ~N), (Pnv)(tjx) = v(tjn), k=1,...,m,j=1,...,2N,
and the quadrature approximation (6.1) is exact for all polynomials of degree

sup < cOn(qi,v,T). (6.4)

0<t<b
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¢; — 1, we may write the last integral in (6.3) in the form

b 2N 4 m
/w(s)(v—PNv)(s)dFZl /v(s)w(s)ds—(tj—tj-l)Zwkv(tjk)so(tjk) :
0 =117, k=1

Estimating the right hand side of the last equality in a similar way as in the
proof of Lemma 4.2 of [11] we obtain that

sup < cOn(gi, V7).

0<t<b

This together with (6.3) and (6.4) yields the estimate (6.2). O

b
/0 o(5)(v — Pyv)(s) ds

Lemma 5. Assume that z € C"™T171(0,b) and g € WY (A) where my € N,
—00 <11 <1, —00o < v < 1. Let the interpolation operator Qn be deter-
mined by (3.5) and let the nodes (3.3) with grid points (3.1) and parameters

&1, ..., &m,y be used. Furthermore, let the quadrature approximation
1 my
/ F(‘T)d‘rzzka(gk)v 0§§1 <"'<§m1 <1, (65)
0 k=1
with appropriate weights wy = w,gml) (k=1,...,mq), be exact for all polyno-

mials F' of degree my. Then

b
sup /0 9(t,8)(z — Onz)(s)ds| < c Enx(my,v1,r)7n (V) (6.6)

0<t<b

where ¢ is a positive constant not depending on N,

N1 if v <0,
@) ={ N1 (1+1logN) ifv=0, (6.7)
N1tV if v >0,

and En is defined by (3.8).

Proof. Suppose z € C™FTLvi(0.b), g € WH¥(A), m; €N, vy <1, v < 1. For
given ¢ € (0,b) we introduce two sets of indices

Il(t) = {j [tj_l,tj] N [t— h,t'i‘h] £0, j= 1,...,2N},
12(t) - {j [tjflvtj] N [t_h7t+h] = @7 .] = 17"'52N}7
where h = rb/N and () is the empty set. Then
b
/ g(t,s)(z — Qnz)(s)ds = Zq(t) + XZa(t), t€(0,b), (6.8)
0

where

S = Y /j g(t,8)(2 — Qn2)(s)ds, i=1,2.

JeL () Y-t
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Since 0 < t; —t;—1 < h/2,j=1,...,2N, we have
ba
2101 < 2= Ol [ lalt )] ds
1

where by = max{0,t — 3h/2}, by = min{b,t + 3h/2} and 0 < ¢ < b. This
together with (1.3) and (3.6) (where in the role Py is Qn) yields that

sup |X1(t)] < cEx(my,vi,m)TN (V). (6.9)

0<t<b
In order to estimate the sum Y5(t), we first add to the parameters &1, ..., &m,
a parameter &, +1 € [0,1], different from &,...,&n,, and , in analogy to Qy,

determine the interpolation operator Qg\}) from the following conditions:
(1) (-1) (1) Y — _ k= -
Oy v e S, "(IN), (Qnv)(sjk) = v(sjk), =1,....my+1, j=1,...,2N.
Here v € C0,b] and
Sjk = tj,1 +§k(tj —tjfl), k= 1,...,m1 + 1, ]: 1,,2]\]
Since (6.5) is exact for all polynomials of degree m;y, we have
tj ti 1
/ (Qnz)(s) ds:/ (ng)z)(s) ds, j=1,...,2N.
tj71 tj71
Using this we obtain that
Eg(t) = 221(t) + 222(15), te (O, b), (610)
where

It = Y / " 9(t.s) — gt 57)](z — Qw2)(s) ds,

jely(t) /ti-t

Taalt) = Y glt, Sj)/

JEL (1) ti-1

tj

(z — Qg\})z)(s) ds
and s; = (tj—1 +15)/2, 5 =1,...,2N. Clearly,
1
[Zaa(t)] < max lg(ts))lllz = QY2lls, € (0,b)

Because |t — s;| > h =rb/N for j € I1(t), t € (0,b), the last estimate together
with (1.3) and (3.7) yields that

sup |Xoo(t)| < eNOn(my+ 1,v1,7)7n (V) < c En(my,vi, )TN (V). (6.11)
o<t<b

An estimate for Y91 (¢) in (6.10) we obtain in following way. Since g €

WV (A) and
dg(t,s) (0 0 0
) <§ ¥ %)g@, 9= Dot
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we get from (1.3) the estimate

Og(t
‘JﬁLQ <cH(t—slv), (ts) € A,
0s
where
1 ifv+1<0,
H(t—s|,v) =<1+ |log|t —s|]| ifv+1=0,
|t —s|7v7t ifv+1>0.

Ift € (O,b), je IQ(t), S,0 € [tjfl,tj], then
2 3
t=sl>h Jt=ol2h Zlt—s|<lt—ol <Slt—s|

and consequently,

@ﬂzﬁ

<cH(|t —o|,v) < H(|t — s|,v).
0o

Thus, we have for any ¢ € (0,b) that

[Zar(t)] < 1 - Qnlle §j /

JeIs(

" 9g(t, U)da‘ds

< cEn(mq,vi,7)h / H(|t —s|,v)ds
(0,b)\[t—h,t+h]

< caEn(my,vi, )N (v).

This together with (6.8)—(6.11) yields the estimate (6.6). O

Theorem 2. Assume that the following conditions are fulfilled:

(1) the problem (1.1), (1.2) with f = 0 has only the trivial solution uw = 0 and
from all polynomials u of degree n — 1 only u = 0 satisfies the conditions

(1.2);

(2) f € C®¥(0,b), a; € C®¥(0,b), i = 0,...,n1, g; € WPV (A), K; €
CoTL([0,0] x [0,0]), i = 0,...,n0, 0 < mg <n—1,0<n; <n-1,
go = m +min{m,n}, m,n € N, —co < v < 1;

(3) the interpolation operator Py is defined by (3.4) where the nodes (3.2)
with grid points (3.1) and parameters 0 < m < ... < Ny < 1 are used,
and the quadrature approximation (6.1) is exact for all polynomials of
degree qo — 1;

(4) the interpolation operator Qn is defined by (3.5) where the nodes (3.3)
with grid points (3.1) and parameters 0 < & < ... < &n, < 1 are used,
and the quadrature approximation (6.5) is exact for all polynomials of
degree my where 1 < my < qo.
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Then there exists an integer Ny € N such that, for N > Ny, the equation (4.4)

possesses a unique solution vy € S 1(HN) and for r > 1 the following error
estimates hold:

fu® — JvN||00 < c[Ex(mi,v —n+no,r)TN (V) + On (qns, v, 1)),

i=0,... 02, (6.12)
[|ut® JUN||OO < c[Ex(mi,v —n+no,m)7n(v) + On(qi,v,7)],
i=ng,...,n—1, (6.13)

[u™ — x5 |oo < c[Ex(mi,v —n+no,m)Tn (V) + ONn(qny, v,7)].  (6.14)

Here ¢ does not depend on N, ny = max{ng,n1}, ¢ = m + min{m,n — i},
i=0,...,n—1, u=u is the solution of (1.1), (1.2) and J;, Ex, On, On
and T are defined by (2.5), (3.8), (3.9), (4.7) and (6.7), respectively.

Proof. In a similar way as in proof of Theorem 1 we get that there exist
a number Ny € N such that, for N > N, the equation (4.4) possesses a
unique solution vy € S 1(HN) and the estimates (5.12) and (5.13) hold.
Due to Lemma 2 v = u(™) € C%¥(0,b) and therefore Jyv € CP+n=iv=n+i(( p),
i=0,...,n—1 (see Lemma1). Since m;+1 < go+1 < go+n—i,:=0,...,n—1,
we obtain that

2y € CMLYIREN( Y =0,...,ng, t € [0,b],

with z;+ defined by (5.7). This together with (5.5), (5.6) and Lemma 5 yields
(cf. the proof of Theorem 1) that

|1 Tv — Tyvlloo < ¢ En(ma, v —n+ ng,r)rn (V). (6.15)

Since v = u(™ € C%¥(0,b), the estimate (6.14) follows from (5.13), (5.14),
(6.2) and (6.15), and the estimates (6.12) and (6.13) follow from (2.4), (5.16),
(6.2) and (6.14). O

Remark 5. Lemma 4 permits to refine and make more exact some results ob-
tained in [10] for the exact collocation method

vy = PyTon + Pnf, (6.16)

where T" and Py are defined by (2.7) and (3.4), respectively.
More precisely, let the assumptions (1)—(3) of Theorem 2 be fulfilled. Then
for sufficiently large N the equation (6.16) possesses a unique solution vy €

Sy, (-1) 1(ITx) and the following error estimates hold:

Orgaé( Hu(J) Jivn oo < cON(qisv,T), i=ng9,...,n—1,

”u R ﬁNHOO < CQN(QHw v, T)'

Here u = u(® is the solution of (1.1), (1.2), o5 = Tvy + f, ne = max{ng,n1},
¢i =m+min{m,n—i},i=0,...,n—1, and J; and Op are defined by (2.5)
and (3.9), respectively.
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7 Numerical Experiments

Let us consider the following boundary value problem:

u(t) = Viu(t) + /01 [t —s|7Y2u(s)ds + f(t), telo,1], (7.1)
u(0) = u/(1) = 0. (7.2)
The function f(t) is selected so that
u(t) =122 4 (1 —1)>% —1-2.5¢

is the exact solution of this problem (see [12]). Actually, this is a problem
of the form (1.1), (1.2), where n = 2, ng = ny = 0, b = 1, ao(t) = V1,
go(t,s) = |t—s|7Y/2 and Ko(t,s) = 1. It is easy to check that ag, f € C9¥(0,1),
go € WY (A) with v = 1/2 and arbitrary ¢ € N.

Problem (7.1), (7.2) is solved numerically by discrete collocation method
(4.4) in the case that m = 2 and 7, = (3 — v/3)/6, n2 = 1 — 1, are the nodes
of the Gaussian quadrature formula (6.1) which is exact for all polynomials
of degree 3. Having determined vy, the approximation ¢ (which below is

denoted by ull )) to u? = " is evaluated by (4.7), the approximations u( ) =

Jovn to u® = 4 and ug\,)

where b = 1 and

= Jiuy to u) =« are found by the formula (2.5)

-t fort<s,
G(t’s)_{—s for t > s.

In Tables 1 and 2 some results for different values of N and r are presented.
The quantities ag\z,) (i = 0,1,2) in tables are the approximate values of the
norms ||u(?) — ug\l,)Hoo (i =0,1,2) calculated as follows:

e = max  max |[u¥(r) —u(r)], i=0,1,2.
N o AN k=0,....10 J N A T
Here, 7, =tj—1 + k(t; —t;-1)/10, k=0,...,10, j =1,...,2N, With the grid
points {¢;}, defined by the formula (3.1) for b = 1. The ratios QN = EN/2/<€
(1 =0,1,2) characterizing the observed convergence rate, are also presented.

Table 1 shows the dependence of the convergence rate on the grid parameter
7, when the values m = m; = 2 and Gaussian parameters n; = & = (3—+/3)/6,
N2 = & = (34 1/3)/6 are used. Then it follows from the estimates (6.13) and
(6.14) that for sufficiently large N

N-L57 if1<r <5/3,
N=25  ifp>5/3~ 1.67.

@) @) _ @ <
g, e I~ e < o

Thus, for r = 1 and r» > 1.7 the values of ratios gg\l,) (i = 0,1,2) ought to be
approximately 2''® ~ 2.828 and 22° ~ 5.66, respectively.

The results in Table 2 correspond to the case when m = 2, m; = 3 and
the nodes of Gaussian quadrature formulas are used. Then it follows from
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Table 1. Results in the case m =mq1 =2, m1 =& = (3 — \/g)/67 n=%&=1—mn.

r=1 r=17 r=2 r=24

N 553) 953) 553) QS\?) 65\?) 953) 65\?) 953)
4 6.6E—4 2.90 1.6E—4 6.05 9.5E—5 8.6 6.8E—5 12.3
8 2.3E—4 2.85 2.6E—5 6.00 9.7TE—6 9.7 1.2E-5 5.9
16 8.2E—5 2.83 4.4E—6 5.95 9.2E—-7 10.6 2.1E—6 5.4
32 2.9E-5 2.83 7T4E-7 5.93 1.9E—7 4.9 3.9E—-7 5.5
64 1.0E—5 2.83 1.3E—7 5.92 3.7TE—8 5.0 7.2E—8 5.5
1 1 1 1 1 1 1 1

N 55\1) ng) 55\1) 95\7) 55\7) ng) 55\7) ng)
4 2.6E—3 2.83 6.5E—4 5.85 6.4E—4 7.2 8.8E—4 6.7
8 9.2E—4 2.82 1.1IE—4 5.75 8.5E—5 7.5 1.2E—4 7.3
16 3.3E—4 2.82 1.9E—5 5.82 1.1E-5 7.9 1.8E—5 6.9
32 1.2E—4 2.82 3.3E—6 5.84 1.3E—6 8.2 2.4E—6 7.2
64 4.1E-5 2.83 5.7TE—-T7 5.85 1.8E—7 7.3 3.3E—-7 7.3
2 2 2 2 2 2 2 2

N 55\1) ng) 55\1) ng) 85\7) 95\7) 85\7) 95\7)
4 3.2E—-3 4.36 6.0E—3 4.27 7.9E-3 3.9 1.1IE-2 3.4
8 8.2E—4 3.83 1.2E—3 4.99 1.7TE-3 4.8 2.4E-3 4.4
16 2.4E—4 3.41 2.2E—4 5.33 3.2E—4 5.2 4.9E—4 5.0
32 7.6E—5 3.15 4.1E-5 5.49 5.9E—-5 5.4 9.1E-5 5.3
64 2.5E—5 3.00 7.3E—6 5.58 1.1E-5 5.5 1.7TE—5 5.5
Table 2. Results in the case m = 2, m; = (3 — \/g)/ﬁ, n=1—mnm, m =3, &

(5-+15)/10, &2 =1/2, &3 =1 - &1.
r=1 r=17 r=2 r=24

0 0 0 0 0 0 0 0

N 55\(]) Qg\r) 55\(]) Qg\r) 65\{) Qg\r) 55\(]) Qg\r)
4 6.8E—4 2.92 1.9E—4 5.81 1.4E—4 7.2 1.3E—4 8.5
8 2.4E—4 2.87 3.3E-5 5.88 1.8E—5 7.7 1.2E—5 10.0
16 8.2E—5 2.85 5.5E—6 5.88 2.3E—6 7.9 1.2E—6 10.8
32 2.9E-5 2.84 9.4E-7 5.87 29E-7 7.9 1.1E-7 10.8
64 1.0E-5 2.83 1.6E—7 5.84 3.9E—8 7.4 5.2E—8 2.1
N 55&) g%) 55&) g%) 65&) g%) 55&) g%)
4 2.6E—3 2.82 6.5E—4 6.05 6.7TE—4 7.1 9.3E—4 6.6
8 9.2E—4 2.82 1.1IE—4 5.75 9.0E-5 7.4 1.3E—4 7.2
16 3.3E—4 2.82 2.0E-5 5.81 1.2E—-5 7.6 1.7TE—5 7.5
32 1.2E—4 2.82 3.3E—6 5.84 1.5E—6 7.8 2.2E—6 7.7
64 4.1E-5 2.83 5.7TE-7 5.85 2.0E-7 7.8 4.6E—7 4.8
A A A A
4 1.5E—3 2.85 4.3E—4 5.62 3.1E—4 7.0 2.7TE—4 8.2
8 5.3E—4 2.85 7.5E-5 5.79 4.2E—-5 7.6 2.8E—5 9.8
16 1.9E—4 2.80 1.3E—5 5.82 5.3E—6 7.8 2.6E—6 10.6
32 6.8E—5 2.82 2.2E—6 5.84 6.8E—T7 7.9 5.7TE-7 4.6
64 2.4E-5 2.82 4.0E—7 5.52 5.1E—-7 1.3 1.7TE—5 0.03
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Theorem 2 that for sufficiently large N the following error estimates hold:

; _ ; N=B5if1<r<7/3
maxagv)%max|u(l)—u§\,)||00§c{ if1<r<7/3,

i=0.2 i=0.2 N=35 ifr >7/3~2.33,
N—L57 if1<r<2,
eWx u® = ul oo <c{ N3(1+1logN) ifr =2,
N3 if r > 2.

We see that for 1 < r < 1.7 the method ought to converge with the same speed
as in the case of Table 1, but for > 1.7 the convergence is faster. For r = 2 the

values Qg\i]) (i = 0,1,2) ought to be approximatively 2% = 8 and for r = 2.4 the

values gg\l,) and gg\i,) (i = 0,2) approximatively 8 and 23-° ~ 11.3, respectively.
The presented numerical results show that the error estimates of Theorem 2
are in good agreement with the actual convergence rate of the discrete colloca-

tion method. Note that in finding uéi) = Vg4 in the case r = 2 and ugi) = Jove4,

uéi) = J1v64, ug? = U39 and uéi) = Vg4 in the case r = 2.4 a numerical instabil-

ity is observed (see the values Qéi), Q&), ggé) and géi) in Table 2). This effect
is discussed in [5].

In [12] for the numerical solution of problem (7.1), (7.2) a fully discrete
version of the Galerkin method is used. We see that the discrete collocation
method gives for the same N the approximations to the solution nearly with
the same accuracy. But the algorithm of the discrete collocation method is
more simple.
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