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Abstract. We derive sufficient conditions which guarantee that the stability poly-
nomial of Nordsieck method for ordinary differential equations has only two nonzero
roots. Examples of such methods up to order four are presented which are A- and
L-stable. These examples were obtained by computer search using the Schur criterion
applied to the quadratic factor of the resulting stability polynomials.

Keywords: Nordsieck methods, general linear methods, order conditions, inherent

quadratic stability.
AMS Subject Classification: 65L05; 65L20.

1 Introduction

We consider the class of Nordsieck methods for ordinary differential equations
(ODEs)

y'(t) = f(y(t)), telto,T),
y(to) = yo € R™,

where f : R™ — R™ is sufficiently smooth. These methods are defined by

(1.1)

Vi =Y aufO) D uge T i=12, s,

i=1 7=l (1.2)
Zz[n] :hzbijf(yj[n])+Zvijzj['nil]a =12,

j=1 j=1

Here Yi[n} are approximations of stage order ¢ to y(t, + ¢;h), i =1,2,...,s,
and zl[n] are approximations of order p to the scaled derivatives R~ 1y(—1) (tn),

* This research was partially supported by the Polish Ministry of Science and Higher Edu-
cation.


http://www.tandf.co.uk/journals/TMMA
http://dx.doi.org/10.3846/13926292.2011.560617
mailto:brasmich@wms.mat.agh.edu.pl

Nordsieck Methods with Inherent Quadratic Stability 83

i=1,2,...,r. These methods form a subclass of general linear methods (GLM)
[3, 4, 18] for ODEs. They are represented by the vector ¢ = [c1,...,cs]T, and
four coefficient matrices A € R%*%, U € R**", B € R"*%, V € R"™*",

In this paper we assume that ¢; # ¢; and that » = s 4+ 1, where r is the
number of external approximations and s is the number of stages or internal
approximations. We are interested in methods of order p = s and stage order
q = p. Order and stage order conditions will be discussed in Section 2.

To facilitate efficient implementation we will always assume that the coef-
ficient matrix A has the form

A
a1 A
A_ =
as—1,1 Qs—1,2 *°° A
L Gs,1 as,2 et Qg s—1 A h

To ensure that the method (1.2) is zero-stable we will also assume that the
coeflicient matrix V has the form

1 v vz o0 U141
0 0 w3 -+ w2441
V =
Us,s+l
. O -

Applying (1.2) to the linear test equation
y' =8y, t>0,
£ € C, we obtain the recurrence equation
2l = M(z)z[”fl], n=0,1,...,
z = h&, with the stability matrix M(z) defined by
M(z) =V +:2B(I—-2A)"'U.

We also define the stability function of the method (1.2) as the characteristic
polynomial of M(z), i.e.,

p(w, z) = det (wI — M(z)). (1.3)

This function is a polynomial of degree s+ 1 with respect to w and coefficients
are rational functions with respect to z. To investigate stability properties of
methods corresponding to this function it is usually more convenient to work
with the polynomial obtained by multiplying (1.3) by its denominator. Then

Math. Model. Anal., 16(1):82-96, 2011.



84 M. Bras

the coefficients of the resulting polynomial with respect to w, which will be
denoted by the same symbol p(w, z), are polynomials with respect to z.

Nordsieck form of general linear methods are often used in variable step-
size and variable order implementations and for error estimations (see [9]).
Nordsieck form of two-step Runge-Kutta methods [20] was introduced by Bar-
toszewski and Jackiewicz [1]. Nordsieck representation of DIMSIMs was studied
in [5]. Some implementation details and results of experiments can be found
in [6, 7, 17]. DIMSIMs methods make a subclass of Nordsieck methods in-
vestigated in this paper (see, also [8]). Nordsieck methods are useful to solve
differential systems resulting from semi discretization of PDE modelling vari-
ous phenomena in science and engineering. Examples of such systems can be
found in [19, 11].

Recent research is also concerned with algebraic stability of Nordsieck meth-
ods [2, 15]. Criteria for algebraic stability of general linear methods given by
Hill [16] was used to construct algebraically stable Nordsieck methods up to
order 4. For the two-step Runge-Kutta methods with algebraic stability see
[13].

The organization of this paper is as follows. In Section 2 we derive order
and stage order conditions and representation formulas for coefficient matrices
of the method (1.2). In Section 3 we present some conditions which guarantee
that stability function has only two nonzero roots. These results are based
on work of D’Ambrosio, Izzo and Jackiewicz [12] for two-step Runge-Kutta
methods. In Sections 4, 5 and 6 we use these criteria to construct methods
up to order 4. Results of numerical experiments are given in Section 7. In
Section 8 some concluding remarks are presented.

2 Order and Stage Order Conditions

In this section we present order and stage order conditions for Nordsieck meth-
ods. Define the vector Z = [1,z,...,2P]T, 2z € C and assume that 7 = s + 1.
Then it follows from the theory of order conditions for GLM (see, for example,
[3, 4, 18, 22]) that the method (1.2) has order p = s, i.e.,

Zz[nfl] _ hi—ly(i—l)(tn_l) +O(hs+1)
implies
2= WD () + O,

1=1,2,...,r, and stage order ¢ = p, i.e.,

VI = gty + ch) + O, i=1,2,...s,

2

if and only if

e = zAe® +UZ + O(2FH), (2.1)
e*Z = 2Be” + VZ 4+ O(zP), (2.2)
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Cc1z Cc2z

where e®* = [e“1% %% ... e%?]T. These conditions can be used to express the
coefficient matrices U and B in terms of A, V and c¢. Define the matrices
K, € Re+)x(e+l) and E, € R+ by

i 0 -+ 0] 11 4 4
1
0 1 1 =)

e . 1
Ky=|: 1 ¢ . 1], Ej=exp(K,)=|0 0 1 -2 | >

1 E :

L 0 | 00 0 1

c? c? .

and the matrix C, = |e,c, — | e RP*®*D where ¢’ stands for com-

o J
ponentwise exponentiation. We have the following result.

Theorem 1 [see [10, 18, 22]]. Assume thatp=q=s andr =s+ 1. Then
U=C,-AGC,K,, (2.3)
V =E, - BG,K,. (2.4)

Proof. Expanding e®* into Taylor series we obtain that:

-
o
e‘1® jgo J!
€% = : — : +0(zPH) = C,Z + O(zPT). (2.5)
Cpz P iz
ecr CpZ
&

Since z - Z = K, Z + O(zP*1), it follows from (2.5) that
ze® = C,K,Z + O("1). (2.6)

Substituting (2.5) and (2.6) into (2.1) we obtain relation that is equivalent to
(2.3). Similarly, taking into account that e*Z = E,Z + O(zP*!) from condition
(2.2) we obtain (2.4). This completes the proof. O

We are interested in expressing the coefficient matrix B in terms of ¢ and
V instead of (2.4). We partition the matrices B, V, E,, and C,, as follows

b’ 1 1] el
B = |, V= X Ep = Ot ’CPZ[CP_I‘C_T}7
B 0|V 0|E,, P

where b’ stands for first row of B and 0 stands for vector or matrix of appro-
priate dimension. We have the following theorem.

Theorem 2 [see [18]]. Assume that p=q = s, r = s+ 1 and that the compo-
nents of abscissa vector ¢ are distinct. Then

b’ = (e, ; —v)C, 1, (2.7)
B=(E,_1-V)C,,. (2.8)
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Proof. From (2.4) and the relation C,K, = [0|C,_1] it follows that

ik

Comparing the corresponding elements on both sides of this matrix equation
and from assumptions of the theorem that the matrix C,_; is invertible we
obtain (2.7) and (2.8). O

T
1 ‘ €)1

0|E,

0|pTC,
o[ Bc,,

3 Criteria for Quadratic Stability

The stability function (1.3) multiplied by its denominator is the polynomial of
the form

p(w, 2) = (1= X2)*w —p(2)w + -+ (=1)*p1(2)w + (=1)*Tpo(2), (3.1)

where
ps('z) = 1+pslz+"'+psszsa
psfl(z) = Ps—1,12+ - +psfl,szsa
po(2) = porz+---+posz’.

In the case p = ¢ = s the coefficients p;; of the polynomials p;(z) depend on
A,V and c.

A direct idea to obtain methods whose stability function has only two
nonzero roots is to compute stability function (3.1) and to solve system of
nonlinear equations p;; = 0,7 =0,...,5s =2, j = 1,...,s. Formulating and
solving this system is a very difficult task, so it is interesting to search for some
other conditions which will guarantee this property.

Results in this section are based on those obtained by Conte, D’Ambrosio
and Jackiewicz [12]. To investigate the Nordsieck methods with so called
quadratic stability function, i.e stability function with two nonzero roots, we
introduce equivalence relation between matrices of the same dimensions. We
say that two matrices D and E are equivalent, denoted by D = E, if they are
equal except for the first two rows [12, 18].

For matrix F € RGTD*" € N we have that D = E = DF = EF.

DEFINITION 1 [see [12, 18]]. The Nordsieck method with coefficients matrices
A, U, B, V has inherent quadratic stability (IQS) if there exists a matrix
X € ReFDX(s+1) guch that

BA = XB, (3.2)
BU =XV - VX. (3.3)

Similarly as in [18] and [12] we have the following result.
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Theorem 3. Assume that the Nordsieck method has 1QS. Then its stability
function p(w, z) assumes the form

p(w,2) = w1 (w? — py(2)w + po(2)), (3.4)
where p1(z) and po(z) are rational functions with respect to z.

Proof. The proof is similar to that in [18] and [12]. We observe that (3.2) is
equivalent to
B(I-zA)=(I-:2X)B.

Assuming that I — zA in nonsingular it follows that
B=(I-2X)B(I-z2A)"". (3.5)

Instead of stability matrix M(z) we consider similar matrix M(z) defined be-
low. Using (3.3) and (3.5) and assuming that I — 2X is nonsingular it follows
that

M(z) = (I-2X)M(z)I-2X)""
I—2X)(V+2B(I-2A)"'U)I - 2X)"!
V —2xV + 2(I - 2X)B(I - zA)~'U)I — 2X) 7!

(
(
(
(V = 2XV + :BU)(I - 2X) !
(V
(V
)

—2XV + 2(XV — VX))(I —2X)7!
—2VX)(I - 2X)!

Hence, (I-2X)M(2)(I-2X)~! = V. We can write this relation in the following
form

I 1/\7111(2) Mlg(z’)
0 0 0 V34 c.. U3 s41
[-—2X)M(2)I—-2X)" = | 0 1 | 0 0 :
Us,s+l
i 0o ... 0 |

where My;(z) € R2*2, and Mja(z) € R2*(5=D_ Hence, the characteristic

function p(w, z) of M(z) and M(z) assumes the form (3.4). This completes the
proof. O

4 Construction of Methods with s =1 and s =2

Use of representation formulas (2.3), (2.7) and (2.8) for p = ¢ = s = 1 leads
to a three-parameter family of methods depending on ¢y, A, and v2. The
coefficients of these methods are

A \1 e — A
Alul_ |5 1
Blv |~ — V12 V12

1 o o
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and the stability polynomial takes the form
p(w,z) = (1= A2)w® = pi(2)w + po(2),
where
pi(z) =14+ (1+c1 — 2\ —v12)z, po(z) = (c1 — A —v12)z.

This polynomial is already of degree 2 with respect to w. Taking ¢; = 1,
A =1, v12 = 0 we obtain the backward Euler formula given by

111 0

AU
=|1|1 0

B|V
110 0
This method is A-stable and algebraically stable.

Case p = ¢ = s = 2 is nontrivial. First we use (2.3), (2.7), and (2.8) and
obtain that the matrices B and U are given by

U 1 1 — A (c? —2)\e1)/2
1 Cy — A — a1 (C% - 2)\02 - 20,2161)/2 ,
[ 1 —2co 4+ 2¢cov12 — 2013 —1+ 2¢1 — 2c1v12 + 2013
2(01 — 02) 2(61 — CQ)
B = 1—62—’023 —1+C1+’023
Cc1 — Co C1 —C2
1/(e1 = c2) —1/(c1 — c2)

Solving conditions (3.2) and (3.3) with respect to coefficients of matrix X, ag;
and vo3 we obtain

A A0 U~ L oc—A 1 (e = 2c10)
co—cr A 1 ¢ —A

)

(20% — 2c9c1 + cg — 202)\)

r
N[

[ 201900 — 2c0 — 2v13+ 1  —2v19¢1 + 2¢1 + 2013 — 1

2(01 — CQ) 2(61 — 02)
B = c1 —3co + 2N+ 2 c1+co—2\—2 ,
2(61 — 62) 2(01 — 62)

1/(e1 = ¢2) 1/(ca — 1)

1 v U13
V=10 0 i(-c1+c2—2)
0 O 0

The stability polynomial of such method for ¢ = [0,1]7 is

p(w, z) = w’(Az = 1)* — w?pi (2) + wpo(2),
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where
1

p1(z) = 3 (4/\2z2 + 201222 — 4022 — 8\z —2u102 — 2013z2 +22432+ 2) ,
1

po(z) = 5(2/\222 + 2 1222 — AN2% — Ahz — 201922 — 20102 — 2v1322+22+z).

The method is L-stable if pas = 0 and p;2 = 0 (compare (3.1)). We solve this
system with respect to v12 and v13 and obtain that:

’U12=—)\2, ’U13:—)\3+2/\2—2/\+1/2,

and stability polynomial of this family is
1 1
plw,z) = w® Az —1)° + §w2 (=2X\°2 +8Xz — 32— 2) + W (232 — 44Xz +2) .

Now we describe search for A-stable methods (compare [18], pages 110-112,
also pages 258-259). Define

g(w,y) = p(w,iy), qw,y) =wq(1/w,y),
0w,9) = = @0, 9)aw,v) ~ a0,1)(w,v)).

G w,9) = was (1/w,9), a0(y) = - @0, 9)ar(w,) — 0(0,1) (w,v)).

Then it follows from Schur theorem ([21]) that all roots of ¢(w,y) are in the
unit circle for all y € R if and only if ¢o(y) > 0 and |g(0,y)| > |¢(0,y)|. This
leads to system of inequalities:

—1/2 42X —4X2 +3)% >0,
—11/4X* +16)1° — 255 + 1617 — 38 > 0,
3/4 42X — 32 +4X3 > 0,

which is satisfied for A € (0.287159, 3.24488).
An example of such method corresponding to A =1 is

1 0|1 -1 0
1 11 -1 -3

A|U
= 1 1|1 -1 -4
B|V 130 0 1
2 2 T2
-1 1]0 0 0 |

5 Construction of Methods with s = 3

We use representation formulas and obtain a 13-parameter family depending on
coefficients of A, V and c. Then we set ¢ = [1/3,2/3,1]7, solve IQS conditions

Math. Model. Anal., 16(1):82-96, 2011.
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(3.2) and (3.3) with respect to X, as1, asi, asa, ves, vag and vss. We obtain

A0 0 1 21-3)) L£(1-6)) 5(1-9))
A=|32 X 0|, U=]|1 31-3)) :1-6)\ 15(56-36\) [,
R 1 2(1-3)) £(1-6)) £(4-27))
—3v19 + %UB — 9v14 + % ON2 — 12X\ + % 9\ 9
B” = 3vi2 —12v13+ 18014 —18X*+18A—% —18X -3 —18 |,
v12 + Jv13 — Jvig + £ 9NT —6A + 9A+3 9
1 v v13 V14
vol?® (1—6)) 2= (—27A2 —9r+2)
0 0 0 (1 -16X)
0 0 0 0

The stability function of this family of methods is of the form
p(w,z) = (1=X2)’w* = (1 4 p312 + p322” + P33z )w’ 4+ (pa1z + pazz® + pagz®)w?,

where coefficients p33 and pos are given by

P33 = —2A% — Nopp + 307 — Av12 + Az — A — U—SQ + v—; — V14 + %,
paz = =A% — A2v10 + 302 + iz Mis — 2\ — % - % —vps + i.
We solve system
{p33 =0,
p23 =0

with respect to v13, v14 and obtain a two-parameter family of L-stable Nord-
sieck methods depending on v1s and A\. Remaining parameters can be used to
ensure A-stability. Use of Schur theorem leads us to a system of six polynomial
inequalities, which are not listed here. A and v15 for which this inequalities are
satisfied are presented in Figure 1a.

An example of such method corresponding to A = 1 and v1o = —2 is

2 5 4
1 0 o1 -2 & -4
1 2 5 31
3 L 041 -3 -5 —3;
AR N
3 3
AU = 8 _4 711 _o _191 _62
BlV 9 9 54 27
7 8 29 5 34
5 3 |0 0 -3 -5
9 —21 120 0o -2
9 18 9|0 0 0 |
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0,‘
-1 0.4}
-2 0.2
a3 o 0.0
sy e
s -0.2}
_6 —0.4}
—7. ‘ ‘ ‘ ‘ —0.6¢ A
00 05 1.0 15 20 02 04 06 08 1.0
A A
a) b)

Figure 1. L-stable and A-stable methods with a) ¢ = [1/3,2/3,1]7, b) ¢ = [0,1,2]T

If we choose ¢ = [0, 1,2]” we obtain:

A0 0 S 0 0
A=|1 X 0|, U=[1 -x (1-2\) (1-3) [,

11 A I =X 1-2x  £(5-12))

—vpt Svs—vu+ 5 AP-3A+3  A-1 1
B” = —2013+2v1a+ 2 2244 -2 1-2x -2 |,

%013—014—% /\2—>\+% A 1

1 wvia v V14
vo |0 0 1-2 L (1-06X%)

0 0 0 1(1—2))

0 0 0 0

91

We solve L-stability system ps3 = 0, po3 = 0. Parameters A and vyo for
which methods are also A-stable are shown in Figure. 15. An example of such

method corresponding to A = 1/2 and vi2 = 0 is

i 0 0]1 -+ 0 o0

1 4+ 0|1 -+ 0 -5

1 1 i1 -1 o -1

2 2 6

AlU = 9 I _11]q 0o 1 L
B|V 16 2 16 8 24
L 5 L1o 0 0 —-L

12 6 12 12

-+ 0 4]0 00 0

1 -2 1|0 0 0 0 |

Math. Model. Anal., 16(1):82-96, 2011.
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6 Construction of methods with s > 4

Again, first we use representation formulas for U and B. Then we set
c=[1/4,1/2,3/4,1]T. Next we solve IQS conditions with respect to coefficients
of matrix X and as1, a31, az2, A41, A42, A443,0V23, V24, V25, U34, U35 and V45. We
obtain a family of Nordsieck methods given by

A0 00
1
00 0
A=| 1 ] , (6.1)
R S
1 vz w3 V14 V15
3 7 7 1 67 15
0 0 2-3N E—-IXx=3X —Z+I5A-2x-N
V=10 0 0 12X 55 — 2A — A2 . (6.2)
0 0 0 0 1-A
0 0 0 0 0

Matrices B and U can be obtained from (2.3),(2.7), and (2.8) and are not listed
here.

Range of v15 versus vy3 for some arbitrary chosen A for which methods with
coefficients given by (6.1) and (6.2) are L- and A- stable are shown in Figure 2.

For A =1, v12 = —2, v13 = —5 we obtain an example of such a method:
[ .3 _7 _ 1 _ 5
1000 1 1 32 384 2048
1 3 7 43 29
N I U S B St B 7 B -
111 ol 1 -3 _20 _1 _129 |’
i 1 1 1 2048
11 1 4 1 -3 _71 _8 _19
L1 1 1 1 g 192 128
[ 537 2071 7531 209 ]
6 21 18 3
_ 175 1325 _ 863 763
6 12 6 12
= _5 _ 107
B = 3 35 69 3 )

—72 232 —248 88
—64 192 —192 64

1 -2 -5 -z 13l
v={0 0o o -7 23

0 0 0 0 -z

|0 0 0 0 0|

Problem of searching highly stable methods with quadratic stability func-
tion becomes very difficult for s > 4. It is still possible to solve IQS conditions
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A=1.85 A=1.5

2 -10 g
—20
—15
-30
-20 —40
-8 - —6 -5 —4 -10 -8 —6 —4 -2
V12 V12
=1 A=05
0
0
-1
-5
—10
-3
-15 -4
-6 -5 -4 -3 —2 -1 0 —3.0 -2.5 —2.0 1.5 —1.0 —0.5 0.0
V12 Y12

Figure 2. L-stable and A-stable methods with ¢ = [1/4,1/2,3/4,1]7

for s = 5. We obtain a six-parameters family of methods of order p = 5 and
stage order ¢ = 5 depending on A, vi2, vi3, V14, v15 and vig for which the
stability function assumes form (3.4). Search for A- and L- stable methods was
unsuccessful due to limitations of symbolical manipulation package MATHE-
MATICA. For s = 6 we can solve order, stage order and IQS conditions, but
we were not able to generate stability function (1.3). We plan to search for
such methods in a numerical computing environment such as Matlab.

7 Numerical Experiments

In this section we present the results of numerical experiments on the problem
of Van der Pol equation (compare [14]):

vy = (L—wydy2—v1)/e, 32(0) = —-2/3,

with integration interval [0,7], T = 3/4 and stiffness parameter .

Math. Model. Anal., 16(1):82-96, 2011.



94 M. Bras

We rewrite method (1.2) in vector form ([17, 18]):

vyl [ Ael|usl ][ wFrt) 72)
2] B®l \ Vol Zn=1 |7 '
where
vl Friy prl
yinl — , F(Y["]) — ;2= ,
v f (Ys[n]) Zﬁl

I is the identity matrix of dimension of the ordinary differential system (1.1)
and ® is the Kronecker product of two matrices. The vector Y from nonlinear
system of equations arising in (7.2) is computed by Newton iteration with initial
guess YV defined as (compare [17]):

Y-Off c§71 P R s
[ (k—l)' k ’ TRy Ey ey O

k=1

We apply method of order p = ¢ = s = 4 obtained in Section 6 to problem
(7.1) with fixed stepsize h = T/N where N = 16, 32,64, 128,256,512 and 1024.
In Table 1 we present results of numerical experiments. Here, ||ex(T)|| is the
norm of error at the endpoint of integration and p is the order of convergence
given by

_ tog(llen (D)l lens2 (DI
P= log(2)

Table 1. Numerical results for method of order p = ¢ = 4.

e=10"1% e=10"6 e=10"8
N llen ()] P llen ()] D llen ()] P

16 5781071 5.92-10~1 5.92-1071

32 6.92-1072 3.06 7.22-1072 3.04 7.22-1072 3.04
64 4.01-1073 4.11 4.33-1073 4.06 4.33-107% 4.06
128 1.17-107* 5.10 1.39-10"% 4.96 1.39-10% 4.96
256 1.03-107% 6.82 2.48.107% 581 258.1076 5.75
512 6.82-107% 392 3.51-107% 6.14 8.28-10"% 4.96
1024 6.51-1072 3.39 7.28-107'0 559 209-107° 5.31

These results illustrate that the method achieves the expected order of
accuracy for stiff differential system and do not suffer from order reduction
phenomenon.
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8 Concluding Remarks

In this paper a new criteria for quadratic stability was given. Based on this
results and the Schur theorem new families of L- and A-stable methods up to
order 4 were constructed. Further work will be concerned with the implemen-
tation aspects including a choice of initial stepsize, local error estimation for
small and large stepsizes, step size and order changing strategies, construction
of continuous extensions, approximation of the Jacobian matrix, and solving
nonlinear equations by simplified Newton iterations at each step of the inte-
gration.
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