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Abstract. In the paper,two joint weighted limit theorems in the sense of weak
convergence of probability measures on the complex plane for general Dirichlet series
are obtained.The first of them gives only the existence of the limit measure,while
in the second theorem,under some additional hypothesis on the weight function,the
explicit form of the limit measure is presented. Namely,the limit measure coincides
with the distribution of some random element related to considered Dirichlet series.
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1 Introduction

Let s = o + it denote a complex variable, and {a,,: m € N} and {\,,: m € N}
be a sequence of complex numbers and an increasing sequence of real numbers,
respectively, lim,, oo A\;, = +00. The series of the type

(e @]
g ame_k’”s
m=1

is called a general Dirichlet series. It is well known that the region of conver-
gence as well as of absolute convergence of Dirichlet series is a half-plane.
The first probabilistic results for Dirichlet series were obtained by Bohr and
Jessen [2, 3]. They obtained prototypes of modern limit theorems in the sense
of weak convergence of probability measures for the Riemann zeta-function
((s) which, for o > 1, is defined by an ordinary Dirichlet series (\,, = logm)
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40 J. Genys and A. Laurincikas

with coefficients a,, = 1. Modern limit theorems for ((s) and other zeta and
L-functions can be found in [11, 12, 18, 21, 22]. Limit theorems of such a type
for general Dirichlet series were proved in [4, 5, 8, 13, 14, 15, 16, 17, 20].

Weighted limit theorems for general Dirichlet series were began to study in
[6], where the case of weak convergence of probability measures on the complex
plane was investigated. In [9], a joint generalization with a fixed system of ex-
ponents of theorems from [6] was given. Finally, in [7] weighted limit theorems
in the space of meromorphic functions for general Dirichlet series were obtained.
The aim of this paper is to prove joint weighted limit theorems on the complex
plane for general Dirichlet series with a non-fixed system of exponents.

For r € N\ {1}, let {am;: m € N} and {\,;: m € N} be a sequence
of complex numbers and an increasing sequence of real numbers, respectively,

lim A,,; = +o00, and, for o > 0,

m—0o0
oo
fi(s) = Z amje M5 j=1,...7
m=1
Additionally, we assume that the function f;(s), j =1,...,r, can be meromor-

phically continued to the region o > 015, 01; < 04, all poles in this region are
included in a compact set, and that, for o > o01;, o is not the real part of a
pole of f;(s), the estimates

filo+it) =0O([t|*), aj=aj(c) >0, [t[=>1ty>0, (1.1)
and

/T fi(o +it)2dt = O(T), T — oo, (1.2)

are satisfied.
Let w(t) be a positive function of bounded variation on [Ty, 00), Ty > 0,

and
T

U:U(T,w):/ w(t) dt.

To
We suppose that limyr_,o, U(T, w) = +o00, and that, for ¢ > 015, o is not the
real part of a pole of f;(s), and all v € R, the estimate

T+v

/ wt —v)|f; (o +it)2dt = O+ o), j=1,....r  (13)

T0+1)

holds. For example, if w(t) = ¢!, then the estimate (1.2) implies (1.3).
Denote by B(S) the class of Borel sets of a metric space S, and define the

probability measure

1

T
PT,g,w(A) - ﬁ /T w(t)l{tzi(g—i-it)GA} dt? A€ B(Cr)7

where [ 4 denotes the indicator function of the set A, C is the complex plane,
Cr=Cx---xC,aog=(01,...,0.), and
—_——

T

fla+it) = (fi(oy +it), ..., fr(on +it)).
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Theorem 1. For j =1,...,r, suppose that o > o1, and the functions f;(s)
and w(t) satisfy (1.1) and (1.3). Then on (C",B(C")) there exists a probability
measure Py, such that the measure Pr , ., converges weakly to Py, asT — oo.

It is important to identify the limit measure P, ,, in Theorem 1. For this,
we need additional hypotheses on the functions w(t) and f;(s), j =1,...,r, as
well as some notation and definitions. First of all, we suppose that

Amj > c(logm)¥ (1.4)

with some positive constants ¢; and 0;, j =1,...,7.

Denote by v the unit circle {s € C: |s| = 1} on the complex plane, and define
the infinite-dimensional torus 2 = [[°_, vm, where 7, = v for all m € N. By
the Tikhonov theorem, with the product topology and pointwise multiplication,
the torus (2 is a compact topological Abelian group. Therefore, on ({2, B({2))
the probability Haar measure mp exists, and this leads to a probability space
(07 B(Q)v mH)'

Now let 2" = (y x --- x (2., where (2; = (2 for j = 1,...,r. Denote
by w = (wi,...,w,) the elements of 2", with w; € §2;, j = 1,...,r. Then
2" again is a compact topological group, and on (§2”, B({2)"), the probability
Haar measure mpy can be defined. Thus, we obtain a new probability space
(27, B(£2)", mm). Note, that the Haar measure my is the product of Haar’s
measures m,g on (£2;,B(82;)), j=1,...,r.

The estimates (1.2) and (1.4) imply [15] that, for o > o1,

o
filo,w;) = amjw;(m)e™*me,

m=1

where w;(m) denotes the projection of w; € 2 to the coordinate space v,,, m €
N, is a complex-valued random element on the probability space (£2;, B(£2;),
mjim), j = 1,...,7. On the probability space (£2",B(£2)",mp), define the
C"-valued random element F'(o,w) by the formula

E(Q7 Q) = (f1<0_17w1)7 sy fT(O—TawT))a

and denote by Px the distribution of the random element X. In particular,
the distribution Pr of the random element F(c,w) is defined by

Pr(A)=mpg(we 2" F(o,w) € A), Ae€B(C").

For identification of the limit measure in Theorem 1, we need one more
hypothesis on the weight function w(t). Denote by EX the expectation of the
random element X. Let X (7,w) be an arbitrary ergodic process, E| X (7,w)| <
oo, with sample path integrable almost surely in the Riemann sense over every
finite interval. We suppose that

1 T

T w(t) X (t +v,w)dt = EX(0,w) + ry (1 + o) (1.5)
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almost surely for all v € R with some & > 0, where r — 0as T — oo. Ifin (1.5)
w(t) = 1 and v = 0, then (1.5) becomes the well-known Birkhoff-Khintchine
theorem. Define p(T') = infcip, myw(t). If

w(T)u~(T) = O(1),
then the weight function w(t) satisfies (1.5) with a =1 [19]. Let
A={Ap;smeN, j=1,...,r}

Theorem 2. Suppose that the set A is linearly independent over the field of
rational numbers, and inequality (1.4) holds. For j = 1,...,r, let o; > o01;,
and let the functions f;(s) and w(t) satisfy (1.1)~(1.3) and (1.5). Then the
probability measure Pr 5., converges weakly to the measure Pr as T — oo.

2 Limit Theorems on (2"

In this section, we consider the weak convergence of the probability measure

1 [T .
QT,’LU(A) = ﬁ /T w(t)l{t: ((e7**m1t: meN),...,(e" " mrt: meN))e A} dt, A€ B(‘Q )7

as 1" — oo.

Theorem 3. On (27,B(£2")), there ezists a probability measure @ such that
the measure Qr converges weakly to Q) as T — oc.

Proof. The dual group of 2" is isomorphic to D = @ @ Z,j, where Z,,; =
j=1m=1

Zforallm e Nand j=1,...,7. An element k = (k,,;) € D, where only finite

number of integers k,,; are distinct from zero, acts on {2 by the formula

I o0
_ Fmj
F=II T e om
j=1m=1

Therefore, the Fourier transform g7 (k) of the measure Qr is of the form

9= [TIIT & mar =5 [ w [T T e e at

erlml j=1m=1

where, as above, only a finite number of integers k,,; are distinct from zero.
Thus, we have that

gr(k) = %/Tj exp{ “Z Z Amakmy}

j=1m=1

If

B) ST Mk =0,

j=1m=1
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then, clearly, gr(k) = 1. If (A, k) # 0, then the integration by parts shows that
gr(k) = O ((U(A,k)7).

Thus, we have that

lim gr(k) =

T— o0

1 f (A,k) =0,
{o if (4,k) £ 0.

Now, by Theorem 1.4.2 of [10], we find that the measure Q1 converges weakly
to the measure () defined by the Fourier transform

1 if (A,k) =0,
{0 if (A, k) #0,

asT —o0. O
Theorem 4. Suppose that the set A is linearly independent over the field of
rational numbers. Then the measure Qp converges weakly to Haar measure
myg as'T — oo.
Proof. Since the set A is linearly independent over the field of rational num-

bers, (A, k) = 0 if and only if £ = 0. Therefore, repeating the proof of Theorem
3, we obtain that the measure Q)7 converges weakly to the measure with Fourier

transform
1 itk=0,
0 if kE+#0.

Since the latter Fourier transform is of the Haar measure my, the theorem is
proved. 0O

3 Absolutely Convergent Series

Let 095 > 04 — 015, and, for m,n € N,
Umj(n) = exp {—e(’\mj_“j)"?j} ., J=1,...,m7
For o0 > 015 and w € (2", define

>
fn](s) — Z a/mjlvmj (,n/)e—>\7nj$7
m=1

o
Fri(5,05) = D amjvmi(n);(m)e %, j=1,...r
m=1

In [15], it was proved that the series for f,;(s), and thus for f,;(s,@;), is
absolutely convergent for o > 015, 7 =1,...,r. Let

[ (@+it) = (fai(or +il), ..., far(or +il))

Math. Model. Anal., 16(1):39-51, 2011.
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and
in(g+ Zt,@) = (fnl(al + itagl)’ < ,fnr(o-r + Zt,@r))

In this section, we consider the weak convergence of the probability measures

1 T
PT,n,g,w(A) = E/T w(t)f{t: . (a+it)€A} dt, Ae€ B((CT),
)

. 1 (7
PT,n,g,u)(A) = E/T w(t)I{t: in(g-l-it,Q)GA} dt, Ae B((CT)
0

Theorem 5. For j=1,...,7, let 0; > 01;. Then on (C",B(C")), there exists
a probability measure Py, 5., such that the measure Pr, 5., converges weakly

to Ppow aslT — 0.

Proof. Define the function h,, , : £2” — C” by the formula

hn.o(w) = ( Z A1 V1 (N)wy (m)eAm1or Z amwmr(n)%(m)e%mrar)_
m=1 m=1

Since the series

o0
D Amjvmg(n)e” 3%
m=1

converges absolutely, the series

(0. @]
E AmjUm; (n)wj(m)e”rmi%i
m=1
converges uniformly in w;, j = 1,...,r. Therefore, the function h,, , is contin-

uous. Moreover,

hno

'

((e=™mt:m eN),..., (e meN)) = [, (o +it).

Therefore, Pry o0 = QT’wh;g, where @)1, is the measure in Theorem 3.
Hence, the continuity of h,, ,, Theorem 3 and Theorem 5.1 of [1] show that the
measure Pr,, 5 ., as T — 00, converges to Qh;},, where (@) is the limit measure
in Theorem 3. O B

Theorem 6. For j = 1,...,r, let 0; > o015, and suppose that the set A is
linearly independent over the field of rational numbers. Then on (C", B(C")),
there exists a probability measure P, 5., such that the measures Pr , . and

PT,n,g,w both converge weakly to Py, 5. as T — oo.

Proof. Since the set A is linearly independent over the field of rational num-
bers, using Theorem 4 and repeating the proof of Theorem 5, we find that the
measure Pr , ., converges weakly to m th}g as 1" — oo.
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Now consider the measure Pr, ;.. Define ﬁn,g : 2" — C" by the formula

() :( > Am10m1 (n)@r (m)wy (m)e 17

Then, similarly to the case of Pr, s ., we obtain that the measure PT,n@w

converges weakly to mHiL;lg as T — oo. It remains to show that mHh;}g =

mHiL,_Lylg. For this, we take h : 2" — 2" defined by h(w) = w @. Then

ﬁnyg(c_u) = hp,o(h(w)), and the invariance of the Haar measure mpy shows that

mph, Y =mpy(hne(h) ™ = (mgh™ L =mpyh, L. 0

4 Approximation in the Mean
Let, for w € (27,

f(g+ zt,g) = (fl(al + it,Wl), . '7fT(GT + Ztva))

In this section, we will approximate f(o +it) and f(c + it,w) in the mean by
f (g+it) and f (o +it,w), respectively. Let, for z; = (z11,...,21,) € C" and

m r
§2:(221,...,22r eC ,

T

1
2
0r(21,29) = ( E 215 — Z2j|2>

j=1
be the metric in C" inducing its topology.
Theorem 7. For j =1,...,7, let 0; > 01;. Then, under hypotheses of Theo-
rem Theorem 1,
1 (T

lim limsup — / w(t)or(f(o +it), f (o +it))dt =0.

n—oo T—00 TO — -n
Proof.  Under hypotheses of the theorem, in [6], Theorem 9, it was proved that

1 T
lim limsup—/ WO (0 +t) — fuy(os +it) | dE =0, j=1,...,r (4.1)
n—rod T—00 TO

In view of the inequality (Ja| 4 [b])Z < |a|Z + |b|2, we have that

T

Qr(épég) < Z ’21]' — 22j|.
j=1

Therefore, the theorem is a result of (4.1). O

Math. Model. Anal., 16(1):39-51, 2011.
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Theorem 8. For j = 1,...,r, let 0; > o1;. Then, under hypotheses of Theo-
rem 2,

1 (T
lim limsup—/ w(t)or(flo +it,w), f (o +it,w)dt =0

n—oo T—00 TO

for almost all w € (2".

Proof. Since the set A is linearly independent over the field of rational num-
bers, obviously, each set {\,,;: m € N}, j =1,...,r, is as well. Therefore, by
Theorem 13 from [6], we have that, for j =1,...,r,

1 T
lim limsup ﬁ/ w(t)|fi(oj +it,w;) — fuj(o; +it,w;)|dt =0

n—=o0 T 00 To

for almost all w; € (2;. Since the Haar measure mp is the product of the
measures m;pg, j = 1,...,7, hence the theorem follows in the same way as
Theorem 7. O

5 Proof of Theorem 1

By Theorem 5, the probability measure Pr,, ».., converges weakly to P, 5 ., as
T — oo.

Lemma 1. The family of probability measures { Py, 5 w: n € N} is tight.

Proof. For M > 0, we have
1 T 1 r .
U Ja w(t) gy or(f, (etito)>mydt < M—U/T w(t)or(f, (o +it,0)dt

1

< M—U/Tow(t)Qr(i(Q—Fit),in(O'—l—it))dt—{— —/ w(t)or(f(a +it),0) dt.

Therefore, Theorem 7 and (1.3) with v = 0 show that

. e
suphmsup—/ W) t: 0. (o+it,0)>m} AT
nEN T— o0 TO -

1 T
<suplimsp e [ wit)on (£ +i0), fufo + i)

neN T—oo

+suphmsup—2/ t)|fi(o; +it)|dt

neN T—oo

<<%+hmsupMLUZ(/T ()dt/Tw(t)|fj(Jj +it))’2dt>%

T— oo To

< R/M, (5.1)
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where R < oo. Now let € be an arbitrary positive number, and M = Re !.
Then (5.1) and properties of weak convergence of probability measures imply

P ow({s€C": 0,(s,0) > M})
< h,l{n inf PT,n,ng ({§ cC": Qr(§7g) > M})
—00

R
= liminf T / w(t) . or(f, (a+it,0)>M} dt

T—o0 TO
1 /7
< lim sup —/ W) it 0,(F (o+it,0)>m) dE < €. (5.2)
T—o0 To -

Let K. = {s € C": 0,(5,0) < M}. Then the set K. is compact in C", and,
by (5.2),
Phow(K:)>1—¢

for all n € N. This means that the family of probability measures {P,, 5 ,: 1 €
N} is tight. O

Proof of Theorem 1. On a certain probability space (Q,B(Q),P), define a
random variable 6 = 01 by

1 /7

PO e A) = —/ w(t)Iadt, A€ B(R).
U Jr,

Let X7, ,,(¢) = f (g+ifr). Then the assertion of Theorem 5 can be rewritten

in the form

Xrnwl@) 25X, (), (5.3)

T—oo 0W

where X mw(g) is a C"-valued random element with the distribution P, 5,

and 25 denotes the convergence in distribution.
Since the family { P, ,..,: n € N} is tight, by the Prokhorov theorem, see [1],
it is relatively compact. Thus, there exists a sequence {P,, s.w} C {Pnow}

such that P, » . converges weakly to a certain probability measure P ,, on
(C",B(C")) as k — oo. In other words,

D
Xnk,w (Q) k—§> Pg,w- (54)
Define X () = f(o +i07). Then, by Theorem 7, for every e > 0,
lim_lim sup P (or (X7, (0), X1, (@) = €)

n—oo T—00

L I
= lim limsup = [ w(t)I{s. o, (f(o+it).f (o+it))>e} db
n—00 T 60 To - -
1 7
< lim limsup — w(t)or(f(a +it), f (o +it))dt =0.
n—00 T_io0 e Jr, = n

This, relations (5.3) and (5.4) together with Theorem 4.2 of [1] yield
D
XT,w(g) T—?o) Pg,un (55)

hence, Pr , ., converges weakly to P, ,, as T — co. O

Math. Model. Anal., 16(1):39-51, 2011.
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6 Proof of Theorem 1.2

Define one more probability measure

1

T
Pro.w(A) = 5/1“ w(t) s fotitweaydt, A€ B(C).
0

Theorem 9. Under hypotheses of Theorem 2 on (C",B(C")), there exists a

probability measure Py ., such that the measures Pr ., and Pr s, both con-
verge weakly to Py ., as T — 00.

Proof. By Theorem 6, the probability measures Pr,, »., and PT,nvgjw both
converge weakly to the same measure P, 5, as 17" — 0o. As in the proof of
Theorem 1, we have that relations (5.3)—(5.5) hold, and the measure Pr
converges weakly to P, ,,. Moreover, the relation (5.5) shows that the measure
P, ., is independent on the sequence {P,, 5. }. Therefore, we have that

Xpw(@) 25 Py, (6.1)

n—oo

Now define

XT,n,w(g) = in(g + Z'QT,Q), XT,w (Q) — i(g + Z'QT;Q)-

Then repeating the arguments of the proof of Theorem 1, applying Theorem 8
and using (6.1), we find that

This means that the measure Pr, ., also converges to the measure P, , as
T —o00. O

Define, for t € R,
a, = {((e_Mmlt: meN), ..., (e Pmrtim € N))}.

Then {a,: t € R} is a one-parameter group. Define the one-parameter family
{¢,: t € R} of transformations on 2" by ¢ (w) = qw, w € 7. Then {p: 1 €
R} is a one-parameter group of measurable measure preserving transformations
on 2". A set A € B({2") is invariant with respect to the group {p,: ¢t € R} if,
for every ¢ € R, the sets A and A; = ¢ t(A) differ one from another only by a
set of zero mg-measure. The one-parameter group {gt: t € R} is called ergodic
if its o-field of invariant sets consists only from sets having m g-measure 0 or 1.

Lemma 2. Suppose that the set A is linearly independent over the field of ra-
tional numbers. Then the one-parameter group {gt: t € R} is ergodic.

Proof. Let x be a character of £2”. As we have seen in the proof of Theorem

Theorem 3,
Ko j
x(@) = [T TT «; m).
j=1m=1
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where only a finite number of integers k,,,; are distinct from zero.
Suppose that x is a non-trivial character. Then we have

T oo
x(a;) = [T T e Aok,

j=1m=1

where only a finite number of integers k,,,; are distinct from zero. Since the set
A is linearly independent over the field of rational numbers,

j=1m=1

for k # 0. Consequently, there exists a o € R such that x(a;, ) # 1.
Now we take an invariant set A € B({2) with respect to {¢,: ¢t € R}. Then,
for almost all w € (2" with respect to the measure mpy,

Ia(ay w) = Ta(w).

Therefore, the Fourier transform I 4 0of I4 1is

faln) = / 3 (@) L4 (w)m (dw) = / 3 (@)1 45, w)mr(d)

Qr Qr

~ \(ay,) / x(@)La (@) (dew) = x(ay, ) Ea(x).
2

Since x(a;,) # 1, hence we have that Ia(x) = 0 for all non-trivial characters x
of 2.

Now let xo be the trivial character of 2", that is, xo (w) =1forallw e .
We put I4(x0) = u. Then, using the orthogonality of characters

/X(g)mH(dg) = {1 if X = xo,

0 otherwise,
Qr

we obtain that, for any character y of (2,

fa() = u / x(@)ma(dw) = ul(x) = a(x).
4

This shows that I4(w) = u for almost all w € 2". Since u = 0 or u = 1, either
mu(A) =0 or my(A) =1, 1. e, the group {¢: ¢ € R} is ergodic. O

Proof of Theorem 2. In view of Theorem 9, it suffices to show that the limit
measure P, ,, coincides with Pg.

Let A € B(C") be an arbitrary fixed continuity set of the measure P ,,.
Then, by Theorem 9 and Theorem 2.1 of [1],

e
Th_r)réo ﬁ /TO w(t)I{t:i(g+it)€A} dt = Pg’w(A). (62)

Math. Model. Anal., 16(1):39-51, 2011.
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On the probability space (£2",B(§2")), define the random variable 6 by the
formula
1 if Fo,w) € A,
O(w) = :
0 if F(o,w) & A.
Clearly,

Pp(A). (6.3)

EO = /H(Q)de =mpy(we N Flo,w) € A) =
Q'r

Lemma 2 implies the ergodicity of the random process f(p,(w)). Therefore,
(1.5) with v = 0 shows that

lim — / w(t)0(p, (w)) dt = E. (6.4)

T—oo U
To

Moreover, the definitions of § and ¢ (w) yield

1 [T 1 [T
l £)0 dt = — Dt Ploo (wneay dE
vy w(t)f(p,(w)) v ) W) it F (o, (w)eA}
1 T
=7 | WO poritweay d.
To

This together with (6.3) and (6.4) shows that

o1 /T
Th_{%o ﬁ /To w(t)l{tij(g—i-it,w_)eA} dt = PE(A).

Therefore, in view of (6.2), for all continuity sets A of Py ,,, the equality
P, ,(A) = Pr(A)

holds. Hence, it is true for all A € B(C"). This completes the proof. 0O
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