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Abstract. In this paper the controllable system whose behaviour is described by
a nonlinear Volterra integral equation, is studied. The set of admissible control func-
tions is the closed ball of the space L, (p > 1) with radius po and centered at the
origin. It is shown that the set of trajectories of the system is a bounded and pre-
compact subset of the space of continuous functions.
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1 Introduction

Nonlinear integral equations arise in many problems of theory and applications
(see, e.g. [1, 3, 6, 8, 9, 12]). It is known that many problems of nonlinear
mechanics lead to nonlinear integral equation (see, e.g. [6, 12]). The process
which is described by an integral equation can be under the influence of the
exterior forces. If these forces are under control, then system turns out to
be a controllable one. In general, control efforts are limited and therefore
they have various type of constraints. Control systems with integral constraint
on the controls arise in various fields of the control systems theory such as
control problems with bounded L, norms on the controls, control problems
with prescribed bounded total energy and finance, and control problems with
design uncertainties (see, e.g. [4, 7, 10, 11]). For example, the motion of flying
objects with variable mass, is described in the form of controllable system,
where the control function has an integral constraint (see, e.g. [7, 11]). Control
system with integral constraint on the controls whose behaviour is described
by a nonlinear differential equation is studied in [4, 5]. In these papers, the
various topological properties and numerical construction methods of the set of
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trajectories and attainable sets of the control system with integral constraint
on the controls are studied where the behaviour of the system is described by
a nonlinear differential equation. In the present paper the control system with
integral constraint on the controls whose behaviour is described by a nonlinear
Volterra integral equation is considered. It is assumed that integral equation
is nonlinear with respect to the state and control vectors. The closed ball of
the space L, (p > 1) with radius p1o and centered at the origin, is chosen as
the set of admissible control functions. The set of trajectories of the system
generated by all admissible control functions is studied. The paper is organized
as follows:

In Section 2 the basic conditions are formulated which satisfy the system
(conditions 2.A, 2.B and 2.C). In Section 3 it is proved that under assumed
conditions every admissible control function generates unique trajectory of the
system (Theorem 1). In Section 4 the boundedness of the set of trajectories
is shown (Theorem 2). In Section 5 it is proved that the sections of the set of
trajectories depend on ¢ continuously (Corollary 2) and the set of trajectories
is a precompact subset of the space of continuous functions (Theorem 3). It is
illustrated that the set of trajectories is not a closed subset of the space of the
continuous functions (Example 1).

2 Preliminaries

Consider the controllable system the behaviour of which is described by a
nonlinear Volterra type integral equation

z(t) = a(t, z(t)) + /\/t K(t,s,z(s),u(s)) ds, (2.1)

where x € R" is the state vector of the system, w € R™ is the control vector,
t € [to, 0], A > 0 is a real number.
For given p > 1 and po > 0 we set

Up = {u(-) € Ly([to, 0; R™) Hu()”p <o}, (2.2)

1
where Hu()”p = (Li‘lu(t)|’pdt) " Theset U, C Ly([to,0],R™) is called the set
of admissible control functions and every function u(-) € U, is called admissible
control function.
It is assumed that the functions a(-) : [tg,0] x R — R™ K(-) : [to,0] X
[to, 0] x R™ x R™ — R™ and number X € (0, 00) given in equation (2.1) satisfy
the following conditions:

2.A. The functions a(-) : [tg, 0] x R™ — R™ and K(-) : [tg, 0] x R” x R™ — R”
are continuous;

2.B. There exist Ly € [0,1), Ly > 0, H; > 0, Ly > 0, H, > 0, Ls > 0 and
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Hs > 0 such that
la(t, 1) — a(t,z2)|| < Loz — 2],
||K(t1757$1,ul) - K(tQ,SaI27U2)H < [Ll + H1(||U1H + ||U2||)} [t1 — to]
+ [La + Ha(llua]| + [Juzll) ] lz1 — x2]| + [Ls + Hs (21|l + [lz2])] lur — ue|

for every (t1,s,z1,u1) € [to,0] X [to,0] X R™ x R™, (t9,s,29,u2) € [to, 0] X
[to, ] x R™ x R™:

2.C.0< )\(LQ(Q — to) + 2H2(9 — to)%lﬂo) <1—Ly.

If K(t,s,z,u) = @(t,s,z) + B(t,s,x)u where the functions (¢,z,s) —
o(t,s,x) and (t,s,2) — B(t,s,z) are continuous with respect to (¢, s, z) and
Lipschitz continuous with respect to (¢,x), then the function K(-) : [tg, 8] X
[to, 0] X R™ x R™ — R™ satisfies the conditions 2.A and 2.B.

Now let us define the trajectory of the system (2.1) generated by an admis-
sible control function u(-) € U,.

Let u.(-) € Up. A continuous function z.(-) : [to,8] — R™ satisfying the
equation

z.(t) = a(t,z(t)) + )\/t K(t,s,2.(s),us(s)) ds, t€ [to,0]

is said to be a trajectory of the system (2.1) generated by the admissible control
function u.(-) € Up.

We denote by X, the set of all trajectories of the system (2.1) generated
by all admissible control functions u(-) € U,. The set X, is called the set of
trajectories of the system (2.1).

It is obvious that X, C C([to,8];R™) where C([to,0];R™) is the space of
continuous functions z(-) : [to,d] — R™ with the norm

Hx()HC = max{||z(t)||: t € [to, 0]}
For each fixed t € [to, 0] we set
X, (t) = {z(t): z(-) € X, }. (2.3)
According to the condition 2.B
|a(t,z1) — a(t, z2)|| < Lollzy — 22|

for every t € [to,0] and z1 € R", 2o € R™ where Ly € [0,1). Then for each
fixed t € [to, 0] the function a(t,-) : R® — R™ has a unique fixed point, i.e. for
each fixed t € [to, 6] there exists a unique s; € R™ such that

sy = alt, sy). (2.4)

Then (2.1) and (2.4) imply that z(to) = a(to, z(to)) = s, for every z(-) € X,.
So we obtain validity of the following proposition.

Proposition 1. The equality X,(to) = {st,} holds where sy, € R™ is defined
by (2.4).
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3 Existence and Uniqueness of the Trajectories

Denote
L(A) = Lo + A[Lo(0 — to) + 2Hs (6 — t0) % puo]- (3.1)

The following theorem characterizes the existence and uniqueness of the
trajectories of the system (2.1) generated by a given admissible control function.

Theorem 1. Let the functions a(-) : [to, 0] x R® = R"™, K(-) : [to, 0] X [to, 0] X
R™ x R™ — R™ and the number A\ € (0,00) satisfy the conditions 2.A, 2.B
and 2.C. Then for each u.(-) € U, the system (2.1) has a unique trajec-
tory x.(-).

Proof. For z(-) € C([to,0]; R™) we set

F(x(-))|(t):a(t,ac(t))+/\/t K(ts,2(s)uc(s)) ds, € [to. 0. (32)

Since u(-) € Uy, z(-) € C([to,0]; R™) then by virtue of condition 2.A the func-
tion t — F(x(+))|(t), t € [to, 0], is continuous and hence F(-) : C([to,0];R"™) —
C(to, 01 R™).

Let us choose arbitrary z1(-) € C([to,0];R™) and z2(-) € C([to,0];R™).
Then applying condition 2.B we obtain

[F (22 (DI@) = F @)@ < flalt, z2(6) = a(t,a1()]]

—I—)\/t HK(t,s,xg(s),u*(s)) —K(t7s7m1(s),u*(s))“ds
< Lo||za(t) — 21 ()| + /\/t (L + 28y |us (3)]))|r2(s) — 1 (s)]| ds
§L0||x2(.)—x1(.)||c+)\/t (L2 + 2Hs|[u.(s)]]) || 22(-) — 21() ||, ds

_ (L0+)\L2(9—t0)+2)\H2/t Hu*(s)Hds)ng(-)—:131(-)Hc (3.3)

for every t € [to, 8] where
||z2(-) — xl()HC = max{||z2(t) — 21(t)||: t € [t0, ]}

Since u.(-) € U, then using Hélder’s inequality we have

/t:Hu*(s)Hds < (t_to)p;l</t:|

From (3.1), (3.3) and (3.4) it follows
|F@0)I®) - FaO)o)]
< (Lo + ALa(8 — to) + 2\Ha(0 — 1) 7 o) [[72() — 1),
= L) [[z2() = 210)|-

u.(s)]|” ds) ’ <(6- to)%luo. (3.4)
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and hence

[F(z2()) 1) = F(z1())1O)] o < LV [|22() = 21()]| s (3.5)
where L(\) is defined by (3.1).
From condition 2.C we have L(\)
C([to,0];R™) — C([to,0]; R™) defined by
quently it has a unique fixed point z.(+)

Then by virtue of (3.5) F(:) :
3.2) is a contractive map and conse-

< 1.
(3.2
e O([to, ]; R™). Thus

x*(t):a(t,x*(t))—i—/\/t K(t,s,0.(s), us(s)) ds, ¢ € [to,0]

and the function z.(-) : [tg,0] — R™ is a unique trajectory of the system (2.1)
generated by the admissible control function u,(-) € U,. O

4 Boundedness of the Set of Trajectories

Let us give an auxiliary proposition which will be used in following arguments.
We set

Yo = max{||a(t,0) H te to,ﬁ]}, (4.1)
71 = max{ | K1(t,s,0,0)||: (t,5) € [to, 0] x [to, 6]} (4.2)

Proposition 2. Let the functions a(-,) : [to,Q] x R" — R"™ and K(-,-,-,-) :
[to, 0] X [to,0] x R™ x R™ — R"™ satisfy the conditions 2.A and 2.B. Then

|‘a(t7x)H < LOH{L‘” =+ Y0,
K (8.5, 2,u)|| < [La + (Hz + Hs)|Jull 2] + Ls||ull + 7
for every (t, s, x,u) € [to, 0] X [to, 0] X R™ x R™ where Ly, Lo, Ls, Ho and Hs are
defined in condition 2.B, vy and v1 are defined by (4.1) and (4.2) respectively.
Proof. Let (t,s,z,u) € [to,0] X [tg,0] x R™ x R™ be an arbitrarily chosen.
Condition 2.B implies that
[ K (8,5, 2,u) = K(t,5,0,0)|| < (L2 + Hallull) ]| + (Ls + Hs|l2|]) [[u]
and hence
| K (t,s,2,u)|| < (Lo + Hollul)) 2]l + (L3 + Hzllz|)[lu] + || K(t,s,0,0)]
< [Lo + (Ha + Hy)|lull] llz]| + Lallull + 71,

where 7, is defined by (4.2).
The validity of inequality |la(¢,x)|| < Lo|lz| + Yo, (t,2) € [to,0] x R™, is
proved analogously. 0O

Denote
pe = (Y0 +7(0 = to)A + ALs(0 — )% o) /(1 — L) , (4.3)
P(X\) = A(L2(0 — to) + (Ha + H3) (0 — to)%,uo), (4.4)
I = paeXp {P(/\)/(l ~ Ly)]. (4.5)

The following theorem specifies boundedness of the set of trajectories.
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Theorem 2. For every z(-) € X, the inequality ||x HC <, holds.

Proof. Let us choose an arbitrary x(-) € X,. Then there exists u(-) € U, such
that

z(t) =a(t,z(t) + )\/ K(t, s, z(s),u(s)) ds, t€ [t,0].

to

Proposition 2 implies that
)] < o0 + 2
o [ (o ) o]+ o] ) 0
< Lo|[a(t)]| + 0 +71(8 — to)A + ALs (0 — o) 7 1o

+ )\/t [Lg + (Ha + H3)Hu(s)H] Hx(s)” ds

for every t € [to,0]. Since Lo € [0,1) then the last inequality and (4.3) yields

2(6)]] < (o +71(8 = to)A + ALs (0 — o) 7 po) /(1 — L)

b2 [ s )] oo 0

1— Lo

- I_ALO/ (Lo + (Hy + Hy)||u(s)|] |=()|| ds  (4.6)

for every t € [to, 6]. From (4.4), (4.5), (4.6) and Gronwall’s inequality we obtain

A
[z(t)|| < puexp 1_L0/ (L2 + (Hz + Hs)l|u(s H)ds}

:1/\L0 (Lg(t—to)+(H2+H3)/ttHu(s)Hds)]

A
< prexp | T2 (L0~ o) + (Fa + H)(0 —10) 7 )|

= peexp[P(A)/(1 = Lo)] = 7.

= px €Xp

for every t € [to, 8] which completes the proof. O

Thus, from Theorem 2 we have that the set of trajectories X, of the sys-
tem (2.1) is a bounded subset of the space C([to,6]; R™). In particular, from
Theorem 2 it follows the validity of the following corollary.

Corollary 1. The inclusion X, (t) C By(r«) holds for every t € [to, 6] where the

set X, (t) is defined by (2.3), the number r, > 0 is defined by (4.5), B, (r.) =
{z e R": ||z|| < r«}.

Math. Model. Anal., 17(5):686-695, 2012.
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5 Precompactness of the Set of Trajectories

In this section precompactness of the set of trajectories is studied.
Denote Dy = [to, 8] X Bp(r«),

wo(AQ) = max{||a(t2,ac) — a(tl,x)H: [ta — 1] < A,

(t1,l‘) c Dl, (tz,fL‘) (S .Dl}7 (51)
p(4) =7 _1L {wo(A) FA[L1(0 — to) + 2H1 (0 — t0) " 1o A
0
+ AM(Lars + 1) A+ Ao [(Hy + H3)ro + Ly A" } (5.2)

where 7, is defined by (4.5). By virtue of condition 2.A the function a(-) is
continuous. Then wy(A) — 0, p(A) - 0as A — 0.

The Hausdorff distance between the sets U C R™ and V C R" is denoted
by h(U,V) and defined as

hU, V) = max{sup d(u, V'), sup d(v, U)},
uelU veV

where d(u, V) = inf{|ju —v|| : v € V}.
Proposition 3. For every x(-) € X,,, t1 € [to, 0], ta € [to, 0] the inequality
|x(t2) — 2(t1)|| < @(Jta — ta])

holds and hence h(X,(t2), Xp(t1)) < @(|t2 —t1]), where X,,(t1) and X, (t2) are
defined by (2.3).

Proof. Let z(-) € X, be an arbitrarily chosen trajectory of the system (2.1).
Then there exists u(-) € U, such that

z(t) = a(t,z(t)) + )\/ K(t,s,x(s),u(s)) ds, t€ [to,0].

Now let t; € [to,e], to € [to,e] and let t5 > t1. Then
[|#(t2) = 2(t1)]| < [|a(te, 2(t2)) — a(tr, x(t2)) || + [Ja(tr, (t2)) — alts, x(t1))]|

—|—)\/t 1||K(t2,s,x(s),u(s)) —K(tl,s,z(s),u(s))HdS

—1—)\/ 2HK(tQ,s,x(s),u(s))Hcls. (5.3)

t1

Since u(-) € U, then by virtue of condition 2.B we get

/ K (t2,5,0(5),u(s) — K (b1, 5, 2(5), u(s)) | ds

to
t1

g/ (Ly + 28 [u(s)])) (t2 — t2) ds
to

< [L1(6 —to) + 2H1(0 — t0) " po] (t2 — 1) (5.4)
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Taking into consideration that u(-) € U, we obtain from Proposition 2 and
Theorem 2 that

/t 1K (t2, 5, 2(5), u(s)) || ds

< / ’ [(Lg + (Ho + Hg)Hu(s)H) Hx(s)” + L3Hu(s)|| + 71] ds

t1

< [ B+ 1+ o) + Lo+ ]

ty

= (Lori +71)(t2 — t1) +/ 2 [(Hz + H3)r. + Ls][Ju(s)|| ds

t1

= (LQ?"* -‘r’yl)(tg — tl) + [(HQ + Hj)r* + Ld] /t 2HU(8)H ds

1

< (Lars + 1) (t2 — t1) + po [(Hz + Hs)rs + L3 (t2 — t1)pp;1- (5.5)
Condition 2.B implies
||a(t1,x(t2)) — a(tl,m(tl)) H S LQHI’(tg) - l’(tl)H, (56)

where Lo € [0, 1).
Since (¢, z(t)) € D for every t € [to, 0], we get from (5.1) that

Ha,(tg,x(tg)) — a(tl, l‘(tg)) H S OJO(Itg — t1|). (57)
Now from (5.3)—(5.7) we conclude
H:L'(tg) — I’(tl)H S LoHl’(tg) — I(tl)H +WO(|t2 — t1|)
+A[LL(6 — to) + 2Hy (6 — t0)"7 o) (t2 — t1)
+ A(Lors + ’Y1)(t2 — tl) + Ao [(HQ + Hs)r. + Lg} (ta — tl)%. (5.8)

Since Ly € [0,1), then (5.2) and (5.8) yield

HCE tg — l’(tl)H

1 p=1
- {wo(ltz—tl\)+A[L1(e—t0)+2H1(9—to) " o]

(tQ tl) +)\(L27"* +"}/1)(t2 tl) +)\‘LLO|:(H2 +H3)T’* +L3] (tQ tl) P }
= g0(|t2 —t1|). O

Since p(A) — 0 as A — 07 then we obtain from Proposition 3 the validity
of the following corollary.

Corollary 2. Set valued map t — X,(t), t € [to, 8], is continuous.

Proposition 3 also implies the validity of the following theorem.

Theorem 3. The set of trajectories X, is a precompact subset of the space

C([to, 0], R™).

Math. Model. Anal., 17(5):686-695, 2012.
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Proof. According to the Theorem 2 the set of trajectories of the system
(2.1) with constraint (2.2), i.e. the set X, is a bounded subset of the space
C([to, 6], R™).

Let us choose an arbitrary ¢ > 0. Since ¢(A) — 0 as A — 07, where the
function ¢(+) : [0,00) — [0,00) is defined by (5.2), then for € > 0 there exists
d(g) > 0 such that p(A) < e for every A < d(e).

Now let z(-) € X, be an arbitrarily chosen trajectory and t; € [to,6)],
ta € [to, 0] be such that |ta — t1] < d(g). Then p(|ta — t1]) < € and we obtain
from Proposition 3 that

|2(t2) — 2(t1)]| < @(lt2 —ta]) <e.

Thus the set of trajectories X, is the set of equicontinuous functions. From
Arzela—Ascoli theorem we have the proof of the theorem. 0O

Note that the set of trajectories X, is not a closed subset of the space
C([to,0],R™). To illustrate this assertion we use examples, given in [2] and [5].

Ezample 1. Consider the controllable system whose behaviour is described by
the integral equations

(5.9)

where (x,y) € R? is the state vector, u € R is a control vector, ¢t € [0,1].
Every u(-) € L2([0,1], R) which satisfies the inequality fol u?(t)dt < 1 is called
an admissible control function. The set of all admissible control functions is
denoted by Uj. Then

U5 = {u() € La([0, 1 R): [|u()[|, < 1}.

The set of trajectories of the system (5.9) generated by all admissible control
functions u(-) € U is denoted by X3.

The set of trajectories X3 is bounded (see [5]). Let the trajectory of the sys-
tem (5.9) (zx(+),yx(-)) € X35 be generated by the admissible control functions
ug(-) € Uy where

Lo tel3 %50,

ur(t) = _ 241 2042\ ; _ _
1, tel5=, %), i=0,1,..., k-1

and k=1,2,....

It is possible to verify that (zx(-),yx(:)) = (z+(-),y«(-)) as k — oo where
x.(t) = t, y«(t) = 0 for every t € [0,1], but (z.(:),y«(")) 9{ X2 Moreover
(zk(1),yx(1)) — (1,0) as k — oo, but (1,0) & X3(1) = {(a( ) € R?:
(2(),5() € X5} (see [2, 3]).

So, the set of trajectories of the system (5.9), i.e. the set X3 is not a closed
subset of the space C([0,1],R?). The section of the set of trajectories, i.e. the
set X3(1) also is not a closed subset of the space R?.



6

Precompactness of the Set of Trajectories 695

Conclusion

The existence of the optimal trajectories is one of the important problems of the
control systems theory. Under appropriate conditions, precompactness of the
set of trajectories allows to forecast the existence of the e-optimal trajectories
of the control system. If the behaviour of the control system is described by a
nonlinear Volterra integral equation and it has continuous payoff functional and
limited control resources, which are exhausted by consuming, such as fuel or
money, then precompactness theorem guarantees the existence of the e-optimal
trajectories.
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