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Abstract. In the paper, we prove that every system of analytic functions can be
approximated simultaneously uniformly on compact subsets of some region by a col-
lection consisting of shifts of Dirichlet L-functions with pairwise non-equivalent char-
acters and periodic Hurwitz zeta-functions with parameters algebraically independent
over the field of rational numbers.
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1 Introduction

Since a remarkable Voronin’s work [24] on the universality of the Riemann
zeta-function ((s), s = o + it, it is known that the majority of other zeta and
L-functions also are universal in the sense that their shifts approximate uni-
formly on compact subsets of certain regions wide classes of analytic functions,
for results and references, see [1, 4, 6, 7, 12, 17, 22]. Also, a more complicated
approximation property of zeta and L-functions — the joint universality — is
known. In this case, we deal with a simultaneous approximation of a given
system of analytic functions. The first result in this direction also is due to
Voronin who obtained [23] the joint universality of Dirichlet L-functions. The

* The third author is partially supported by the project LYMOS (1.2.1 activity), No. VPI-
3.2-SMM-02-V-02-001.
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joint universality for Hurwitz zeta-functions was proved in [20] and [9]. We ob-
serve that Dirichlet L-functions have Euler product over primes while Hurwitz
zeta-functions ((s,a), 0 < a < 1, do not have Euler product, except for the
cases ((s,1) = ((s) and ((s,1/2) = (2° — 1)((s).

In [19] H. Mishou began to study the joint universality for zeta-functions
having and having no Euler product over primes. He proved a joint univer-
sality theorem for the Riemann zeta-function and Hurwitz zeta-function with
transcendental parameter a.

Let D = {s € C: 1 < o < 1}. Denote by K the class of compact subsets
of D with connected complements. Moreover, let Ho(K) and H(K), K € K,
be the classes of continuous non-vanishing and continuous on K functions,
respectively, which are analytic in the interior of K. Denote by meas{A} the
Lebesgue measure of a measurable set A C R. Then the Mishou theorem is
stated as follows: Suppose that « is transcendental. Let Ki, Ky € K, and
f1 € Ho(K1), fo € H(K3). Then, for every € > 0,

1
lim inf — meas{T €[0,T]: sup [((s+iT) — fi(s)] <&,
T—oo T seK,

sup [((s + iT, @) — fa(s)| < 5} > 0.
seEKo

We call a property of ((s) and ((s,«) in the later theorem the mixed joint
universality.

In [5], the Mishou theorem was generalised for a periodic zeta-function and
a periodic Hurwitz zeta-function. Let a = {an,: m € N} and b = {b,,,: m €
No = N U {0}} be two periodic sequences of complex numbers. Then the
periodic zeta-function ((s;a) and the periodic Hurwitz zeta-function ((s, «; b)
are defined, for ¢ > 1, by

= Qm = b,
C(s;a):mzz:lE and ((s,a;b) = mZ::O nta)

respectively, and by analytic continuation elsewhere, except for a possible poles
at s = 1.

In [10] a mixed universality theorem was extended to a collection consisting
of several periodic zeta-functions and periodic Hurwitz zeta-functions.

In the case of periodic Hurwitz zeta-functions, the following more general
joint universality can be considered. For j = 1,...,7, aj, let 0 < o; < 1 be
a fixed parameter, I; € N, aj; = {amji: m € Ng} be a periodic sequence of
complex numbers with minimal period kj; € N, and ((s, a;; a;;) be the corre-
sponding periodic Hurwitz zeta-function. In [8, 14, 15], the joint universality
for the functions

C(S,O{l; a11)7 s 7<(S7a1; alll)’ RN C(Sa Qp; a'f'l)7 R C(Sv 7 aTlr) (11)

was obtained. Later, the mixed joint universality for system (1.1) extended
by some zeta-functions having Euler product was began to study. In [3], the
Riemann zeta-function was added to the system (1.1). In the subsequent papers
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[13, 16, 21], the function ((s) was replaced by zeta-functions of certain cusp
forms. Namely, the paper [21] is devoted to a mixed joint universality theorem
for the zeta-function (s, F') attached to a normalized Hecke eigen cusp form F
and the functions (1.1), in [16], the function (s, F') was replaced by a zeta-
function of a new form, and in [13], the case of a zeta-function of a cusp form F’
with respect to the Hecke subgroup with Dirichlet character was considered.

The aim of this paper is to extend the system (1.1) by a collection of Dirich-
let L-functions. The extension of the class of jointly universal functions is moti-
vated by wide theoretical and practical applications of universality (functional
independence, zero-distribution, various value denseness problems, approxima-
tion and estimation of complicated analytic functions and their functionals).

Let x be a Dirichlet character modulo q. We remind that the corresponding
Dirichlet L-function L(s, x) is defined, for o > 1, by the series

L(s,x)= Y xé:)’

and is analytically continued to an entire function provided Y is a non-principal
character. For the principal character o,

L) = [ (1- ).

plq
Let kj = [kj1, ..., kji,] be the least common multiple of the periods kj1, ...,
kji;, and
a1j51 ai;2 N aljlj
I ) AR
ki1 Qkj52 -+ Qkyjl;

The main result of the paper is contained in the following theorem.

Theorem 1. Suppose that x1,...,xq are pairwise non-equivalent Dirichlet cha-
racters, the numbers oy, ..., q, are algebraically independent over the field of
rational numbers, and that rank(A;) =1;, j =1,...,r. Forj=1,...,d, let
K; € K and f; € Ho(K;), and, for j=1,...,r,1=1,...,1;, let K;; € K and
fi1 € H(Kj1). Then, for every e > 0,

1
lim inf — meas{T €[0,T]: sup sup |L(s+i7,x;) — fi(s)] <e,
T—oo T 1<j<d s€K;

sup sup sup ’C(s + 1T, 055 a5) — fjl(s)’ < 8} > 0.
1<j<r 1<I<l; s€Kj

2 Multidimensional Limit Theorem

The main ingredient of the proof of Theorem 1 is a limit theorem for probability
measures in the multidimensional space of analytic functions.

Math. Model. Anal., 17(5):673-685, 2012.
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Denote by H(D) the space of analytic functions on D endowed with the
topology of uniform convergence on compacta, and let

Hyu = Hyo(D) = HYD) x H*(D), u=Y_1.
j=1

Let B(S) stand for the o-field of Borel sets of the space S. This section is de-

voted to weak convergence of probability measures defined by terms of Dirichlet

L-functions and periodic Hurwitz zeta-functions in the space (Hy .y, B(Hq.v))-
Let v = {s € C: |s| = 1} be the unit circle on the complex plane, and

oo
Q:H’V;m = H'Yma
p m=0

where 7, = v for all primes p, and ~,, = 7 for all m € Ny. The tori {2 and (2
are compact topological Abelian groups. Define

QH:QXQllx-“Xer,

where 2y; = §2;,forall j =1,...,r,and k = 1+7r. Then 2" also is a compact
topological group. Therefore on (£2%,B(£2")), the probability Haar measure
mY; can be defined. This gives the probability space (£2%,B(£2%), m%). Let
027 = (211%,--+ ,x821,. Then we have that the measure mf; is the product
of the probability Haar measures my and m%, on (£2,5(£2)) and (£27,B(2")),
respectively.

Now, on the probability space (2, B(£2"), m%;), define a Hy ,-valued ran-
dom element. We denote by w, the projection of w € £2 to v,, and by w,(m)
the projection of w; € (215 to 7,. Let, for brevity, w = (w,w1,...,w;),
o = (ala"'aar)a X = (Xla"'aXd) and a = (allv'"’allla"'7a?”17"'7a7“lr)'

Let the Hy,-valued random element F(s, x, a, w;a) be given by

F(S7X7Q7g7g) = (L(S7W7X1)7"'7L(87w7xd)7<(83a17w1;all)~-';

C(Sv a1, Wi alll)a tey C(Sa Oy y Wr 3 arl), ey C(saarawr; arlr))v
where (P 1
Xi\P)\ ™ .
L(s,w,x;) = (1—7> , =1,...,d,
i) H ' J
p
and

> Amjiw;j(m) .
Wi a) = E — L =1,... l=1,...,1;.
C(Saa_ﬂwjaa]l) P (m+aj)sa J , Ty s s bj

Denote by Pp the distribution of the random element F(s, x, o, w;a), i.e., for
Ac B(Hd,u)a

Pr(A) =mf(w e 2°: F(s,x, a,w;a) € A).
Moreover,
F(S7X7Qag) = (L(Su Xl)a ey L(S,Xd)7C(S7OZ1; all) ey

C(Sa g, a111)7 sy C(S,OZT; arl)a ceey C(Sa (673 arlT))~
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Theorem 2. Suppose that the numbers aq,...,q, are algebraically indepen-
dent over the field of rational numbers Q. Then

1
Pr(A) = T meaS{T €[0,T]: F(s+ir,x,a;8) € A}, A€ B(Hgu),

converges weakly to Pr as T — 0.

Limit theorems for as a wide system of functions as in Theorem 2 are not
known, however, their proofs differ from that, for example, in [4] only by details.
Therefore, we present a shortened proof of Theorem 2. Denote by P the set of
all prime numbers.

Lemma 1. Suppose that the numbers aq, ..., are algebraically independent
over Q. Then

Qr(A) def %meas{r €10,7]: ((pf”: peP), ((m—|—a1)7”: m € Ny),...,

(m+a,)"":meNy)) € A}, AeB(2%),
converges weakly to the Haar measure m; as T — oo.

Proof of the lemma is given in [10, Theorem 3].
Let o9 > % be a fixed number, and

o (2} i (222)"}

Define
X ( .
SXJ Z s bl .]:17"'7d7
2 Umjivn(m, o))
ilUn ]
Cnl(s,ay;a4) = SRR I =1, r, =1 l
n\<y =3 ¥g 7;) (m—i—aj)é ’ sy ’ IRVE
and, for wy = (wo, w10, --.,wre) € 27,
L Xj (m) .
SXquO Z ) .7_17"'adu

i amjiwo; (M)vn(m, a;)

Cn(s, aj, wojs aj) = (m+ ay)°

m=0

All later series are absolutely convergent for o > % Here w(p) is extended to
the set N by the formula

H wk(p), meN.

pk|m
prtim

Math. Model. Anal., 17(5):673-685, 2012.
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Let, for brevity,

Fn(SaX,QaQ) = (Ln(&Xl), ey Ln(57Xd)7 Cn(s,al; all) ORI
CTL(S7 i, a1l1)7 ey Cn(87 (675 ar1)7 sy C’n(sy Qp; a’rl,.))7

and

Fn(S,X7Q,Q;9) = (Ln(SaW>X1)7 e 7Ln(s,w, Xd)a C’n(87 a1, W1, all) sy
Cn(sa a1, W15 alll), cee 7<n(5a Ay, Wr; arl), B Cn(sa Ay Wr; arlr))o

Lemma 2. Suppose that the numbers aq, ..., are algebraically independent
over Q. Then on (H, ,,B(Hy,,)), there exists a probability measure P,, such
that

e 1
Pr ., (A) = 7 meas{7 € [0,T]: Fo(s+ir,x,a;a) € A}, A€ B(Hau),

~ ef 1
Pr,(A) def Tmeas{T € [0,T]: Fu(s +1i7,X,a,wy; 8) € A}, Ae B(Hgu),

both converge weakly to P, as T — oo.

Proof. Define h, : 2% — Hg, by the formula h,(w) = F,(s,x,a,w;a). In
view of the absolute convergence of the series for L, (s, x;,w) and (s, o, wj;
a;;), the function h,, is continuous, and

hn((p_”: pE 77), ((m +a) " im e NO)7 . ((m +a,) " im e NO))
= Fp(s+i7,x, 50).

Thus, we have that Pr,, = Qrh, . This, continuity of h,, and Lemma 1 show
that Pr, converges weakly to P, = m”thl as T — oo.

The invariance of the Haar measure mf; allows to prove that the measure
IADT,n also converges weakly to P,. O

Define
1
Pr(A) = T meas{T € [0,T]: F(s+irt,x,a,w;a) € A}, AeB(Hgy).

Lemma 3. Suppose that the numbers aq, ..., a, are algebraically independent
over Q. Then on (Hg.,B(Hay)), there exists a probability measure P such
that Pr and Pr both converge weakly to P as T — oo.

Proof. To prove the lemma it suffices to pass from F,, (s, x, a; a) and Fy, (s, x, @,
w;a) to F(s,x,a;a) and F(s,x,a,w;a), respectively. For this, define a metric
on Hy, which induces the topology of uniform convergence on compacta. Let
{K,: veN} C D be a sequences on compact subsets such that D = ;2 , Ky,
K; C K41, € Nyand if K C D is a compact subset, then K C K, for some v.
For g1, g2 € H(D), define

= b, 9i(s) — 9205)
, — 2 v .
o9 =2 2 T ) — (9]
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Then p is a metric on H (D) inducing the topology of uniform convergence on
compacta. For 9, = (9j1, -+ 9jdtu) € Hau, j = 1,2, we put

pa+ulg,,9,) = 1gr{1§a,ﬁup(g”’g2l)'

Then pg,, is a desired metric on Hy,,. Let pg and p, be analogical metrics on
H4(D) and H*(D), respectively. We put

L(‘%X) = (L(S7X1)7"'7L(S7Xd))7
§(87Q,g) = (C(Saal;all)w . '5C<57a1;a1l1)7 .. .7<(S,Oé,,«;ﬂr1)7. .. 7C(S7a’r;arl7.))

and

Ln(svx) - (Ln(87X1)7 ey Ln(&Xd))» gn(s7g7 Q) = (Cn(sa Qaq; all)»

. 'acn(saal;alh)a .. '7Cn(saa7‘; a?"l)7 e ,Cn(S,OLT; a?"lr))'

Then, from the proof of a limit theorem for Dirichlet L-functions in [11], it
follows that

1 (T
lim lim sup T / pa(L(s + 7, x), L, (s +i7, x)) dT = 0.
0

n—o0 T _ 4o

Similarly, in [8], it was obtained that

1 /7
lim limsup T / Pu (g(s + 47, @ g),gn(s + 4T, @ g)) dr = 0.
0

n—=0 T 500

Two last equalities together with the definition of the metric p, show that

1 T
lim limsupf/ patu(F(s +i1, X, 050), Fu(s + i1, x, 5 a)) d7 = 0. (2.1)
0

n—=00 T 500

Now let 8 be a random variable defined on a certain probability space (Q,
A,P) and uniformly distributed on [0, 1]. Define the Hy ,-valued random ele-

ment XT,n = XT,TL(S) = (XTm,l(s)a ce aXTJ%d(S)? XT7",171(5)7 R 7XT7H71711 (5)7

e ,XTyn’,,,l(s), e 7XT,n,r,lr(s)) = F,(s +10T, x, a; a), and denote by 2, the
convergence in distribution. Then, by Lemma 2, we have that

Xr Tﬂ> X (2.2)

Amy
—00

where X, = (Xn,l, o Xnds Xna1s - ,)A(ml,ll, . ,Xnml, . aXn,r,lr) is a
H, ,-valued random element having the distribution P, (P, is the limit mea-
sure in Lemma 2). We will prove that the family of probability measures
{P,: n € N} is tight.

Since the series for L, (s, x;) converges absolutely for o > %, we find that

1 (T
lim sup — / sup | Ly (s + i1, x;)| dT < Cy R0, (2.3)
T— o0 0 s€EK,

Math. Model. Anal., 17(5):673-685, 2012.



680 K. Janulis, A. Laurinc¢ikas, R. Macaitiené and D. Siaucianas

where

1
oo 1 3
R; :(me> . j=1,....d, | €N,

m=1

with some C, > 0 and o, > %
Cn(s, o, ;a5;) leads to the estimate

Similarly, the absolute convergence for

1T R
lim sup — / sup |§n(s + 47, oj; aﬂ)’ dr < CyRjiy, (2.4)
T—o00 T 0 seK,

where .
0o 1

‘am 'l|2 ?
mz::() (m+ay)2oe )
with some C‘v >0 and 6, > %
Now let € > 0 be arbitrary fixed number,

M, = Mj,(¢) = C,R;,2° T Hde™, j=1,...,d,
and .
M, = Mjj(e) = CoRj 2" ue™, j=1,...,rm
Then the bounds (2.3) and (2.4) imply
limsupIP’<EIj =1,...,d: sup |XT1n7j(s)| > M;
T—00 sEK,
or 3(5,0), j=1,...,r, I=1,...,l;: sup ’XT,”[(SH > Mjlv>
seK,
d
< ZlimsupP( sup | Xrn,;(s)| > ij>
i=1 T— 00 seK;

r

L
Z Zlim sup[P’( sup ’XTn]l(s)} > Mjlv)
=

+
J=11=1 T—o0 s€K;
d_ 4 1 (7
< Z sup lim sup —/ sup |Ln(s + T, Xj)| dr
=1 ij neN T—oo 0 s€eK,
AR 17
+ suplimsup—/ sup |Cn(s + i1, 55 a5) | dr
;; Mjl'u neN T—oo 0 SGKU| 77( 7 )|
€ €
< W + ﬁ = 27, v e N.

This together with (2.2), for all n € N, gives
P(Eij —1,..,d: sup | Xoy(s)| > My, or 3G,0), j=1,...,m,
seK,

I=1,...,l;: sup |anl(s)‘ > Mjlv) < 2%7 v eN. (2.5)

seK,
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Define the set

Kd,u = Kd,u(5) = {(gla- .. 7gda§117- .. 7@1[17 e 7_@7"17 cee 7gr,lr) S Hd,u:

sup |g;(s)| < Mo, j=1,...,m,
seK,

sup |gjl(s)| <M, j=1,...,m, 1=1,...,1;, UEN}.
sEK,

Then Kg, is a compact subset in Hy,. Moreover, in view of (2.5), for all
neN,

— 1
P(X, € Kgu) > 1 s; w=1-¢

or, by the definition of X, , we find that P, (Kdﬂ(s)) >1—¢, forallneN.

Thus, we have proved that the family of probability measures {P,:
n € N} is tight. Hence, by the Prokhorov theorem, see [2], it is relatively
compact. Therefore, there exists a sequence {P,,} C P, such that P, con-
verges weakly to a certain probability measure P on (Hy,,,, B(Hg.4)) as k — cc.
In other words,

X, =P (2.6)

Tk koo

Now, using (2.1), (2.2), (2.6) and Theorem 4.2 of [2], we obtain that

D
KT T$o> P7 (27)
where, X; = X(s) = F(s +1i0T, x,a;a). Thus, we proved that Pr converges
weakly to P as T — oo.
Similarly to a relation (2.1), we find that, for almost all w € 2",

1 T
lim 1imsup*/ Patu(F(s + i, x, a,w; ), F, (s + 7, x, o, w; a)) d7 = 0.
n—o0 T_yno T 0 - -
(2.8)

Let

Xp, = X(s) = Fu(s +i0T, x, a, w; ).

Then, by Lemma 2

X1, o P,. (2.9)

Moreover, (2.7) shows that
X, — P (2.10)

where . .
Xr=Xr(s) = F(s +i0T, x,a,w; a).

Then, Py also converges weakly to P as T'— oo. The lemma is proved. 0O

Math. Model. Anal., 17(5):673-685, 2012.
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Proof of Theorem 2. We apply standard arguments. Let A be a fixed conti-
nuity set of the measure P in Lemma 3. Then we have that

1
lim Tmeas(T €[0,T]: F(s+ i, x,a,w;a) € A) = P(A). (2.11)

T— o0

We have to prove that P = Pr. For this, on the probability space ({27, B({2%),
mf4;), define the random variable

f(w) = 1, if F(s,x,a,w;a) € 4,
&= 0, otherwise.

Obviously, the expectation E£ of £(w) is of the form:
E¢= | &w)dmf =mf(we 2% F(s,x,a,wsa) € A). (2.12)
n~x

In the sequel, we apply the ergodic theory. We consider the one parameter
group {®@,: 7 € R} of measurable measure preserving transformations on (2°
given by

O (w)=((p"": p € P), ((m+a1)"":m € No),..., (mtar) """ m € No) Jw.

In [10, Lemma 7], it is proved that the group {®,: 7 € R} is ergodic. Hence, the
random process (P, (w)) is ergodic as well. Therefore, the Birkhoff-Khintchine
theorem implies the inequality

T—oo T’

1 (T
lim —/ §(®;(w)) dr = E&. (2.13)
0

On the other hand, the definitions of £ and @, yield

1 [T 1 :

T 5(9&(@)) dr = T meaS{T € [0,T]: F(s+ir, x,a,w;a) € A}.

0

This, (2.12) and (2.13) show that

lim 1 meas{7 € [0,T]: F(s +i7,x, o, w;a) € A} = Pp(A).
T—oo T -

Then in view of (2.11), P(A) = Pr(A). Since A was an arbitrary continuity set
of P, the later equality holds for all continuity sets of P. It is well known that
continuity sets constitute a determining class. Consequently, P(A) = Pr(A)
for all A € B(Hg,,), and the theorem is proved. O

3 Support

This section is devoted to the explicit form of the support Sp,. of the probability
measure Pr. By the definition, Sp, is a minimal closed subset of H,, such
that Pp(Sp,) = 1. Define

S={ge H(D): g(s) #0or g(s) =0}.
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Theorem 3. Suppose that x1, ..., Xq4 are pairwise non-equivalent Dirichlet cha-
racters, and parameters aq, ..., a, are algebraically independent over Q. Then
the support of Pr is the set S¢ x H*(D).

Proof. The set Hg,, is separable, therefore [2],
B(Ha.) = B(HY(D) x B(H"(D).

Therefore, it suffices to consider Pr(A x B), where A = B(H%(D)) and B =
B(H“(D)). Let

L(s,x,w) = (L(s, X1, W), -, L(8, Xd, w)),

§(87g7(‘~‘)79) = (C(Su a1, W5 ull)a ceey C(Svahwl; a111)7 L)
C(Sv Ay W] aT'l)a ) C(Sa Q] Cl’,-lr,w’,-)),
where w = (w1,...,w,). Since the measure mf; is a product of the measures

mpg and mY;, we have that
Pp(Ax B) =mj(w e 2%: F(s,x,a,w;a) € A x B)
mu(w € 2: L(s, x,w) € A) x mpy(w € 27: ((s,a,w;a) € B).  (3.1)
In [11], it was obtained that S¢ is a minimal closed set such
mH(w €82: L(s,x,w) € Sd) =1,
and in [8], it was proved that H*(D) is a minimal closed set such that

my(w e 27: ((s,a,w;a) € H*(D)) = 1.

These equalities together with (3.1) prove the theorem. 0O

4 Proof of Theorem 1

We will apply the Mergelyan theorem on approximation of analytic functions
by polynomials [18] which asserts that if K C C is a compact subset with
connected complement, and g(s) is a function continuous on K and analytic in
the interior of K, then, for every € > 0, there is a polynomial p(s) such that

sup|g(s) — p(s)| <e.
seK

Proof of Theorem 1. By the Mergelyan theorem, there exist polynomials p;(s),
j=1,....d,and p;i(s), j=1,...,7, 1 =1,...,1;, such that

€
sup sup | f;(s) — p;(s)| < 1 (4.1)
1<j<d seK;
and c
sup Ssup sup |fjl(s) —pﬂ(s)| < 3 (4.2)
1<j<r 1<I<l; s€K;
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If € is sufficiently small, we have that p;(s) # 0 on Kj;, j =1,...,d. Therefore,
there exists a continuous branch logp;(s) which is analytic in the interior of
K;, 7 =1,...,d. Applying the Mergelyan theorem once more, we can find
polynomials ¢;(s), 7 =1,...,d, such that

: €
sup sup |p;(s) — et < =
1<j<d seK; 4

Combining this with (4.1) gives

sup sup ’fj(s) - eqf(s)’ << (4.3)
1<j<d sek; 2

By Theorem 3,

(eql(s), e84 (s), 011, (8)s ooy ey (8), -+ ,prlT(s)) € Spy..

Therefore, setting

G = {g € Hq,: sup sup |gj(s) — e‘“(s)‘ < E,
- 1<j<d seK; 2

g
sup sup sup |gji(s) — pji(s)| < 30
1<j<r 1<i<l; s€eKj;

we obtain, by Theorem 2, that

1

liminf — meas{7 € [0,T]: F(s +i7,x,a;a) € G} > Pr(G) > 0.
T—oo 1 -

This, definition of G and (4.2) and (4.3) complete the proof of the theo-

rem. [
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